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Existence of solutions for a perturbation
sublinear elliptic equation in RYY
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Abstract. In this paper we consider the following problem

“Au=u—|u P u+f
{ u € H'(RY) N L2-O(RY)
2(1-0)
feL?RNNL =20 (RY), N>3, f>0, f#0and0 <8 < %Weprove
that this problem has at least two solutions via variational methods, one
of them is nonnegative. Also, we study the continuity of the nonnegative
solution in the perturbation parameter f at 0.
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1. Introduction

In this paper, we study the existence and the multiplicity of solutions for the
following nonhomogeneous elliptic problem

“Au=u—|u Pu+f 1
u € HY(RN) N L20-9)(RN) ()
fEDP®V)NLTS (RY), f20, f#0, N>3 and6e(0,3)  (H)

The problem (1) can be considered as a perturbation of the following
homogeneous problem

“Au=u—|u *u 9
= Hl(RN) mL2(170)(RN) ( )

The problem (2) has been intensively studied [8-10,13,25]. In [10], Balabane
et al. proved that for each integer k, there exists a radial compactly supported
solution of (2) which has k-zeros in it’s support. In [25], Ounaies proved the
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existence of the ground state of (2) which is non-negative radial compactly
supported.

In recent years, many authors have studied the existence of solutions of
the following problem

—Au+V(z)u=g(x,u)+ f
u>0 (3)
u € HYRY)
where g(x,-) is superlinear. See [3-7,15,18-20,29] and the references therein.
In most of problems studied in papers cited in the references above, the
linear part is —Au + V(z)u with V' > 0.
In the case V < 0, various difficulties arise. On this subject Ghimenti
and Micheletti [17] considered the following equation

— Au+V(z)u= f'(u) + g(z) (4)
under the assumptions:
V <0, | l‘im V(x) =0, fis C?® with double power behaviour (GM)

They proved the existence of two solutions when ||g|| 2 is sufficiently small.
It seems to us that very few results are known on the perturbation of
sublinear elliptic equation in RY. While in bounded domains, the sublinear
problem has been intensively studied by many authors [13,21,22]. Aside from
the papers [12,16,28], to the best of our knowledge there are only a few works
dealing with this kind of problems in RY. In [12], Benrhouma and Ounaies
proved the existence and uniqueness of positive solution of the equation:

— Au+u = |ul” sgn(u) + f (5)

where 0 < p < 1 and f € L2(RY), f >0 a.e in RV,
In [28], Tehrani proved the existence of at least one solution of the
equation:

—Au+V(z)u = g(z,u) (6)

such that g is a sublinear function and V satisfying:

Ve L®, vy = llir‘ninf V(a:)>0,/ IVo|> +V (2)p* < 0 for some p € C (T)
T |—00 RN

In the present study, we treated the case of V= —1 (—A — I is not coercive)

and g is a sublinear function, where the assumptions (T) of (6) and (GM) of

(4) are not satisfied. We prove the existence of at least two solutions for the

nonhomogeneous problem (1).

Our approach is based on the mountain-pass theorem and the concentra-
tion compactness principle. One of the main difficulties in this type of problems
is the break down of Palais—Smale condition. To prove that a Palais—Smale
sequence (uy,) of the functional associated to problem (1) is bounded, we have
developed a technic based on the control of [[us|y;;_g) by [[Vun|[,. Moreover,
for the existence of a second solution we use a refined technic that exploits the
properties of the ground state of (2). Our main result is the following,.
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Theorem 1.1. Assume (H), then there exists cg > 0 such that if Hf||§ < ¢y, the
problem (1) admits at least two solutions. One of these solutions is nonnegative

We organize this paper into four sections. In Sect. 2, we give some prelim-
inaries and useful results. In Sect. 3, we prove the existence of a first solution
by minimizing methods and proving that this solution tend to zero in F as f
tend to zero in L?. In the last section, we show the existence of second solution
by using mountain-pass type argument.

2. Preliminaries
Let
E = H'RY) N L20-0(RN)
we endow E with the norm
[ull = IVully + [[ull2i—a)
((E,] |) is a Banach space). We define the functionals I°° and I on E by

1 1 -
() = 5/RN(WUF — [uf*)dz + m/}RN u =" da

_ 1 2 2 1 2(1-6) _/
I(u) = 2/RN(|Vu| [ul”)dz + 50 =0) /RN [ul dx - fudz

The functionals I*°, I € C! on E. It is well known that the critical points of I
are weak solutions of the problem (1). So, we need some properties of critical
values for I and I*°.

Now, we give a useful result

Lemma 2.1. There exists cg > 0 such that for any u € E we have

3
5““”3 < ﬁ” H2(1 g) T Co ||VU||2

Proof. For each a > 0, there exists ¢, > 0 such that

3
g2 <

2(1-6) 2*
3 <3a=9) " + calsl

2(1-6) 2
— < JE—
55 4(1_0)|s| + ¢|s]

it follows that

1 0
56 —g) + cllul3-

3
Sllull3 <

2%

4(1-0)
thus

2(1—-6 2%
=g Iela0-6) + o Vull}

3 2
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We need the following result to study the existence of local minimum for
the functional I.

Lemma 2.2. There exists cog >0, p >0 and a > 0 such that if Hf||g < ¢y and
llul| = p, then I(u) > a

Proof. First, we observe that if x > 0 and 0 <y <1, then
1
172 _|_y2(176) > Z(z +y)2

hence, for |ul|a1—¢) < 1 and [|[Vulz <r (r small enough) we get

1 0
I(u) = 5 (I1Vully = ul}) + lallzti =) = 1171 [l

2(1-6)
1 ) 1
> §\|Vu||2+ﬁll H2 *HUIIQ— 115

1

1 2 2
> ) HVUHQ —Co ||VUH2 + ﬁ” H2(1 0) ||fH2

1 2 1 2(1-0) 2
2 7 IIVull; + m”“\\g(l,g) =112

> LIvul+ w28 — 1112
1
> Ll — 112
for [Jul| = p = min(r,1) and || f||3 < 15 p* = co we obtain I(u) > 15p°—||f[13 =
a>0 O

Lemma 2.3.

c>® = uienEf;p I°(u) =1°(0) =0 (7)

where B, = {u € E, ||u|| < p} and p is fized in lemma 2.2

Proof. ¢>* < I*°(0) = 0. Suppose ¢>* < 0, let (v,) € B, a minimizing
sequence of problem (7), I°°(vy,) < 0 for n large enough then

0)

1 2 2 2
B ”VUnHQ + ﬁ [|v nH2(1 9) <3 ”UnHz < 9 ”UnHz

by lemma? 1, we obtain

2(1-6
5 IVenl? + T )H wall3 =) < gy Iealliie) + o IVunlly
and
1 2 1 1-6 2 2+
7 190nll3 + 75 Ieall3is) < 5 1702~ co V0,2
1 2(1-6)
i g Inlbae <0

this is a contradiction, therefore ¢ =0 ]
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At the end of this section we give the following useful remark.
Remark 2.4. There exists ¢ > 0 such that for any a,b € R we have

i) ‘a|2(17«9) + |b|2(179) _ C|a|170‘b|170 < |a 4 b|2(170)

< |a|2(1—0) + |b|2(1—9) +c|a|1—0|b|1—9
ﬁ) |a‘2(1—9) + ‘b|2(1_‘9) _ c|a|1—20|b| < |a_|_b|2(1—9)

< |a|2(1—0) + |b|2(1—9) +c|a|1_29\b|
iii) ‘a_,'_b‘l—ze < |a|1—29 + ‘b|1_2‘9

For the proof of this remark see appendix.

3. Existence of the first solution for problem (1)

Let

¢ =inf I'(u) (8)

P

where p is fixed in lemma 2.3

Lemma 3.1. —c0 <c¢<0

Proof. 1) ¢ > —oo: by the same argument used in lemma 2.3, we have
I(w) > —|fl5, foranyue B,

therefore ¢ > —ooc.
2) ¢ < 0:since f #0, f > 0 then we can choose a function ¢ € E such that

fodz > 0. let A > 0, we have

RN
A2 5 )\2(170) 2(1—0
I0g) =2 [ (Ve —p?) + 2o -0 _ A/
(o) = [ 1Vel =)+ 5= [ 1o [ 1o
for A small enough, A¢ € B, and I(A¢) < 0, thus ¢ < 0 O

Now, we state the main result of this section.

Theorem 3.2. There exists Uy € B, such that ¢ = I(Uy) and Uy is a nonneg-
ative solution of problem (1)

Proof. Let (uy) a minimizing sequence of problem (8) in B, I(u,) — c. Since
¢ < I(Junl) < I(uy), then I(|uy,|) — ¢; we can choose u,, > 0. (uy) is bounded
on E, we extract a subsequence of (u,), also denoted (u,,) such that u,, — Uy
in £, u, — Uy in L] (RN), V1 < ¢ < 2* and u,, — Uy a.e in RY. It follows

loc

that Uy > 0 a.e on RY.
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u, — Uy in E indeed, put v,, = u, — Uy — 0 in E. By remark 2.4, we
have

1 1 _
M) = 3 [ (¥l =)ot e [ P00t [ funds

1
> 5/ (|Vop|> + VU |> + 2V, VU — |v,)? = |Uo|* = 20, Up)dx
RN

1 2(1-6) 2(1-6) / 1-26
gy Lo PO+ ROt = [ o'

—/ fvndx—/ fUodx
RN RN

v, = 0in F, so
/ (VUo Vv, — Ugvy,)dx — 0, / fopdz — 0, / [on||Up| 20 dz — 0
RN RN RN

therefore
1 2(1-6)
2(1 — 9) HUTL“Q(l_G)

. 1
¢ 2 I(Uo) + lim o (|Voully — [[oall3) +
we have ||Vu,|, < p indeed,
IVually = I9enll3 + V013 +2 | Ve, VUada < ¢?
R

since fRN Vv, VUpdx — 0, then for n large enough ||Vu,||2 < p and

2(1-0
lval3570)

2(1-0
1ol 2020 > L9012 + S(1-6)

2(1-0) = 4

1 2 2 1
2(Hv”nH2_ [vnllz) + 4(1—9)

b
2(1-190)
it follows that
.1 2 1 2(1-6)
> I(Up) + lim —[[Vonl + ) lonllzn_g) = €

thus u,, — Uy in E and I(u,) — I(Up) = ¢ < 0so Uy € B,, I'(Up) = 0 and
Uy is a nonnegative solution of problem (1). O

Now, we give a continuity result about the first solution.
Theorem 3.3. If f — 0 in L? then Uy(f) — 0 in E
Proof. (k) Uy — 0 in L>(=9 indeed: Uy is a solution of s(1), I’(Up) = 0. and
2(1-6
IOl = 100l = Il + [ | St

we replace in I(Up) expression’s, we obtain

0 _gy 1
I(Uo) = -0 ||U0H§879; - §/RN fUodx

since  I(Up) <0 then ||U0H21 9) < / fUpdx — 0

0
21— 0)
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therefore Uy — 0 in L21=9. (kk) |[VU||, — 0, indeed: there exists r €]0,1]
such that

1Toll < 1Uoll31 ) 1Volla=" < € [Uollya—g IVTolly™" < €1 [ Vol

this gives
IVl = 10013 = 1GalZ0) + [ fUide =0
R

it leads to Uy — 0 in E. O

4. Existence of a second solution for problem (1)

Seeking a second solution for problem (1), we need a mountain-pass structure,
for that we give the following result.

Lemma 4.1. Let w the ground state of the homogeneous problem (2) [25], then
I(Uy + tw) < I(Up) + I*®(w) Vt>0
where Uy is the first solution of problem (1) given by therem 3.2
Proof. First, we observe that if a, b are arbitrary positive reals then
(a+b)21=9 < q20=60) 1 20-0) L o1 — 9)q' =2
let t > 0, we have

1/ 1 "
I(Uo + tw) = ~ / (I (Uo + tw)|? — (Uo + tw)*)dz + ——— / \Uo + tw|?0=9 d
2 RN 2(1 - 9) JRN

‘ L 2_ 2 t? 2_, 2
—ANﬂwahuruwu»M<5Aqumn—Umwr+5é¢wmw—w>w
1-6)

2(1-0) g
ol +2(1 0) Jp

(VU()Vw Upw)dz+ ——— | |2<179>da:

1
2(1 9) RN
+t/ |U0|1729 wd:v—/ ond:v—t/ fwdz
RN RN RN

Uy is a critical point of I and w is a critical point of I°°, then

/ VUOVw:/ Uow—/ Uo|~2* Uow—i-/ fwdz
RN RN RN RN

and
/(WM%wﬂm:—/|Mm4Mx
RN RN
this gives
o/ N 1 2(1-0)
I (w) = (2(1) ) lw ||2(1 0) =
and

I, U, PO BN < 1) + 1
(Uo + tw) < I(Up) + -6 2 w5 —g) < I(Uo) + 1% (w)
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it holds that
I(Up + tw) < I(Up) + I (w) vt >0

g
Lemma 4.2. There exists oo € E\B,, ¢o > 0 such that I(pg) < 0
Proof
I(Uo + tw) < I(Uo) + (;(21(1_9;) - t;) ||'UJ||§8:Z;
for to large enough, I(Uy + tow) < 0. We put g = Uy + tow. O
Consider the problem
d = inf max I(y(t)) (9)

v€ET t€[0,1]
where
I'={y € C([0,1], E); 7(0) = Up, v(1) = o} # 0
Lemma 4.3. o <d < I(Up)+ I*(w) (a fized by lemma2.2)
Proof. 1. d<I(Uy)+ I*(w) indeed: let vy : [0,1] — FE defined by ~o(t) =

Uy + ttow, where ¢ fixed in the proof of lemma4.2, o € I'. There exists
T € [0, 1] such that

= <
{7 IR TO0) = By )

= I(%(T)) = I(Uy + Ttow) < I(Up) + I*°(w)
2. d>aindeed: let v €T, v(0) € B, and y(1) ¢ B,. There exists s € [0,1]
such that v(s) € 9B,, then

sup I(y(t)) > inf I(u)>a thusd>a
te[0,1] u€dB,

O

Lemma 4.4. Let (u,) C E such that (I(uy,)) is bounded and I'(u,) — 0 in E’,
then (u,) is bounded in E.

Proof. There exists M > 0 such that for n large enough, |[I(u,)| < M and
[ (un) un| < [lunl]-

1 2(1-0 1
I(up) — 5[’(un).un = ( 7 [l n||2E1 a) - §/sz fupdx
2(1—6
zﬁﬁanm$4—4mmwwmm%
0 _ 20-6) . .
> 1(;:75WMMM§8_Z§ chH202& (by Young inequality)

we have

0 2(1-6
Rﬁﬁwwﬁx q<M+n%u
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and
0 2(1-9) 1 1
4(1-0) H“ﬂ”z(ko) D) HUnH2(1_0) < B ||Vun||2 + co
we suppose by contrary ||un,|[2(1—g) — +00, let 1 < p < 2(1 — ), for n large
enough we get

[ et

0 1 1
||Un||g(1_9) < 1(1—9) 2(1-0) ~ 9 [unlla—gy < 5 Vunlly + 2

this leads to
1
unlloi—gy < cllVunll3 +cs (*)

on the other hand, by Gagliardo—Nirenberg—Sobolev and Holder inequalities
we obtain

2 : _
||un||2 <y Hvun” Hu'ﬂ”Q(l ;; < ”VunH ( ||Vun||§ + 63)2(1 )

7_,'_2(1 ) )

P N A L

+
+cr ||Vun||2
2% 0

1 1 _
M > 1) = 5 [ (Vunl e+ s [ a0V = [ funds

1 2 2 1 2
> L9l ~ el - 2 0113
1 opp 20=m)
> = ||Vun||§ —cs ||Vun||2 T = || Va3
2r+ior
—c7 [Vl ||f||2

it follows that ||Vuy,||, is bounded, that contradicts (x). So (uy) is bounded in
L20=9(RN). We obtain

2 1— 2r
lunlly < eI Vunll3” lunll3i ) < ¢ [Vunll3
and
1 2 or 10
M > I(un) 2 3 Vunl3 = ¢ V2= 3 1112
therefore ||Vuy,||, is bounded and (u,,) is bounded in E. O

Theorem 4.5. There exists Vi a second solution of problem (1)

Proof. By the mountain-pass theorem of Ambrosetti Rabinowitz [2] that there
exists a (PS) sequence (uy) in E such that

I(up) —d and [I'(u,)—0 in E

by lemma4.4 (u,) is bounded in E then up to a subsequence u,, — Vj in E,
up, — Vo in L] V1 < ¢ <2* and u, — Vp a.e in RY. Let ¢ € C°(RY)
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I'(up).p = / (Vu,Vo — upp)de + / |t |~ 2w pda — / fodz — 0
RN RN RN

since up, — Vo then, [on(VunVp —upp)de — [on (VVoVe — Vop)da let us
show that:

J/ i (@) [P un (@) o)z — [ Vo) Vo () pla)da
RN RN

since u,, — Vp in Lifcl,_e)(RN ) then, there exists a subsequence denoted by

(u,) and h € L>0=9(RN) such that

[tn| "2 un @ — |Vo|72Vo ¢ ace

Jun| =2 lp] < [AI*"*]p| in L'(RY)

then by dominated convergence theorem

[ o) P unlayela)de — [ Vola)| Va(w)ewds

RN RN

it follows that

I'(un).p — I'(Vo).op =0 Ve e CZ(RY), Vi is a weak solution of problem (1)

Now, we prove that Vi # Uy, where Uy the first solution of (1) given by
theorem 3.2.

We have w,, — Vp in E up to a subsequences, then |Vp||g < lim||u,|| =
lim,, oo ||un||. We distinguish two cases:
(o) (Compactness) ||Vo||g = lim,, oo ||ty || then w, — Vj in E, in fact

limy, — oo ||Un||2(170) = HV0||2(179) + [IVVall; _m||vun||2
< HVEJ”z(l—e) +[IVVolly — lim || V||,

and
[VVolly < Lim [[Vun|ly, [[Vollg—g) < Lm [lunllyq_g)
we obtain

HV0||2(1—.9) = hﬂ”“n”zu-e) = m||“n||2(1—«9) < ||V0||2(1—9)
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thus
Uy — Vo aein RY
{ ||un||2(1—9) - ||V0H2(1—9)
this gives
(i)
u, — Vo in  LEO(RN)
therefore

Vunlly = [[VVoll,

/N |vun—vvo\2dz:/N |Vun\2d:l:+/N|VV0|2dx—2/NVunVV0dx
R R R R

else

Vu, VVydzr — / IVVo|? da
RN RN
(i)

IVu, — Vo, — 0

(i) and (ii) give up, — Vp in E and then I(u,) — d = I(Vy) > 0. So
Vo # Uo (1(Up) < 0)
O

(e0) (Dichotomy) [Voll < limnco [[unll. Set va(2) = un (@) — Vo(a),
v, — 0in F.

Step 1: there exists (y}) C RY such that v, (- +yl) = Vi1 #0in F

Proof. Suppose that, ¥(y,) C RY, v,(- +y,) — 0 in E, then

VR>0 sup / lon 2= de — 0
B(y,R)

yeRN
by the argument of P.L. Lions [24],
v, — 0in LYRY), VvV 2(1-0) <q<2".
On the other hand, u,(z) = v, (z) + Vo(x)

I'(un)-un:/ (\Vun|2—ui)dx+/ |un|2(1_9)dx—/ fupdx
RN RN RN
=/ (IVvn]? = v + [VVo > = Vo|* + Vo, VVy — v, Vo) da
RN

+/ \unP(l—@)d:c—/ fvn—/ Vo
RN RN RN

so by remark 2.4 we infer that

0= lim I'(up) un = I'(Vp) - Vo + lim (/ |V, |*d +/ |vn|2(1_9)dx)
n— 00 RN RN

n—oo
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then v,, — 0 in E, that is a contradiction and there exist (y.) € RY such that
(- +yt) — Vi #0in E. O

Step 2: (y}) is not bounded.

Proof. suppose (y;.) is bounded, we extract a subsequence of (y;.), also denoted
by (y}) such that y. — y. Let ¢ € C°(RY), since y} — y and v, — 0 in E,
then

[ ol = yhualards — 0
RN
va(-+yl) = Vi in E, so

/ (@ = yn)vn(2)dz = / p(@)on(z +yp)dz — | p(x)Vi(z)de
RN RN RN

it yields
/ p(z)Vi(z)dz =0, Yy € C’SO(RN)
RN

Hence V3 = 0 ae in RY, that is a contradiction. Thus (y.) is not bounded. [

Conclusion There exists (y3) C RY such that (y}) is not bounded, v, (-+y}) —
V1 # 0in E, and V; is a solution of the homogeneous problem (2) (to be proved
later). Also

Vill < Jim_ [l + 92
(5) if Vil = limp— oo ||vn (- + 1) || g then, u, — Vo —Vi(-—yL) — 0 in E thus
I(un) — d=1I(Vo) +17(W)
Since w is the ground state of (2), then
I(Vo) + I*(w) < I(Vp) + I®°(Vy) =d < I(Up) + I*°(w) (by lemma4.3)

Hence Uy # Vo (j7)||Ville < limy, oo [[vn (- 4+ yp )| 2, DUt 0}, =y — Vo = Vi (- —

yL). We restart the analysis with the sequence (v}) while reiterating the pro-

cess as many time as necessary, we have a general decomposition of the form:

un(x) — (Vo(z) + Z Vi(z —9") - 0in E (eventually m = +oc)
k=1

Yk > 1,

Y| — o0, [yl = 4P| = oo if k 1

and

I(un) = d=1(Vo) + > I®(Vi)
k=1

even, (Vi)1<k<m are solutions of the homogeneous problem (2) and I*°(V}) >

0, V1 < k < m. Since w is the ground state of (2), then
I(Uo) + I (w) >d > I(Vo) + I (V1) > I(Vo) + I (w) therefore Uy # Vo O
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Now, we prove that (V4)i<g<m are solutions of the homogeneous problem (2)
Proposition 4.6. (Vi)1<k<m are solutions of the homogeneous problem (2).

Proof. Vi is a solution of problem (2)s, indeed: u,(x +y.) = Vo(z + yl) +
vp(r+yl) = Vi in E. Let p € C2(RY), we have

(I'(un), (- — 41)) = / (Vi Vil — yb) — un(@)p( — yb))dz
IRN
+ [ @) @)oo = sh)do = [ f@)ete— uh)do
- / (Vtn (@ + 1) V(@) — un (& + 42 )p(2))da
RN
+ [ @ty e+ ud)e(e)de = f(@)ee—yl)de

since |y;| — 400 then, [y f(@)p(z —yL)de — 0
un(-+yh) = Vi in E, so

Vun(z + yp)Ve(x) — un(z + yp)e(x) — [ VViVe —Vip
RN RN

also

(I'(un), (- = yp)) — 0

by the same argument used above, we get
[ e+ s o+ detahde — [ @) Vi@) e
It follows that, for any ¢ € C2°(RY)
/RN (VViVe — Vig+ Vi7" Vig)de =0

then V4 is a weak solution of problem (2). by the same argument we show that
(Vi )1<k<m are solutions of (2).
This achieves the proof. O

Appendix
We give here the proof of remark 2.4.
Proof of Remark 2.4. It easy to check (i), (ii) and (iii) for @ = 0. Suppose
a#0, beR
1. Proof of (i) Consider the continuous function ¢ defined on R\{0} by

B |1 + $|2(1_9) _ |$|2(1—9) -1

o() =
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We have lim;|_ 4 ¢(2) = 0 and lim;|_o @(z) = 0. Then, there exists
b

¢ > 0 such that |p(x)| < ¢ for any z € R. |¢o(=)| < ¢ leads to
a
p21=0) | 20-6) N
i+ S | 1
a a

and multiplying by |a|>(=%), we obtain the desire result.
2. Proof of (i7) Consider the continuous function ¢ defined on R\{0} by

|1 + l,|2(1—0) _ |9L‘|2(1_9) -1
b(z) =
|

We have lim|;| 4 o0 ¥(2) = 0 and lim,_, o= ¥(x) = £2(1 — 0). Then, there

b
exists ¢ > 0 such that [¢)(x)| < ¢ for any z € R. ‘1/) ()' < ¢ yleld
a

b
a
and multiplying by |a[?(=?), we obtain the desire result.
3. Proof of (iii) Consider the continuous function ¢ defined on R by
$z) =1+ — a7 —1
we have ¢(z) < ¢(0) = 0 for any = € [—1,400], ¢ is decreasing on

2(1-6) 2(1-6)

b

a

1+ - — -1l <e
a

‘ b

] —oo,—1[and lim ¢(z) = —1. Consequently for any z in R, we have
o(x) <0.
b

Then ¢ (a> < 0 and

pI20 |y 20

‘1 +-| < ‘ +1

a a
and multiplying by |a|'=2?, we obtain the desire result.
This achieves the proof of Remark 2.4. O
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