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Abstract. We investigate the Cauchy problem for a nonlinear parabolic
partial differential equation of Hamilton–Jacobi–Bellman type and prove
some regularity results, such as Lipschitz continuity and semiconcavity,
for its unique viscosity solution. Our method is based on the possibility
of representing such a solution as the value function of the associated sto-
chastic optimal control problem. The main feature of our result is the fact
that the solution is shown to be jointly regular in space and time with-
out any strong ellipticity assumption on the Hamilton–Jacobi–Bellman
equation.
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1. Introduction

We consider the following partial differential equation
⎧
⎨

⎩

−vt + H(t, x, v,− ∂v
∂x ,− ∂2v

∂2x ) = 0, (t, x) ∈ [0, T ) × R
n,

v(T, x) = h(x), x ∈ R
n,

(1.1)

where

H(t, x, u, p,A)

= sup
u∈U

{
1
2
tr(Aσ(t, x, u)σT (t, x, u)) + 〈p, b(t, x, u)〉 − f(t, x, u)

}

(1.2)

for any (t, x, p, A) ∈ [0, T ] × R
n × R

n × L(Rn, Rn). It is well-known that,
under continuity and boundedness assumptions on b, σ, f and h, equation (1.1)
has a unique continuous viscosity solution of at most polynomial growth v :
[0, T ] × R

n �→ R (see, for instance, [2]). The main goal of the present article is
to prove the local Lipschitz continuity and semiconcavity of the solution. We
recall the following:
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Definition 1.1 ([1]) Let A ⊂ R
n be an open set and let u : A → R

n. We say
that f is semiconcave (with linear modulus) in A if there exists a constant
C ≥ 0 such that, for all λ ∈ [0, 1],

λu(x1) + (1 − λ)u(x0) − 2u(λx1 + [1 − λ]x0) ≤ Cλ(1 − λ)|x1 − x0|2

for all x1, x0 ∈ A such that the segment [x0, x1] is contained in A. Any con-
stant C satisfying the above inequality is called a semiconcavity constant for
u in A.

In the literature most of the regularity results for problem (1.1) are con-
cerned with uniformly elliptic or parabolic equations [5,7]. For such equations
solutions are expected to be smooth, even without imposing the structural
assumption (1.2). In this paper, on the contrary, attention will be focussed on
degenerate parabolic equations, including the fully degenerate case of σ = 0
where our problem reduces to a first order equation. Therefore, one cannot
expect solutions to be smooth and, as is well-known, semiconcavity is the
maximal regularity that can be obtained, see. e.g., [1]. Moreover, due to the
presence of a possibly degenerate diffusion in the stochastic differential equa-
tion associated with (1.1), such a regularity fails to hold at time T , as we shall
explain later on (see Example 3.1).

The key idea of our approach is to interpret the solution of the PDE as
the value function of a suitable stochastic control problem (see e.g. [3,8]), and
then use fine properties of the associated control system to derive Lipschitz
continuity and semiconcavity. Moreover, we obtain Lispschitz and semiconcav-
ity constants for the solution that are independent of the specific stochastic
control problem that was chosen to represent the solution of (1.1).

The main novelty of this article lies in the fact that the solution is shown
to possess the same regularity with respect to both variables x and t (for
t 
= T ). Indeed, for our problem, the Lipschitz continuity or semiconcavity of
the solution just with respect to space variables has been obtained:

(a) in [3] and [8], using the representation of the solution of (1.1) as the value
function of the associated stochastic control problem, and

(b) in [4], by comparison arguments for viscosity solutions of Hamilton-Jacobi
equations.

On the other hand, the above results only ensure space regularity, as we have
already mentioned. In this paper, on the contrary, we are interested in joint
space–time regularity which is an essentially new property in the present con-
text because, in the stochastic case, time and space variables often play a
different role. Indeed, although our starting point is the same representation
formula for the solution of (1.1) as in (a), then we need to introduce a suit-
able change of time in the underlying Brownian motion and derive nontrivial
estimates for the resulting stochastic integrals in order to prove our result.

Let us now explain how our paper is organized. In Sect. 2, we give our
assumptions and describe the optimal stochastic control problem associated
to (1.1). Section 3 is devoted to the study of the Lipschitz regularity of the
solution while Sect. 4 investigates semiconcavity.
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2. Stochastic optimal control problem

Let T > 0 be a fixed time horizon, let U be a metric space— the control space—
and let (Ω,F , P) be a complete probability space. For any (s, y) ∈ [0, T ) × R

n,
consider the state equation

{
dx(t) = b(t, x(t), u(t))dt + σ(t, x(t), u(t))dW (t), t ∈ [s, T ],

x(s) = y
(2.3)

governed by an m-dimensional Brownian motion W and a control process u.
For any s ∈ [0, T ), we define Uw[s, T ] to be the set of all pairs ν =

(W (·), u(·)) satisfying the following:

(i) {W (t)}t≥s is an m-dimensional standard Brownian motion on (Ω,F , P)
over [s, T ] (with W (s) = 0 almost surely) for which we denote by Fs

t =
σ{W (r) : s ≤ r ≤ t} the associated filtration, augmented by all the
P−null sets of F .

(ii) u ∈ L0
{Fs

t }t≥s
(0, T ;U) is an {Fs

t }t≥s − adapted process on (Ω,F , P).

Sometimes, we simply write u(·) ∈ Uw[s, T ] instead of (W (·), u(·)) ∈ Uw[s, T ].
Under standard assumptions, that will be explicitly recalled below, for

any y ∈ R
n Eq. (2.3) admits a unique solution x(·). Then, for any (s, y) ∈

[0, T ] × R
n and u ∈ Uw[s, T ] one can compute the cost

J(s, y;u) = E

{∫ T

s

f(t, x(t), u(t))dt + h(x(T ))

}

(2.4)

and the corresponding value function

V (s, y) = inf
u(·)∈Uw[s,T ]

J(s, y;u) ∀(s, y) ∈ [0, T ] × R
n. (2.5)

We underline that the mathematical expectation E in (2.4) is taken with
respect to probability measure P.

Let us now introduce some assumptions.

(S1) U is a complete separable metric space.
(S2) Maps b : [0, T ] × R

n × U → R
n, σ : [0, T ] × R

n × U → R
n×m, f :

[0, T ] × R
n × U → R and h : R

n → R are uniformly continuous and
there exists a positive constant L such that the function

φ(t, x, u) = (b(t, x, u), σ(t, x, u), f(t, x, u), h(x))

satisfies

|φ(t, x, u) − φ(t, x̂, u)| ≤ L|x − x̂| ∀t ∈ [0, T ], x, x̂ ∈ R
n, u ∈ U,

|φ(t, x, u)| ≤ L ∀(t, x) ∈ [0, T ] × R
n, u ∈ U.

Under assumptions (S1) and (S2), for any (s, y) ∈ [0, T ] × R
n and u(·) ∈

Uw[s, T ], (2.3) admits a unique solution x(·) and the cost functional (2.4) is
well-defined. We also recall that V is the unique continuous viscosity solution
of (1.1) with at most polynomial growth (see [2,3,8]).
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Remark 2.1. In fact, (2.3) is well-posed even when functions b, σ and f have
linear growth with respect to x—instead of being bounded as assumed in (S2).
The results of our paper remain valid under linear growth conditions but, for
simplicity, here we prefer to restrict the analysis to the bounded case.

3. Lipschitz continuity

The fact that, under assumption (S1) and (S2), the solution to (1.1) ought
to be jointly Lipschitz continuous in (t, x) is somewhat expected in the litera-
ture, see, e.g., [4,6]. On the other hand, some care is needed to give a precise
Lipschitz regularity result for V , as our next example shows.

Example 3.1. We consider the following one dimensional example m = n = 1
without control where b = 0, σ = 1, f = 0 are constant and h(x) = |x|, for
any x ∈ R. Then it can be easily checked that V (s, 0) =

√
T − s and so V fails

to be Lipschitz with respect to s at s = T .

The theorem below completes the analysis of the Lipschitz regularity
of V .

Theorem 3.2. Under assumptions (S1) and (S2) the value function V is
Lipschitz continuous in [0, T − δ) × R

n, ∀δ > 0.

We give a complete proof of the above theorem using a technique that is
similar—yet simpler—to the one that will be needed later for semiconcavity.

Proof. We remark that K, during the proof, denotes a generic constant, that
may differ at different places.

Let us fix δ > 0, and let (s1, y1) and (s0, y0) ∈ [0, T ) × R
n be such that

min{T − s1, T − s0} > δ. (3.6)

We have to show that

V (s1, y1) − V (s0, y0) ≤ C(|s1 − s0| + |y1 − y0|) (3.7)

for some constant C ≥ 0. For any ε > 0, there exists u0(·) ∈ Uw[s0, T ] such
that J(s0, y0;u0) < V (s0, y0) + ε. Let x0(·) be the solution of

{
dx0(t) = b(t, x0(t), u0(t))dt + σ(t, x0(t), u0(t))dW (t), t ∈ [s0, T ],

x0(s0) = y0.
(3.8)

Now, let us consider the change of time

τ : [s1, T ] → [s0, T ], τ(t) =
T (s0 − s1) + (T − s0)t

T − s1
(3.9)

Observe that τ̇(t) is constant, more precisely

τ̇(t) =
T − s0

T − s1
. (3.10)
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Define u1(t) = u0(τ(t)), and denote by x1(t) the solution of
{

dx1(t) = b(t, x1(t), u1(t))dt + σ(t, x1(t), u1(t))dW1(t), t ∈ [s1, T ],

x1(s1) = y1,
(3.11)

where W1(t) =
√

1/τ̇W (τ(t)). Obviously, (Ω,F , P,W1(·), u1(·)) ∈ Uw[s1, T ].
Thus,

x1(t) = y1 +
∫ t

s1

b(s, x1(s), u1(s))ds +
∫ t

s1

σ(s, x1(s), u1(s))dW1(s)

= y1+
∫ t

s1

b(s, x1(s), u0(τ(s)))ds+
∫ t

s1

√
1/τ̇σ(s, x1(s), u0(τ(s)))dW (τ(s))

Next, the very definition of V yields

V (s1, y1) − V (s0, y0) − ε ≤ J(s1, y1, u1) − J(s0, y0, u0)

= E

{∫ T

s1

f(t, x1(t), u1(t))dt −
∫ T

s0

f(t, x0(t), u0(t))dt + h(x1(T ))−h(x0(T ))

}

By the change of variable r = τ(t) in the first integral above we obtain, setting
x̃1(r) = x1(τ−1(r)),

V (s1, y1) − V (s0, y0) − ε

≤ E

{∫ T

s0

[
1
τ̇

f(τ−1(r), x̃1(r), u0(r)) − f(r, x0(r), u0(r))
]

dr

}

+ E{h(x1(T )) − h(x0(T ))}
Recalling that f(t, x, u) and h(x) are bounded and Lipschitz, we have

V (s1, y1) − V (s0, y0) − ε

≤ E

{∫ T

s0

[
1
τ̇

f(τ−1(r), x̃1(r), u0(r)) − f(τ−1(r), x̃1(r), u0(r))
]

dr

}

+ E

{∫ T

s0

[
f(τ−1(r), x̃1(r), u0(r)) − f(r, x0(r), u0(r))

]
dr

}

+ E{h(x1(T )) − h(x0(T ))}

≤ K E

{∫ T

s0

(∣
∣
∣
∣1 − 1

τ̇

∣
∣
∣
∣ + |τ−1(r) − r| + |x̃1(r) − x0(r)|

)

dr

}

+K E{|x1(T ) − x0(T )|}
So, the conclusion (3.7) will follow from the estimates

∣
∣
∣
∣1 − 1

τ̇

∣
∣
∣
∣ ≤ K|s1 − s0| (3.12)

|τ−1(r) − r|dr ≤ K|s1 − s0| (3.13)

E

{∫ T

s0

|x̃1(r) − x0(r)|dr

}

≤ K(|y1 − y0| + |s1 − s0|) (3.14)
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and

E{|x1(T ) − x0(T )|} ≤ K(|y1 − y0| + |s1 − s0|). (3.15)

Proof of (3.12). In view of (3.10) and (3.6) we have
∣
∣
∣
∣1 − 1

τ̇

∣
∣
∣
∣ =

∣
∣
∣
∣1 − T − s1

T − s0

∣
∣
∣
∣ =

∣
∣
∣
∣
s1 − s0

T − s0

∣
∣
∣
∣ ≤ 1

δ
|s1 − s0| ≤ K|s1 − s0| ,

which in turn yields (3.12).

Proof of (3.13). By the definition of τ(t) and assumption (3.6) we obtain

|τ−1(r) − r| =
∣
∣
∣
∣
(T − s1)r − (s0 − s1)T

(T − s0)
− r

∣
∣
∣
∣=

∣
∣
∣
∣
(s1 − s0)(T − r)

(T − s0)

∣
∣
∣
∣≤K|s1 − s0|

Proof of (3.14). Recalling the definition of x̃1(r) we conclude that

E{|x̃1(r) − x0(r)|2} = E{|x1(τ−1(r)) − x0(r)|2}

≤ E

{∣
∣
∣
∣
∣
y1 − y0 +

∫ τ−1(r)

s1

b(s, x1(s), u0(τ(s)))ds −
∫ r

s0

b(s, x0(s), u0(s))ds

+
∫ τ−1(r)

s1

√
1/τ̇σ(s, x1(s), u0(τ(s)))dW (τ(s))

−
∫ r

s0

σ(s, x0(s), u0(s))dW (s)
∣
∣
∣
∣

2
}

= E

{∣
∣
∣
∣y1 − y0 +

∫ r

s0

[
τ̇−1b(τ−1(ρ), x̃1(ρ), u0(ρ)) − b(ρ, x0(ρ), u0(ρ))

]
dρ

+
∫ r

s0

[
τ̇−1/2σ(τ−1(ρ), x̃1(ρ), u0(ρ)) − σ(ρ, x0(ρ), u0(ρ))

]
dW (ρ)

∣
∣
∣
∣

2
}

≤ K(|y1 − y0|2 + K E

{[∫ r

s0

(|τ̇−1 − 1||b(τ−1(ρ), x̃1(ρ), u0(ρ))|

+ |b(τ−1(ρ), x̃1(ρ), u0(ρ)) − b(ρ, x0(ρ), u0(ρ))|) dρ

]2
}

+K E

∫ r

s0

|τ̇−1/2 − 1|2|σ(τ−1(ρ), x̃1(ρ), u0(ρ))|2dρ

+K E

∫ r

s0

|σ(τ−1(ρ), x̃1(ρ), u0(ρ)) − σ(ρ, x0(ρ), u0(ρ))|2dρ

Since b(t, x, u) and σ(t, x, u) are bounded Lipschitz functions,

E{|x̃1(r) − x0(r)|2}
≤ K|y1 − y0|2 + K E

{∫ r

s0

[|s1 − s0|2 + |x̃1(ρ) − x̃0(ρ)|2] dρ

}

≤ K(|y1 − y0|2 + |s1 − s0|2) + K

∫ r

s0

E{|x̃1(ρ) − x̃0(ρ)|2}dρ
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Finally, Gronwall’s Lemma yields

E{|x̃1(r) − x0(r)|2} ≤ K(|y1 − y0|2 + |s1 − s0|2). (3.16)

From the latter estimate, (3.14) easily follows.
proof[Proof of (3.15)] Owing to (3.16),

E{|x1(T ) − x0(T )|} = E{|x̃1(T ) − x0(T )|} ≤ K(|y1 − y0| + |s1 − s0|).
This yields (3.15) and completes the proof.

4. Semiconcavity

Theorem 4.1. In addition to (S1) and (S2), assume:
(S3)(i) h is semiconcave in R

n and f(·, ·, u) is semiconcave in [0, T ] × R
n

uniformly in u ∈ U ;
(S3)(ii) b and σ are continuously differentiable in (t, x) with derivatives bt,x

and σt,x satisfying, for some constant 
 ≥ 0,

|bt,x(t, x, u) − bt,x(s, y, u)| + |σt,x(t, x, u) − σt,x(s, y, u)|
≤ 
(|x − y| + |t − s|) (4.17)

for all t, s ∈ [0, T ], all x, y ∈ R
n, and all u ∈ U .

Then the value function V is semiconcave in [0, T − δ) × R
n for every δ > 0

Proof. Once again K will denote a generic constant, that may differ from line
to line. Let δ > 0 be fixed and let (s1, y1), (s0, y0) ∈ [0, T ) × R

n be such that

min{T − s1, T − s0} > δ.

We only have to show that, for some constant C ≥ 0 and all λ ∈ [0, 1],

λV (s1, y1) + (1 − λ)V (s0, y0) − V (sλ, yλ)
≤ Cλ(1 − λ)

(|s1 − s0|2 + |y1 − y0|2
)

(4.18)

where (sλ, yλ) .= λ(s1, y1) + (1 − λ)(s0, y0). Let λ ∈ [0, 1] be fixed.
For any ε > 0, there exists a control uλ,ε(·) = uλ(·) ∈ Uw[s0, T ] such that

J(sλ, yλ, uλ) < V (sλ, yλ) + ε.

Let xλ(·) be the solution of the Cauchy problem
{

dxλ(t) = b(t, xλ(t), uλ(t))dt + σ(t, xλ(t), uλ(t))dW (t), t ∈ [sλ, T ],
xλ(sλ) = yλ.

(4.19)

Now, for i = 0, 1 consider the time changes

τi : [si, T ] → [sλ, T ], τi(t) =
T (sλ − si) + (T − sλ)t

T − si
(4.20)

and note that τ̇i(t) is constant, with τ̇i(t) = (T − sλ)/(T − si), t ∈ [si, T ].
Finally, define ui(t) = uλ(τi(t)) and let xi(t) be the solution of the problem

{
dxi(t) = b(t, xi(t), ui(t))dt + σ(t, xi(t), ui(t))dWi(t), t ∈ [si, T ],
xi(si) = yi,

(4.21)

where Wi(t) =
√

1/τ̇iW (τi(t)).
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By the very definition of V , we then have:

λV (s1, y1) + (1 − λ)V (s0, y0) − V (sλ, yλ) − ε

≤ λJ(s1, y1, u1) + (1 − λ)J(s0, y0, u0) − J(sλ, yλ, uλ)

= E

{

λ

∫ T

s1

f(t, x1(t), u1(t))dt + (1 − λ)
∫ T

s0

f(t, x0(t), u0(t))dt

}

− E

{∫ T

sλ

f(y, xλ(t), uλ(t))dt

}

+ E {λh(x1(T )) + (1 − λ)h(x0(T )) − h(xλ(T ))}
In the first two integrals above let us apply the change of variables r = τi(t),
defined by (4.20). Then, for x̃i(r)

.= xi(τ−1
i (r)) (i = 0, 1), we have

λV (s1, y1) + (1 − λ)V (s0, y0) − V (sλ, yλ) − ε

≤ E

{∫ T

sλ

[
λ

τ̇1
f(τ−1

1 (r), x̃1(r), uλ(r)) +
1 − λ

τ̇0
f(τ−1

0 (r), x̃0(r), uλ(r))

− f(r, xλ(r), uλ(r))
]

dr

}

+E {λh(x1(T )) + (1 − λ)h(x0(T )) − h((xλ(T )))}
Now, observe that λ̃1

.= λ/τ̇1 and λ̃0
.= (1 − λ)/τ̇0 satisfy λ̃1 + λ̃0 = 1, and

define
⎧
⎨

⎩

t̃(r) = λ̃1τ
−1
1 (r) + λ̃0τ

−1
0 (r)

x̃λ(r) = λ̃1x̃1(r) + λ̃0x̃0(r)
X̃λ(r) = λx1(r) + (1 − λ)x0(r)

(4.22)

By the semiconcavity and Lipschitzianity of f and h we obtain

λV (s1, y1) + (1 − λ)V (s0, y0) − V (sλ, yλ) − ε

≤ E

{∫ T

sλ

[
λ̃1f(τ−1

1 (r), x̃1(r), uλ(r)) + λ̃0f(τ−1
0 (r), x̃0(r), uλ(r))

− f(t̃(r), x̃λ(r), uλ(r))
]
dr

}

+ E

{∫ T

sλ

[
f(t̃(r), x̃λ(r), uλ(r)) − f(r, xλ(r), uλ(r))

]
dr

}

+ E

{
λh(x1(T )) + (1 − λ)h(x0(T )) − h(X̃λ(T )) + h(X̃λ(T )) − h(xλ(T ))

}

≤ Kλ̃0λ̃1E

{∫ T

sλ

[|τ−1
1 (r) − τ−1

0 (r)|2 + |x̃1(r) − x̃0(r)|2
]
dr

}



Vol. 17 (2010) Lipschitz continuity and semiconcavity properties 723

+K E

{∫ T

sλ

(|t̃(r) − r| + |x̃λ(r) − xλ(r)|)dr

}

+K λ(1 − λ)E{|x1(T ) − x0(T )|2} + K E{|X̃λ(T ) − xλ(T )|}
Now, the technical lemmas below will provide all the estimates that are needed
to complete the proof. �

Lemma 4.2. The following estimates hold true:

λ̃0λ̃1

∫ T

sλ

|τ−1
1 (r) − τ−1

0 (r)|2dr ≤ Kλ(1 − λ)|s1 − s0|2 (4.23)

λ̃0λ̃1E

{∫ T

sλ

|x̃1(r) − x̃0(r)|2dr

}

≤ Kλ(1 − λ)(|s1 − s0|2 + |y1 − y0|2) (4.24)

|t̃(r) − r| ≤ Kλ(1 − λ)|s1 − s0|2 (4.25)
E{|x1(T ) − x2(T )|2} ≤ K(|s1 − s0|2 + |y1 − y0|2), (4.26)

E

{∫ T

sλ

|x̃λ(r) − xλ(r)|2dr

}

≤ Kλ(1 − λ)
(|s1 − s0|2 + |y1 − y0|2

)
(4.27)

and

E{|X̃λ(T ) − xλ(T )|} ≤ Kλ(1 − λ)(|y1 − y0|2 + |s1 − s0|2). (4.28)

Proof of Lemma 4.2. We first observe that directly from the definitions of τi

and λ̃i it follows that

|τ−1
1 (r) − τ−1

0 (r)| =
∣
∣
∣
∣
(s1 − s0)(T − r)

T − sλ

∣
∣
∣
∣ ≤ |s1 − s0| (4.29)

and

λ̃0λ̃1 =
λ(1 − λ)

τ̇1τ̇0
≤ λ(1 − λ). (4.30)

That proves (4.23).
Inequality (4.25) can be checked by a straightforward computation that

we omit.

Proof of (4.24). By the definition of x̃i, i = 0, 1, and a change of variables we
have

E{|x̃1(r) − x̃0(r)|4}
= E

{∣
∣
∣
∣y1 − y0 +

∫ r

sλ

[
τ̇−1
1 b(τ−1

1 (ρ), x̃1(ρ), uλ(ρ)) − τ̇−1
0 b(τ−1

0 (ρ), x̃0(ρ), uλ(ρ))
]
dρ

+

∫ r

sλ

[
τ̇

−1/2
1 σ(τ−1

1 (ρ), x̃1(ρ), uλ(ρ)) − τ̇
−1/2
0 σ(τ−1

0 (ρ), x̃0(ρ), uλ(ρ))
]
dW (ρ)

∣
∣
∣
∣

4
}
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Hence, owing to the Lipschitz continuity and boundedness of b and σ,

E{|x̃1(r) − x̃0(r)|4} ≤ K|y1 − y0|4

+KE

{[∫ r

sλ

(|τ̇−1
1 − τ̇−1

0 | + |τ̇−1
0 ||x̃1(ρ) − x̃0(ρ)|

+ |τ̇−1
0 ||τ−1

1 (ρ) − τ−1
0 (ρ)|) dρ

]4
}

+KE

{(∫ r

sλ

[
|τ̇−1/2

1 − τ̇
−1/2
0 | + |τ̇−1/2

0 ||x̃1(ρ) − x̃0(ρ)|

+ |τ̇−1/2
0 ||τ−1

1 (ρ) − τ−1
0 (ρ)|

]2

dρ

)2
}

Using (4.23) and standard estimates, we obtain

E{|x̃1(r) − x̃0(r)|4}
≤ K

[
(|y1 − y0|2 + |s1 − s0|2

)2
+

∫ r

sλ

E{|x̃1(ρ) − x̃0(ρ)|4}dρ

]

.

Finally, thanks to Gronwall’s Lemma, we deduce that
(
E{|x̃1(r) − x̃0(r)|4}

)1/2 ≤ K
(|y1 − y0|2 + |s1 − s0|2

)
(4.31)

which, in view of (4.30), gives the desired estimate (4.24).

Proof of (4.26). this result is a direct consequence of inequality (4.31) and the
fact that x̃i(T ) = xi(T ), i = 0, 1.

Proof of (4.27). such an estimate can be deduced from the much more techni-
cal Lemma 4.3 given at the end of the present section.

Proof of (4.28). from the fact that x̃i and xi coincide at T , for i = 0, 1, we
obtain

E{|X̃λ(T ) − xλ(T )|} ≤ E{|X̃λ(T ) − x̃λ(T )|} + E{|x̃λ(T ) − xλ(T )|}
≤ E{|λx̃1(T ) + (1 − λ)x̃0(T ) − λ̃1x̃1(T ) − λ̃0x̃0(T )|} + E{|x̃λ(T ) − xλ(T )|}

Thus, by the definition of λ̃i, i = 0, 1,

E{|X̃λ(T ) − xλ(T )|}
≤ λ(1 − λ)

|s1 − s0|
T − sλ

E{|x̃1(T ) − x̃0(T )|} + E{|x̃λ(T ) − xλ(T )|}
Then, applying Hölder’s inequality and taking into account (4.31) as well as
(4.32) in Lemma 4.3 we infer that the latter estimate is dominated by

Kλ(1 − λ)
(|y1 − y0|2 + |s1 − s0|2 + |s1 − s0||y1 − y0|

)
.

This proves (4.28).
The above proof is completed by the following.

Lemma 4.3. Under our standard hypothesis we have

(E{|x̃λ(r) − xλ(r)|2})1/2 ≤ Kλ(1 − λ)
(|y1 − y0|2 + |s1 − s0|2

)
. (4.32)
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Proof of Lemma 4.3. Recalling the definition of x̃λ, λ̃1 and λ̃0 we have

x̃λ(r) − xλ(r) = λ̃1x̃1(r) + λ̃0x̃0(r) − xλ(r)

= λ̃1y1 + λ̃0y0 − yλ +
∫ r

sλ

[
λτ̇−2

1 b(τ−1
1 (ρ), x̃1(ρ), uλ(ρ))

+ (1 − λ)τ̇−2
0 b(τ−1

0 (ρ), x̃0(ρ), uλ(ρ)) − b(ρ, xλ(ρ), uλ(ρ))
]
dρ

+
∫ r

sλ

[
λτ̇

−3/2
1 σ(τ−1

1 (ρ), x̃1(ρ), uλ(ρ))

+ (1 − λ)τ̇−3/2
0 σ(τ−1

0 (ρ), x̃0(ρ), uλ(ρ)) − σ(ρ, xλ(ρ), uλ(ρ))
]
dW (ρ)

Taking the expectation of the square and using the Hölder as well as the
Burkholder inequality we obtain

E{|x̃λ(r) − xλ(r)|2} ≤ K{|λ̃1y1 + λ̃0y0 − yλ|2

+ E

{∫ r

sλ

∣
∣λτ̇−2

1 b(τ−1
1 (ρ), x̃1(ρ), uλ(ρ)) + (1 − λ)τ̇−2

0 b(τ−1
0 (ρ), x̃0(ρ), uλ(ρ))

− b(ρ, xλ(ρ), uλ(ρ))|2 dρ + E

{∫ r

sλ

∣
∣
∣λτ̇

−3/2
1 σ(τ−1

1 (ρ), x̃1(ρ), uλ(ρ))

+ (1 − λ)τ̇−3/2
0 σ(τ−1

0 (ρ), x̃0(ρ), uλ(ρ)) − σ(ρ, xλ(ρ), uλ(ρ))
}∣

∣
∣
∣

2

dρ (4.33)

In our next computations we will obtain suitable bounds for the terms in the
right-hand side of the above inequality. This will be achieved by the following
three estimates:

|λ̃1y1 + λ̃0y0 − yλ| ≤ Kλ(1 − λ)|s1 − s0||y1 − y0| (4.34)
(
E

{ ∣
∣λτ̇−2

1 b(τ−1
1 (ρ), x̃1(ρ), uλ(ρ)) + (1 − λ)τ̇−2

0 b(τ−1
0 (ρ), x̃0(ρ), uλ(ρ))

− b(ρ, xλ(ρ), uλ(ρ))|2
})1/2

≤ (E{|x̃λ(r) − xλ(r)|2})1/2 + Kλ(1 − λ)
(|s1 − s0|2 + |y1 − y0|2

)
(4.35)

(
E

{∣
∣
∣λτ̇

−3/2
1 σ(τ−1

1 (ρ), x̃1(ρ), uλ(ρ))

+ (1 − λ)τ̇−3/2
0 σ(τ−1

0 (ρ), x̃0(ρ), uλ(ρ)) − σ(ρ, xλ(ρ), uλ(ρ))
∣
∣
∣
2
})1/2

≤ (E{|x̃λ(r) − xλ(r)|2})1/2 + Kλ(1 − λ)
(|s1 − s0|2 + |y1 − y0|2

)
(4.36)

Proof of (4.34). This is obtained by the following straightforward computation

|λ̃1y1 + λ̃0y0 − yλ|= λ(1 − λ)
T − sλ

|s1 − s0||y1 − y0| ≤ Kλ(1 − λ)|s1 − s0||y1 − y0|.

Proof of (4.35). Hereafter, to simplify the notation, we will omit the depen-
dence of functions on the independent variable: we will write, for instance, xλ
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instead of xλ(ρ). We also define Λ = λτ̇−2
1 + (1 − λ)τ̇−2

0 , λ̂1 = λτ̇−2
1 /Λ and

λ̂0 = (1 − λ)τ̇−2
0 /Λ, and we introduce the following notation

x̂λ = λ̂1x̃1 + λ̂0x̃0 , t̂(ρ) = λ̂1τ
−1
1 (ρ) + λ̂0τ

−1
0 (ρ).

Then, by assumption (S3) we have, recalling (4.29) and (4.25),
∣
∣λτ̇−2

1 b(τ−1
1 , x̃1, uλ) + (1 − λ)τ̇−2

0 b(τ−1
0 , x̃0, uλ) − b(ρ, xλ, uλ)

∣
∣

=
∣
∣
∣Λλ̂1b(τ−1

1 , x̃1, uλ) + Λλ̂0b(τ−1
0 , x̂0, uλ) − b(ρ, xλ, uλ)

∣
∣
∣

≤
∣
∣
∣Λλ̂1b(τ−1

1 , x̃1, uλ) + Λλ̂0b(τ−1
0 , x̂0, uλ) − Λb(t̂, x̂λ, uλ)

∣
∣
∣

+ |(Λ − 1)b(t̂, x̂λ, uλ)|} +
{|b(t̂, x̂λ, uλ) − b(t̃, x̃λ, uλ)|

+ |b(t̃, x̃λ, uλ) − b(ρ, xλ, uλ)|
≤ KΛλ̂1λ̂0

{|τ−1
1 − τ−1

0 |2 + |x̃1 − x̃0|2
}

+ K|(Λ − 1)b(t̂, x̂λ, uλ)|
+ |b(t̂, x̂λ, uλ) − b(t̃, x̃λ, uλ)| + K

{|t̃ − ρ| + |x̃λ − xλ|)}

Thus, from

λ̂1λ̂0|τ−1
1 − τ−1

0 | ≤ Kλ(1 − λ)|s1 − s0|2,
0 ≤ Λ − 1 ≤ Kλ(1 − λ)|s1 − s0|2, |t̃ − ρ| ≤ Kλ(1 − λ)|s1 − s0|2,

and

|t̂(ρ) − t̃(ρ)| = |(λ̂1 − λ̃1)τ−1
1 + (λ̂0 − λ̃0)τ−1

0 |
≤ λ(1 − λ)|s1 − s0||τ−1

1 − τ−1
0 |

≤ Kλ(1 − λ)|s1 − s0|2,
we get

{
E

∣
∣λτ̇−2

1 b(τ−1
1 , x̃1, uλ) + (1 − λ)τ̇−2

0 b(τ−1
0 , x̃0, uλ) − b(ρ, xλ, uλ)

∣
∣2

}1/2

≤ Kλ(1 − λ)(|s1 − s0|2 + Kλ̂1λ̂0

(
E

{|x̃1 − x̃0|4
})1/2

+K
(
E

{|x̃λ − xλ|2})1/2
+ K

(
E

{|x̂λ − x̃λ|2})1/2
.

In view of (4.31) we obtain

(
E

{|x̂λ − x̃λ|2})1/2
=

(
E

{
|(λ̂1 − λ̃1)x̃1 + (λ̂0 − λ̃0)x̃0|2

})1/2

≤ λ(1 − λ)|s1 − s0|
(
E

{|x̃1 − x̃0|2
})1/2 ≤ Kλ(1 − λ)|s1 − s0||y1 − y0|.

Consequently, using again (4.31)
{

E
∣
∣λτ̇−2

1 b(τ−1
1 , x̃1, uλ) + (1 − λ)τ̇−2

0 b(τ−1
0 , x̃0, uλ) − b(ρ, xλ, uλ)

∣
∣2

}1/2

≤ Kλ(1 − λ)(|s1 − s0|2 + |y1 − y0|2) + K
(
E

{|x̃λ − xλ|2})1/2

which in turn proves (4.35).
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Proof of (4.36). Let us define Λ̄ = λτ̇
−3/2
1 + (1 − λ)τ̇−3/2

0 , λ̄1 = (λ/Λ̄)τ̇−3/2
1

and λ̄0 = ((1 − λ)/Λ̄)τ̇−3/2
0 . Observe that λ̄0 + λ̄1 = 1. One can easily check

that 1 − Λ̄ ≤ Kλ(1 − λ)|s1 − s0|2. Let us further introduce the notation

x̄λ
.= λ̄1x̃1 + λ̄0x̃0 , t̂(ρ) .= λ̄1τ

−1
1 (ρ) + λ̄0τ

−1
0 (ρ).

Then, we can rewrite the expression inside the expectation of the left-hand
side of (4.36) as follows

∣
∣
∣τ̇

−3/2
1 σ(τ−1

1 , x̃1, uλ) + (1 − λ)τ̇−3/2
0 σ(τ−1

0 , x̃0, uλ) − σ(ρ, xλ, uλ)
∣
∣
∣

=
∣
∣Λ̄λ̄1σ(τ−1

1 , x̃1, uλ) + Λ̄λ̄0σ(τ−1
0 , x̃0, uλ) − σ(ρ, xλ, uλ)

∣
∣

≤ ∣
∣Λ̄

[
λ̄1σ(τ−1

1 , x̃1, uλ) + λ̄0σ(τ−1
0 , x̃0, uλ) − σ(t̂, x̄λ, uλ)

]∣
∣

+ |(Λ̄ − 1)σ(t̂, x̄λ, uλ)| + |σ(t̂, x̄λ, uλ) − σ(t̃, x̃λ, uλ)|
+ |σ(t̃, x̃λ, uλ) − σ(ρ, xλ, uλ)|.

From now on, we proceed in the same way as in the proof of (4.35), using first
the regularity assumption (S3) and the boundedness of σ, and then equations
(4.25) and (4.31). We can thus show that the previous expression is smaller or
equal than

⎧
⎨

⎩

ξ
.= K

[
Λ̄λ̄1λ̄0

{|τ−1
1 − τ−1

0 |2 + |x̃1 − x̃0|2
}

+ |t̃ − ρ| + (Λ̄ − 1)
]

+
η

.= K
{|t̂ − t̃| + |x̄λ − x̃λ| + |x̃λ − xλ|}

(4.37)

Using the same ideas as in the proof of (4.35), we obtain

(E[ξ2])1/2 ≤ Kλ(1 − λ)(|s1 − s0|2 + |y1 − y0|2)
while

η = |(λ̄1 − λ̃1)τ−1
1 + (λ̄0 − λ̃0)τ−1

0 | + |(λ̄1 − λ̃1)x̃1 + (λ̄0 − λ̃0)x̃0| + |x̃λ − xλ|.
Recalling the definition of λ̄i, λ̃i, x̃i for i = 0, 1 a direct computation yields

η ≤ K[λ(1 − λ)(|s0 − s1|2 + |s0 − s1||x̃1 − x̃0|) + |x̃λ − xλ|].
Consequently, from the estimates in the proof of (4.35)
(

E

{∣
∣
∣τ̇

−3/2
1 σ(τ−1

1 , x̃1, uλ) + (1 − λ)τ̇−3/2
0 σ(τ−1

0 , x̃0, uλ) − σ(ρ, xλ, uλ)
∣
∣
∣
2
})1/2

≤ K[λ(1 − λ)(|s0 − s1|2 + |y0 − y1|2) +
(
E{|x̃λ − xλ|2})1/2

.

This completes the proof of (4.36).
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Università di Roma Tor Vergata,
Via della Ricerca Scientifica 1,
00133 Roma, Italy
e-mail: cannarsa@mat.uniroma2.it

Received: 31 August 2009.

Accepted: 10 May 2010.


	Lipschitz continuity and semiconcavity properties of the value function of a stochastic control problem
	Abstract
	1. Introduction
	2. Stochastic optimal control problem
	3. Lipschitz continuity
	4. Semiconcavity
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


