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Abstract. We consider multi-dimensional variational integrals
Flu] ::/ f(-,u,Du)dz for w:R"DQ—RY,
Q

where the integrand f is a strictly convex function of its last argument. We
give an elementary proof for the partial C*“-regularity of minimizers of F.
Our approach is based on the method of A-harmonic approximation, avoids
the use of Gehring’s lemma, and establishes partial regularity with the optimal
Holder exponent « in a single step.
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1. Introduction

For a bounded open subset €2 of R", 2 < n € IN we consider multidimensional
variational integrals

Flu) ::/Qf(~,u,Du)dm (1.1)

for vector-valued functions u on Q taking values in R, N € IN. Here, the integrand
f:QxRY xRV — R is a given continuous function of the arguments = € €,
y € RV, and z € RV, and we will investigate minimizers of F with respect to a
Dirichlet boundary condition. Writing D for the derivative with respect to the last
argument of f we impose the following set of assumptions for all z € Q, y € RY,
and z, 21, 29, & € RM™ (see Section 2 for our notational conventions):

D?f exists and is continuous on  Q x RY x RYV™ |
D2 f(x,y,2)] < AL+ |2])P72,
D?f(x,y,2)(&,€) = M1+ [2))P %€,
|D*f(@,y,21) = D*f (2,9, 22)] < (14 |z1] + |22)P2v(|21 — 22f) .
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Here, 2 < p < o0 is a fixed growth exponent, A and A are positive constants, and
v : [0,00[— [0,2A] is a non-decreasing function such that we have

lim v(s) = 0. (1.6)

Actually, these assumptions are standard conditions in the calculus of varia-
tions. Nevertheless, let us briefly comment on them: (1.3) is a polynomial growth
condition for the second derivative D?f and (1.4) is a version of strict convexity
of f in the z-variable, which is adapted to the growth exponent p. Finally, (1.5)
and (1.6) describe a sort of uniform continuity of D? f in z, which is also compatible
with the growth condition (1.3).

In the present paper we will assume that a minimizer! u of F on € is given
and we will investigate the regularity properties of u. In the vectorial setting N > 1
it is well known that one cannot expect regularity everywhere on 2. However, if f
is Holder continuous in the variables = and y, then the so-called partial regularity
is available, i.e. every minimizer has Holder continuous first derivatives outside a
negligible set. More precisely, setting

wi(8) ;== min{s", 1},
the following theorem holds.

Theorem 1.1. We consider the integral (1.1), where the integrand [ satisfies (1.2),

(1.3), (1.4), (1.5), and (1.6) with p > 2. Furthermore, we impose the Hélder con-
ditions

IDf (21,91, 2) = Df (2,92, 2)| < L+ [P wp(loy — @ + [y —32l),  (1.7)

[f (2,91, 2) = f(2,92,2)] < L(1+ [2])"w0y (Jy1 = y2) (1.8)

for all z,x1,29 € Q, y1,y2 € RN, z € RN, and some constants 0 < 3 < 1,
0<~v <1, and L > 0. Then, for every minimizer u of F on § there is an open
subset Qo of Q such that one has

uwe CLM(Qu;RY) and |Q\ Q| =0

loc

a = min {52_77} (1.9)

The reader should note that the assumptions of the theorem imply, in par-
ticular, a|z|? — A < f(z,y,2) — f(x,0,0) < A(1 + |2|P) with A > a > 0. Hence,
if [,]f(+,0,0)]dz < oo holds? the integral (1.1) is well-defined and finite for all

u € WHP(Q; RY). Moreover, in this case the direct method of the calculus of varia-
tions and Ioffe’s semicontinuity theorem [30,31] ensure the existence of minimizers.

with

'Here, by a minimizer of F' on Q we mean a function u € WP(Q; RY) such that F[u] exists
and is finite with Flu] < Fu + ¢] for all ¢ € Wol’p(Q; RY).

2Clearly, [, |f(+,0,0)]dz = oo implies that (1.1) is either infinite or undefined for all u €
WLP(Q; RN). Thus, in this situation there are no minimizers.
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Adapting earlier results from geometric measure theory and the theory of
minimal surfaces, the first partial regularity theorems in the non-parametric set-
ting of Theorem 1.1 were proved by Morrey [37] and Giusti & Miranda [22]. Subse-
quently, Evans [10] proved partial regularity for quasiconvex® integrands f, which
do not depend on x and y. His result was generalized to the case with z- and
y-dependence by Fusco & Hutchinson [14] and Giaquinta & Modica [21] and even-
tually further extensions and variants have been given e.g. in [1-5,7,8,11,25,35].
Here, the paper [2] introduces an interesting proof tailored out for the convex sit-
uation described above, while all the other papers, using miscellaneous methods,
deal with the more general quasiconvex case. Anyway, those results which allow u-
dependence (i.e. the presence of the y-variable) have in common that they state just
Holder continuity with some small exponent o > 0 and not with the exponent «
from (1.9). In fact, this small exponent arises from the application of the Giaquinta
& Modica version [19] of Gehring’s higher integrability lemma [17]. Alternative
proofs, which do not employ Gehring’s lemma, have been given for convex inte-
grands with p = 2 [25] and for certain classes of polyconvex integrands [15,16,28|
yielding partial C'*®-regularity with every exponent o < %min{ﬂ, 7}

The exponent in (1.9) occurred for the first time in the work of Phillips [38],
who proved Hélder continuity with this exponent for non-negative minimizers and
a particular class of integrands, namely f(z,y,2z) = 3|2/ + y7, in the scalar
case N = 1. Furthermore, an example of [38] shows that this exponent is in fact
optimal. Subsequently, it has been pointed out by Giaquinta & Giusti [18] that
once Holder continuity with some positive exponent is proved one can reach the
exponent in (1.9) by some additional arguments exploiting the local boundedness
of Du. The paper [18] states this only in the case N = 1, p = 2, but we believe
that a straightforward generalization provides a proof of Theorem 1.1.

While we were writing the present article a paper of Hamburger [29] ap-
peared, where he proved Theorem 1.1 even in the more general case of quasiconvex
integrands. His argument is indirect, employs Gehring’s lemma, and reaches the
optimal Holder exponent in a second step.

The aim of the present paper is now to suggest a new simple proof of Theo-
rem 1.1 in the presence of u-dependence. In fact, we apply the A-harmonic approx-
imation method of Duzaar & Steffen [9] and bypass the use of Gehring’s lemma in
the proof of a Caccioppoli type estimate by a subtle, but elementary splitting of the
relevant terms. All in all we will provide an elementary, self-contained, and com-
parably short proof of Theorem 1.1. However, a severe restriction of our method
lies in the fact that an extension to the more general quasiconvex case seems to
be hard.

Moreover, a variant of Theorem 1.1 holds if we drop the condition (1.7)
involving D f and require only Holder continuity of f:

3Quasiconvexity is a generalization of convexity due to Morrey [36], which can often replace the
convexity condition (1.4).
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Corollary 1.2. We consider the integral (1.1), where the integrand f satisfies (1.2),
(1.4), (1.3), (1.5), and (1.6) with p > 2. Furthermore, we impose the Hélder con-
dition

|f(w1,91,2) — f(m2,y2,2)| < K(1+ |2])Pw (|21 — 22| + |y1 — 92]) (1.10)

for all z1,20 € Q, y1,42 € RN, 2z € RV, and some constants 0 < 7 < 1, and
K > 0. Then, for every minimizer u of F on Q) there is an open subset Qg of €2
such that one has

ue CLY(Qo;RY)  and |\ Qo =0
with

Corollary 1.2 follows immediately from Theorem 1.1 and the following lemma,
which essentially appears in [18].

Lemma 1.3. Assume that f satisfies (1.2), (1.3), and (1.10) with p > 2. Then, for
some L > 0 the integrand f fulfills (1.7) with § = 7.

In Appendix A we will give a proof of Lemma 1.3, which follows the arguments
of [18].

We mention at this stage that the assumptions of Theorem 1.1 and Corol-
lary 1.2 can be somewhat weakened. Actually, (1.3) can be replaced by the weaker
growth condition f(x,y,z) < A(1+ |z])? with A > 0 and (1.5) and (1.6) can be
dropped. Then, D?f is still bounded and uniformly continuous on compact subsets
of @ x RN x R¥™ and Acerbi & Fusco [1] have pointed out that this is sufficient
to prove partial regularity; see in particular [1, Lemma IL.3]. In addition, slightly
weaker versions of (1.7), (1.8), and (1.10) can be treated and an extension to the
subquadratic case 1 < p < 2 is possible; see for instance [3,21]. However, in the
present paper we will restrict ourselves to the simpler set of conditions stated in
the beginning.

Next, we will discuss the relation of Theorem 1.1 and Corollary 1.2 to the
regularity theory for nonlinear elliptic systems. Actually, we have not assumed
that f is differentiable in y and hence, in general, the Euler equation of F' cannot
be written. However, for the moment let us assume this differentiability property.
Then, every minimizer u satisfies the Euler equation

diV[Df(~,u,Du)] =0, f(-,u,Du) on (1.11)
in a weak formulation. A natural growth condition for 9, f reads |0, f(z,y,2)| <
L(1+ |2|P). Thus, (1.11) is a nonlinear elliptic system of the type

div[A(-,u,Du)] = B(-,u,Du) on , (1.12)

where A satisfies a set of standard conditions and B has natural polynomial
growth |B(z,y, 2)| < L(1 + |2|P). The regularity of W1P-solutions u of such sys-
tems has been proved only under additional assumptions, namely that the solu-
tion is bounded and satisfies a smallness condition; see [6, 13,20, 32] for p = 2
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and [24,26,27] for p > 2. Typically, these regularity results yield partial C!*-
regularity, where « is the Holder exponent of A in (z,y). In contrast, working
directly with a minimizer (or almost minimizer) of (1.1) instead of a solution of
a system, one typically gets only half the Holder exponent of f in (x,y) as in
Corollary 1.2 and [5,8,25,28]. This clarifies the meaning of the condition (1.9): It
interpolates — in some sense — between these two situations. On the one hand if
7y is close to 1 then the Euler equation (1.11) is almost available and « is close to
min{f3,~}. On the other hand if v is small then the Euler equation is not available
and « is close to min {ﬁ, %}

Another interesting question is what happens if instead of Holder continuity
in z and y one merely requires (uniform) continuity. In this situation it has been
shown quite recently by Foss & Mingione [12] that minimizers still enjoy partial
C%“_regularity with every exponent 0 < « < 1. This theorem can be interpreted as
a borderline case of the above results when passing to 0 with the Holder exponents
B, v, and 7. A similar result for weak solutions of (1.12) with B = 0 is also
contained in [12].

Finally, we add a few comments on the size of the singular set Q \ Qg: As
a side benefit of all partial regularity proofs one obtains a characterization of the
singular set '\ Qq. In fact, in our situation g can be chosen such that we have

Q\ Q

=qz€Q : liminf |Du — (D) y,|P dz > 0 or limsup |(Du), | =00 p .
N0 B, (x) o\0

Here, we have used some terminology that will be explained in Section 2. Starting
from this characterization bounds for the Hausdorff dimension of the singular
set can be given. In the presence of u-dependence, e.g. under the assumptions
of Corollary 1.2, such a bound has been obtained only recently by Kristensen &
Mingione [33,34]. Precisely, writing dimg (2 \ Q) for the Hausdorff dimension of
the singular set, their result states

dimpy (Q\ Qo) < n —min{e, 7},

where € > 0 denotes a positive constant resulting from the application of Gehring’s
lemma. Moreover, in the low-dimensional case n < p + 2 they even showed

dlmH(Q\Qo) S n-—rT.

All in all we believe that the above results form a quite satisfactory regularity
theory in the setting of (1.3) and (1.4). Finally, let us outline the plan of the paper:
In Sections 2 and 3 we will collect some preliminaries and in Sections 4, 5, 6, and 7
we will implement the proof of Theorem 1.1. Here, the core of the proof is contained
in Lemma 4.3 and Lemma 5.1.
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2. Notation

In addition to universal notations and some agreements from the introduction we
will use the following conventions:

Constants. We write ¢ for a positive constant possibly varying from line to
line. The dependences of such constants will only occasionally be highlighted. In
addition, there will be some fixed constants; for instance we might write Cs(n, p)
for a fixed constant C's depending only on n and p.

Dimensions and norms. The dimensions n, N € IN from the introduction will
be fixed throughout this paper. On the spaces R”, RV, and RY" we will use the
Euclidean norm denoted by |- |, where RV™ is identified with the space of (N x n)-
matrices. On the space of bilinear forms on R™" we will use the corresponding
operator norm denoted also by |- |.

Matrices and Products. For ¢ € RN™ and = € R™ we write £z for the matrix-
vector product. Clearly, we have £z € RY. In addition, for z,& € RV" the Eu-
clidean inner product of z and & will be denoted by z-£. Note that for f from
the introduction we will regard the derivative D f(x,y, z) with respect to z as an
element of RV™ and the second derivative D? f(x, v, 2) as a bilinear form on RV™.

Balls. We will write B,(x) for balls in R™; more precisely we set B,(xo) :=
{z € R" : |x — 20| < o} and we abbreviate B, := B,(0).

Measure and integration. We write | S| for the Lebesgue measure of a subset S
of R™. Moreover, dz denotes the integration with respect to the Lebesgue measure
on R and we use the abbreviations f qudz := ﬁ Jsuda, ugg o = fp udz,
and u, 1= ug,o-

Function spaces. We write WP for Sobolev spaces and C1¢ for Holder spaces
with the usual norm, indicating the domain and the codomain of the functions by
two parameters. Furthermore, we write Wol’p for the subspace of functions with
zero boundary values and C’llo’? (Q0; RY) for the space of all u : 5 — RY such
that for every = € Qg there is a R > 0 with Bg(z) C Q and u € C1*(Bgr(z); RY).

The function V. For a parameter p > 2, which will be indicated by the
context, we will use the abbreviation

V(z):=(1+]z))"= 2. (2.1)

Remark 2.1. The quantity |V (2)|? coincides with |2|? + |z|P up to a constant
depending only on p > 2.

3. A-harmonic approximation

Throughout this section we fix a ball B,(z¢) in R" and a bilinear form A on RV™.
We assume the ellipticity condition

A(E,€) > ¢ (3.1)
for all ¢ € RY™ and some A > 0 and the bound
4] < A (3.2)
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for some A > 0. We say that a map u € W12(B,(x9); RY) is A-harmonic on
Bg(iro) iff

/ A(Du, D) dx =0
Be(wo)

holds for all ¢ € W, %(B,(z0); RN). Clearly this means that the A-harmonic func-
tions are the weak solutions of the homogenous system of second-order partial
differential equations associated with A. Since we will use A-harmonic functions
as comparison maps later, we will now state an approximation result, which in-
cludes some a priori estimates for A-harmonic functions. It has been stated in [39,
Lemma 6.8] (compare [7]) in the present form and is a variant of the A-harmonic
approximation lemma of Duzaar & Steffen [9]. The reader should note that the
definition of V' in [39] is different, but the lemma is easily seen to hold also with
the present definition (2.1).

Lemma 3.1 (A-harmonic approximation). For all p > 2 and ¢ > 0 there is a
constant 6 > 0, depending only on n, N, p, \, A, and e, such that the following
holds: For every 0 < s <1 and for every u € WY2(B,(xo); RY) with

][ |V (Du)|* dx < s
BQ(“’O)
and

]l A(Du, Dp)dx| < s§ sup |Dy| forall ¢ € VVOL00 (Bo(z0); RN) ,
BQ(mO)

BQ("L’O)

there is an A-harmonic function h on B,(xq) with

sup |Dh|+ o sup |D?*h|<c
B, /2(z0) B, /2(z0)

][ v (u — sh)
B, /2(x0) Y

Here, ¢ denotes a constant depending only on n, N, p, A, and A.

and
2

dz < s’¢.

4. Caccioppoli’s inequality

Lemma 4.1. For all £1,& € RY™ and k > 0 we have
1
/ (L4 1(1 = 9)&r + s&al) " ds > 47" 2(1+ |&a] + [€2])"
0

Proof. We may assume |{3] < |£1|. Then we estimate

[ 01096 +sehas> 1 (145161 - glal) =5 (1+lal)

and the claim follows easily. O



116 T. Schmidt NoDEA

Lemma 4.2. For all £,z € RV™ and p > 2 we have

1,1
/ / (1+|£+Stz|)p_2d8tdt28_p(1+|Z‘)p_2,
0 0

Proof. The claim follows from the elementary estimate

1 1
/(1+|£|+|£+tz|)p_2tdt2/ (14 t]2))P=2tdt > 277(1 + |2])P~2.
0 !

and Lemma 4.1 with kK = p — 2. 1

Lemma 4.3 (Caccioppoli’s inequality). We assume (1.2), (1.3), (1.4), (1.7), and
(1.8) with p > 2. Furthermore, we consider a ball By(xg) C Q with0 < o<1, a
minimizer u € WHP(By(z0); RN) of F on By(zo), and a bound M > 0. Then, for
every ¢ € RN and every &€ € RN™ with €| < M + 1 we have

fo(2)
Be(xo) 1%

where we have set v(z) := u(x) — ( — &x and « is given by (1.9). Here ¢ depends
only onmn, p, \, A, L, and M.

2
][ |V(Dv)*dz < ¢ dr + 0**| , (4.1)
B, /2(x0)

Proof. We assume xy = 0 and choose g < r < s < p. Let n denote a smooth

cut-off function with 1, <7 < 1p,, |Vn| < 22 on B,. We set
¢o:=nv, and ¢ :=(1—-n)v.
Then, we have ¢ € Wol’p(Bs;IRN), ¢ =wv on B,, and
Du—&¢=Dv=D¢p+ Dy on B,.
Moreover, by the product rule we find

v
|Dy| < IDv|+2’$_r’ (4.2)

on B,. Introducing the abbreviation R := B, \ B, we obtain by (2.1), Lemma 4.2,
(1.4), and elementary integration

1 1
8*1’A/B |V(D¢)|2dx§/35/0 /0 D?f(-,u, &+ stD¢)dstdt(D¢, Do) dx

s

=/ [F(- €+ D) — f(- u,€) — Df(-,u,€) - D] da

s

f(;u, Du— D) = f(-,u, Du)] dx
R

[
+/ [,f(,U,DU)—f(,U—¢,DU—D¢)]dz

+/ [f(au_¢a§+Dw)_f(7u_¢a§)}dm

=
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o),

+

[f(u—0,8) = f(-,u,6)] da
B [Df(x07<7€)7Df(7u7£)]qu)dl‘
= (1) + (L) + (II1) + (IV) + (V).

Furthermore, integrating again we have
1
(I)+(III):/R/O [Df(~,u,£)—Df(-m,Du—tD@b)]dt'Dwdx
1
i [ [ DS u0.64100) = DFCu - 6.6)] it Do
RJo

+/ [DF(-yu—6,6)— Df(- w,E)] - Dipde
R
= (I')+(III")+ (VI).

In the following we will provide estimates for (I'), (II), (III"), (IV), (V), and
(VI). Note that the apportionment into these terms is crucial for our method.
We start observing that we have (I7) < 0 by the minimality of u. Next we will
estimate (I'). Applying (1.3), |§] < M + 1, and (4.2) we get

1 1
(I’)z—// / D*f(-,u,& + s(Dv — tDi)) ds dt(Dv — t D1, D) dz
RJO 0
1
SA//(1—|—|£|+|Dv—tDw|)”_2\Dv—tDz/J|dt|Dw|dx
RJO
<c [ (14 1Dol + |DulP-2(Do] + DY) da
R

v p=2 v 2
gc/ (1+|Dv|+‘> (Dv|+’> dx .
R s—r s—r

Recalling (2.1) we easily deduce
2
(' < c/ dx .
R
The term (I1I') can be treated similarly and we arrive at
2
1 dz .
(vy<t [ arlgheehds<e [ o do.

B, B,

IV (Dv)|? + ‘V (S - r>

(I') + (IIT) < ¢ /

R

V(Do) + ‘V ( Y )

sS—T

Next, we deal with (IV). By (1.8) and [¢{] < M + 1 we find
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Moreover, by Young’s inequality we have |v|7 < o7 2|v|? + 02-7. Hence, we arrive
at

(Iv) < c/ [Q_Q\U\Z + Q%} dx .
BQ

We proceed treating (V). Here, in addition to (1.7), |{] < M + 1, and |u — (] <
c(o + |v]), we use Young’s inequality twice.

V)<L / (14 1€)P walo + lu - C)|De| da

s

1
78_’“)\/ |Dog|? dw—i—c/ (0% + |v[*] dx
2 B. B

e

AN

1
58_”)\/ |Dg? daz—i—c/ {92ﬂ+g_2|v|2+g%} dx .
B

B,

IN

Finally, estimate (V1) similarly. Recalling (4.2) we deduce
VD <L [ @+l wp(iehIDvl dr

<c [/ | Dap|? da —|—/ |v|?? dx
R B,
v |? 28
<c / | Dv|? + ’ dm—l—/ {Q_2|’U|2 + QW} dx | .
R §—T B

Keeping in mind s —r < p < 1 and o < min{f3, %, ﬁ} we collect our estimates
for (I'), (IT), (ITI"), (IV), (V), and (VI), and absorb 58P\ [, [D¢|*dx on the
left-hand side. Thus, we arrive at
V()
s—r

/R |V(Dv)|? da + /B

where Ci(n,p,\,A, L, M) > 0 denotes a fixed constant. Next, we replace the
integral on the left-hand side by [, |V(Dv)[*dz and use Widman’s hole filling

trick: Adding C1 fBr |V (Dv)|? dz on both sides and dividing by 1+C; we see:

C v
2 < 1 v 2 Vv
/ V(Dv)Fde < 37 /BS| (Do) dx+/BQ (s—r)

< 1 by the iteration lemma [23,

2

/ V(Do) dr < Oy
B

diL’ 4 Qn+20¢‘|

o

2
d.’E + Qn+2a .

Now, recalling Remark 2.1 and exploiting ¥ = 1fé‘1

Le] a 6.| we fllld
/B <Z >

which proves the claim. O

/ V(Dv)[2dz < ¢
B@/2

2
dx + QnHa]

e
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5. Approximate A-harmonicity

We will assume from now on that

v? s concave. (5.1)

Lemma 5.1 (Approximate A-harmonicity). We assume (1.2), (1.3), (1.5), (1.7),
(1.8), and (5.1) with p > 2. Furthermore, we consider a ball B,(xo) C Q with
0 < o <1, a minimizer u € WHP(B,(z0); RY) of F on By(zo) and a bound
M > 0. Then, for all { € RN and all £ € RN™ with |¢| < M we have

|][ D2 f(20,C.€)(Do, D) da
BQ(ZO)

2
dx + o

<c sup |Dy|

B.Q(m())

\/$y(¢)+q>+][

B,

for all o € W;°°(B,(x0); RN), where we have abbreviated v(z) := u(x) — ¢ — £,
o= f, (m0)|V(Dv)|2dx, and « is given by (1.9). Here, ¢ depends only on p, A,
L, and M.

Proof. We assume z¢ = 0 and supp_ |[Dp| = 1. Then, we have supp_ [¢| < ¢ and
for all 0 < 0 <1 we get from the minimizing property of u, (1.7), and (1.8)

0< l][ [f(.’%Du_gD(p)—f(-,u,Du)} dx
g Bg

—|—l][ [f(-,u—aap,Du—aDgo)—f(-,u,Du—aDap)] dx
ag BQ

o ¥
§—][ ][Df(~,u,Du—tha)dt-Dgodac—Fc@][ (14 |Du|)? dx
B, 0 o J B,
7 ¥
:—][ Df(a:o,C,Du—tho)dt'Dtpdx—|—C(Ui][ (14 |Dul|)? dz
B,/) 0 o B,

+][ ][U[Df(xo,C,Du—tDap) —Df(-,u,Du—tDcp)] dt- Dy dx
ByJ 0

7 ¥
§—][ ][Df(xo,C,Du—tho)dthpdx—l—cﬂ][ (1+ |Dul)? dz
B, 0 o J B,
dof (1 |Duy wslec+lu - () da.

e
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Adding fB D?f(x0,¢,€)(Dv, Dp) dx on both sides of the previous inequality we
arrive at

][ | D*f(an..9)(Dv. D) da

S][ ][U |:D2f(.’lf()7 <7§)(DUJ DSO) - Df(fEO, C, Du — tDQD) . DQO:I dt dx
By/J 0

(00)”

#e TP, QDU drbef (DU e = (s
B

e e

= (1) + (II) + (II1).

Since
1
][ /D2f(x0,§,§+st)ds(Dv,Dcp)dm:][ Df(xo,¢, Du) - Dpdx
B, Jo B,

holds by integration we can rewrite (I) as follows:
1
() =F [ 100,69~ D (w0, & + sDv)] ds (Dv, Dip)da
B, Jo

+][ ][U[Df(xo,gDu)—Df(aco,QDu—tho)] dt- Dy dzx .
By’ 0
= (I")y+ (I").

Recalling that v is non-decreasing and bounded by 2A we obtain by (1.5) and
€l <M

() <cf @+ Dol u(|Dof)|Delde

B,

§c][ |Dv|u(\Dv|2)dx+][ |Dv|P dz| .
BQ BQ

Here, the last inequality has been obtained estimating the integrand separately
in the cases |Dv| < 1 and |Dv| > 1. Now using (5.1) and the inequalities of
Cauchy—Schwarz and Jensen we find

(I' < ¢ [\/q?y(@ + @} .

Keeping in mind o < 1, |Dy| < 1, and |Du| < |Dv| + M we get by integration
and (1.3)

o 1
(I”):][B ][0/0 D?f(z0,¢, Du — stDy) dst dt(Dy, Do) dx

< Aa][ (1+ |Du| + o|Dy|)P~2 dz < 00][ (1+|Dv?) dz.
B

e e
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Using 0 < 1 again we have proved
(I") < clo + @].
At this stage we fix o := gﬁ. Note that this choice means that the expressions

o and 1(00)?, occurring in (I”) and (II) respectively, coincide. Recalling |Du| <
|Dv| + M and ¢ <1 we find

(II) < cgﬁ][ (I1+|Dv|P)dx < ¢ {Qﬁ —I—CIJ} .
BQ

Moreover, noting |u — (| < |v] + M and wg < 1 we can control (I1I) similarly.

() <ef (14 |DolPunto+ ol + Mo)de
BQ

< c][ [wg(o+ |v| + Mo) + |Dv|?] da .
BQ

Invoking Young’s inequality we have

28

2-3

wa(o+ v+ Mp) < c[o” + |v°] <c[d’ + 0

and we end with

4 Q_2|U‘2]

(II1) < ¢

& +][ o2 dz + ®

e

Collecting the estimates for (I’), (I""), (II), and (I1I) we find an upper bound for
fB D2 f(x0,¢,€)(Dv, Dp)dx. A lower bound can be established analogously and

we arrive at the claim. O

6. Excess estimates

In this section we will always assume that the hypotheses (1.2)—(1.8), and (5.1)
are valid with p > 2 and that « is given by (1.9). Moreover, we will assume that
u € WHP(B,y(x0); RY) is a minimizer of F on B,(z0), where B,(z¢) is a ball in
with 0 < o < 1.

We introduce the excess

B (0, 0) = ][B VDU (D )P e

To simplify our notation we will write ®(p) for ®(0, p). In the next lemma we state
two elementary properties of ®.

Lemma 6.1. For all £ € RN™ and all 0 < r < o we have

(0, 0) <"J[B< WDu—) az, (6.1)

D(x, 1) < c(%)n@(aﬁo,g), (6.2)

where ¢ depends only on p.
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Proof. We assume xo = 0. It is not difficult to prove f, [Du — (Du),|* dz <
f5 [Du — ¢ dx and fBQ\Du — (Du),|P dz < chQ|Du —¢[Pdz. In view of Re-
mark 2.1 this implies (6.1). (6.2) follows easily from (6.1). O

In the remainder of this section we adapt essentially the arguments of [5,6,8,
9]. We will use Lemma 4.3 and Lemma 5.1 to derive decay estimates for the excess
of the minimizer.

Lemma 6.2. For every M > 0 and o < k < 1 there are constants 0 < 6 < 1 and
0 < egg <1 such that the smallness conditions

0+ D(z0,0) <eo and |(Du)g,ol <M (6.3)

imply

D (9, 00) < 02 ®(z0, 0) + C20** .
Here, Co(n, N,p,\, A, L, M, k) > 0 is a fixzed constant and the dependences of 0
and gy are given by O(n, N,p, \, A, L, M, k) and eo(n, N,p, \, A, L, M, v, K, V).

Proof. We assume g = 0 and ®(p) # 0. Setting ¢ := u,, & := (Du),, v(x) =
u(x) — ¢ — &x, our goal is to apply the A-harmonic approximation lemma with
A= D?f(0,¢,£). We note that |¢] < M holds by (6.3) and that A satisfies (3.1)
and (3.2) with (1 + M)P~2A instead of A. From Lemma 5.1 we have
2

dx + 0%

<c =

() v(2(0)) + B(o) + ]l

][ A(Dv, D) dx
B

e

sup | Dy
B, B,

for all ¢ € Wol’OO(BQ; RY). By Poincaré’s inequality we infer

][ A(Dv, D) dx
B

e

< Cj [ ®(0) v(®(0)) + (o) + 9‘*} sup | Dl

where C3(n,p, A, L, M) > 0 is a fixed constant. For an ¢ > 0 to be fixed later
we denote by § > 0 the corresponding constant from Lemma 3.1. Setting s :=
V(o) + %ga this estimate can be rewritten as

][ A(Dv, D) dx
B

e

1
<5 {03 (V(‘I’(Q)) + \/‘I’(Q)) + 25} sup | Deg|
Imposing the smallness assumption

Cs (v(®(0) + VB(0)) <

5 (6.4)

N | =

we end with

][ A(Dv, Dy) dz
B

e

< sdsup |Dy|
BQ

for all ¢ € Wy (B,; RY). In addition, our choice of s implies f , |V(Dv)|?dz <
s2. Thus, imposing the smallness assumption
s<1 (6.5)
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we can apply Lemma 3.1 to deduce the existence of an A-harmonic function A on
B, with

sup |Dh| + o sup |D?*h| < Cy,

B2 B2

where Cy(n, N,p, \, A, M) > 0 is a fixed constant, and

][ V<v—sh> 2
B,/s 0

dz < s’c.
Now we consider 0 < 6 < i to be fixed later. Taylor expansion leads to the estimate

sup |h(z) — h(0) — Dh(0)z| < ch%p

€ B2g,

and we find

][ v(x) — sh(0) — sDh(0)z|" dr
Base 200
—sh|? h(z) — h(0) — Dh(0)x |?
<c 9_”_p][ YT drts? sup (z) ©) (0)z
Bg/z 0 € Bag, 299
< c[fT"Ps%e 4 0P P
Setting € := "F2%P and recalling # < 1,5 < 1 we arrive at
_ _ P
][ v(x) — sh(0) — sDh(0)x dr < %52 .
Baoe 200

Recalling v(z) = u(x) — ¢ — &z and setting ¢ := ¢ + sh(0) and € := & + sDh(0) the
preceeding inequality reads
- - p

][ M dr < 0252 .
B?@g N

Arguing in completely the same way with the exponent 2 instead of p we find
-2

][ M dr < 6252 .
Bag,

Taking into account Remark 2.1 the last two estimates give

u(z)— & —éx\|”
][ngg V< 200 )

Our next aim is to apply Lemma 4.3. To this aim we first note

€ — €| < s|Dh(0)] < sC.

dr < ch*s%. (6.6)

Thus, imposing the smallness assumption

804 S 1 (67)
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we have \5 | < M + 1. Now we are ready for the application of Lemma 4.3: Com-
bining (4.1) and (6.6) we get

][ V(Du— )2 de < ¢ [625* + (200)%°] .
By,

By (6.1) this implies
®(hp) < 0[9252 + (29@)%]
and recalling the definition of s and 20 < 1 we infer
®(0o) < C5[0°®(0) + (672 +1)0*]

where Cs(n, N,p,\, A, L, M) > 0 is a fixed constant. Now we fix the quantities
involved in the statement of the lemma: First we choose 0 < 0 < i such that
C50? < 62 holds. This fixes € and §. Next we choose ¢y such that the smallness
assumptions (6.4), (6.5), and (6.7) follow from the first part of (6.3). Thus, the
lemma is proved with Co = C5(572 + 1). O

Lemma 6.3. For every M >0 and o < k < 1 there is a constant 0 < 1 < 1 with
the following property: Whenever the smallness conditions

0+ ®(z0,0) <e1 and  [(Du)gy,of < (6.8)

M
2
hold, then we have

forall 0<r<op.

P(zo,7) <c [<;>2K ®(x0, 0) + 1

Here, ¢ depends only onn, N, p, \, A\, L, M, a, and k, and g, depends additionally
on v.

Proof. We assume zo = 0. Denoting by 6 and ¢y the constants from Lemma 6.2
we impose the smallness condition

0+ Cs0® +®(0) <o, (6.9)

where we have set Cg := ozfﬁ > 0. Now we will prove the following statements
by induction over j € INU {0}:

(67 0) < 0> P () + C(670)*, (6.10)
070+ ®(070) < eq, (6.11)
[(Du)gi,o| < M. (6.12)

For j = 0 these assertions follow immediately from our assumptions and (6.9).
Next we will show for all | € INU {0} that if (6.10), (6.11), (6.12) hold for all
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7 €40,1,2,...,1}, then they hold also for j = [+ 1. To prove this we may apply
Lemma 6.2 on the balls By;, for all j € {0,1,2,...,1} getting

!
(I)(GlJrlQ) < 02/{(l+1)¢(g) + 02 Z 02nj(9l7jg)2oz
§=0
!
_ 92&(1—&—1)@(9) + 029—2a Z 92(m—a)j (9l+lg)2a ;
j=0
& I+1

g O
Hence, we have proved (6.10) for j = [ + 1. Taking into account (6.9) we immedi-
ately deduce (6.11) for j = [+1 from (6.10) for j = [+ 1. It remains to treat (6.12).
Using (6.10) for all j € {0,1,2,...,1} we calculate

< 92&([-&—1)@(9) +

|(Du)git1, — (Du) |<Z][ |Du — (Du)gs | da

91+1

l
<O7EY VO(0I0)

j=0
2 (0 + G g
S o Y 61 _pa?
Thus, recalling (6.8) and imposing the smallness condition
-z 9** M
C6 0 - (6.13)

we have shown (6.12) with j =14 1. The induction is complete.
Next, we consider an arbitrary radius 0 < 7 < p. Then we have 07t1p < r <
67 o for some j € INU {0} and we get from (6.2) and (6.10)

D(r) < (07 0)

< Z[6°99(0) + (67 0)>]

< C
- gn+2n

2K
C r 20
< gn+2k [<9) (I)(Q) +r

Finally, choosing e small enough that (6.9) and (6.13) follow from the first part
of (6.8), the proof of the lemma is complete. O

[(077)2%®(0) + (671 0)*]
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7. Proof of Theorem 1.1

We start noting that (5.1) is not restrictive; see for instance [23, p. 278]. Next, we
define Q) to be the set of all points x € ) with

liminf][ |Du — (Du)y,0/Pdr =0 and limsup|(Du)y,| < co.
oNO0 S By (a) NG

Then, since almost all points in  are Lebesgue points of Du we have |\ Qg| = 0.
Now fix an zg € €y and set

M =1+ 2limsup |(Dw)z,,ol -
oNO

It follows from the definition of €2y, Remark 2.1, and Holder’s inequality that we
have

lim inf & =0.
im in (z0,0) =0

Hence, there is a g > 0 such that we have Ba,, (o) C Q, 0o + ®(x0, 00) < €1, and

|(Dt) g, 00| < % that is (6.8) holds on B,, (). By a continuity argument there is
even a 0 < R < £ such that (6.8) holds on B,,(z) for every « € Bg(zo). Thus,

we may apply Lemma 6.3 with x := 1+70‘ on all these balls getting

14+«
O(z,r) <c K ! ) ®(z,00)+r**| forall x€Bp(rg) andall 0<r<gp.

00

Clearly, this implies

0
for all = € Br(zp) andall 0<r<2R,

11—«
r*2a][ |Du — (Du)wﬁ|2 dr <c [Rl_msl + 1]
B, (z) 0

where €1 denotes the constant from Lemma 6.3. By Campanato’s integral char-
acterization of Hélder continuity we deduce u € C1®(Bg(zo); RY). In particular,
this gives Br(xg) C Qg. Thus, g is open and we have u € Cl’a(Qo; RM). O

loc

Remark 7.1. Decreasing R if necessary we may assume that R'~% < Q(1)+°‘ holds.
Then, the Holder constant of Du on Br(zp) can be bounded by the expression
cle1 + 1], which depends only on n, N, p, \, A, L, M, a, and v. Note that this
expression depends on xy through M.

Appendix A. Proof of Lemma 1.3

We fix arbitrary z1, 22 € Q, y1,y2 € RV, and z € RY™. Moreover, we consider a
¢ in RV™ with
HESSRER (A1)
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Then by elementary integration we have

f(xlaylaz+€) _f(xlaylaz) _Df(xhylaz)'g

1l
:/ / D?f(xzy,y1, 2 + sté) dstdt(€,€) = R(x1,y1,2,€).
0o Jo

Clearly, the same equality holds with 7 and y; replaced by x5 and y,. Using both
these equations we find

[Df(xhyhz) - Df(x27y272)] g = [f(x1,y1,z+€) - f(w%y%z'i_g)]
f(@2,92,2) — f(iﬂhyhz)]

R(x2,y2,2,€) — R(x1,y1,2,§)]
= (I)+ (II)+ (III).
Now, from (1.10) and (A.1) we have
(1) + (I1) < (1 + [2])Pwr (|21 — w2 + [y1 — y2l)
and from (1.3) and (A.1) we deduce the estimate
(I11) < c(1+ |2| + [€)~2(&]>.
Collecting the estimates we get
[Df(z1,y1,2) — Df(x2,92,2)] - &

<e(l+ |2)Pwr(Jor — ol + |1 — v2l) + (14 [2))P2E° . (A2)

Finally, we fix £ € RV™ such that we have
€l = (L + [z Vwr(ler — 2] +y1 — w2l) |
[Df(x1,51,2) — Df(x2,y2,2)] - € = [Df (21,51, 2) — Df (22,42, 2)| €]

In particular, recalling w, < 1 we note that this choice of £ is compatible with (A.1).
Now (A.2) reads

IDf(x1,91,2) = Df (2,2, 2)] < e(1+[2))" Vewr (21 — xa] + |y1 — 2l) -
Clearly, we have \/w, = wz. Thus, we have proved (1.7) with 8 = 7. O
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