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Abstract. We investigate the global nature of bifurcation components of
positive solutions of a general class of semilinear elliptic boundary value
problems with nonlinear boundary conditions and having linear terms
with sign-changing coefficients. We first show that there exists a subcon-
tinuum, i.e., a maximal closed and connected component, emanating from
the line of trivial solutions at a simple principal eigenvalue of a linearized
eigenvalue problem. We next consider sufficient conditions such that the
subcontinuum is unbounded in some space for a semilinear elliptic prob-
lem arising from population dynamics. Our approach to establishing the
existence of the subcontinuum is based on the global bifurcation theory
proposed by Lépez-Gémez. We also discuss an a priori bound of solutions
and deduce from it some results on the multiplicity of positive solutions.
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1. Introduction

Let Q ¢ RY, N > 2, be a bounded domain with smooth boundary 9. This
paper is devoted to a general class of semilinear indefinite weighted elliptic
boundary value problems with nonlinear boundary conditions of the following

type:
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—Au = Am(z)u+ g1(z,u)) in Q,
ou (1.1)
e Mo (x)u + go(x,u)) on 9N).

Here,

(1) A denotes the usual Laplacian in RY;

(2) A >0 is a parameter;

(3) me C?%Q)and o € C'*9(9Q) are Holder continuous functions with some
exponent 0 < 6 < 1, which cannot satisfy the condition that m(xz) <0 in
Q and o(x) <0 on 99

(4) g1 € C(Q x [0,p]) and g2 € CH9(9Q x [0, p]) for every p > 0, and it

holds that
lim i@, u) =0 uniformly in z € Q, (1.2)
u——+0 U
11151_0 galw,u) =0 uniformly in x € 9Q; and (1.3)
u— U

(5) = is the unit outer normal to 9.

A solution u of (1.1) implies that u € C?(Q) satisfies (1.1). A solution u of
(1.1) is called positive if it is positive in Q. The aim of this paper is to inves-
tigate the set of (A, u) where u is a positive solution of (1.1) for some A > 0.
It is clear that any positive constant ¢ is a positive solution of (1.1) for A = 0.
It is also clear from (1.2) and (1.3) that v = 0 is a solution of (1.1) for all
A > 0. Thus, problem (1.1) possesses the following two trivial lines of solutions:
Iy :={(A\0): A >0} and T'y := {(0,¢) : ¢ > 0 is a constant}.
In this paper, we concentrate on the following case:

/Qm(x)dx + /(m o(x)ds <0, (1.4)

where ds denotes the surface element of 9. It is known ([19, Theorem 2.2])
that if (1.4) is satisfied, then there exists a unique positive principal eigenvalue
A1(m, o) of the linearized eigenvalue problem

—Ap = Am(x)p in Q,

9o _ 50 (1.5)

om0 ()¢ on oi¢,
which is simple, and it has no positive principal eigenvalue otherwise. We refer
to the classical result of Brown and Lin [4] for the case when o = 0 on 99.
An eigenvalue of (1.5) is called principal if it has positive eigenfunctions in €.
By ¢1(m, o) we denote the positive eigenfunction associated with Ay (m, o) for
(1.4). In the case when (1.4) does not hold, 0 is a unique non-negative prin-
cipal eigenvalue of (1.5), for which all the eigenfunctions are constants ([19,
Theorem 2.2]).
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FIiGURE 1. Unbounded subcontinuum in R, x C(Q)
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FIGURE 2. Subcontinuum containing I'y

By C(Q) we denote the space of continuous functions in 0 with norm
|*[lcz)- The main aim of this study is to find the closed and connected compo-
nents consisting of positive solutions for (1.1) and emanating from I'; \ {(0,0)},
which can be stated as follows.

Theorem 1.1. Assume (1.4), (1.2), and (1.3). Then, the following two asser-
tions hold true:
(I)  The closure of the positive solution set {(\,u) € (Ry U {0}) x C(Q) :
u is a positive solution of (1.1)forsomeA} contains a subcontinuum Cg
(i.e., a mazimal (for the inclusion) closed and connected subset) bifurcat-
ing from the trivial line Ty at (A (m,0),0), where Ry = {A € R: XA > 0}.
Moreover, A1(m, o) is the unique positive value of X for which the bifur-
cation of positive solutions, emanating from I'1 \ {(0,0)}, can occur.
(II)  The subcontinuum Cy cannot contain a point (A,0) € I'1 \ {(0,0), (A1 (m,
0),0)}, and it satisfies the following alternative conditions:
(i) Co is unbounded in Ry x C(Q) (Fig. 1), or
(ii) Co contains T's and consists of points belonging to T's in some neigh-
borhood of (0,0) (Fig. 2).

Remark 1.2. Using the local bifurcation theory proposed by Crandall and
Rabinowitz [8], we can prove that the subcontinuum (A, u) € Cy is parame-
trized by s > 0 as A = A(s) and u = u(s) in a neighborhood of (A;(m,c),0)
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such that (A(0),u(0)) = (A1(m,0),0) and u(s) is a positive solution of (1.1)
for A = A(s) with s > 0.

Morales-Rodrigo and Sudrez [15, Theorem 3.1] considered a problem simi-
lar to (1.1), where the linear terms in «w with non-negative coefficients appear in
Q and on 02 both, at least one of which is nontrivial. The proof of Theorem 1.1
is based on the abstract result of the global bifurcation theory proposed by
Lépez-Gémez [13, Theorem 6.4.3]. For more recent works on the global bifur-
cation analysis, we refer to Lopez-Gémez and Molina-Meyer [14], Dancer [9],
Cano-Casanova [5], and Brown [3].

Next, we consider only the case when

g1z, u) = —u?,

0
g2(x,u) = h(z)u?, p>1,
and study the problem

—Au = Am(z)u —u?) in Q,
gu _ Mh(z)uP on 9N (1.6)
5~ Mi(z)u .

Problem (1.6) arises from population dynamics [6] when one studies the steady
states of the following initial-boundary value problem with d = 1/\:

% =V -dVu+ (m(z)u —u?) in (0,00) x €,
u(0, 2) = uplz) > 0 in €,
dVu-n = h(z)up in (0, OO) X 39,

where u denotes the population density of some species diffusing in the region
Q at the rate d > 0, obeying the logistic growth law m(z) — u, and taking into
account the nonlinear flux h(x)uP with flux rate h(z) on the boundary 0€.

Our main interest here is the case when the subcontinuum Cy of positive
solutions of (1.6) is unbounded in Ry x C(€), that is, when bifurcation from
infinity can occur in A > 0. We can easily state a sufficient condition for the
unboundedness in Ry x C(Q), that is, h < 0 on 9. This is based on the fact
that problem (1.6) has no positive solution for any 0 < A < A;(m,0).

Now, we consider

o(c) :=/mdx—c|Q|—|—cp71/ hds, ¢>0, (1.7)
Q o9

where |Q] denotes the volume of Q. Then, we can state a sufficient condition
for the subcontinuum Cy to be unbounded in Ry x C(2) in the case when h
takes a positive value, too, as discussed below.

Theorem 1.3. Assume (1.4) with o =0, and assume that there exists xg € 02
satisfying the condition that h(xg) > 0. Then, the subcontinuum Cy of positive
solutions of (1.6) bifurcating from Ty at (A1(m,0),0), which is guaranteed by
Theorem 1.1, is unbounded in Ry x C(Q), provided that the function ¢ defined
in (1.7) cannot admit a positive zero.
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The following result shows sufficient conditions such that the function ¢
cannot admit a positive zero.

Corollary 1.4. Under the hypotheses of Theorem 1.3, the subcontinuum Co is
unbounded in Ry x C(Q) if at least one of the following three conditions is
satisfied:

hds <0, (1.8)
oQ
p=2 and |Q> / hds, (1.9)
o0
1<p<2 and 9> m,,/ hds. (1.10)
o0

Here, m,, denotes a positive constant given by
—1)P~1(2 — p)2—p 1
m, = (=1 7(27 r) with m= = [ mdz.
(=m)*~ €2 Jo
Moreover, we define Ag :=1inf {A > 0: (A\,u) € Co}, and then we have

0 < AO S Al(mao)v
{A>0:(\u) € Co} = [Ag,0)

if we suppose, in addition to (1.10), that 2 < N <5 and 1 < p < po(N), where
4
1+ .
N+3+4++vVN2—-2N +25
Remark 1.5. By considering the condition 1 < p < 2, we can prove in the same

manner as shown in [18, Theorem 2.2(1)] that A(s), as stated in Remark 1.2,
satisfies the following condition:

A1(m,0) fag hey(m, 0)PHds
Jo me1(m,0)2dx

Since fQ mep1(m, 0)2dx > 0, we can see that Cy bifurcates to the left and right
at (A1(m,0),0) when [, he1(m,0)PT!ds is positive and negative, respectively.
Therefore, when [, ho1(m, 0)PT!ds is positive, assertion (1.11) implies that
0 < Ag < A1(m,0), so that there exist at least two positive solutions of (1.6)
for each Ag < A < A1(m,0) and one positive solution for A = Ag and for
A > Ai(m,0), as shown in Fig. 3.

(1.11)

po(N) =

A(s) = A1(m, 0) P74 o(sP7Y), s — +0.

In order to show that the subcontinuum Cy is unbounded in R x C(€), we
investigate the set of positive solutions of (1.6) for A > 0 small. In particular,
we discuss the nonexistence of secondary bifurcation points in I'; \ {(0,0)}.
In addition, an a priori bound for solutions of (1.6) in C(Q), uniformly in
0 < A < A" for fixed A* > 0, is established for obtaining the unbounded
component of positive solutions, as shown in Fig. 3. For the global nature of
bifurcation components of semilinear elliptic problems with nonlinear bound-
ary conditions arising from population dynamics, we refer to Morales-Rodrigo

and Suérez [15], Garefa-Melidn, Morales-Rodrigo, Rossi, and Sudrez [11], and
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)\1<m,0)
FIGURE 3. Bifurcation diagram when (1.11) holds with 0 < Ay < \;(m,0)

Cantrell, Cosner, and Martinez [7], where linear terms with constant coeffi-
cients are considered.

The rest of this paper is organized as follows. In Sect. 2, we prove
Theorem 1.1, and in Sect. 3, we prove Theorem 1.3 and Corollary 1.4.

2. Proof of Theorem 1.1

In this section, we apply [13, Theorem 6.4.3] to prove Theorem 1.1. In this
direction, we first reduce (1.1) to a fixed point equation for continuous and
compact nonlinear mapping in C(Q). For constants M; > 0 and My > 0, we
consider the following two boundary value problems: given f € C%(Q2) and
Y € C1TY(0Q) for some 0 < a < 1, find v, w € C?*(Q) such that

(~A+ My = f(z) inQ

2.1
<aan+M2>v:O on 052, (2.1)
(-A+M)w=0 in Q,

2.2
<88n + M2> w=1(z) on . (22)

We introduce resolvents Kgq : C*(Q) — C?*T(Q) and Ksq : C1H(00Q) —
C?*2(Q) for (2.1) and (2.2), respectively, and both are bijective and homeo-
morphic ([12]). It is well-known (see Amann [2]) that Kq and Koq can be
extended to continuous linear operators, denoted by the same notation, of
C(Q) into W27(Q) and of C(9Q) into WL (Q) for any 1 < 7 < o0, respec-
tively. Here, W™ (Q) (m =0,1,2,..., 1 <r < 00) denotes the usual Sobolev
space. By the Sobolev imbedding theorem and Ascoli-Arzéla theorem, Kq and
Ko o i, where i : C(Q) — C(0) denotes the usual trace operator, are both
compact in C(Q). By virtue of the strong maximum principle and boundary
point lemma ([16]), Kq is strongly positive, meaning that, for any u € P\ {0},
Kou is an interior point of P, where P denotes the positive cone of C(Q)
defined as P := {u € C(Q) : v > 0in Q}. In a similar manner, we find
that, for any v € C(02) satisfying the condition that u is non-negative and
nontrivial, oqu is an interior point of P.



Vol. 17 (2010) Global bifurcation results 329

Now, we prove the following:

Lemma 2.1. Let u € C(2) be non-negative. If u satisfies the condition that
u=Ko(Miu+ Xmu+ g1(-,u))) + Koa(Mau + Mou + ga(-,u))),

then u is a solution of (1.1).
Proof. The proof is obtained by considering a bootstrap argument and using
the elliptic regularity. Let u = v + w, where

v =Kqo(Miu+ A(mu+ g1(-,u))),

w = Koq(Mau + Aou + g2(-,u))).
Note that Myu+A(mu+gi(-,u)) € C(Q) and Mau+A(ou+gs2(-,u)) € C(09Q).
Since Kq : C(Q) — W?2r(Q) and Kaq : C(02) — WET(Q), r > N, are both
continuous, we have v € W27(Q) and w € W17(Q) for all r > N. It follows
that u = v +w € WH"(Q) for all » > N. By virtue of elliptic regularity,
we obtain u € W?27(Q) for all » > N. By the Sobolev imbedding theorem,

u € C1TY(Q) for some 0 < a < 1. Finally, a Holder estimate provides the
desired conclusion. O

If we consider
LAWu=u—{Ko((M; + dm)u) + Koo ((Ms + Ao)u)},
B(A u) = =MKalg1(-,u)) + Koalg2(, )},
then we have the following operator equation, as desired:
L\)u+ B(\,u)=0 in C(Q). (2.3)
Now, we verify the conditions of [13, Theorem 6.4.3]. In the rest of
this section, Aj(m,o) and ¢1(m, o) from (1.5) are written simply as A\; and
1, respectively. First, denoting by A[A] the null space of L£L(\), we have
dimN[A;] =1 and N[\;] = span(p1), as stated in Section 1.
Next, we define
AN u = u— LAN)u = Kao((M; + Am)u) + Kaa((Mz + Ao)u).
If we assume M; and M, to be sufficiently large, then we have
M+ Am(z) >0, x€Q,
My + Mo(z) >0, xz €.
Hence, the strong positivity of Ko and Ksq shows that A()\) is also strongly
positive. In the same way, if © € P\ {0} satisfies (2.3), then u is an interior
point of P.
Finally, we verify that \; satisfies the transversality condition of Crandall
and Rabinowitz [8]. For this, we only have to check that
L'(M)er € RIM, (2.4)
where R[)\] denotes the range of £(\). Indeed, we can see that

L'(M)p1 = —{Ka(me1) + Kaa(op1)}.
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Assume to the contrary that there exists u € C(Q) such that L(A1)u =
L'(M\1)e1. Then, by virtue of elliptic regularity, we obtain u € C?(Q) and

—Au = Aymu —mep;  in Q,
ou

— = \Mou— oy on 0f).
on

By using Green’s formula,

—/ mgp?dx:/(—Awpl—i-uA(pl)dm:/ ( Ou p1+u c’?gm) dS—/ opids.
Q Q oo \ On 9 o9

Meanwhile, we can derive from (1.5) that

)\1/77%0 dx—/ —Ap1p1
/|V<p1|2dx— ag@lgmds-/ [Vl dw—)\l/ opids.

It follows that [, [Ve1|?de = 0. This contradicts the fact that ¢, is not a
constant. Assertion (2.4) now follows.

After the above verifications, we can apply the result of [13, Theorem
6.4.3] to (2.3) at (A1,0) to obtain a subcontinuum, denoted by Cy, emanat-
ing from (Ay,0) such that, for some §; > 0, u is a positive solution of (2.3) if
(A u) € (CoNBs, ((A1,0))\{(A1,0)}, where Bs((Ao,u0)) = {(A,u) € RxC(Q) :
IA=Xo| + [lu—uollc@) < 6}, 6 > 0. Moreover, the subcontinuum Cy consists of
positive solutions, it cannot contain a point (A, 0) € I'1 \ {(0,0), (A1(m,0),0)},
and it satisfies the following alternative conditions: Either assertion (i) of
Theorem 1.1 holds, or Cy contains I's. These alternative conditions are obtained
in the same manner as in the proof of [14, Theorem 1.1] by virtue of the strong
positivity of non-negative, nontrivial solutions of (2.3), the strong positivity of
mapping A(A;), and the fact that A; is the unique positive principal eigenvalue
of (1.5).

However, if Cy contains I'y, then it is impossible that there exists (\;, u;) €
Co with A; > 0 such that (A\;,u;) — (0,0) in R x C(Q) because the eigenvalue
0 of (1.5) satisfies the transversality condition, as stated in (2.4). Namely, from
(1.4), it is verified in the same way that dim M[0] = 1, M[0] = span(1), and
L£'(0)1 ¢ R[0]. Thus, the local bifurcation theory [8] is applicable at (0,0). On
the other hand, we have already seen that the vertical axis I'y consisting of
positive constants emanates from I'; at (A, u) = (0,0). Hence, problem (2.3)
cannot admit a nonconstant positive solution in some neighborhood of (0, 0).

Finally, no other bifurcation of positive solutions from I'y \ {(0,0)} exists
because of the unique positive principal eigenvalue A; of (1.5). The proof of
Theorem 1.1 is complete. U

3. Proofs of Theorem 1.3 and Corollary 1.4

First, we prove Theorem 1.3. From Theorem 1.1, it suffices to show that
problem (1.6) cannot admit a secondary bifurcation point of positive solutions
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in Tz \ {(0,0)}. Indeed, if (0,¢) is the point where ¢ is a positive constant,
then it is a positive zero of the function ¢ defined in (1.7). For verifying this
assertion, we let u; denote positive solutions of (1.6) with A = X\; > 0 such
that (A;,u;) — (0,¢) in R x C(Q). Then, it follows that

/(muj —uf)dx —|—/ huflds = 0,
Q 00

and, by passing to the limit, we verify the above assertion. Hence, the sub-
continuum Cy cannot contain a point (0,¢) € I's. The proof of Theorem 1.3 is
complete. O

Next, we prove Corollary 1.4. We show that each of the three conditions
(1.8), (1.9), and (1.10) are sufficient such that the function ¢ cannot admit
a positive zero. If either conditions (1.8) or (1.9) is satisfied, then it is easily
observed from (1.7) that ¢(c) < 0 for all ¢ > 0, because [, mdz < 0. Consid-
ering condition (1.10), we discuss ¢'(¢). The function ¢’ has a unique positive
zero c* given by

- (egny™

By a direct computation, we have

o(c") = /dem—&—c* (}27_]1)) 1€2].

Since the condition |Q| > m,, [,, hds implies that ¢(c*) < 0 and the condition
1 < p < 2 implies that ¢ is concave, we obtain ¢(c) < ¢(c*) < 0 for all ¢ > 0.
The first assertion of Corollary 1.4 follows.

Finally, we prove (1.11). We denote by || - ||1,2 the usual norm of the
Sobolev space W12(€2). Assertion (1.11) is a direct consequence of the follow-
ing a priori bound for positive solutions of (1.6):

Lemma 3.1. Let m € C%(Q) and o € C'+9(0Q) be arbitrary, and let2 < N <5
and 1 < p < po(N). Then, for any \* > 0, there exists a constant Cy > 0 such
that any positive solution u of (1.6) with 0 < X\ < A\* satisfies the condition
that [Jull o) < Co-

Remark 3.2. The a priori bound is lost at A = 0, because there is a vertical
bifurcation there.

Proof. Let \* > 0 be fixed, and let u be a positive solution of (1.6) for 0 <
A < A*. We denote the generic constants independent of v and A by C. First,
we prove that [Jul[y2 < C. For this, we use the following integral inequality
derived by Filo and Kacur [10, Proposition 2]:

Proposition 3.3. For any € > 0, there exists a constant Cc > 0 such that

/ |t ds < ellul2 + C. (/ |u|q+1dm) for all u € WI2(9), (3.1)
o0 Q

wherel<q<%andr>

N—q(N-2)
N+1—q(N—-1)"
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Green'’s formula shows that

/Q)\(mu — u?)udr = /(—Au)udm

Q

0
z/ |Vu|2dx—/ —uudSZ/ |Vu|2dx—/ AhuP T ds.
Q o0 On Q o0
It follows that
/|Vu|2dx:)\/ muZd:z:f)\/ u3dx+)\/ huP*ds
Q Q Q a0

Hw%<0/ﬁm+k%j”MHM—/ﬁm}
’ Q a0 Q

Since 1 < p < po(N) < %, we apply (3.1) to obtain

||u\|f2 < C’/QUQda:—i— A {C’ (6||u||f2 +C (/Q upﬂda:) ) — /Qu?’dx},

where r will be determined later to be as large as r > %. By assum-

ing ¢ to be very small at \* and using the Holder inequality, it follows that

nwaso/ﬁm+xc(/fm> N K
Q Q Q

We claim here that the constant r can be chosen such that
(p+ Dr
3

and

(p+1)r

<1 (3.3)

Indeed, it suffices to show that
p+1 N -—p(N-2)
3 N+1-p(N-1)
Condition (3.4) is equivalent to the assertion

—(N =2)p*> + (3N —1)p— (2N +3) < 0.

<1 (3.4)

Tt is easy to verify this inequality if 1 < p < pg(N). Claim (3.3) now follows.
As a consequence of (3.3), we derive from (3.2) that

Jull} < C (1 +/Qu2da:) . (3.5)

On the other hand, we have from Green’s formula
/ Amu — u?)dz = / —Audx = — %ds = —/ AhuPds.
Q Q a0 On o0

Since A > 0, it follows that

/uzdxz/mudm—i—/ huPds
Q Q o0
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and by the Holder inequality,

Aﬁwgoﬁﬂﬁmf+(&ﬁﬁf}. 56)

To substantiate our claim, we use the following integral inequality of Afrouzi
and Brown [1, Lemma 1J:

Proposition 3.4. For any € > 0, there exists a constant C. > 0 such that
/ u?ds < 8/ |Vu|>dz + C’s/ u?dz  for allu € WH2(Q). (3.7)
o0 Q Q
By using (3.7) and (3.5), inequality (3.6) implies that

AMMSCKAMMY+@+Aﬁmf}

If u # 0, then it follows that

_% -1 E _2-p
1<C (/qux) —|—(1+(/u2dx) > (/u%x)
Q Q Q
Since 1 < p < 2, we have
/ widr < C.
Q
From (3.5), we obtain
lull12 <C. (3-8)

Next, we consider the uniform bound in Q for solutions of (1.6) in 0 <
A < A*. We see from (1.6) that

(—A + 1u =u+ AX(m(z)u —u?) in Q,

ou
o P
0 Ah(z)u on 02,

where we have a constant 6 > 0 such that
IMa(z)uP| < C(1 4w M) < (1 + uv279)
and also such that
lu + A(m(x)u —u?)] < C(1+u?) < C (1 + u%7‘5> ,

by using the assumptions 2 < N < 5 and 1 < p < po(N). For the subcritical

case that 312 — § and 25 — 4, we can derive from (3.8) that [ull gag@y < C
at some 0 < o < 1, using the same bootstrap argument as in the proof of [17,
Theorem 2.2]. We end the proof of Lemma 3.1. O

Lemma 3.1 and the nonexistence of secondary bifurcation points in T'y \
{(0,0)}, as discussed above, show that problem (1.6) has no positive solutions
at 0 < A < X for sufficiently small A > 0 and it has no bifurcation from infinity
of positive solutions in 0 < A < A* for arbitrary fixed \* > 0. Assertion (1.11)
has been verified. The proof of Corollary 1.4 is now complete. O
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Remark 3.5. As a concluding remark, we define the limiting cases of (1.10) as
p—2—0and p— 14 0. When we consider (1.9), the limiting case of (1.10)
is p — 2 — 0. The limiting case of (1.10) as p — 1+ 0 is given as

/mdm—i—/ hds < 0. (3.9)
Q o0

We consider the limiting problem

—Au = Am(z)u —u?) in Q,

ou (3.10)

s Ah(x)u on O0f).
It is known ([20]) that problem (3.10) has a unique positive solution for all
A > Ai(m, h) and no positive solution for any 0 < A < A\j(m,h). Here, it is
understood that A;(m, h) = 0 when [, mdz + [, hds > 0. It is easy to verify
that the implicit function theorem can be applied to the unique positive solu-
tion uy, A > A1(m, h), which implies that the positive solution set consists of
a smooth curve parametrized by \. For the limiting case of the unique positive
solution, i.e., A — Ay(m, h)+0, we can prove that uy — 0 in C(f2) if we assume
(3.9), and otherwise, ux — ([, mdx + [, hds)/|Q| in C(Q).
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