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Regularity criteria for the 3D
magneto-micropolar fluid equations
in the Morrey–Campanato space
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Abstract. In this paper, some improved regularity criteria for the 3D mag-
neto-micropolar fluid equations are established in Morrey–Campanato
spaces. It is proved that if the velocity field satisfies

u ∈ L
2

1−r

(
0, T ;

.

Mp, 3
r
(R3)

)
with r ∈ (0, 1) or u ∈ C

(
0, T ;

.

Mp, 3
r
(R3)

)

or the gradient field of velocity satisfies

∇u ∈ L
2

2−r

(
0, T ;

.

Mp, 3
r
(R3)

)
with r ∈ (0, 2) ,

then the solution remains smooth on [0, T ]. By the embedding L
3
r ⊂

.

Mp, 3
r
, we see that our result is an improvement of (Yuan in Acta Math-

ematica Scientia, to appear).
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1. Introduction

This paper concerns about the regularity of weak solutions and blow-up cri-
teria of smooth solutions to the magneto-micropolar fluid equations in three
dimensions:⎧

⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂tu+ (u · ∇)u− (µ+ χ)∆u− b · ∇b+ ∇ (p+ b2
)− χ∇ × ω = 0,

∂tω − γ∆ω − κ∇div ω + 2κω + u · ∇ω − χ∇ × u = 0,

∂tb− ν∆b+ u · ∇b− b · ∇u = 0,

∇ · u = ∇ · b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x), ω(x, 0) = ω0(x),

(1.1)
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where u = (u1(x, t), u2(x, t), u3(x, t)) denotes the velocity of The fluids at a
point x ∈ R

3, t ∈ [0, T ), ω = (ω1(x, t), ω2(x, t), ω3(x, t)), b = (b1(x, t), b2(x, t),
b3(x, t)) and p = p(x, t) denote, respectively, the micro-rotational velocity, the
magnetic field and the hydrostatic pressure. u0, ω0 and b0 are the prescribed
initial data for the velocity and angular velocity and magnetic field with
properties div u0 = 0 and div b0 = 0. µ is the kinematic viscosity, χ is the
vortex viscosity, κ and γ are spin viscosities, and 1

ν is the magnetic Reynold.
If the magnetic field b = 0, (1.1) reduces to the micropolar fluid system.
Theory of micropolar fluids was first proposed by Eringen [4] in 1966, which
enables us to consider some physical phenomena that cannot be treated by
the classical Navier–Stokes equations for the viscous incompressible fluids, for
example, the motion of animal blood, liquid crystals and dilute aqueous poly-
mer solutions etc. The existences of weak and strong solutions were treated
by Galdi and Rionero [7], and Yamaguchi [23], respectively. If, further, the
vortex viscosity χ = 0, the velocity u does not depend on the micro-rotation
field ω, and the first equation reduces to the classical Navier–Stokes equa-
tion which has been greatly analyzed, see, for example, the classical books
by Ladyzhenskaya [13], Lions [15] or Lemarié-Rieusset [14]. If we ignore the
micro-rotation of particles, it reduces to the viscous incompressible magneto-
hydrodynamic equations, which has also been studied extensively [1–3,9,20].
It is worthy to note that He and Xin [9], Zhou [25,26] proved the regularity
criteria of weak solutions to the magneto-hydrodynamic equations, which only
need the velocity u or its gradient ∇u or the vorticity ∇ × u or p and b or ∇p
and b to satisfy some conditions. Later, He and Wang [8] extended the results
by Marcinkiewcz spaces, see [9]. For the generalized viscous MHD equations,
Zhou [27], recently, also obtained some results on regularity criteria. These all
indicate that the velocity field u plays a more dominate role than the mag-
netic field b does on the regularity of solutions to the magneto-hydrodynamic
equations.

The magneto-micropolar fluid system (1.1) was studied by Galdi and
Rionero in [7]. Rojas-Medar [18] studied it and established the local in time
existence and uniqueness of strong solutions by the spectral Galerkin method.
Ortega-Torres and Rojas-Medar [17] proved global in time existence of strong
solution for small initial data. Rojas-Medar and Boldrini [19] proved the exis-
tence of weak solutions by the Galerkin method, and in 2D case, also proved
the uniqueness of the weak solutions. Recently, Ferreira and Villamizar-Roa
[5] considered the existence and stability of solutions to the micropolar flu-
ids in exterior domains. Villamizar-Roa and Rodŕıguez-Bellido [22] studied
the micropolar system in a bounded domain using the semigroup approach in
Lp, showing the global existence of strong solutions for small data and the
asymptotic behavior and stability of the solutions.

The regularity criteria of weak solutions to the system (1.1) play an
important role to understanding the physical essence of the micropolar fluid
motion. As it is demonstrated in reference [8,9], we also prove that to secure
the regularity of weak solutions to (1.1), one only needs to impose conditions
on the velocity field of the fluids. This also demonstrates that in the regularity
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of weak solutions the micro-rotational velocity ω of particles and the magnetic
field b play a less important role than the velocity u does, and the regularity
of weak solutions to (1.1) is dominated by the velocity u of the fluids.

Recently, regularity criteria were established in [24] on the velocity field
in terms of Lp space. In order to understand the regular solutions of the mag-
neto-micropolar fluid equations from the point of view of homogeneity, we
will consider problem (1.1) in homogeneous spaces. The typical homogeneous
spaces are the Lebesgue spaces Lp

(
0, T ;Lq

(
R

3
))

and Lp
(
R

3
)

whose degree

is −
(

3
p + 2

q

)
(as done in [24]).

The purpose of this paper is to improve and extend some known regu-
larity criterion of weak solution for the magneto-micropolar fluid equations in
the Morrey–Campanato space

.

Mp, 3
r

(see Definition in Sect. 2). It is a natural
way to extend the space widely and improve the previous results.

2. Morrey–Campanato spaces

We recall the definition and some properties of the space that we are going to
use. These spaces play an important role in studying the regularity of solutions
to partial differential equations (see e.g. [12,14] and references therein).

Definition 2.1. For 1 < p ≤ q ≤ +∞, the Morrey–Campanato space
·

Mp,q is
defined by:

·
Mp,q =

{
f ∈Lp

loc

(
R

3
)

: ‖f‖ ·
Mp,q

= sup
x∈R3

sup
R>0

R3/q−3/p ‖f‖Lp(B(x,R))<∞
}
,

(2.1)

where B(x,R) denotes the closed ball in R
3 with center x and radius R.

It is easy to check the following:

‖f(λ.)‖ ·
Mp,q

=
1

λ
3
q

‖f‖ ·
Mp,q

, λ > 0.

Hence, for any f (x, t) defined for both spatial and time variables,

‖fλ‖
L

2
1−r

(
(0,T );

.
M2, 3

r (R3)

) = ‖f‖
L

2
1−r

(
(0,T );

.
M2, 3

r (R3)

),

for any λ > 0 with fλ (x, t) = λf
(
λx, λ2t

)
. Here, the point is that if (u, ω, b)

solves the magneo-micropolar fluid equations, then so does (uλ, ωλ, bλ) for all
λ > 0. This is so called scaling dimension zero property.

We shall assume the following classical results [10,21]:

a. For 1 ≤ p ≤ p′, p ≤ q ≤ +∞ and for all function f so that f ∈
·

Mp,q ∩L∞:

‖f‖ .·
M

p′,q
p′
p

≤ ‖f‖1− p
p′

L∞ ‖f‖
p
p′
·

Mp,q

.
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b. For p, q, p′, q′ so that 1
p + 1

p′ ≤ 1, 1
q + 1

q′ ≤ 1, f ∈
·

Mp,q, g ∈
·

Mp′,q′ . Then

fg ∈
·
Mp′′,q′′ with

1
p

+
1
p′ =

1
p′′ ,

1
q

+
1
q′ =

1
q′′ .

c. For 1 ≤ p ≤ 3, we have

∀λ > 0, ‖λf(λ.)‖ .
Mp,3

= ‖f‖ .
Mp,3

.

d. For 1 ≤ p ≤ q < ∞, we have the inclusion relation

Lq =
·

Mq,q ⊂
·

Mp,q.

Additionally, for 2 < p ≤ 3
r and 0 ≤ r < 3

2 , we have the following
inclusion relations:

L
3
r

(
R

3
) ⊂ L

3
r ,∞ (

R
3
) ⊂

.

Mp, 3
r

(
R

3
)
,

where Lp,∞ denotes the usual Lorentz (weak Lp) space. The first inclusion is
well known. The second relation

L
3
r ,∞ (

R
3
) ⊂

.

Mp, 3
r

(
R

3
)

is shown as follows.

‖f‖ .
M

p, 3
r

≤ sup
E

|E| r
3 − 1

p

(∫

E

|f(y)|p dy
) 1

p (
f ∈ L

3
r ,∞ (

R
3
))

=
(

sup
E

|E| pr
3 −1

∫

E

|f(y)|p dy
) 1

p

∼=
(

sup
R>0

R
∣∣{x ∈ R

3 : |f(y)|p > R
}∣∣ pr

3

) 1
p

= sup
R>0

R
∣∣{x ∈ R

3 : |f(y)| > R
}∣∣ r

3

∼= ‖f‖
L

3
r

,∞ .

Since this space
.

Mp, 3
r

is wider than L
3
r , the above regularity criterion

is an improvement of Yuan’ s result and hence our regularity criterion covers
the recent result given by Yuan [24].

Definition 2.2 (The predual Zp′,q′
[14]). Let 1 ≤ q′ ≤ p′ < ∞. We define the

following homogeneous space Zp′,q′
as the subspace of Lq′ (

R
3
)

of functions f ,
which can be decomposed into an atomic series

f =
∑
k∈N

gk,

where the functions (gk)k ⊂ Lp′
comp

(
R

3
)

and satisfy the following inequalities
for the diameter dk of the support of gk : dk ≤ 1 and

∑
k∈N

d
3
(

1
q′ − 1

p′
)

k ‖gk‖Lp′ < ∞.
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Zp′,q′
is a Banach space when it is equipped with the norm:

‖f‖Zp′,q′ = inf

{∑
k∈N

d
3
(

1
q′ − 1

p′
)

k ‖gk‖Lp′ such that f =
∑
k∈N

gk

}
,

where the infimum is taken over all possible decompositions of f into an atomic
series.

Notice that

Lp′
comp ↪→ Zp′,q′

↪→ Lq′,1.

We begin with the following lemma which is essentially due to Lemarié
-Rieusset [14].

Lemma 2.1. For q′ < p′ < p′′, we have

Zp′′,q′ ⊂ Zp′,q′
.

Proof. This is a well-known consequence of Hölder and Minkowski inequalities
and the following one

‖gk‖Lp′ ≤ (Cd3
k

)( 1
p′ − 1

p′′
)
‖gk‖Lp′′ .

�

For the proof of Theorems 3.1 and 3.2, we state the following lemma.

Lemma 2.2. Let 1 ≤ q′ ≤ p′ < ∞. Then if we take p and q such that 1
p′ + 1

p = 1,
1
q + 1

q′ = 1, we have
( .

Mp,q)∗
= Zp′,q′

.

Proof. The result is due to [14]; but we give here a detailed proof for the
reader’s convenience. We first remark that as Lp′

comp ⊂ Zp′,q′
and thus

(Zp′,q′
)∗ ⊂ Lp

loc. Assume f ∈ Zp′,q′
and take h ∈

.

Mp,q
, then we have for

all decomposition

f
Lp′
=
∑
k∈N

gk,

∣∣∣∣
∫

R3
fhdx

∣∣∣∣ ≤
∑
k∈N

∫

B(xk,dk)

|gkh| dx

≤
∑
k∈N

d
3( 1

p − 1
q )

k ‖gk‖Lp′ d
3( 1

q − 1
p )

k

(∫

B(xk,dk)

|h|p dx
) 1

p

≤ ‖h‖ .
Mp,q

∑
k∈N

d
3
(

1
q′ − 1

p′
)

k ‖gk‖Lp′ .

Passing to the inf, we obtain∣∣∣∣
∫
fhdx

∣∣∣∣ ≤ ‖h‖ .
Mp,q ‖f‖Zp′,q′ .
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This shows that
.

Mp,q ⊂
(
Zp′,q′)∗

.

To prove the other inclusion take f ∈ (Zp′,q′
)∗ ⊂ Lp

loc. There exists
Ch > 0 such that ∀f ∈ Zp′,q′

|〈f, h〉| ≤ Ch ‖f‖Zp′,q′ .

Only remains to prove that f ∈
.

Mp,q
. For x ∈ R

3 and R > 0 we let

f = h |h|p−2
χB(x,R) ∈ Lp′

comp.

It follows that

|〈f, h〉| =
∫

B(x,R)

|h(y)|p dy ≤ ChR
3
(

1
q′ − 1

p′
) ∥∥∥h |h|p−2

χB(x,R)

∥∥∥
Lp′

≤ ChR
3( 1

p − 1
q )
(∫

B(x,R)

|h(y)|p dy
) 1

p′

.

We infer that

R3( 1
p − 1

q )
(∫

B(x,R)

|h(y)|p dy
) 1

p′

≤ Ch,

and hence h ∈
.

Mp,q
. The proof is finished. �

The following lemma plays an essential role for the proof of our theorems.

Lemma 2.3 ([14]). Pointwise multiplication is a bounded bilinear operator from
L2
(
R

3
)×

.

H
r (

R
3
)

to Zp′,q′ (
R

3
)

for 1 ≤ q′ ≤ p′ < 2 and 1
q′ = 1 − r

3 , that is,

there exists C > 0 such that for any u ∈ L2
(
R

3
)

and v ∈
.

H
r (

R
3
)
,

‖uv‖Zp′,q′ ≤ C ‖u‖L2(R3) ‖v‖ .
H

r
(R3)

. (2.2)

For the proof, we refer the reader to Lemarié-Rieusset [14].

3. Regularity theorem

In this section we give the regularity criterion by velocity to the Leray type
weak solution of the magneto-micropolar fluid equations (1.1). Before turn-
ing our attention to regularity issues, we start with some prerequisites for our
main result. Let

C∞
0,σ

(
R

3
)

=
{
ϕ ∈ (C∞

0

(
R

3
))

: div ϕ = 0
} ⊆ (C∞

0

(
R

3
))
.

The subspace

L2
σ

(
R

3
)

= C∞
0,σ (R3)

‖.‖L2
=
{
u ∈ L2

(
R

3
)

: div u = 0
}
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obtained as the closure of C∞
0,σ with respect to L2 -norm ‖.‖L2 . Hr

σ denotes
the closure of C∞

0,σ with respect to the norm

‖u‖Hr = ‖u‖L2 +
∥∥∥(1 − ∆)

r
2 u
∥∥∥

L2
, for r ≥ 0.

We can now define a notion of weak solution for (1.1) (see e.g. [24]).

Definition 3.1 (weak solutions). Let (u0, b0) ∈ L2
σ

(
R

3
)
, ω0 ∈ L2

(
R

3
)

and
T > 0. A measurable function (u, ω, b) on R

3 × (0, T ) is called a weak solution
of (1.1) on (0, T ) if
a.

(u, b) ∈ L∞ ((0, T ) ;L2
σ

) ∩ L2
(
(0, T ) ;H1

σ

)
,

and

ω ∈ L∞ ((0, T ) ;L2
) ∩ L2

(
(0, T ) ;H1

)
;

b. For every (φ, ϕ) ∈ H1
(
(0, T ) ;H1

σ

)
and ψ ∈ H1

(
(0, T ) ;H1

)
with φ(T ) =

ϕ(T ) = ψ(T ) = 0,
∫ T

0

{− 〈u, ∂τφ〉 + 〈u.∇u, φ〉 + (µ+ χ) 〈∇u,∇φ〉} dτ

−
∫ T

0

{〈b.∇b, φ〉 + χ 〈∇ × ω, φ〉} = 〈u0, φ(0)〉 ,
∫ T

0

{− 〈ω, ∂τϕ〉 + γ 〈∇ω,∇ϕ〉 + κ 〈∇.ω,∇.ϕ〉} dτ

+
∫ T

0

{2χ 〈ω, ϕ〉 + 〈u.∇ω, ϕ〉 − χ 〈∇ × u, ϕ〉} dτ = −〈ω0, ϕ(0)〉
and∫ T

0

{− 〈b, ∂τψ〉 + 〈u.∇b, ψ〉 + ν 〈∇b,∇ψ〉 − 〈b.∇u, ψ〉} dτ = −〈b0, ψ(0)〉 .

Our aim results are to show a new regularity criterion for each of the
problems to (1.1).

Theorem 3.1. Let (u0, b0) ∈
.

H
1

σ

(
R

3
)

and ω0 ∈
.

H
1 (

R
3
)
. Assume that

(u, b) ∈ C

(
(0, T ) ;

.

H
1

σ

(
R

3
)) ∩ C

(
(0, T ) ;

.

H
2

σ

(
R

3
))

and

ω ∈ C

(
(0, T ) ;

.

H
1 (

R
3
)) ∩ C

(
(0, T ) ;

.

H
2 (

R
3
))

.

is a smooth solution to (1.1). If the solution u satisfies one of the following
conditions:
(1)

u ∈ L
2

1−r

(
(0, T ) ;

.

Mp, 3
r

(
R

3
))

for 0 < r < 1 and 2 < p <
3
r
,
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(2)

u ∈ C
(
(0, T ) ;

.

Mp,3

(
R

3
))

for 2 < p <
3
r
,

then the solution (u, ω, b) can be extended smootly beyond t = T .

In the reference [19], Rojas-Medar and Boldrini proved the global exis-
tence of weak solutions to the Eqs. 1.1 of the magneto-micropolar fluid motion
by the Galerkin method. The weak solutions also satisfy the strong energy
inequality

‖(u(t), ω(t), b(t))‖2
L2 + 2µ

∫ t

ε

‖∇u(s)‖2
L2 ds

+2γ
∫ t

ε

‖∇ω(s)‖2
L2 ds+ 2ν

∫ t

ε

‖∇b(s)‖2
L2 ds+ 2κ

∫ t

ε

‖∇u(s)‖2
L2 ds

+2χ
∫ t

ε

‖ω(s)‖2
L2 ds ≤ ‖u0 (ε) , ω0 (ε) , b0 (ε)‖2

L2 , (3.1)

for all 0 ≤ ε ≤ t ≤ T .

Theorem 3.2. Let (u0, b0) ∈
.

H
1

σ

(
R

3
)

and ω0 ∈
.

H
1 (

R
3
)
. Assume that

(u, b) ∈ C

(
(0, T ) ;

.

H
1

σ

(
R

3
)) ∩ C

(
(0, T ) ;

.

H
2

σ

(
R

3
))

and

ω ∈ C

(
(0, T ) ;

.

H
1 (

R
3
)) ∩ C

(
(0, T ) ;

.

H
2 (

R
3
))

.

is a smooth solution to (1.1). If the solution u satisfies the following condition
∫ T

0

‖∇u(τ)‖
2

2−r
.

.
M

p, 3
r
(R3)

dτ < ∞ for 0 < r < 2 and 2 < p <
3
r
,

then the solution(u, ω, b) can be extended smootly beyond t = T .

Remark 3.1. Our results improve the results in [24] when p = q and hence
.

Mp,p = Lp. However, it seems to be difficult to prove Theorems 3.1 and 3.2
for p = 2. Because in the case p = 2, we have a lack information corresponding
to (2.2). There are other difficulties for p = 2.

4. Proofs

We deal with Theorem 3.1 first.

Proof. By differentiating Eqs. 1.1 with respect to xi, we take the scalar product
with ∂xi

u, ∂xi
ω, ∂xi

b respectively and integrate over R
3. We get after suitable
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integration by parts
1
2
d

dt
‖(∂xi

u, ∂xi
ω, ∂xi

b)‖2
L2

+
3∑

j=1

(
(µ+ χ)

∥∥∥∂2
xixj

u
∥∥∥

2

L2
+ γ

∥∥∥∂2
xixj

ω
∥∥∥

2

L2
+ ν

∥∥∥∂2
xixj

b
∥∥∥

2

L2

)

+κ ‖∇.∂xi
ω‖2

L2 + 2χ ‖∂xi
ω‖2

L2

≤ |〈∂xi
u.∇u, ∂xi

u〉| + |〈∂xi
b.∇b, ∂xi

u〉| + |〈∂xi
u.∇b, ∂xi

b〉|
+ |〈∂xi

b.∇u, ∂xi
b〉| + |〈∂xi

u.∇ω, ∂xi
ω〉| + 2χ |〈∇ × ∂xi

u, ∂xi
ω〉|

=
6∑

k=1

Ak

for t ∈ (0, T ), where we used

〈∇ × ∂xi
u, ∂xi

ω〉 = 〈∇ × ∂xi
ω, ∂xi

u〉 ,
〈b.∇∂xi

b., ∂xi
u〉 + 〈b.∇∂xi

u, ∂xi
b〉 = 0

and

〈u.∇∂xi
u., ∂xi

u〉 = 〈u.∇∂xi
b, ∂xi

b〉 = 0.

The first term A1 is dominated by the Hölder and Young inequalities such that

A1 =
∣∣∣∣−
∫

R3
u.∇u.∂2

x2
i
udx

∣∣∣∣
≤ ∥∥D2u.∇u∥∥

Z
p′, 3

3−r

‖u‖ .
M

p, 3
r

≤ ∥∥D2u
∥∥

L2 ‖u‖ .
M

p, 3
r

‖∇u‖ .
H

r

≤ ∥∥D2u
∥∥

L2 ‖u‖ .
M

p, 3
r

‖∇u‖r
.

H
1 ‖∇u‖1−r

L2

≤ ∥∥D2u
∥∥1+r

L2

(
‖u‖

2
1−r
.

M
p, 3

r

‖∇u‖2
L2

) 1−r
2

≤ χ

12

∥∥D2u
∥∥2

L2 + Cr ‖u‖
2

1−r
.

M
p, 3

r

‖∇u‖2
L2 ,

where we used the following inequality for 0 ≤ r ≤ 1

‖w‖ .
H

r = ‖|ξ|r ŵ‖L2 =
(∫

R3
|ξ|2r |ŵ|2r |ŵ|2−2r

dξ

)
≤ ‖w‖1−r

L2 ‖∇w‖r
L2 .

Similarly, we can estimate A2 as

A2 =
∣∣∣∣−
∫

R3
u.∇b.∂2

x2
i
bdx

∣∣∣∣
≤ ∥∥D2b.∇b∥∥

Z
p′, 3

3−r

‖u‖ .
M

p, 3
r

≤ ν

12

∥∥D2b
∥∥2

L2 + Cr ‖u‖
2

1−r
.

M
p, 3

r

‖∇b‖2
L2 .
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In the same way, for A3, A4 and A5, it also can be dominated as

A3, A4 ≤ ν

18

∥∥D2b
∥∥2

L2 + Cr ‖u‖
2

1−r
.

M
p, 3

r

‖∇b‖2
L2

and

A5 ≤ γ

6

∥∥D2ω
∥∥2

L2 + Cr ‖u‖
2

1−r
.

M
p, 3

r

‖∇ω‖2
L2 .

The last term A6 can be dealt with a similar manner. By the Hölder and Young
inequalities we have

A6 ≤ χ

2
‖∇ × ∂xi

u‖2
L2 + 2χ ‖∇ω‖2

L2 .

From the above inequalities and summing over i with 1 ≤ i ≤ 3, we have

d

dt
‖(∇u,∇ω,∇b)‖2

L2 +
(

2µ+
1
2
χ

)∥∥D2u
∥∥2

L2

+ γ
∥∥D2ω

∥∥2

L2 + ν
∥∥D2b

∥∥2

L2 + 2κ ‖∇div ω‖2
L2

≤ Cr ‖u‖
2

1−r
.

M
p, 3

r

‖(∇u,∇ω,∇b)‖2
L2 . (4.1)

Due to Gronwall’ s inequality, it follows from (4.1) that

sup
0≤t≤T

‖(∇u(t),∇ω(t),∇b(t))‖2
L2

≤ ‖∇u0,∇ω0,∇b0‖2
L2 exp

(
C

∫ t

0

‖u(s)‖
2

2−r
.

M
p, 3

r

ds

)
. (4.2)

as 0 < r < 1.
For r = 1, we follow the proof of Zhou–Gala [28] (see also [11,16]). To this

end, we need the following fact: for u ∈ C
(
(0, T ) ;

.

Mp,3

(
R

3
))

and arbitrary
positive ε > 0, there exists a decomposition

u = u1 + u2

such that for all T > 0,

‖u1‖
u∈C

(
(0,T );

.
.

Mp,3(R3)

) ≤ ε, sup
(t,x)∈(0,T )×R3

|u2(t, x)| < K(ε).

One can simply choose

u2(x, t) =
{
u(x, t) for |u(t, x)| < K,
0 for |u(t, x)| ≥ K,
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where K is sufficiently large. We first estimate A1:

A1 ≤
∫

R3
|u| ∣∣D2u

∣∣ |∇u| dx
≤ ∥∥D2u.∇u∥∥

Z
p′, 3

2

‖u1‖ .
Mp,3

+
∥∥D2u

∥∥
L2 ‖u2.∇u‖L2

≤ ∥∥D2u
∥∥

L2

(
‖u1‖ .

Mp,3
‖∇u‖ .

H
1 +K(ε) ‖∇u‖L2

)

≤ ∥∥D2u
∥∥

L2

(
ε
∥∥D2u

∥∥
L2 +K(ε) ‖∇u‖L2

)

≤ χ

12

∥∥D2u
∥∥2

L2 +K(ε) ‖∇u‖2
L2 .

Similarly, for A2, A3 and A4, we obtain

A2, A3, A4 ≤ ν

18

∥∥D2b
∥∥2

L2 +K(ε) ‖∇b‖2
L2

and

A5 ≤ γ

6

∥∥D2ω
∥∥2

L2 +K(ε) ‖∇ω‖2
L2 .

Combining the above estimates and summing up i, it follows

d

dt
‖(∇u,∇ω,∇b)‖2

L2 +
(

2µ+
1
2
χ

)∥∥D2u
∥∥2

L2

+ γ
∥∥D2ω

∥∥2

L2 + ν
∥∥D2b

∥∥2

L2 + 2κ ‖∇div ω‖2
L2

≤ K(ε) ‖(∇u,∇ω,∇b)‖2
L2 .

Hence, by using Gronwall’ s inequality, we have

sup
0≤t≤T

‖(∇u(t),∇ω(t),∇b(t))‖2
L2 ≤ ‖∇u0,∇ω0,∇b0‖2

L2 exp (CK(ε)T ) .

This completes the proof of Theorem 3.1. �

Proof of Theorem 3.2.

Proof. Similarly as in the proof of Theorem 3.1, we differentiate the equa-
tions (1.1) with respect to xi, then multiply the resulting equations by ∂xi

u,
∂xi

ω, ∂xi
b respectively, we obtain after suitable integration by parts

1
2
d

dt
‖(∂xi

u, ∂xi
ω, ∂xi

b)‖2
L2

+
3∑

j=1

(
(µ+ χ)

∥∥∥∂2
xixj

u
∥∥∥

2

L2
+ γ

∥∥∥∂2
xixj

ω
∥∥∥

2

L2
+ ν

∥∥∥∂2
xixj

b
∥∥∥

2

L2

)

+κ ‖∇.∂xi
ω‖2

L2 + 2χ ‖∂xi
ω‖2

L2

≤ |〈∂xi
u.∇u, ∂xi

u〉| + |〈∂xi
b.∇b, ∂xi

u〉| + |〈∂xi
u.∇b, ∂xi

b〉|
+ |〈∂xi

b.∇u, ∂xi
b〉| + |〈∂xi

u.∇ω, ∂xi
ω〉| + 2χ |〈∇ × ∂xi

u, ∂xi
ω〉|

=
6∑

k=1

Bk
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for t ∈ (0, T ). Then Young’ s inequality implies that

B1 =
∣∣∣∣
∫

R3
∂xi

u.∇u.∂xi
udx

∣∣∣∣
≤ ‖Du.Du‖Z

p′, 3
3−r

‖∇u‖ .
M

p, 3
r

≤ ‖Du‖L2 ‖∇u‖ .
M

p, 3
r

‖Du‖ .
H

r

≤ ‖Du‖L2 ‖∇u‖ .
M

p, 3
r

∥∥D2u
∥∥r

L2 ‖Du‖1−r
L2

≤
(∥∥D2u

∥∥2

L2

) r
2

(
‖∇u‖

2
2−r
.

M
p, 3

r

‖Du‖2
L2

) 2−r
2

≤ χ

12

∥∥D2u
∥∥2

L2 + Cr ‖∇u‖
2

2−r
.

M
p, 3

r

‖Du‖2
L2 .

Similarly, for B2 −B5, we have

B2, B3, B4 ≤ ν

18

∥∥D2b
∥∥2

L2 + Cr ‖∇u‖
2

2−r
.

M
p, 3

r

‖Db‖2
L2

and

B5 ≤ γ

6

∥∥D2ω
∥∥2

L2 + Cr ‖∇u‖
2

2−r
.

M
p, 3

r

‖Dω‖2
L2 .

Combining the above estimates and summing over i with 1 ≤ i ≤ 3, we obtain

d

dt
‖(∇u,∇ω,∇b)‖2

L2 +
(

2µ+
1
2
χ

)∥∥D2u
∥∥2

L2

+γ
∥∥D2ω

∥∥2

L2 + ν
∥∥D2b

∥∥2

L2 + 2κ ‖∇div ω‖2
L2

≤ Cr ‖∇u‖
2

2−r
.

Xr

‖(∇u,∇ω,∇b)‖2
L2 . (4.3)

Due to Gronwall’ s inequality, it follows from (4.3) that

sup
0≤t≤T

‖(∇u(t),∇ω(t),∇b(t))‖2
L2

≤ ‖∇u0,∇ω0,∇b0‖2
L2 exp

(
C

∫ t

0

‖∇u(s)‖
2

2−r
.

M
p, 3

r

ds

)
. (4.4)

By the standard arguments of continuation of local solutions, we conclude
that the solutions (u(x, t), ω(x, t), b(x, t)) can be extendted to (0, T ′) for some
T ′ > T , provided that ∇u satisfies

∫ T

0

‖∇u(τ)‖
2

2−r
.

.
M

p, 3
r
(R3)

dτ < ∞ for all 0 < r < 2 .

This completes the proof of Theorem 3.2. �

Remark 4.1. But this method fails if p = 2. To avoid the difficulty, we have to
modify the definition of the critical Morrey–Campanato space

.

M2, 3
r
. For the

details, the reader is referred to [6].
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