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Abstract. We show how the methods of [6–8] can be used to prove veloc-
ity averaging lemmas in hyperbolic Sobolev spaces for the kinetic transport
equation ∂tf + v

|v| · ∇xf = g0 +∇v · g1. Here v is allowed to vary in the whole

space R
d and the velocity field a(v) = v

|v| lies on the unit sphere. We work

in dimensions d ≥ 3 and, in contrast with [6, 8], we allow right-hand sides
with velocity derivatives in any direction and not necessarily tangential to
the sphere.
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1. Introduction

In this paper we show how the methods of [6–8] can be used to prove velocity aver-
aging lemmas in hyperbolic Sobolev spaces Hs,δ for the kinetic transport equation

∂tf +
v

|v| · ∇xf = g0 + ∇v · g1 . (1.1)

Velocity averaging lemmas were first proved in [17,18] and later developed further
in several papers [3, 4, 11,12,14–16,19,20,23–27,29]. We refer the reader to [3, 28]
for a review and an extensive bibliography. In the simplest setting the velocity
average over the unit ball ρ(t, x) =

∫
|v|≤1

f(t, x, v)dv of a solution f of

∂tf + v · ∇xf = g , (1.2)

gains half a derivative in L2. More precisely, if f, g ∈ L2
(
Rt × R

d
x × R

d
v

)
sat-

isfy (1.2), then

‖ρ‖H1/2(Rt×Rd
x) � ‖f‖L2(Rt×Rd

x×Rd
v) + ‖g‖L2(Rt×Rd

x×Rd
v) .
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Averages over spheres come up in many applications where the velocity of particles
can be assumed to be constant, for example in radiative transfer and chemotaxis
(see Section 3). These averages were studied in [6–8]. When the right hand side
doesn’t contain velocity derivatives it was shown that

‖ρ‖Hs,δ(R1+d) ≤ C ‖f‖L2(R×Rd×Sd−1) + C ‖g‖L2(R×Rd×Sd−1) , (1.3a)

provided that

s + δ ≤ 1/2 , s ≤ min
{

d − 1
4

, 1
}

, d ≥ 3 , d �= 7 . (1.3b)

where f, g solve (1.2), ρ is given by ρ(t, x) =
∫
|v|=1

f(t, x, v)dσv, and the hyperbolic
Sobolev norm is defined by

‖F‖Hs,δ(R1+d) =
∥
∥
∥w+(τ, ξ)sw−(τ, ξ)δF̂ (τ, ξ)

∥
∥
∥

L2(Rτ×R
d
ξ)

, (1.4)

where w±(τ, ξ) = 1 + ||τ | ± |ξ||. The advantage is that we can take s larger than
the classical 1/2 provided that we compensate by using a negative δ. Moreover,
in regions where ||τ | − |ξ|| is small (near the cone |τ | = |ξ|) we have ws

+wδ
− � ws

+

and we gain s ≥ 1/2 derivatives. In all regions we have w+(τ, ξ)sw−(τ, ξ)δ ≥
w+(τ, ξ)1/2, therefore estimate (1.3) implies the classical estimate. When d = 7 we
have the same estimate but with a logarithmic loss:

‖ρ‖Hs,δ
log (R1+d) ≤ C

(
‖f‖L2(R×Rd×Sd−1) + ‖g‖L2(R×Rd×Sd−1)

)
, d = 7 ,

where

‖F‖Hs,δ
log (R1+d)

=

∥
∥
∥
∥
∥
w+(τ, ξ)sw−(τ, ξ)δ

(

1 + log
w+(τ, ξ)
w−(τ, ξ)

)−1/2

F̂ (τ, ξ)

∥
∥
∥
∥
∥

L2(Rτ×R
d
ξ)

. (1.5)

Consider now the case of a right hand side which contains velocity derivatives.
In this case a crucial step in the proof of averaging lemmas is an integration by
parts in velocity space which removes the v-derivative from g. In the case of spheres
this can be done only if the velocity derivatives are tangential to the sphere, i.e.
if f and g solve

∂tf + v · ∇xf = Ωi,j
v g , (1.6)

where Ωi,j
v = vi

∂
∂vj

− vj
∂

∂vi
. We refer the reader to [6–8] for a detailed study.

In this paper we study velocity averages of the form

ρ(t, x) =
∫

Rd

f(t, x, v)φ(v)dv ,

where φ(v) is a smooth cut-off function and f is a solution of equation (1.1). We
allow general (i.e. not necessarily tangential) velocity derivatives in the right hand
side. To deal with this case we shall decompose the velocity derivative into radial
and tangential components and use the methods of [6] to handle the tangential
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part. The radial part can be handled by an integration by parts in the radial
variable. More precisely we prove the following two theorems:

Theorem 1.1. Let d ≥ 2 and let f, g : Rt × R
d
x × R

d
v → R solve

∂tf +
v

|v| · ∇xf = g . (1.7)

Let φ(v) ∈ L∞ and suppose that φ has compact support contained in some ball B
centered at the origin. Define

ρ(t, x) =
∫

Rd

f(t, x, v)φ(v)dv , (1.8)

and s = min{d−1
4 , 1}, δ = 1

2 − s. Then

‖ρ‖Hs,δ(R×Rd) �
[
‖f‖L2(R×Rd×B) + ‖g‖L2(R×Rd×B)

]
, d �= 5 , (1.9a)

‖ρ‖Hs,δ
log(R×Rd) �

[
‖f‖L2(R×Rd×B) + ‖g‖L2(R×Rd×B)

]
, d = 5 . (1.9b)

Notice that in d = 2 dimensions we get an estimate in the hyperbolic Sobolev
space H1/4,1/4 as in Theorem 2 of [6]. In d ≥ 3 dimensions we have s ≥ 1/2 and
δ ≤ 0 with sum s+δ = 1/2, hence ws

+wδ
− = w

1/2
+ (w+/w−)s−1/2 ≥ w

1/2
+ . Therefore

our estimate implies the classical gain of 1/2 derivatives.
When the right hand side contains velocity derivatives we prove the following

Theorem 1.2. Let d ≥ 3 and let f, g : Rt × R
d
x × R

d
v → R solve

∂tf +
v

|v| · ∇xf = ∇v · g . (1.10)

Let φ(v) ∈ W 1,∞(Rd) with suppφ ⊆ B where B is a ball centered at the origin.
Define the velocity average

ρ(t, x) =
∫

Rd

f(t, x, v)φ(v)dv . (1.11)

Let

(s, δ) =
(

d − 1
6

,−2d − 5
12

)

, if d ∈ {3, 4, 5} (1.12a)

(s, δ) =
(

4
5
,−11

20

)

, if d = 6 (1.12b)

(s, δ) =
(

1,−3
4

)

, if d ≥ 7 . (1.12c)

Then

‖ρ‖Hs,δ(R1+d) � ‖f‖L2(R×Rd×B) + ‖g‖L2(R×Rd×B) , if d �= 5, 7 , (1.13a)

‖ρ‖Hs,δ
log (R1+d) � ‖f‖L2(R×Rd×B) + ‖g‖L2(R×Rd×B) , if d = 5, 7. (1.13b)
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Notice that in all cases s + δ = 1
4 with s > 1

4 and δ < 0. Moreover, ws
+wδ

− =

w
1
4−δ
+ wδ

− = w
1
4
+

(w+
w−

)−δ ≥ w
1
4
+, therefore our result implies the classical gain of 1/4

derivatives.
The decomposition of the velocity derivative into tangential and radial parts

(we also add λf to both sides of the equation) creates three different terms
(see (2.21)) with different scaling properties and results in the more complicated
conditions on the dimension in Theorem 1.2.

We shall prove Theorems 1.1 and 1.2 in Section 2 and we shall discuss appli-
cations in Biology and Physics in Section 3.

2. Proofs of the velocity averaging estimates

We recall the following estimates from [7].

Lemma 2.1. Let m > −1, l > 1/2 and define

Jm
l (τ, ξ) =

∫ π

0

(sin θ)m

[1 + (τ + |ξ| cos θ)2]l
dθ, τ ∈ R , ξ ∈ R

d . (2.1)

Let α = min{m+1−4l
2 , 0}. Then the integrals Jm

l (τ, ξ) satisfy the following pointwise
estimates:

Jm
l (τ, ξ) � w−(τ, ξ)2l−1+α

w+(τ, ξ)2l+α
, if m + 1 �= 4l (2.2)

Jm
l (τ, ξ) � w−(τ, ξ)2l−1

w+(τ, ξ)2l

(

1 + log
w+(τ, ξ)
w−(τ, ξ)

)

, if m + 1 = 4l . (2.3)

Proof. See Proposition 3.1 in [7]. �

Proof of Theorem 1.1. Define

w(τ, ξ) =

⎧
⎨

⎩

w+(τ, ξ)sw−(τ, ξ)δ , if d �= 5
w+(τ,ξ)sw−(τ,ξ)δ

[
1+log

w+(τ,ξ)
w−(τ,ξ)

]1/2 , if d = 5 . (2.4)

where s = min{d−1
4 , 1} and δ = 1

2−s. For each r > 0 define fr, gr : R×R
d×S

d−1 →
R by fr(t, x, ω) = f(t, x, rω) and gr(t, x, ω) = g(t, x, rω). Then

∂tfr + ω · ∇xfr = gr .

Take the Fourier transform with respect to t and x and add f̂r to both sides to
get

f̂r(τ, ξ, ω) =
ĥr(τ, ξ, ω)

1 + i(τ + ω · ξ)
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where h = f + g. Therefore,

ρ̂(τ, ξ) =
∫ ∞

0

∫

Sd−1
rd−1f̂r(τ, ξ, ω)φ(rω)dωdr (2.5)

=
∫ ∞

0

∫

Sd−1
rd−1 ĥr(τ, ξ, ω)

1 + i(τ + ω · ξ)φ(rω)dωdr . (2.6)

Use the Cauchy–Schwarz inequality on S
d−1 to get

|ρ̂(τ, ξ)| ≤
∫ ∞

0

rd−1

(∫

Sd−1

1
1 + (τ + ω · ξ)2 dω

)1/2

·
(∫

Sd−1

∣
∣
∣ĥr(τ, ξ, ω)φ(rω)

∣
∣
∣
2

dω

)1/2

dr . (2.7)

We have
∫

Sd−1

1
1 + (τ + ω · ξ)2 dω = c(d)

∫ π

0

(sin θ)d−2

1 + (τ + |ξ| cos θ)2
dθ (2.8)

= c(d)Jm
l (τ, ξ) (2.9)

where m = d − 2 and l = 1. For d �= 5 Lemma 2.1 gives:

(∫

Sd−1

1
1 + (τ + ω · ξ)2 dω

)1/2

�
(

w−(τ, ξ)2s−1

w+(τ, ξ)2s

)1/2

=
1

w+(τ, ξ)sw−(τ, ξ)δ
.

(2.10)

For d = 5 we get

(∫

Sd−1

1
1 + (τ + ω · ξ)2 dω

)1/2

� 1
w+(τ, ξ)sw−(τ, ξ)

1
2−s

[

1 + log
w+(τ, ξ)
w−(τ, ξ)

]1/2

. (2.11)

This proves that in all cases

(∫

Sd−1

1
1 + (τ + ω · ξ)2 dω

)1/2

� 1
w(τ, ξ)

(2.12)

with w(τ, ξ) as in (2.4). Therefore

w(τ, ξ) |ρ̂(τ, ξ)| �
∫ ∞

0

rd−1

(∫

Sd−1

∣
∣
∣ĥr(τ, ξ, ω)φ(rω)

∣
∣
∣
2

dω

)1/2

dr . (2.13)
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Let R > 0 be such that suppφ ⊆ B(0, R). Then

w(τ, ξ) |ρ̂(τ, ξ)|

�
∫ R

0

r
d−1
2 r

d−1
2

(∫

Sd−1

∣
∣
∣ĥr(τ, ξ, ω)φ(rω)

∣
∣
∣
2

dω

)1/2

dr (2.14)

�
(∫ R

0

rd−1dr

)1/2 (∫ R

0

∫

Sd−1
rd−1

∣
∣
∣ĥ(τ, ξ, rω)φ(rω)

∣
∣
∣
2

dω

)1/2

(2.15)

�
∥
∥
∥ĥ(τ, ξ, v)φ(v)

∥
∥
∥

L2
v(B(0,R))

(2.16)

�
∥
∥
∥ĥ(τ, ξ, v)

∥
∥
∥

L2
v(B(0,R))

. (2.17)

This implies the desired estimate (1.9). �

Proof of Theorem 1.2. The idea is to decompose the velocity derivative into radial
and angular parts and deal with the angular parts by the method introduced in [6].
It suffices to show:

w(τ, ξ) |ρ̂(τ, ξ)| �
[∥
∥
∥f̂(τ, ξ, v)

∥
∥
∥

L2
v(B)

+ ‖ĝ(τ, ξ, v)‖L2
v(B)

]

(2.18)

where

w(τ, ξ) =

⎧
⎨

⎩

w+(τ, ξ)sw−(τ, ξ)δ , d ≥ 3 , d �= 5, 7

w+(τ, ξ)sw−(τ, ξ)δ
(
1 + log w+(τ,ξ)

w−(τ,ξ)

)−1/2

, d = 5, 7 ,
(2.19)

and s, δ are given by (1.12).
Write v = rω, where r = |v| and ω = v

|v| ∈ S
d−1. Then

∂tf + ω · ∇xf =
∑

j

∂gj

∂vj
=

∑

j

ωj
∂gj

∂r
+

1
r

∑

i,j

ωiΩi,j
ω gj , (2.20)

where Ωi,j
ω = ωi

∂
∂ωj

− ωj
∂

∂ωi
. Take the Fourier transform of the equation and add

λ(τ, ξ)f̂(τ, ξ, rω) to both sides, where λ(τ, ξ) ≥ 1 will be determined later, to get

f̂(τ, ξ, ω) =
∑

j

ωj
∂
∂r {ĝj(τ, ξ, rω)}

λ + i(τ + ω · ξ) +
1
r

∑

i,j

ωiΩi,j
ω ĝj(τ, ξ, rω)

λ + i(τ + ω · ξ)

+
λf̂(τ, ξ, ω)

λ + i(τ + ω · ξ) ,

(2.21)
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therefore

ρ̂(τ, ξ) =
∫ ∞

0

∫

Sd−1
f̂(τ, ξ, rω)φ(rω)rd−1dωdr

=
∑

j

∫ ∞

0

∫

Sd−1

ωj
∂
∂r {ĝj(τ, ξ, rω)}

λ + i(τ + ω · ξ) φ(rω)rd−1dωdr

+
∑

i,j

∫ ∞

0

∫

Sd−1

ωiΩi,j
ω ĝj(τ, ξ, rω)

λ + i(τ + ω · ξ) φ(rω)rd−2dωdr

+
∫ ∞

0

∫

Sd−1

λf̂(τ, ξ, rω)
λ + i(τ + ω · ξ)φ(rω)rd−1dωdr

=:
∑

j

Aj(τ, ξ) +
∑

i,j

Bij(τ, ξ) + C(τ, ξ). (2.22)

We start with Aj . Integrating by parts in the radial variable we have

Aj(τ, ξ) = −
∫ ∞

0

∫

Sd−1

ωj ĝj(τ, ξ, rω)
λ + i(τ + ω · ξ)

∂

∂r

[
φ(rω)rd−1

]
dωdr

= −
∫ ∞

0

∫

Sd−1

ωj ĝj(τ, ξ, rω)
λ + i(τ + ω · ξ)∇φ(rω) ·ω rd−1dωdr

− (d − 1)
∫ ∞

0

∫

Sd−1

ωj ĝj(τ, ξ, rω)
λ + i(τ + ω · ξ)φ(rω)rd−2dωdr ,

therefore

∣
∣Aj(τ, ξ)

∣
∣

�
∫ ∞

0

(∫

Sd−1

dω

λ2 + (τ + ω · ξ)2
)1/2

·

·
(∫

Sd−1

∣
∣
∣ωj ĝj(τ, ξ, rω)∇φ(rω) ·ω

∣
∣
∣
2

dω

)1/2

rd−1dr

+
∫ ∞

0

(∫

Sd−1

dω

λ2 + (τ + ω · ξ)2
)1/2(∫

Sd−1

∣
∣
∣ωj ĝj(τ, ξ, rω)φ(rω)

∣
∣
∣
2

dω

)1/2

rd−2dr .

Since λ ≥ 1 estimate (2.10) gives

(∫

Sd−1

1
λ2 + (τ + ω · ξ)2 dω

)1/2

�
(∫

Sd−1

1
1 + (τ + ω · ξ)2 dω

)1/2

� 1
w+(τ, ξ)

1
2

(2.23)
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therefore

w+(τ, ξ)1/2
∣
∣Aj(τ, ξ)

∣
∣ (2.24)

�
(∫ ∞

0

∫

Sd−1

∣
∣
∣ωj ĝj(τ, ξ, rω)∇φ(rω) ·ω

∣
∣
∣
2

rd−1dωdr

)1/2
(∫ R

0

rd−1dr

)1/2

+
(∫ ∞

0

∫

Sd−1

∣
∣
∣ωj ĝj(τ, ξ, rω)φ(rω)

∣
∣
∣
2

rd−1dωdr

)1/2
(∫ R

0

rd−3dr

)1/2

� 1
w+(τ, ξ)1/2

∥
∥
∥ĝj(τ, ξ, v)

∥
∥
∥

L2
v(B)

. (2.25)

For Bij(τ, ξ) we integrate by parts on the sphere to get

Bij(τ, ξ) = −
∫ ∞

0

∫

Sd−1

[

Ωi,j
ω

1
λ + i(τ + ω · ξ)

]

ωiĝj(τ, ξ, rω)φ(rω)rd−2dωdr

−
∫ ∞

0

∫

Sd−1

1
λ + i(τ + ω · ξ)Ωi,j

ω

[
ωiφ(rω)

]
ĝj(τ, ξ, rω)rd−2dωdr

= i

∫ ∞

0

∫

Sd−1

ωiξj − ωjξi

(λ + i(τ + ω · ξ))2
ωiĝj(τ, ξ, rω)φ(rω)rd−2dωdr

−
∫ ∞

0

∫

Sd−1

1
λ + i(τ + ω · ξ)Ωi,j

ω

[
ωiφ(rω)

]
ĝj(τ, ξ, rω)rd−2dωdr .

Therefore
∣
∣Bij(τ, ξ)

∣
∣

≤
∫ ∞

0

(∫

Sd−1

(ωiξj − ωjξi)
2
dω

(λ2 + (τ + ω · ξ)2)2

)1/2(∫

Sd−1

∣
∣
∣ωiĝj(τ, ξ, rω)φ(rω)

∣
∣
∣
2

dω

)1/2

rd−2dr

+
∫ ∞

0

(∫

Sd−1

dω

λ2 + (τ + ω · ξ)2
)1/2

·

·
(∫

Sd−1

∣
∣Ωi,j

ω

[
ωiφ(rω)

]∣
∣2

∣
∣
∣ĝj(τ, ξ, rω)

∣
∣
∣
2

dω

)1/2

rd−2dr

=: Xij(τ, ξ) + Y ij(τ, ξ) .

For Y ij(τ, ξ) we use (2.23) to get

Y ij(τ, ξ) � 1
w+(τ, ξ)1/2

∫ ∞

0

(∫

Sd−1

∣
∣
∣ĝj(τ, ξ, rω)

∣
∣
∣
2

dω

)1/2

rd−2dr

� 1
w+(τ, ξ)1/2

(∫ R

0

∫

Sd−1

∣
∣
∣ĝj(τ, ξ, rω)

∣
∣
∣
2

rd−1dωdr

)1/2 (∫ R

0

rd−3dr

)1/2

� 1
w+(τ, ξ)1/2

∥
∥
∥ĝj(τ, ξ, v)

∥
∥
∥

L2
v(B)

.
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For Xij(τ, ξ) we have

Xij(τ, ξ) ≤ K(τ, ξ)
∫ ∞

0

(∫

Sd−1

∣
∣
∣ωiĝj(τ, ξ, rω)φ(rω)

∣
∣
∣
2

dω

)1/2

rd−2dr

� K(τ, ξ)

(∫ R

0

∫

Sd−1

∣
∣
∣ĝj(τ, ξ, rω)

∣
∣
∣
2

rd−1dωdr

)1/2 (∫ R

0

rd−3dr

)1/2

� K(τ, ξ)
∥
∥
∥ĝj(τ, ξ, v)

∥
∥
∥

L2
v(B)

,

where

K(τ, ξ) =

(∫

Sd−1

(ωiξj − ωjξi)
2

(λ2 + (τ + ω · ξ)2)2
dω

)1/2

. (2.26)

For C(τ, ξ) we have:

C(τ, ξ) ≤ L(τ, ξ)
∫ ∞

0

(∫

Sd−1

∣
∣
∣f̂(τ, ξ, rω)φ(rω)

∣
∣
∣
2

dω

)1/2

rd−1dr

� L(τ, ξ)
∫ ∞

0

(∫ R

0

∫

Sd−1

∣
∣
∣f̂(τ, ξ, rω)

∣
∣
∣
2

rd−1dωdr

)1/2 (∫ R

0

rd−1dr

)1/2

� L(τ, ξ)
∥
∥
∥f̂(τ, ξ, v)

∥
∥
∥

L2
v(B)

where

L(τ, ξ) = λ

(∫

Sd−1

1
λ2 + (τ + ω · ξ)2 dω

)1/2

. (2.27)

It was shown in [8] that there exists a choice of λ = λ(τ, ξ) ≥ 1 such that

K(τ, ξ) � w(τ, ξ) , L(τ, ξ) � w(τ, ξ) . (2.28)

This completes the proof. �

3. Motivation and Perspectives

Velocity fields on the sphere arise naturally in mathematical Biology in the context
of chemotaxis. This is the directed motion of cells towards higher concentrations
of a chemoattractant. At the mesoscopic level chemotaxis can be modelled by the
Othmner–Dunbar–Alt kinetic model [9, 10,22]:

∂tf + v · ∇xf =
∫

V

T [S](t, x, v, v′)f(t, x, v′)dv′

−
∫

V

T [S](t, x, v′, v)f(t, x, v)dv′ , (3.1)

−ΔS = αρ − βS , (3.2)
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where f is the density of cells and S the concentration of the chemical. The velocity
space V can be taken to be the unit ball but it is natural to assume that the velocity
of the cells is constant and take V to be the unit sphere [13].

Velocity fields on the sphere also arise in mathematical Physics in the phe-
nomenon of radiative transfer which describes the scattering of photons in a hot
medium [1,2, 21,30].

The results of this paper can be used to prove compactness of averages and
hence global existence of weak solutions for the resonant Vlasov-wave system (3.3)
below. Alternatively, the compactness of averages can be derived from the results
of [14,15].

∂tf +
v

|v| · ∇xf −∇xu · ∇vf = 0 , (x, v ∈ R
3 t ∈ R) , (3.3a)

∂2
t u − Δu = −μ , μ :=

∫

R3
fdv , (3.3b)

f(0, x, v) = f0(x, v) , u(0, x) = u0(x) , ∂tu(0, x) = u1(x) . (3.3c)
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P. et M. Curie (Paris 6) and the École Normale Supérieure for their hospitality
and financial support during his sabbatical leave in the spring semester of 2008
when part of the work in this paper was done. The second author is supported by
the China-France-Russia mathematics collaboration grant No. 340003275100 from
Sun Yat-Sen University and he would like to thank Prof. Shangbin Cui, Vincent
Calvez and Thibaut Allemand for several helpful discussions.

References

[1] C. Bardos, F. Golse and B. Perthame: The Rosseland approximation for the radiative
transfer equations. Comm. Pure Appl. Math. 40 (1987), no. 6, 691–721.

[2] C. Bardos, F. Golse, B. Perthame and R. Sentis: The nonaccretive radiative transfer
equations: existence of solutions and Rosseland approximation. J. Funct. Anal. 77
(1988), no. 2, 434–460.

[3] F. Bouchut: Introduction to the mathematical theory of kinetic equations, in
F. Bouchut, F. Golse and M. Pulvirenti, Kinetic Equations and Asymptotic The-
ory, Series in Applied Mathematics, 4. Gauthier-Villars, Paris, 2000. x+162 pp.

[4] F. Bouchut and L. Desvillettes: Averaging Lemmas without time Fourier Transform
and applications to discretized kinetic equations, Proc. Roy. Soc. Edinburgh, Sect.
A 129, no. 1 (1999), 19–36.

[5] F. Bouchut, F. Golse and C. Pallard: Nonresonant smoothing for coupled
wave+transport equations and the Vlasov–Maxwell system. Rev. Mat. Iberoamer-
icana, 20 (2004), pp. 365–892.



Vol. 16 (2009) Velocity Averaging in Hyperbolic Sobolev Spaces 141

[6] N. Bournaveas and B. Perthame: Averages over spheres for kinetic transport equa-
tions: hyperbolic Sobolev spaces and Strichartz inequalities. J. Math. Pures Appl.,
80 (2001), pp. 517–534.

[7] N. Bournaveas and S. Gutiérrez, On the regularity of averages over spheres for
kinetic transport equations in hyperbolic Sobolev spaces. Rev. Mat. Iberoamericana
23 (2007), pp. 481–512.

[8] N. Bournaveas and S. Gutiérrez, Averages over spheres for kinetic transport equa-
tions with velocity derivatives in the right-hand side, SIAM J. Math. Anal. 40 (2008),
no. 2, 653–674.

[9] N. Bournaveas, V. Calvez, S. Gutiérrez and B. Perthame: Global existence for a
kinetic model of chemotaxis via dispersion and Strichartz estimates. Comm. Partial
Differential Equations 33 (2008), no. 1–3, 79–95.

[10] F. A. C. C. Chalub, P. Markowich, B. Perthame and C. Schmeiser: Kinetic models
for chemotaxis and their drift-diffusion limits. Monatsh. Math. 142 (2004), no. 1–2,
123–141.

[11] R. DeVore and G. Petrova: The averaging lemma. J. Amer. Math. Soc. 14 (2001),
no. 2, 279–296

[12] R. J. DiPerna, P. L. Lions and Y. Meyer: Lp regularity of velocity averages, Ann.
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