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to Rate-Independent Processes
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Abstract. Energetic solutions to rate-independent processes are usually con-
structed via time-incremental minimization problems. In this work we show
that all energetic solutions can be approximated by such incremental problems
if we allow for approximate minimizers, where the error in minimization has
to be of the order of the time step. Moreover, we study sequences of problems
where the energy functionals have a I'-limit.
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1. Introduction

The concept of energetic solutions to rate-independent processes was introduced
in [22,23] and further developed for example in [12,16]; a recent survey is [19].
They allow for a mathematical treatment of a variety of evolution problems in
the material sciences, for example in elastoplasticity [5,14, 28], phase transitions
in shape-memory alloys [1,2,15,25] and crack formation in brittle materials [9,11].
Optimal control problems based on energetic solutions are investigated in [29].

Recently, in [24] sequences of such problems have been studied in the frame-
work of I'-convergence and conditions were derived that guarantee that solutions
of the problems in the sequence admit a limit point solving the limit problem.
Here we go the opposite direction and show that every solution to the limit prob-
lem originates from time-discrete solutions to the approximate problems. This
shows that the limit problem can be used effectively in the study of sequences of
rate-independent problems. Roughly speaking, the theory in [24] states that the
solution set is upper semi-continuous in the I'-limit, whereas here we study the
lower semi-continuity.
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We now describe the general framework in order to introduce the main ideas.
Precise technical assumptions are postponed until Sections 2 and 4.

Let the state space Q of the system be the product of two Hausdorff topo-
logical spaces F and Z. As we will deal with sequences rather than with general
topology tools, all topological notions are to be understood in a sequential sense.
For example, compactness always means sequential compactness. Here F corre-
sponds to the elastic (or, more generally, non-dissipative) and Z to the internal
(or dissipative) variables. This splitting is typical in continuum mechanics with
dissipation, see [10, 13,14, 32]. The system itself is modeled by two functionals:
an energy-storage functional € : [0,T] x Q — Ry := RU {+oc0} and a dissi-
pation distance D : Z x Z — [0,00]. The triple (Q,&,D) is called an energetic
rate-independent system.

The energy £ models the elastic or non-dissipative part of the problem and
depends on the process time via a time-dependent loading. The value D(zg, 1)
denotes the minimal dissipated energy when the state is changed from zg € Z to
z1 € Z. Because of this physical interpretation, we require the triangle inequality
and the positivity D(z1,22) = 0 if and only if 21 = 25. However, we do not
require D to be symmetric as the physical dissipation might not have this property,
e.g. in elastoplasticity [14], in crack formation in brittle materials [9, 11], or in
damage [3,10]. Although D acts only on the dissipative part Z of the underlying
state space Q, for ¢1 = (¢1,21) and g2 = (¢, 22) we also write D(q1, ¢2) when in
fact we mean D(z1, 22).

For a process z : [0,7] — Z (only in the dissipation part of the state space)
and s,t € [0,T], define the total dissipation Dissp(z;][s,t]) of z in the subinterval
[s,t] to be the total variation of z with respect to the quasimetric D, i.e.

N
Dissp(z; [s,t]) := sup ZD(Z(Tj,l),z(Tj)) P s=1<---<Ttv=tNeN
j=1

Again, for a process ¢ : [0,T] — F x Z = Q with ¢(t) = (¢(t), 2(t)), we also write
Dissp(g; [s,t]) when we really mean Dissp(z; [s, t]).

An energetic solution to the evolution system associated with £ and D is
a process ¢ : [0,T] — Q that satisfies the stability condition (S) and the energy
balance (E) for all t € [0,T7:

(i) &(t,q(t)) < E(t,q) +D(q(t),q) forall GeQ (S)

(i) &(t,q(t)) + Dissp (¢;[0,1]) = £(0,¢(0)) —|—/0 XKE(t,q(7)) dr (E)

In this case, we also say that ¢ is a solution of the energetic rate-independent
system (9, &, D).
The so-called stable sets

S(t) = {q €9 : &(t,q) <ooand E(t,q) < E(t,4) +D(q,q) for all § € Q}
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play a vital role in the theory and allow condition (S) to be rephrased into
q(t) € S(t) forall tel0,T]. (S)

Additionally to (S) & (E), we prescribe a stable initial value ¢(0) = go € S(0).

In the case that Q is a Banach space, £ is convex and differentiable, and D
is given through D(z1, 22) = R(z2 — z1) with a convex, 1-homogeneous potential
R : Z — [0,00], this notion is equivalent to the doubly-nonlinear differential
inclusion (cf. [6])

0 € OR(4(t)) + DE(t, q(t)) in QF (SF)
and the variational inequality
(DE(t,q(t)),v—q(t)) + R(v) = R(4(t)) =0 forall veQ, (VI)

cf. [19,23]. In this setting, the notion of rate-independence manifests itself through
the 1-homogeneity of R. In contrast to (SF) and (VI), however, the energetic
formulation (S) & (E) is derivative-free and no linear structure of Q needs to be
assumed. This allows for the treatment of more general problems in continuum
mechanics, cf. Section 7 of [19] for a survey.

In the main existence proof of the theory one constructs approximate solu-
tions using a time-incremental problem. For this, let IT = (0,t1,...,txy—1,T) be a
partition of the interval [0, 7] and consider:

{ For j =1,..., N, inductively find ¢; € Q such that

' . . (Ip')
qj € Argmin { £(t;,q) + D(gj-1.4) : € Q}.

The existence result is then obtained by constructing limits of the discrete solutions
(¢})j=o....n, of (IPM") where IT,, = (t},¢7,...,t} ) is a sequence of partitions
whose fineness
I o= max  (t —ti o).

tends to 0 as n — oo. Then, with the help of a generalized Helly’s selection prin-
ciple, we obtain a subsequence converging pointwise to a limit and this limit is
shown to be a solution, cf. [19] for a full exposition. One can now pose the ques-
tion whether every solution of (S) & (E) can be obtained in such a way. This,
unfortunately, is not true in general (see Counterexample 2.4). For many pur-
poses, however, it suffices to show that we can find a solution to an e-approximate
incremental problem for e > 0 and suitable partitions IT = (0,¢q,...,ty-1,T) of
[0,T7:
For j =1,..., N, inductively find ¢; € Q such that
| : oo (ATPE)

qj € Argmin_ { £(t;,4) + D(gj—1,4) : € Q},

where we employed the set of e-minimizers, € > 0, which, for a functional F' :
X — R, is defined as

Argmin,_ (F) = Argmin_ { F(z) : 2 € X }:={2z€X : F(z)<infx F+e}.
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In Section 2, we will show the reverse approxzimability of all solutions to (S) &
(E) by discrete solutions to (AIP) with e = cg ||II||, where cg is the reverse
approximation constant.

Afterwards, we investigate reverse approximability for sequences of problems.
These are given through sequences of energy functionals (Ex)x and dissipation
distances (Dy)g. For the kth problem, k& € Noo = N U {oo}, we denote by (Sg)
and (Ej) the solution conditions corresponding to (S) and (E), respectively. To
treat such sequences of problems, approximate incremental problems for sequences
are employed, cf. [24]: Let IT = (0,¢1,...,tx—1,T) be a partition of the interval
[0,T], let € > 0, and consider:

For j =1,..., N, inductively find ¢; € Q such that
. ) o (ATP},)
g; € Argmin, {gk(tj,q) +Di(gj-1,4) = G€ Q} . ’

Obviously, this problem always has a solution. In Section 4 of [24] it is shown
that subsequences of solutions to (AIPEVE) converge (in a certain sense) to a solu-
tion of (Soo) & (Ewxo). As for single problems, one can be interested in the reverse
question: To a given solution to (Se) & (Ex) can one find solutions to the corre-
sponding approximate incremental problems (AIP};{E)? This question is answered
positively in Section 4.

In other words, [24] shows that the limes superior (here in the topological
or Painlevé—Kuratowski sense with respect to pointwise convergence in Q) of (in-
terpolants of) the time-discrete solutions for the kth functionals & and Dy on
increasingly finer partitions is contained in the set of time-continuous solutions to
the limit problem associated with £, and D,,. We here show that also a reverse
inclusion holds (with slightly different choices of the partition fineness).

In Section 4 we also show that one cannot expect to find time-continuous
solutions to (Sg) & (Ej), which approximate a solution to (Sx) & (Eoo)-

Section 5 provides a more quantitative approach by assuming that everything
is defined in Banach spaces and that the I'-convergence is more explicit. In partic-
ular, we discuss a kind of backward error analysis for space-time discretizations for
a phase transformation model that could be easily be generalized to elastoplastic-
ity as discussed in [14]. Finally, Section 6 discusses the relations to regularization
and relaxation.

The forthcoming work [30] will apply the results presented in this paper to
approximation schemes for optimal control problems involving rate-independent
systems.

2. Approximation for single problems

In this section, the approximability of solutions to (S) & (E) by discrete solutions
to (AIPL) is investigated.
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On & and D consider the following standard assumptions, cf. [19] for an
explanation of their physical relevance:

Control of the power O.€:
There exist ¢ € R,cF > 0 such that:
If g € Q satisfies (s, q) < oo for some s € [0,T], then (2.E)
(i) &(,q) € CH([0,T]) and
|0:E(tq)| < cf (E(t,q) + i) forall te0,T].

Quasimetric:
For all z1, 29,23 € Z :
. . . . (2.D)
(i) D(z1,22) =0if and only if z1 = 2z (positivity) and
(ii) D(z1,23) < D(z1,22) + D(z2, 23) (triangle inequality).
By the Gronwall lemma, (2.E) immediately implies
Etiq) +cf < (E(s,q) + cgj)ecf“*s' forall t,s€0,7],q€ Q. (2.1)

Applying this estimate on (2.E), we get
10:£(t.q)| < cf (E(s,q) + c{?)ecf‘H‘ forall t,s€[0,7], ¢q€Q. (2.2)

Hence, for an energetic solution ¢ : [0,7] — Q and for all ¢ € [0,T], we have
the a-priori estimates

S(t q(t)) + (I)E < (5(0 q(O)) +c§)eclEt, (2.3)
0.6 (t,a(0) | < e (€(0,9(0)) + ), (2.4)
Dissp (q;[0,t]) < (£(0,¢(0)) + ¢ )e° vt (2.5)

cf. Section 3.1 in [19].

Throughout this section, we silently assume (2.E) and (2.D) to hold. Note
that while here we only require these two conditions, for the existence of a solution
all results known so far need additional assumptions, cf. [19,23].

We commence with a lemma which allows us to estimate the energy of ap-
proximate minimizers.

Lemma 2.1. Let q : [0,T] — Q be a solution of (S) & (E) with initial value
g0 = q(0) € §(0) and let I = (0,t1,...,tn—1,T) be a partition of the interval
[0,T]. Let
g ==q(t;) for j=1,...,N—1.

Then, for all § > 0 there exists M = M(qo,0) € R such that for all j =1,...,N
and

q; € Argming { £(t;,4) +D(gj-1,9) : € Q},
it holds that E(s,q;) < M for all s € [0,T]. Further, M(qo,0) can be chosen
increasing in 9.
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Proof. First, we use the §-minimality of q; to derive

E(tj,q;) +D(gj-1,4;) < E(tj,q5-1) + D(gj-1,¢5-1) +9
tj
=E&E(tj—1,q5-1) + 0:&(T,qj—1) dT + 6, (2.6)

i1
where we exploited D(g;j—1,¢;—1) = 0. We can now use the growth estimate (2.2)
to deduce

tj tj
/ 0E(T,qj—1) dr < / 0{3 (E(tj_l, gj—1)+ cg)ecf(T*tffl) dr

ti—1 ti—1
= (E(tj—1,qj1) + F) (eT Wit 1), (2.7)

The a-priori bound (2.3) on the energy of the continuous solution provides the
necessary information to estimate the term £(¢;_1,¢;j—1). Indeed,

B, oF
E(tj_l,qj_l) + COE < (5(0,(]0) + Céj)ecl tj—1 < (S(O,qo) + COE)e i

where L = L(qo, cOE ,c{f ) only depends on g, c(]}J, and cf . We combine this with
the previous estimates (2.6), (2.7) to get

E(ty,q;) < E(ty,q5) +D(gj-1,4;)
<E(tj-1,q5-1) + (EMj—1,q5-1) + CoE)(ecf(tftjfl) —1)+94
<L+ L(e"T —1) 46 =: Ly = Li(q0,6).

Using (2.1) with s = t;, the result follows with M = (L1(qo,9) + cgj)ec{ET —ck.
The monotonicity claim is clear. 0

We are now in a position to prove that every solution of (S) & (E) gives rise
to a solution of (AIPL).
Theorem 2.2. Let q : [0,T] — Q be a solution of (S) & (E) with initial value
g0 = q(0) € S(0). Then, there exists a constant cg = cr(qo) > 0 such that for
any partition I = (0,t1,...,ty—1,T) of the interval [0,T], the values q; == q(t;),
j=1,...,N, solve (AIP') with ¢ = cg ||I1||, i.e.

q; € Argmin, iy { £(t5,4) +D(gj-1,q) : G€Q} for j=1,...,N.
The quantity cg = cr(qo) is called the reverse approximation constant of the
problem.

Proof. The energy balance (E) implies

t]
g(tj, qj) + Dissp (q; [tj_l,tj]) = S(tj_l,qj_l) + / 8,55(7', q(T)) dr.
tj71
The stability ¢;—1 € S(tj—1) gives E(tj_1,qj—1) < E(tj—1,q) + D(g;j—1,q) for all
¢ € Q. Together with D(g;_1,¢q;) < Dissp(q; [tj—1,t;]) this gives
tj
E(tj, ;) + D(gj-1,4) < E(tj-1,9) + D(gj-1, ) + [ 0&(mrq(r)) dr,  (2.8)

tji—1
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and we continue by estimating the integral term using the growth estimate (2.4)
to find

t; t; .
/ atg(T, q(T)) dr < / c{E (5(0, qo) + cOE)ecl T dr

tj71 tj71

< (€O, @) + )t Tt — ). (29)
Assuming E(t;_1,§) < oo, the quantity £(¢;_1,§) can be estimated using (2.2):
tj
g(tjflvq) = g(tjv qA) - atg(Tv qA) dr
tj71
tj
< &(t5,9) +/ F(£(0,§) + cF)eT dr. (2.10)
tj71

Now choose ¢ := ¢; with ¢j € Argming {S(tj7(j) +D(gj-1,4) : G€ Q} for some
0 <6 <min{1, |II[|}. Such a ¢} always exists, and £(s,q}) < oo for all s € [0,T].
By Lemma 2.1, we can bound £(0,¢;) in (2.10) by a constant M = M(qo,d) <
M (qo,1) =: M7 (note the monotonicity of M in §), which does not depend on II
(or any other quantities except go). This gives

Etj1,q)) < Ety,q}) + el (My + cf)eT T (t — 1;1) . (2.11)
Plugging (2.9) and (2.11) into (2.8), we see
E(ty,q5) + D(gj-1,45) < E(tj,q;) + D(gj-1,4;)
+ P (£(0, g0) + My + 2¢5)ect T 0|
<inf {E(tj,4) + D(gj-1.4) : G Q}+d+c|I],
<inf{&(t;,q) + D(gj-1.4) : §€ Q} +cr |1

where we have set ¢ := c¢F(£(0, qo) + My + QCg)eCFT and cg := 1+ ¢. As M; only
depends on ¢, so does cgr, and the proof is complete. O

Remark 2.3. The proof also shows that one may replace [|II|| by At; :==1t; — ;4
in the expression for g;.

We close this section with an example showing that one cannot expect ap-
proximability by (IP!) instead of (AIPL).

Counterezample 2.4. On the space @ = [—1,1] and in the time interval [0,7] =
[0, 1], we consider the potential
t

Et.q)=[1+q)(1-q) + g
together with the dissipation distance D(u,v) := |v —ul. It is easily seen that
this potential fulfills all the requirements of the theory on the compact interval
[—1,1]. The functional £(t,.) has precisely two (strict) local minima, one at —1
and the other at +1. There, £ takes the values (¢, —1) = —t/2 and (¢, +1) = t/2,
respectively. The graph of £(¢,.) lies above the supporting hyperplane through the
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points (—1,&(t,—1)) = (=1, —t/2) and (+1,&(t, +1)) = (+1,¢/2); this hyperplane
is represented by the linear map g — tq/2.
At t =0, the set of stable states S(0) contains 0, because

£(0,9) +D(0,q) =1—¢*+ || > 1 =£(0,0),

since ¢*> < |g| in [~1,1]. The following two processes are both solutions to the
energetic formulation (S) & (E) with initial value ¢o = 0 € S(0):

=10 if t=0, and qu(t) = 1 if t=0,
=T 21 i e 0,1] TN i e 0,1

We have —1,41 € §(¢) for all ¢ € [0, 1]. For —1 this is clear since —1 is the global
minimum for all ¢ > 0. For +1, the hyperplane ¢ — tq/2 supports the graph of
E(t,.). This hyperplane has at most slope 1/2; therefore, if we add the linear map
g — D(+1,q) = 1 — g (since ¢ € [—1,1]) to the graph, we still have a hyper-
plane with negative slope —1/2 supporting £(¢,.) + D(+1,.) and going through
(+1,&(t,+1)). Hence, also +1 € S(t). We have thus established the validity of (S)
for ¢_ and gy. Further, for ¢ € (0, 1], the energy balance (E) holds as well:

E(t,ax (1)) + Dissp (44:[0,4]) = E(¢, £1) + D(0, £1) = % +1

= 20w) + [ 0E(ras() a

since 0,E(7,qx (7)) = £1/2 for almost all 7 € [0,T]. For ¢ = 0, the energy balance
is trivial.

While both ¢_ and g solve (S) & (E), the incremental problem (IP') will
always select g_: In the first step, at time ¢; > 0, we seek the global minimizer of
E(t1,.) +D(0,.). But this global minimizer clearly is —1. So, the discrete solution
will jump to g1 = —1 and, because —1 € S(t) for all ¢, stay there forever. Passing
to the limit, we get the solution process g_ from above. The other solution ¢,
however, is not selected. This shows that not all solutions of (S) & (E) correspond
to discrete solutions if we only allow strict minimizers in the incremental problem.

Note that £(t,.) is the restriction of the double-well potential

t
(t,q) — |1—q||1+q|+§q

to the interval [—1,1]. We refrained from carrying out the example on a bigger
space for ease of notation only; everything works just the same for bigger intervals.

Hence, this example represents physically a phase-transition problem, where
the energies of the two phases change in the course of time due to a prescribed
loading (¢ — tq/2). Our results therefore reflect that while there might be a
“preferred” solution ¢_, another solution, namely g, can also occur if we allow
for small (in fact, arbitrarily small) perturbations. This is nothing else but the
instability of rate-independent evolution processes and seems to be well in line
with physical intuition.
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Remark 2.5. The last counterexample also shows that the error order e = O(||II]|)
is optimal: If the solution ¢, is to be selected, the discrete solution must jump from
0 to +1 at time ¢;. The difference between £(t1, —1) and £(t1,+1) is ¢1, hence the
error in the minimization of £(t1,.) + D(0,.) is t; = O(||II||) and nothing better
than linear order can be achieved.

In summary, the results of the this section suggest that (AIPL) is better
suited than (IPT) as a time discretization of (S) & (E). This holds especially in
numerical applications, cf. Section 5.

3. Sets of approximate minimizers and I'-convergence

In this section, we provide some auxiliary results on e-minimizers of I'-converging
functionals. This preliminary considerations will be needed in the following section.
The result is stated in a little more generality than what is needed subsequently
in order to clarify ideas and avoid too much notational clutter.

In the following, let X be a Hausdorff space and, just like in Section 2,
all topological notions are to be understood in a sequential sense. The functional
F : X — Ry is called the (sequential) I'-limit of the sequence (F}) of functionals
Fi : X — R, if it satisfies the following two conditions:

(i) For all x € X and all (x)g with 2, — x the lim inf-inequality holds:
Foo(z) < likm inf Fy(z)

(ii) For all = € X there exists a recovery sequence (Tx)g,

ie xp — x and Fo(x) = klim Fy(ag).

The (unique) I-limit of the sequence (Fy)y is denoted by Fi, = I-limy, Fj.

Here, only the sequential notion of I'-convergence is employed even though X
might not be first countable, in which case sequential and general topological
concepts differ. Still, in the calculus of variations it is often more convenient to
use sequences instead of neighborhoods and nets. For I'-convergence in general
topological spaces, see [§].

We also need the following notion of uniform coercivity: A family (Fj)x,
k € N, of functionals Fj, : X — R is called equi-mildly coercive if there exists a
compact set K C X with

infy F, = infg Fy, forall ke N. (3.1)

The first result of this section shows that e-minimizers of F,, can be approx-
imated arbitrarily well by (£ + §)-minimizers of the Fj, where § > 0.

Proposition 3.1. Let F, : X — Ry, k € N, be equi-mildly coercive functionals
and assume Fuoo = T-limy, Fy,. Then, for all e > 0 and x € Argmin_(F) and all
recovery sequences () for x (in particular x — x) and for every § > 0 it holds
that x), € Argmin_ 5(Fy) for all k > kg = ko(0) with ko(6) sufficiently large.
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Proof. From the convergence of infima with respect to I'-convergence for equi-
mildly coercive functionals [4,8], we know that infy Fio = limy_ inf v Fy. Hence,
for k sufficiently large, it holds that

0
|ian Foo — iIle Fk| S 5 .
Let now (2 )k be arecovery sequence at x, i.e. x, — = and Foo (z) =limg_ oo Fi(xk)

(because Fo, = I'-limy, F}, there exists at least one such sequence). This implies,
again for k big enough, that

|Fr (k) — Foo(2)] <

| >

Combining these two estimates with |F(z) — infy Fio| < € yields

|Fk(l‘k) — ian Fk‘ S |Fk($k)fFoo(£L')|+|Foo("13)7inf)( Fm|+|infx Foofinfx Fk|

<§+5+é—5+(5
_2 2_ )

ie. x € Argmin,, 5(Fy) for all k sufficiently large. O

Remark 3.2. An inspection of the proof reveals that if infy Fj, = infy F. for all
k € N, then we do not need the assumptions of equi-mild coerciveness as it is
only needed for convergence of infima. This equality of infima is indeed easy to
fulfill in the calculus of variations: We can always set F} := Fj + ¢, where ¢y, is
chosen precisely to ensure equality of infima. This translation does not change the
minimization problem associated with Fj, in particular Argmin Fj, = Argmin F}.

One could hope to avoid the usage of the sequence (xy) and conjecture that
an e-minimizer of F is also an ne-minimizer of F} for some n € N and for k
sufficiently large. Even if all the F}, are lower semicontinuous, however, this is not
the case as shown by the following counterexample.

Counterexample 3.3. Let X = [—1,1] and for k € N define

—1 if =1/k -1 if =0
Fr(z) == ' ac. /ks and Fi(z):= ' a:. ’
0 otherwise, 0 otherwise.

Clearly, F,, = I'-limy F} and all Fj, F,, are lower semicontinuous. However, for
any € € [0,1), the only e-minimizer is z = 0, but = 0 is no (¢+9)-minimizer of
any Fj as long as e + 9 < 1.

The next counterexample shows that in Proposition 3.1 we cannot replace
the T'-limit by the (sequential) T'-limes inferior T-lim infy, F}, of the sequence (Fy)g,
which is defined as the functional F} : X — R, with

F, = I-liminf, F}, := inf {liminf Fy(xg):zp — x} . (3.2)
k—oo
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Counterezample 3.4. Let again X = [—1,1] and for all k € N define

(-DF if z=1/k, -1 if =0,
Gr(z)=q-1/2 if z=1, and Gy(z):=<-1/2 if z=1,
0 otherwise, 0 otherwise.

Clearly, G, = I'-liminfj, G, but the G} do not I'-converge. In fact, for x = 0, one
would need to construct a sequence (zx), with —1 = G.(0) > limsup,,_, o Gk (zk).
But as Go; > —1/2, it follows that lim sup,,_, . Gi(xx) > —1/2, which leads to the
contradiction —1 > —1/2.

While for the subsequence (xy,); with k; = 2l + 1 and z941 = 1/(20 + 1) we
even have 941 € Argmin,_(Fy41) (without ¢), the conclusion of Proposition 3.1
fails, because we cannot find a “whole” sequence (xy ) with x), € Argmin,  5(F})
and xp — x: The only, say, 1/6-minimizer of G, is . = 0 (¢ = 1/6), but any
(1/6 + 1/6)-minimizer (6 = 1/6) for Ga; must be x9; = 1 and hence the sequence
(zk)x cannot converge to x, = 0.

4. Approximation for sequences of problems

In this section we will show that, under suitable convergence assumptions on the
involved functionals, solutions to (S ) & (Es) can be approximated by solutions
to (AIPE,E). Applications are given in Sections 5 and 6.

On the state space Q@ = F x Z, consider a sequence () of energy-storage
functionals & : [0,T] x Q — Ry, as well as a limit energy £ : [0,7] x Q — Ry.
We require these functionals to fulfill the following assumption, where, for brevity,
we denote by N, the set NU {oco}:

Uniform control of the power 0.&:

There exist ¢&' € R, ¢ > 0 such that for all k € Ny, :

If g € Q satisfies & (s,q) < oo for some s € [0,T], then (4.E1)

(i) &k(.,q) € CY([0,T]) and

(i) |0:&k(t, q)| < ot (¢ + Ex(t,q)) forall tel0,T].

FEqui-coercivity

For all t € [0,T] and E € R, the set (4.E2)

UkeN {qe Q : &t q) < E} is relatively compact.

Further, let us be given a sequence (Dy)j of dissipation distances Dy, : Z X

Z — [0, 00] and a limit dissipation Dy, : Z x Z — [0, 00]. We assume:

Quasimetric:

For all k € Ny and z1,29,23 € Z:
(i) Dg(z1,22) =0 if and only if z; = 25 (positivity) and (4.D)
(ii) Di(z1,23) < Dr(z1,22) + D22, 23) (triangle inequality) .
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Of course, the Gronwall- and a-priori estimates (2.1)—(2.5) from Section 2 now
hold for all &, with k£ € N..

We want the functionals & and Dy, to converge to £ and D, respectively,
in an appropriate sense:

T-limit for E:

4.I'1
For all t € [0, 7] : Exo(t,.) = T-limy Ek(t,.) . (4.1)
Continuous convergence of Dy:
For all sequences (gx)k, (§x)r With gx — ¢, qx — ¢ that

(4.T2)

additionally satisfy supgey (Ex(t, qr) + Ex(t, @r)) < 00
for one (hence all) t € [0,7T] : Dk(qx, Gr) — Doo(q,q) -

Note that conditions (4.'l) and (4.I'2) together imply the joint T'-convergence
Exo(t,.) + Doo(q,.) = I-limy (Ex(t,.) + Di(q,.)) for all t € [0,T] and ¢ € Q.

Ezxample 4.1. Let ©Q be a Banach space equipped with weak sequential conver-
gence and let @ be compactly embedded into another Banach space Q;. Because
Q C Q,, we can choose the @;-Norm ||.||; as our dissipation distance for all k,
i.e. Doo(u,v) = Di(u,v) := D(u,v) := ||[v — u||;. The compact embedding then en-
sures the continuity of D and hence also the continuous convergence of Dy to Dy .

This example shows that we can use the L'(2) norm as a weakly contin-
uous dissipation distance in H!(Q), which is a common situation in continuum
mechanics [19].

After these preparations we can state the main result. It shows that solutions
t0 (Seo) & (Eoo) can be “reversely approximated” by solutions to (AIP},).

Theorem 4.2. Let the assumptions (4.E1), (4.E2), (4.D), (4.T'1), and (4.T2) hold.
Moreover, let g : [0,T] — Q be a solution to (Seo) €& (Eso) with initial value qo =
Goo(0) € 8xo(0). Then, for all e > 0, for all partitions IT = (0,t1,...,tn—1,T) of
[0,T] with [|II|| <e/(2cr) (cr = cr(qo) > 0 is the reverse approzimation constant
from Theorem 2.2 applied to £~ and D), and for all k, there exist a discrete
solution q};[ = (q@q{“,...,qﬁ,), defined on the partition 11, of the approximate
incremental problem (AIPEE) associated with &, and Dy, such that q;? — q(t;) as
k — oo.

Proof. The main idea of the proof is to first construct a discrete solution
to (AIPEO’ R /2) and then show how this discrete solution can be changed to yield
a solution of (AIPEE) for k sufficiently large. In detail, however, some further
technicalities are needed.

As & and D, fulfill all the prerequisites of Theorem 2.2, for a partition IT
sufficiently fine, i.e. ||II|] < &/(2cr), we can find a discrete e/2-solution g!' =
(o, 1, ---,qn) for (AIPEQE/Z), ie.

q¢j € Argmin, ), (Soo(tj, )+ Doo(Gj—1, )) for j=1,...,N.
Note that Theorem 2.2 uses the choice G; = q(t;).
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Assumptions (4.I'1) and (4.I'2) give Ex(t5, . )+Doo(§j—1,.) =T-limy (Ex(t5,.)+
Di(Gj—1,.)). Condition (4.E2) provides the equi-mild coerciveness (3.1) (in fact,
take E := Ex(t;,Gj—1)+1 and observe that infg (Ex(t;,.) + Pk(j-1,.)) < E for
all k large enough). Hence, using Proposition 3.1 for each ¢; we find recovery
sequences (¢f)x with ¢ — g; as k — oo and

_ . . e €
gk(tj;‘ﬁ) + Dk(%‘—h‘]f) <infg (Ek(t),.) + Dr(Gj-1,.)) + 5t 5 (4.1)

for all j =1,..., N and k sufficiently large.

Because q;? — @; as k — oo and the energies are bounded for k sufficiently
large (cf. (4.1)), the continuous convergence assumption (4.I'2) shows Dj, (q;?, g;) —
0 and Dk((jj,q;?) — 0 as k — oo, ie.

max { Dy (g}, 4;), Pr(d5, 4f) } <

for all 7 =1,..., N and k sufficiently large.

So far we have constructed sequences and selected some ko = ko(e) large
enough such that (4.1) and (4.2) are fulfilled for all q;? with k& > ko. We still need
to show that these q;? form a discrete solution to (AIP};{E).

For all £ > kg and all j = 2,..., N, we find by the triangle inequality and
estimate (4.2)

info (E(ts,.) + Dr(Gj-1,.)) <info (Ek(ty,.) + Delqf_1.-)) + De(Gi-1,4)_1)

<info (E(t;,.) + Drld_y1, ) + = (4.3)

5
In the case j = 1, we have ¢§ = §o = qo for all k and hence (4.3) also holds for
j=1.

Now, using first the triangle inequality, then (4.1) and (4.2), and finally (4.3),
we deduce

E(ty, q)) + Dildf 1, q)) < E(ty, a)) + Di(Gi—1,4}) + Drld} 1, Gi-1)

(4.2)

| ™

. ~ £ 3 3
Slan (Sk(tj’)—’—pk(qulv))+§+6+6

. k £ 3 g )
S lan (Sk(tj7 ) + Dk(ijlv )) + 5 + 6 + 6 + 6
=infg (E(t;,.) + Dilq)_1,.)) +€. (4.4)

But this is just ¢¥ € Argmin_(Ex(t;,.) + Di(g}_y,.)) for j = 1,..., N, and the
existence of solutions to (AIPi{E) is shown for k > kg = ko(e). Trivially, we can
fill up this sequence for k < ko with arbitrary solutions to (AIP};{E). The claim
qf — §; = q(t;) is clear by the choice of the q;? and Theorem 2.2. 0

To formulate the next result we have to strengthen the conditions on the
sequential convergence on @, such that we are able to extract from a double
sequence a suitable diagonal sequence. For F € R we introduce the sublevel sets

A(E)={q€ Q : there exists (t,k) € [0,T] x N with &(t,q) < E}.



30 A. Mielke and F. Rindler NoDEA

The assumption reads as follows.
There exists a metric d: @ x Q — [0, 00)
such that for all £ € R and for all ¢, € A(F), k € Ny :
Gr — oo if and only if  d(gx, o) — 0. (4.5)

The final result states that every solution of the energetic system (Q, £, Do) can
be approximated by solutions of the approximate incremental problems (AIPI,;I: . ),
if the partitions II,, €, — 0, and k,, — oo are chosen suitably.

Theorem 4.3. Let the assumptions of Theorem 4.2 and the new assumption (4.5)
hold. Moreover, let qo : [0,T] — Q be a solution to (Se) €& (Eo) with initial
value qo = Goo(0) € Sxo(0). Then, for every sequence e, — 0, there exists a
sequence of partitions 11, = (O,t?,...,t"N(n)_l,T) of [0,T] with |[IL,|| — 0 as
n — o0, a sequence (ky)n of problem indices with k, — oo as n — oo, and
discrete solution q,l;[n" = (qg",qlf", e ,qfv"(n)), defined on the partition 1L,,, of the
approzimate incremental problem (AIPE;L’&") associated with &, and Dy, such
that the piecewise constant interpolants q,, : [0,T] — Q of these discrete solutions
converge on a dense subset T of [0,T] to the solution .

Proof. We use a sequence of nested partitions II,, C II,,, with ||II,,|| < &,/(2¢cRr),
where cg = cr(qo) > 0 is the reverse approximation constant from Theorem 2.2.
Then, 7 := J,, ey [1 is dense in [0, T7.

Applying Theorem 2.2 we find, for all n € N, a sequence ((q?’k)j:07,,,7N(n))keN
in QN of solutions to (AIPEZW), such that

q}l’k —q(t7), S(t?,q;-l’k) — E(t;l,q(t?)) forall neN j=0,...,N(n).
With E :=sup { Ex(t,q(t)) : t €[0,T]} < oo (cf. [19]), we find K(n) € N, such
that max{é’k(t;‘,q;"’k) : j=0,1,...,N(n) } < E+1 for all k > K(n). Thus, we
can employ assumption (4.5) on the set A(E+1) and obtain, for fixed n € N,

d(n, k) :max{d(q?’k,q(t?)) : j=0,1,...,N(n) } —0 for k— oco.

Choose the subsequence (ky)nen such that k, > K(n) and 6(n,k,) < 1/n

and define the solutions (qg”, e ,qf\?(n)) via q;.“" = q?’k". Since the sequence of

partitions is nested, for each ¢ € 7 there exists an m(t) such that ¢ € II,, for
n>m(t), e, t = t?(t )" Thus,

This is the desired convergence result, and the theorem is established. O

Remark 4.4. The convergence result in Theorem 4.3 can be strengthened to con-
vergence for all ¢ € [0,7]. One first uses the ideas in the proof of Helly’s selection
principle (cf. e.g. [16,24]) to show that Z,(t) — 2o (t) for all t. For this one em-
ploys the uniform a priori bound on the dissipation and includes all jump points
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of 2o into 7. Next, one needs to impose the further assumption that the global
minimizer ¢ = ®(¢,2) of £(¢, -, ) is unique. Then, it can be shown ¢, (t) — ¢(1)
as well, cf. [16].

Just like in Section 2, we cannot expect strict approximability of solutions
t0 (Seo) & (Eoo) by discrete solutions of (IP}!) instead of (AIP}! ). This, in fact,
has been settled already in Counterexample 2.4, because the latter shows that
even for a constant sequence of functionals, we cannot get strict approximability.

To conclude this section, we further show that one cannot expect approxima-
bility of solutions to (Se) & (Es) by time-continuous solutions to (S;) & (Eg)
instead of approximate time-incremental solutions to (AIPE,5)~

Counterezample 4.5. Consider the state space Q = [0, 1], the time interval [0, 7] =
[0,2] and the energy functionals

2
Exol(t,q) == —q and &Ei(t,q):= g—k —q for keN

for t € [0,2] and ¢ € R. Also, choose Dk(q1,q2) = Doo(q1,92) = D(q1,q2) :

|g2 — ¢q1]- As initial value we select go = 0. This setting can be seen as a degener-

ately convex problem in the limit k = co with strictly convex approximations for

k € N. The process
0 if tel0,1),
ORSE SR
1 if tell,2],
is one of the many solutions of the rate-independent formulation associated with
Es and D. The stable states Sy (t) are easily seen to be the whole space, i.e.

S (t) = S5(0) = [0, 1], thus the stability condition is trivially fulfilled. For ¢ €
[0,1), the energy balance is trivial and for ¢ € [1,2] we have

Eoo(t,qoo (t)) + Dissp (¢oo; [0,1]) = Exc(t,1) + D(0,1) = =141 =0

= E5(0,qo) +/0 D€ (T, qoo (7)) dT.

Hence, ¢ is an energetic solution of (So) & (Es). We now show that ¢, cannot
be approximated by solutions to (Si) & (E).

For all k € N, the stable sets Si(t) = Si(0) again are the whole space [0, 1],
since it holds for all ¢, ¢ € [0, 1] that

~2 2
~L L - +li-d
_ {@Q—(ﬂ)/(%) ifq>q} -
(=2~ (G+a)/(2k) > (¢—@)2—k") ifg<q]
ie. g € Sk(t). Now, the zero-process g = 0 trivially is a solution of (S;) & (Eg)
and because the problem is strictly convex and the stable sets are convex, we

immediately get the uniqueness of this solution [19, Theorem 4.2]. But the zero-
process does not approximate ¢, in any reasonable sense.
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5. Quantitative backward error analysis

In this section we use the shorthand & = &, and D = D.,. Moreover, without
loss of generality, we assume that the energies £(t,¢) and &k (t,q) are uniformly
bounded from below by a positive constant. Hence, we may choose the constant
c& to be 0.

The aim of this section is twofold. Under additional quantitative continuity
assumptions we prove exact estimates for the reverse approximation. Using this
we then provide an example where the I'-convergence is realized as numerical
approximation via Galerkin subspaces V, C Q, where Q now is a Banach space
and the projections Py : Q — Vj, C Q satisfy Pyq — ¢ for all ¢ € Q.

We consider the limit functionals £ : [0,7] x @ — Rand D : Q x Q — [0, 00)
as above. Moreover, we have functionals & and Dy such that

Ek(t,q) =400 for qe Q\Vj.

On the other hand, the main assumptions involve continuity properties of £
and D:

1€t q) — €t q)| < g(g(t,Q) +&(t,9) llg —4ll , (5.1)
ID(q0,q1) — D(Go,41)| < c(llqo — dol| + llqr — ¢1l]) (5.2)

Further, we assume quantified estimates on the approximations. For all ¢, § €
Vi and all ¢ € [0,7T] we have an ay, > 0 such that

1Ek(t,q) — E(t,q)| < E(t,q)ou (5.3)
Dk (g0, ¢1) — D(qo, q1)| < %(5(@ Q) + E(t,q1)) (5.4)

Lemma 5.1. Let ¢ : [0,T] — Q be given such that
E,= sup{é’(t,q(s)) 1 s, t€ [O,T]} < 00,
op =sup { [Peg(t) —a(®)| = s,t€[0,T]} < oo
Moreover, assume oy, <1 and cd, < 1/2. Then,
sup { E(t, Pua(s)) : s,te[0.7]} <28, (5.5)
sup { Ex(t, Pra(s)) + s,t € [0,T] } < 4E,. (5.6)
Proof. Using (5.1) we have for § := Pyq(s)
E(t,0) — £(t,a(s)) < 5 (E(ta(s)) +E(1,0)) o,

which implies
R 1+ C(Sk/Z
E(t,q) < —— =
G <=5,/
Hence, (5.5) is established and (5.6) follows by applying (5.3) to ¢ = Prq(s). O

S(t,q(s)) < gEq.
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To simplify notation in the proof of the main result of this section (cf. The-
orem 5.3), we introduce

ue(t,q) == inf { Ex(t,4) + Dilq,4) : G€Q}

and similarly for the limit functionals £ and D. The next result is a quantitative
version of Lemma 2.1.

Lemma 5.2. Let q : [0,T] — Q be a solution to the system associated with the
functionals £ and D, where £ satisfies (4.E1). Then, for all s,t € [0,T] we have

t(s,q(s)) < ecﬁt*su(t,q(s)) . (5.7)

Moreover, if Il = (0=tg, t1,...,tny=T) is a partition, then (¢(t;)); solves (AIPE(H))
with
E
() = 2(er M — 1Y, . (5.8)

Proof. For estimate (5.7) choose g, in Argmin, £(t,.) + D(q(s),.). Then, we have
1(s,4(5)) = E(s.als)) < E(s.q,) +D(a(s). qp)
<TI0 (E(tg) + D(a(s).0,)) < TN (u(ta(s)) + ).

where the first estimate uses stability of ¢(s), the second follows from (2.1), and
the third is the definition of ¢,. For p — 0 we obtain estimate (5.7).
Using the energy balance (E) and (2.2) we find with ¢; :=¢(¢;, ¢;) =€ (t;,4(t;)),

E(tj,q5) +D(gj-1,q5) < E(tj,q5) + Dissp (q; [tj-1,t5])
tj
=E(tj—1,95-1) +/ HE(r,q(7)) dr

tj—1
tj
<t +/ FeT Tt B, dr
tj—1
Using (5.7) with s =¢;_; and t = t; we proceed to get
E(t47) + D(gj-1,45) < e 70701ty gy 1) o+ (e B0 — 1B
Using ¢(t,q;-1) < E(tj,q(tj—1)) < Eq and t;—t;_1 < |/II||, we obtain
E
E(tj,q5) + D(gj-1,05) < elty 1) + 20+ M — D),
and (5.8) is established. O

Theorem 5.3. Let q : [0,T] — Q be a solution to the energetic system (Q,E,D).
Let the assumptions of Section 4 as well as the estimates (5.1)—~(5.4) hold and let
0k and E, be defined as in Lemma 5.1. Then, for all k € N such that co < 1/2
and ay, < 1, and all partitions I = (0 = tg, t1,...,tx =T) of [0,T], the sequences
(Prq(t;))j=o0,...n are solutions to (AIPgé(k,n)) with

(k, 1) = By [2(eT 1M — 1) + 11y, + 5¢d] -
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Proof. For short notation let qé»“ = Ppq(t;) and g; = q(t;). We use the assump-
tions (5.3) and (5.4) and the a-priori estimates (5.5) and (5.6) to estimate as
follows:

Elty, ) — Dildf_1,q}) < E(t5,d5) + D(df_1, ) + 4B,y
E(tj,qj) +D(qj_1,qj) —|—Eq(4ozk +3C§k) . (59)

Next we estimate Lk(tj,qf_l) from below using ¢(¢j,q;j—1). For this let py =

<
<

E(ty,qf_1) — w(tj, ¢ 1), which implies pg > 0. If py = 0, then
w(ti g y) = Enlty, df_1) > E(t;,q 1) — 2Equ
> E(tj,q5-1) — Eq(20u, + 2¢6i) > u(t),qj-1)

— Eq(QOék + 2¢0y) - (5.10)
If po > 0, we find, for each p € (0,p0), a q, € Vi with E(t;,q,) + Dk(q;?_l,qp) <
E(ty,qf_1) < 4B, and g, € Argmin (& (t;,.) + Di(q}_,,.). Hence, we estimate

et af—1) = —p + Ex(ty, ) + Drldf_1, 4p)

—p+E(t,q) + ’D(‘I;‘cflv ap) — TEqay,
—p+E(tj,4p) + D(gj-1,qp) — Eq(Tay + cd)
—p+u(ty,qj—1) — Eq(Tag + cdy) .

AVAR\VARIY,

Taking the limit p \, 0 and combining with the case py = 0, see (5.10), we find
u(ty qi—1) < w(ty af ) + Eqg(Ton + 2cby,) - (5.11)
We conclude by noting that Lemma 5.2 gives
E(tj,q5-1) + D(gj-1,45) < e(tj; ¢j—1) + (D)
with e(TT) defined in (5.8). Combining this with (5.9) and (5.11) we have
Exltsdf—1) + Drldf_1,4f) < unlts, gf—1) + e(I) + Eq(11ay, + 5¢dy)
which gives the desired result for &(k,II). O

We consider an example for phase transitions on a smooth, bounded domain
Q C R% with d > 2. The state space is Q = Z = H!(Q2) with dissipation distance

D(q0,q1) = |lg1 — qOHLl(Q) . (5.12)
The energy functional takes the form
1 2
£(t.a) = [ 5194 + 6ala) - Fit,x)a(a) da, (513)
Q

where the loading f satisfies f € C1([0,7] x Q). The potential G € C%(R;R) has
a bounded second derivative G and is coercive, i.e., there is C' > 0 such that
G(q) > ¢*/C — C. Tt is important to note that G may be nonconvex, such that
also £(t,.) : @ — R may be nonconvex. Thus, in general, the energetic solutions
for the functionals £ and D will not be continuous in time (even for the L'-norm).
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Moreover, uniqueness of solutions under an initial condition ¢(0) = ¢o cannot be
expected, cf. [19].
The classical existence results apply (see [16,23]) giving solutions
g € L=([0,7]; H(2)) N BV ([0, T]; L(2))
for each stable initial datum ¢o € H!(Q). However, the stability condition ¢(t) €
S(t) gives the variational inequality
Ag—G'(q) + f(t, -) € 9Sign(0) = [-1,1].
We assume that the domain is a convex polytope and that f is bounded. Then,
elliptic regularity implies
g € L=([0, T]; H*()) -
Our application of I'-convergence relates to a sequence of numerical approx-

imations, as is discussed in much greater detail in [21]. For this we choose a se-
quences (7x)x of triangulations, such that the maximal diameters

hi = p(Tp,) with p(7) := max { diam(T) : T €T }
tend to 0. However, as our estimates are quantitative, we give estimates for all
triangulations. Thus, we simplify the notation by using the subscript 7 instead
of k-
Let V7 C Q = HY(Q) be a space of continuous, piecewise linear functions
(finite-element space) associated with 7. By Pr we denote the H!-orthogonal
projection of Q onto Vi, which satisfies

Prq—gq in HYQ) for p(7)—0,
There exists C' > 0 such that for all ¢ € H*(Q) : ||Prq — qllg < Cp(T) ||qHH2(Q) .
For any given 7 we define
Dr(g,4) :=D(g,4),
1 2 Vol T & T T T
er(t.a) = [ 3IVal* do+ X 2 [ - s xDup)]

where (X7);-0

4 are the vertices of the tetrahedron T' € 7. For ¢ € V7 one has
Er(t,q) —E(t, @) < E(t,q)(T),

where the class of triangulations must be restricted in such a way that «(7) — 0

for p(T) — 0. For instance, for quasi-uniform meshes one has (7)) < Cqup(7)?,

where the constant Cg, only depends on the lower bound of the interior angles.
Thus, (5.3) and (5.4) hold. Of course, (5.1) and (5.2) hold trivially. Moreover,

0 in Lemma 5.1 is given as

o7 =sup{ [|Prq(t) —q(®)| : t€[0,7]} < COp(T)llallLe< (o712 () -

As aresult, we obtain the following reverse approximation result which can be seen
as a type of justification of a backward error analysis of space-time discretization.

.....
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Theorem 5.4. Let Q = HY(Q) and &€, D be as given in (5.12) and (5.13) with
G and f as specified. Let q : [0,T] — Q solve the rate-independent energetic
system (Q,E, D). Then, there exists a constant C. such that the following holds: If
IT = (0 =tg,t1,...,tx =T) is a partition of [0,T] with fineness |I1|| and T is a
triangulation of Q with ||II|| + p(7) +a(T) < 1/C., then the sequence (q]T)j:o,_“’N
defined via qu := Prq(t;) is a solution to (AIPY ) with e = C.(|[II|| 4+ p(T) +
o(T)) and satisfies HqJT - q(tj)HQ < Cip(T) for j=0,1,...,N.

6. Regularization and relaxation

6.1. An example with a regularized functional

Let the state space Q be the Sobolev space H!(0,1) equipped with its weak topol-
ogy. Consider the functionals

E(t, 2) = /0 %(Z”(l‘))2 + W (2 (2)) + G(2(z)) — f(t,x)z(z) d=, (6.1)

1
Exo(t, z) := /0 W (' (z)) + G(2(z)) — f(t,2)2(z) dz, (6.2)

where f :[0,7] x [0,1] — R is a prescribed loading G is as in the previous section.
The double-well potential is given via W (s) := min{(s —1)?, (s + 1)?} and has the
convexification W** with W**(s) = W(s) for |s| > 1 and W**(s) = 0 on [—1,1].
In order to apply &, we need twice (weak) differentiability of z, which is only
given in the subspace H?(0,1). We therefore set & := +o00 on H'(0,1) \ H?(0,1).
Hence, & can be seen as a regularization of £ given via

E(t, 2) ::/0 W (' (z)) + G(2(z)) — f(t,2)z(z) dz, (6.3)

which is not weakly lower semi-continuous on H!(0,1). All the & have closed
and bounded sublevels in H?(0,1). Owing to the compact embedding H2(0, 1) <
H'(0,1), these sublevels are compact in the weak topology of H!(0,1).

Further, for all & we use the L'(0,1)-norm as dissipation distance, i.e.
D(u,v) = ||[v—ul];. Thus, solutions to the rate-independent energetic system
(Q, &, D) exist by the standard results of the theory [12,16,19] and satisfy the
differential inclusion

0 € Sign(d;z) + %8;12 =0, (DW (0,2)) +G'(2) — f(t,.) ae.in (t,z)€[0,T]xQ

together with a smooth stable initial condition 2(0,.) = zy € H?(0,1). Similarly,
solutions to the problem associated with £, and D satisfy

0 € Sign(0;z) — 0, (DW**(8,2)) + G'(2) — f(t,.) ae.in (t,z) €[0,T] x Q.
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It is well-known that the &, I'-converge to £, and all assumptions on the &
are also easily seen to hold for adequately chosen loadings f [7,26]. Further, as
noted in Example 4.1, the constant sequence of dissipation distances converges in
the required sense.

From the results in [24] we know that solutions to the incremental prob-
lem (IPY) for the kth problem admit a subsequence converging to a solution
of (Sw) & (Ewo). Now, the results of Section 4 imply that every solution to (Soo)
& (Es) can be approximated by solutions to (AIPRE).

6.2. An example for relaxation

We might encounter energy functionals £ : Q@ — R, for which an infimizing se-
quence converges, but the limit is no minimizer of £. Such functionals £ cannot
have closed sublevels, i.e. they are not lower semicontinuous. In applications, this
situation is caused by the development of microstructure [26,27]. In order to ana-
lyze the macroscopic behavior of minimizers of such functionals, we can “relax” £
to its lower semicontinuous envelope £** : Q — R, and study the problem associ-
ated with the new functional £**. The framework of I'-convergence is designed in
such a way that if we take the T'-limit of the constant sequence (&), we arrive at
the relaxation £** of £ [4,8]. Thus, we can apply the methods developed above in
order to understand the connection between the original and the relaxed problem.

In [24] it is shown that the relaxed problem is not “too small”, i.e. a sequence
of solutions to the approximate incremental problem (AIP) for the original energy
functional £ admits a limit point, which is an energetic solution to (S**) & (E**) for
the relaxed functional £**. In this work, we have shown that the relaxed problem
also is not “too big”, i.e. for every solution of (S**) & (E**) we can find an
associated sequence of solutions to (AIPLL).

Concretely, one can examine the energies £ and £, from the last subsection
(see (6.3) and (6.2)) once again to realize that £ is the relaxation of £. Again, our
results are applicable and show reverse approximability of the relaxed problems
by approximate solutions to the non-relaxed problems.

In the terminology of the relaxation theory for rate-independent problems as
introduced in [17,18], we have shown the lower incremental relazation condition.
Such a conditions has previously been seen to hold in the special case of the
theory of phase-transitions in elastic solids [31]. See also [15,20] for models where
a gradient Young-measure relaxation is employed.
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