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Abstract. The present paper is concerned with the initial boundary value
problem for the generalized Burgers equation u; + g(t, w)us + f(t,u) =
€Uz, which arises in many applications. We formulate a condition guar-
anteeing the a priori estimate of max |us| independent of ¢ and ¢ and give
an example demonstrating the optimality of this condition. Based on this
estimate we prove the global existence of a unique classical solution of
the problem and investigate the behavior of this solution for ¢ — 0 and
t — +00. The Cauchy problem for this equation is considered as well.
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1. Introduction and main results

Consider the following equation

us + gt u) uge + f(t,u) = cuze in Qr = (0,T) x (=1,1), (1.1)
coupled with initial condition
u(0,2) = ¢(x) for x € [-1,1], (1.2)
and boundary conditions
u(t,£l) =0 forte (0,T), (1.3)

with arbitrary 7" > 0. Here ¢ is a positive constant, f(t,z), g(t,z) and ¢(z)
are given functions. Equation (1.1) appears in different applications, see [2,6—
13,16,17]. The goal of the present paper is to obtain an a priori estimate of
|uz| independent of e and T and on the basis of this estimate to prove the exis-
tence and the uniqueness of the classical solution of problem (1.1)—(1.3) and
to investigate the behavior of this solution when ¢ — 0 and when T" — +oc.
Let us mention that in [14] an a priori estimate of the gradient of a solution of
fully nonlinear parabolic equation independent on € and T" was obtained under
several restrictions (see assumptions (0.10)—(0.12) in [14]). One can easily see
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that these restrictions are not fulfilled in our case. However more delicate anal-
ysis shows that we can extend approach developed in [14] to Eq. (1.1) as well.
Again (as in [14]) we apply the modification of the very effective and fruitful
Kruzhkov’s idea of introducing of an additional spatial variable [4].
Condition guaranteeing the needed a priori estimate is the following one:

K ‘g(taU'Q) _g(t’ul)‘ < f(tau2) - f(t,U1) for — M S up < u2 S M7
(1.4)
where
M = sup |¢(33)|, K = sup |¢(I) _¢(y)|
[—1,]] z,y€[—1,1] |z — 3/|

This is the only structure restriction on g and f and as it follows from Example
1 below, this condition cannot be improved.
Consider the limit case (¢ = 0)

ve+g(t,v) v, + f(t,v) =0 in Qr = (0,T) x (=1,1), (1.5)
v(0,2) = ¢(z) for z € [-1,1],
and
v(t,£l) =0 forte (0,T). (1.7)

Definition 1. We say that u(¢,x) is a classical solution of problem (1.1)—(1.3)

if u(t,z) € C’t{zaﬂ’%a(QT) N Ctlf’l(@T) for some o € (0,1) and it satisfies

Eq. (1.1) pointwise.
We say that function v(t,z) is a strong solution of problem (1.5)—(1.7) if
v(t, x) is Lipschitz continuous and satisfies Eq. (1.5) almost everywhere (a.e.).

Theorem 1. Suppose that f(t,z) and ¢(t,z) are Hélder continuous functions
on the set [0, T] x [-M, M), ¢(x) is Lipschitz continuous function on [—I,1]
and f(t,0) = g(t,0) = ¢(£l) = 0. If condition (1.4) is fulfilled then

L. there exists a unique classical solution of problem (1.1)—(1.3) and
max |u(t,z)| < M, max|uy(t,z)| <K,
Qr Qr
moreover
u(t,z) — 0 when t — +o0.
II. there exists a strong solution of problem (1.5)—(1.7) such that
max [o(,2)| < M, [loa(6,2) 2., < K.
T
moreover if g(t,v) is differentiable with respect to v this solution is unique
and
v(t,x) = 0 when t — +oo.

111

lim [lu(t, 2) = v(t, 2)llco(@r) = 0-
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Note that for the uniqueness of problem (1.1)-(1.3) we do not require
Lipschitz continuity of f(t,z) and g(t, z) with respect to z.

Example 1. The simplest case of (1.1) is the following equation (see [6-13,16])
U+ AUUL + AU = € Ugy (1.8)

where A > 0 and a are constants.
We have g(t,u) = au and f(t,u) = Au. Condition (1.4) takes the form

A> |a| K (1.9)

(concerning the case A < |a|K see Sect. 5 of the present paper). Let us show
that condition (1.9) is optimal. Consider the limit case

Ve avv, = —Auv. (1.10)

According to Theorem 1, condition (1.9) provides the existence of the global
classical solution of problem (1.8), (1.2), (1.3) and as a consequence the exis-
tence of the global strong solution of problem (1.10), (1.6), (1.7). It is well
known that, even for smooth initial data, the solution of problem (1.5)—(1.7)
can develop shocks in finite time. Global Lipschitz continuous solution of this
problem exists only if characteristics do not intersect. The family of charac-
teristics = z(t) is defined by

2(t) = 2(0) + ;d)(x(O)) (1—e ™).

Suppose that the characteristics x(t) and x2(¢) which start from the points
21(0) and z2(0) respectively intersect at time t* > 0 i. e. z1(¢*) = x2(t*) or

1(0) + §¢(z1(0)) (1 — e*M*) — 22(0) + §¢(x2(0)) (1 f e*M*)

|6(21(0)) — p(z2(0)] _ A e

21(0) = 22(0)]  a[ M =1
The last is possible only if A < |a| K, hence condition A > |a| K is optimal.
Here we use the obvious inequality
At
erM” —1

>1 fort*>0.

Example 2. Consider equation
U + au? Uy + AU = € Uys (1.11)
(see, for example, [11,13]). Condition (1.4) takes the form
Kla||lug +ui| < A

Taking into account that for the solution of problem (1.11), (1.2), (1.3) the
estimate

lu(t,z)| < M
holds, we conclude that (1.4) is fulfilled if
A > 2K |a|M.
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Example 3. Consider equation

wr + au?3 uy + Au'/? = cug, (1.12)
(see [11,13]). Condition (1.4) takes the form
Klaljuy”® + ui”®| < \.

Taking into account that for the solution of problem (1.12), (1.2), (1.3) as in
the previous example we have |u(t,z)| < M we conclude that (1.4) is fulfilled
if
A > 2 Kla| M3,
One can easily construct other examples of functions f and g satisfying

condition (1.4), in particular if f = Kyg with constant Ky > K then (1.4) is
obviously fulfilled.

The paper is organized as follows. In Sect. 2 we obtain the a priori esti-
mate of the gradient of the solution. In Sect. 3 we prove Theorem 1. In Sect. 4

we extend our results to the Cauchy problem and in the last Section we discuss
Eq. (1.8) for which condition (1.9) is not fulfilled.

2. A priori estimate of u,

Lemma 1.1. Suppose that condition (1.4) is fulfilled and f(t,0) = g(¢,0) =
@(£l) = 0, then for any classical solution of problem (1.1)—(1.3) the estimate

|ug(t,z)| < K forallt >0
holds.
Proof. Consider Eq. (1.1) in two different points (¢, 2) and (¢,y):

up(t, ) — e g (t, ) = —f(t, ut,x)) — g(t, u(t, x))u. (¢, x), (2.1)
ur(t,y) — euyy(t,y) = —f(tult,y)) — g(t ult, y))uy(ty). (2.2
Subtracting Eq. (2.2) from (2.1) for the function
w(t,z,y) =u(t,x) —u(t,y) — Kz —y)
we obtain

Wi —E Wz —E Wyy

- [f(ta u(t7 CIZ)) _f(t’ u(ta y))] - [g(tv u(t7 m))um (t: *Z‘) _g(t7 u(tv y))uy (ta y)]
(2.3)

Consider Eq. (2.3) in
P={0<t<T,—-l<z,y<ly<uz}

Suppose that the function w attains its positive maximum at some point N €
P, then at this point we have

w>0, wy,=wy;=0, ie u(t,z)>u(ty), u(t,x)=uy(t,y)=K
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and

Wi — € Way — € Wyy

== [f(tult,2) = f(t ult,y)] = K gt ult,2)) — gt u(t, 9))] | |
Hence due to (1.4)
Wy — EWgg — € Wyy N <0
which is impossible.
Denote by I' the parabolic boundary of P
F={t=0y<z,-l<z,y<iU{0<t<T,z=y,l|z|<I}UQ U
where
Q= {0<t< T2l <ly= -1},
Q={0<t<T, |yl <lz=1}
Our goal is to show that w < 0 on I'. For t = 0 we have
w(0,2,) = ¢(z) — ¢(y) — K(x —y) < 0.

For = = y obviously w = 0.
Consider €y, for y = —I we have

w(t,z,—1l) =u(t,z) — K(x +1)
and

W — € Wy l:ut—sum:—f(t,u)—g(t,u)% in Q.
y=-
Suppose that w(t,x, —1) attains its positive maximum at the point Ny € Q,
then at this point we have

w>0, wy,=0 ieu>0 u,=K
and hence

=—f(t —gt,u)K| .
o= I =gk
Due to (1.4) (taking into account the assumption f(¢,0) = g¢(¢,0) = 0) we
obtain

Wt — € Wyy

<0

Ny
which is impossible. Consider the parabolic boundary of €. If £ = 0 we have
w(0,z,—1) = ¢(x) — K(x +1) < 0 due to the fact that w(0,—1,—1) = 0 and
wy (0,2, —1) = ¢'(x) — K <0, besides w(t, £, —1) < 0. Thus we conclude that
w(t,x,—1) <0 in Q.

Similarly we investigate the sign of w on 5. For z = [ we have

w(t,ly) = —u(t,y) — K(I —y)

Wt — EWgy

and

Wy — € Wy = —up + Uy, = f(t,u) + g(t,u)u, in Qo.
.
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Suppose that w(t,l,y) attains its positive maximum at the point Ny € Qo,
then at this point we have

w>0, w,=0, ieu<0, wu,=K

and hence [again due to (1.4)]
Wy — € Wy o ft,w) +g(t,w)K . <0

which is impossible. Consider the parabolic boundary of Q5. If £ = 0 we have
w(0,l,y) = —¢(y) — K(I —y) < 0 due to the fact that w(0,l,I) = 0 and
wy(0,1,y) = —¢'(y) + K > 0, besides w(t,1,£l) < 0. Thus we conclude that
w(t,l,y) <0 in Q.

Finally, taking into account that w(t, z,y) cannot attain its positive max-
imum in P and is non positive on the parabolic boundary of P we conclude
that

w(t,r,y) <0 in P. (2.4)
Subtracting now (2.1) from (2.2) one can easily see that the function
w(tvxvy) = u(ta y) - u(t7x) - K(CB - y)
satisfies the equation
Wi — € Way — €Wyy = — [f({,ult,y)) — f(t ult, )]
- [g(tv ’U,(t, y))uy (ta y) - g(tv u(ta ‘T))ux (ta 17)] in P.

Suppose that w attains its positive maximum at the point M € P, then at
this point we have

W >0, Wy =Wy =0, ie u(t,y)>ult, x), ug(t,z) =uy(t,y) = —K

- [f(tvu(t’y)) - f(t7 u(t,x))} + K [g(t7u(t7y)) - g(tvu(t7x))] M
Hence, due to (1.4)
Wi — € Wyg — EWyy| <0
M

which is impossible.
Consider the parabolic boundary of P. For ¢ = 0 we have

w(0,z,y) = d(y) — d(z) - K(z —y) <0.
For x = y obviously w = 0. Consider €24, for y = —I we have
w(t,z,—1l) = —u(t,z) — K(z +1)
and

Wt — € Wy = —up + eUge = f(t,u) + g(t, u)u, in Q.
y=—
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Suppose that w(¢, x, —1) attains its positive maximum at the point M; € Q;,
then at this point we have
w>0, w, =0, ie u<0, u,=-K

and hence

Uy — €Wae| = f(t,u) —g(t,u)K 0

Wt = EWaa| f(tu) —g(t,u) M1<
which is impossible (the last inequality follows from (1.4) if we put us = 0).
Consider the parabolic boundary of Q. If t = 0 we have w(0, z, —1) = —¢(z) —
K(xz+1) <0 due to the fact that w(0, —I, —I) = 0 and w, (0, z, —l) ¢ (x )
K <0, besides for w(t,+l,—1) < 0. Thus we conclude that w(t x, l) <0i
Q.

Similarly we investigate the sign of @ in €25, for = [ we have
U}(tv l,y) = u(ta y) - K(l - y)

and

Wy — € Wyy = U — € Uyy = —f(t,u) — g(t,u)u, in Q.
xT

Suppose that @w(t,,y) attains its positive maximum at the point My € Qo,
then at this point we have

w> 0,0y =0, ie u>0, uy=—-K,
hence

S _ K
Wy 6wyyM2 ft,u) + g(t, uw) M2<0

which is impossible. Consider the parabolic boundary of . If t = 0 we have
w(0,l,y) = é(y) — K(I —y) < 0 due to the fact that @w(0,l,I) = 0 and
Wy (0,1,y) = ¢'(y) + K > 0, besides w(t,!,£l) < 0. Thus we conclude that
w(t,l,y) <0in Qy.

Finally, taking into account that (¢, z, y) cannot attain its positive max-
imum in P and is non positive on the parabolic boundary of P we conclude
that

w(t,r,y) <0 in P. (2.5)

From (2.4) and (2.5) we obtain that for ¢t € [0,T], |z| <, ly| <,z >y
we have

lu(t, z) —u(t,y)| < K(z —y).

In view of the symmetry of the variables  and y we can similarly consider the
case y > z. As a result we conclude that for ¢t € [0,T7], |z| <1, |y| < we have

lu(t, x) —u(t,y)| < K|z —y|
or
lug(t,z)| < K.

Lemma is proved. O
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3. Proof of Theorem 1

The existence of the classical solution of problem (1.1)—(1.3) follows immedi-
ately from the a priori estimates |u] < M and |u,| < K (see, for example,
[14]). If we suppose the fulfillment of condition (1.4) for all values of uq and wug
(u1 < ug) then the estimate |u] < M can be easily obtained by standard con-
sideration (see, for example, [5]) taking into account the fact that u f(u) > 0
for u # 0 (the last follows from (1.4)). In order to obtain this estimate in the
case when (1.4) holds only for —M < w3 < us < M consider the auxiliary
equation

ug + g(t,u) ug + for(tu) =gy in Qr = (0,7) x (=1,1), (3.1)
coupled with conditions (1.2), (1.3), here

f(t,2), lz| < M,
7M(tvz): f(tvM)’ z> M,
f(t,—M), z < —M.

Suppose that u attains its positive maximum at the point N € Q \ 'z, where
I'7 is the parabolic boundary of Q7. At this point we have f,; > 0, in fact,
for 0 < u < M we have f,,;(t,u) = f(t,u) > 0 due to (1.4), and for M < u we
have f,,(t,u) = f(t, M) > 0, hence

ut_"g(tau)u:c +?M(t7u)_5uxﬁc N > 0,

which is impossible. Taking into account that © < M on 't we conclude that
u < M in Q. Similarly we obtain the estimate from the below u > —M. From
the estimate |u| < M which holds for the solution of problem (3.1), (1.2), (1.3)
it follows that Eqgs. (3.1)) and (1.1) coincide and thus the estimate |u| < M
takes place for the solution of problem (1.1), (1.2), (1.3) as well.

Uniqueness. As usually suppose that there exist two solutions u; and us.
For the difference w = us — u; we have

wi + g(t, ug)uge — g(t, ur)ure + f(t,ua) — f(t,u1) —ewee =0 in Qr

with zero initial and boundary conditions. Suppose that at the point N €
Q1 \T'r function w attains its positive maximum, at this point we have w > 0
and w, = 0 1i.e. up > u; and us; = uy,. Thus

W + g(t7u2)u2m - g(tvul)ulaz + f(t7u2) - f(tvul) — EWgy N

=0.

=we + (9t u2) — g(t,w1)) vz + f(t,uz) = f(t,w1) = eWar|
Taking into account that |us,| < K, from (1.4) we conclude that
(9(t,u2) — g(t,u1)) ugy + f(t,uz) — f(t,u1) >0
and hence

Wi — EWge| <0,
N

which is impossible.
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Similarly at the point Ny € Q\I'z where w attains its negative minimum
we have ug < uq and ug, = uq,. Thus

Wi+ (g(ta u2) - g(t’ ul)) Ugg + f(ta u2) - f(tvul) — EWgg N =0.

Taking into account that |ug,| < K, from (1.4) we conclude that

(g(t,uz) — g(t,ur)) uge + f(t,u2) — f(t,u1) <0 (here uz < uy)
and hence
Wi — € Wap > 0,
Ny

which is impossible. Recalling that w = 0 on I'r we conclude that w = 0 on

Qr.
Large time behavior. Multiplying Eq. (1.1) by u and integrating by part

we obtain
1d [
2dt J_,

u? dx + /ll (9(t,u) ug + f(t,u)) udz + e/ll uidr=0. (3.2)
Taking into account the estimate |u,| < K one can easily see that
(g(t,u) ug + f(t,u))u >0 foru #0. (3.3)
In fact, from (1.4) taking u; = 0 we obtain (recall that f(¢,0) = g(¢,0) = 0)
ft,u) — Klg(t,u)] >0 foru>0
and taking us = 0 we obtain
ft,u) + Klg(t,u)] <0 for u <O0.
Hence for v > 0 we have
g9(t,u) ug + f(t,u) > f(t,u) = Kl|g(t,u)] >0
and for u < 0 we have
g(t,w)ug + f(t,u) < Klg(t,uw)| + f(t,u) <O0.

Integrating (3.2) with respect to ¢ and taking into account (3.3) we obtain

1 l T pl 1 l
7/ u2dx+€/ / uidmdt<7/ ¢* dx
2/ o J 2/

+oo l M2l
/ / u? dedt < —.
0 —1 €

l

lim u? dr =0,
t——+oo 1

which implies

Consequently
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hence
tlgr()lo lug(t,z)| =0 Va e [-1,1]
and
tlirrolo lu(t,z)| =0 Vze[-11].
Let us turn now to the second part of the theorem.
Existence. Denote the solution of problem (1.1)—(1.3) by u.(¢,x). Recall

the following estimate (see [4] or [15]): for any classical solution of problem
(1.1)=(1.3) the inequality

|uc(t1, @) — ue(ta, )| < Clty — tof /2 (3.4)

holds, where the constant C' depends only on M, K and Gy = max |g(t, u.)|,
Fy = max |f(t,ue)| (maximum is taken over the set (0,T) x[—M, M]). Multiply
Eq. (1.1) by u$ and integrate by part to obtain

l l l

d

/ Ugt dr + %%/ ugm dr = _/ (g(t, ue)uee + f(t,ue)) uer do,
-l —1 —1

here we use the fact that the mixed derivative u., € L2(Qr) (see [5]). Inte-
grating with respect to t and applying Holder and Young inequalities we obtain

!
/ u?, dr dt < / (g(t, ue) ey + f(t,ug))2 dx dt + E/ ¢ dz.
T T -l

Our goal is to pass to the limit when ¢ — 0 hence, without loss of generality
we can take e < 1 and from the previous inequality conclude that

/ u?, dadt < 20T (GoK + Fy)® + 20 K2, (3.5)

T

Taking into account the estimates |u.| < M, |u.,y| < K and (3.4), (3.5) we
conclude that there exists a subsequence ¢, such that when n — oo (¢, — 0):

Ug —V uniformly,

Ue,z — Uy “weakly in Loo(Qr),
Ue,t — v¢  weakly in Ly(Qr).

Consequently, we can pass to the limit in the identity

/ [ue,t + g(t,ue,) ue, o + f(t,ue, )] @ dedt

= —5/ Ue, oWy da dt
T
and obtain

/ [ve + g(t,v) v + f(t,0)] Y dedt =0,
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for arbitrary (¢, z) such that ¢, ¢, € L2(Qr). Obviously
Ut+g(tav)vr+f(t7v):0 a. e. in QT’

hence from g(t,v) v, + f(t,v) € Loo(Q1) we conclude that vy € Lo (Qr).

Thus we prove the existence of the strong solution of problem (1.5)—(1.7)
and prove the third part of Theorem 1 as well.

Let us turn now to the uniqueness.

Suppose that there exist two solutions v, and vy. For the difference v =
v1 — V2 we have

vetg(t, v1)ve +(g(t,v1) —g(t, v2)) vor + f(t,v1) — f(t,v2)=0 a.e. in Qr.
(3.6)

Multiply Eq. (3.6) by v and integrate to obtain:
1d [!
2dt J_;

1

l
= 5/ gvl(t,vl)vlmv2 dz.
—1

l
e+ / (ot 02) = glt,02)) v+ £(1,02) = F(1,02)] (0 — v2) i

Integrate with respect to t. Taking into account (1.4) and the fact that v(0,z) =
0 we obtain

l
/ vzdxg/ gvl(t,vl)UMUQda:.
1 T

Consequently Gronwall’s inequality imply

l
/ vdr=0<v=0 in Q.
—1

Finally, the vanishing of v as t — 400 follows from the fact that u., — 0
as t — 0 and u,, — v uniformly.

Remark. Actually the second part of Theorem 1 asserts that the presence of a
strong damping prevents the shock formation which takes place for standard
inviscid Burgers equation and for the inviscid generalized Burgers equation as
well if the damping term is not strong enough. In general case there is no clas-
sical solution but there exists a unique weak solution in the sense of Kruzhkov
(entropy solution), see [3] for the Cauchy problem, and [1] for the boundary
value problem.

4. On the Cauchy problem
Consider the following Cauchy problems

ur + g(t,u) uy + f(t,u) = €y, inllp =(0,T) X (—o0,+00), (4.1)
u(0,z) = ¢(x) for |z| < 0o (4.2)
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and

v+ g(t,v) vy + f(t,v) =0 inIlp = (0,T) x (—o0, +00), (4.3)
v(0,x) = ¢(x) for |z| < co. (4.4)

Concerning the initial data ¢(z) we suppose that

max|p(z)| < M, [¢(z) —d(y)| < K|z —y| Va,y € R, (4.5)

and in order to simplify the proof assume that
¢(x)=0 for|z| > N (4.6)
where N > 0 is some constant.

Theorem 2. Suppose that f(t,z) and g(t,z) are Hélder continuous functions
on the set [0,T) x [-M, M] and f(t,0) = g(t,0) = 0. If conditions (1.4), (4.5),
(4.6) are fulfilled then

1. there exists a unique classical solution of problem (4.1), (4.2) such that
maxm,|u(t,z)] < M, mazrn,|u:(t,z)| < K,
and
u(t,z) - 0 ast— +oo.
I1. there exists a strong solution of problem (4.3), (4.4) such that
max[v(t, 2)] < M, vz (t, 7)1 < K,
moreover, if g(t,v) is differentiable with respect to v, then this solution is
unique and
v(t,z) =0 ast— +oo.
I1I.
tim [u(t,2) — v(t.2) o o) = 0.

Proof. Let u; where | > N be a unique classical solution of problem (1.1)—
(1.3) from Theorem 1. Notice that the estimates |u;| < M and |u,| < K are
independent of [. The solution of the Cauchy problem can be obtained as the
limit of the sequence of solutions of problem (1.1)—(1.3) as | — oo employing
the usual diagonal process (for details see [5] Chapter V §8).

The uniqueness and the large time behavior can be proved similarly to
the previous section. The second and the third part of Theorem 2 can be proved
similarly to the previous section as well. O

Remark. Actually condition (4.6) can be substituted by the following one

[6(2)]] Ls(~00,00) < 00
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5. On the equation u; + auu, + Au = ey,
In Q7 consider equation
up + a(t) utg + AE) u = € Uyy (5.1)

without restriction (1.9) (concerning the physical meaning of this equation see
[2,12,17]). Tt is clear that we can not expect to obtain uniformly with respect
to € estimate of |u,| for arbitrary T > 0 because the characteristics of the
related hyperbolic equation intersect in finite time (see Example 1 in Introduc-
tion). However we will show that first we can obtain such estimate on |u| and
second we can obtain the estimate on |u,| independent of € for some T > 0.
Let us start from the estimate of the solution. For the problem (5.1), (1.2),
(1.3) by standard procedure (see for example [5]) one can easily obtain the
estimate

max |u(t, z)| < M eT
Qr

where A\g = maxjg 7] (=A(t)). Let us show that the estimate independent of T
takes place under the assumption

la(t)] > a >0 forte[0,T]. (5.2)
Lemma 5.1. Suppose that condition (5.2) is fulfilled, then for any classical
solution of problem (5.1), (1.2), (1.3) the estimate
~ 4IA
max |u(t,z)| < 2M = 2max{M, 1}
Qr «

holds, here Ay = maxo 1) [A(t)].
Proof. Introduce the following cut-off function
2M, z>2M,
gu(:) =1 = ] < 20,
—9M,  z< —21.
Consider the auxiliary equation
Ut + aUUy = E Uy — Agyy(u) In Qp = (0,T) x (=1,1). (5.3)

Our goal is to obtain the a priori estimate |u| < 2M for a solution of problem
(5.3), (1.2), (1.3) and by this to show that Eqgs. (5.3)) and (5.1) coincide which
implies the same estimate for a solution of problem (5.1)), (1.2), (1.3) as well.
We start from the case a(t,z) > a > 0. Put
0 02

Wi By
=u—2( i, L=< -2
w=u 21( +x)+ M, 5 €8x2

Obviously

Lw=—auu; —Ag;(u).
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Suppose that at the point N € Q5 \I'r the function w attains its positive max-
imum (recall that I'r is the parabolic boundary of Q7). Then at this point we
have w > 0, w, =0 or v > M and u, = M /2l, thus 0 < gy (u) < 2M and

2

M M
L - —qu— — - — 2M<
w|N au gy (u) v ST +A 0

i. e. Lw|y < 0 which is impossible. Taking into account that w < 0 on I'r we
conclude that w < 0 in Qr or

u§2M in Qr.

Let us obtain now the estimate from the below. Consider the function

M
w_u—I— (l—x)—i—M

Suppose that at the point Ny € QT \ I'r function w attains its negative min-
imum. Then at this point we have w < 0, w, = 0 ie. u < =M, uy = M /2.
Thus, at this point, —2M < g,;(u) < 0 and

M M2 M2 _
L =—au— — Ay >— Mgy >a— —M2M >0

w N aqu QM( ) « 2 + 1gM(u) Ny Z o By 1 =

i.e. Lw|yn, > 0 which is impossible. Taking into account that w > 0 on I'r we
conclude that w > 0 in Q7 or

M - -
w> —5 (=) = M > ~2ML.

Finally
lu(t, )| < 2M

Now let us turn to the case a(t,2) < —a. In this case in order to obtain
the estimate v < 2M instead of

M ~ M -
w_u—g(l—&—m)—i—M Wetakewzu—ﬂ(l—x)—i—M

For the establishment of the estimate from the below u > —2M instead of

M M _
w_u+7(l—x)+M wetakew_u+§(l+x)+M

and repeat the same procedure as in the previous case.
Lemma is proved. O

Lemma 5.2. There exists T* = T*(K, Ay, a0) < +00 and v = v(K, A9, ag) such
that for any classical solution of problem (5.1), (1.2), (1.3) the estimate

lug(t,z)| < Ke’'  forte[0,T

holds, here ag = max 1y |al.
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Proof. Consider function v = ue™"*

defined later. For v we obtain

where positive constant v > Ag will be

Vg — EVpy = —av vz e — (A +v)v (5.4)

besides v(0, z) = ¢(x) and v(t, £1) = 0. As it follows from the proof of Lemma
2.1 (Sect. 2) if condition (1.4) for Eq. 5.4 is fulfilled then the estimate |v,| < K
takes place. Condition (1.4) for Eq. (5.4) takes the following form:

Kla|(vg —v1)e”" < (v + A)(vy —vy) for vg > vy
or

v+
Klal

Klale"" <v+Aet<

Consider the function

£+
(€)= Ko
3
as v we take the value of £ where the function 1 obtains its maximum and put
+2
L.l
P
Thus we conclude that |u,|le™"" < K for t € [0,T].
Lemma is proved. O
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