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1. Introduction

We are interested in existence and regularity results for the following class of
nonlinear elliptic problems in R

N , N ≥ 2{ −∆pu + a(x)|u|p−2u = f(x)|u|α−1u in R
N

u > 0, lim|x|→+∞ u(x) = 0
(P)

where ∆p denotes the p-Laplacian, that is, ∆pu = div(|∇u|p−2∇u), 1 < p < N
and α is a real constant satisfying

0 < α < p∗ − 1. (1.1)

Here, we will assume that f and the perturbation a are measurable functions
satisfying some conditions which ensure the existence and regularity of solutions.
We are interested in the existence of nontrivial solution of (P).

There is by now a large number of papers and an extensive literature for
this kind of problems involving Laplacian and p−Laplacian operators both in
bounded and unbounded domains, in particular since the appearance of the well-
known paper by Ambrosetti and Rabinowitz [1]. There have been established
many existence results via various variational methods such as min-max methods
or by different faces of the celebrated Mountain Pass Theorem. Costa in [2], among
others, obtained a nontrivial solution to the problem −∆u + a(x)u = f(x, u) in
R

N , under the assumption that a is coercive and that the potential F (x, u) =∫ u

0 f(x, s) ds is nonquadratic at infinity.

The research of the first and second authors is supported by grant num, #28/12 from the
Al-Imam University, Riyadh, KSA.



296 A. EL Khalil, S. El Manouni and M. Ouanan NoDEA

Other problems have been considered in this direction, see e.g. P. Drabek
[5] and Lao Sen Yu [10].

The case of unbounded domains becomes more complicate, generally the
main difficulty lies in the loss of Sobolev compact imbedding.

In this paper, by establishing sufficient condition, we give an extension and
we complement some results for elliptic problems involving p-Laplacian operator.
In particular, to treat variationally this class of problems, we assume a lower reg-
ularity condition on the function f (not necessary in L∞, see assumption (H2)
below), so that a nontrivial solution can be obtained via Mountain Pass Theorem
and local minimization of energy functional associated to our problem, we will dis-
tinguish two cases related to our study when α+1 > p and α+1 < p. On the other
hand, to overcome the lack of compactness that has arisen from the critical expo-
nent and the unboundedness of the domain, we use a compact imbedding result
essentially given by the coerciveness of the perturbation a (see assumption (H1)).

In the second section, we establish a regularity result, more precisely, we
prove that such solutions u belong to Lσ for all Np

N−p ≤ σ ≤ ∞.
Throughout this paper, we use standard notation:

W 1,p := W 1,p(RN ) is the ordinary Sobolev space, Lp = Lp(RN ) is the Lebesgue
space equipped with the norm | · |p and p∗ = Np

N−p is the critical Sobolev expo-
nent, the Lebesgue integral in R

N will be denoted by the symbol
∫

whenever the
integration is carried out over all R

N ; C∞
0 := C∞

0 (RN ) is the space of all functions
with compact support in R

N with continuous derivatives of arbitrary order.
Let us formulate the assumptions on the perturbation a and on the function

f = f(x).
(H1) a : R

N → R is a continuous function satisfying

a(x) ≥ a0 > 0 in R
N ,

which is coercive, that is

lim
|x|→+∞

a(x) = +∞,

(H2) the function f : R
N → R is nonnegative and

f ∈ Lω ∩ L
ω

1−δ , with ω =
p∗

p∗ − (α + 1)
,

for some 0 < δ < 1 small positive real.
We introduce the following function space

E =
{

u ∈ W 1,p
∣∣∣ ∫ |∇u|p + a(x)|u|p dx < ∞

}
endowed with the norm

‖u‖E =
(∫

|∇u|p + a(x)|u|p dx

) 1
p
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Since a(x) ≥ a0 > 0, we clearly see that the Banach space E is continuously
embedded in W 1,p. We also conclude from Sobolev’s Theorem the continuous
imbedding E ↪→ Lp1 , for all p ≤ p1 ≤ p∗.

Definition 1.1. We say that u ∈ E is a weak solution of (P ) if∫
|∇u|p−2∇u∇ϕ dx +

∫
a(x)|u|p−2uϕ dx =

∫
f(x)|u|α−1uϕ dx (PV)

holds for all ϕ ∈ E.

Let us remark that the assumptions (H1) and (H2) guarantee that integrals
given in (PV ) are well defined.

Now, we state the main results of this paper.

Theorem 1.1. Suppose 1 < p < N , (1.1), (H1) and (H2) are satisfied. Then the
problem (P ) has at least one nontrivial weak solution u ∈ E.

Theorem 1.2. Let u be a weak solution of (P). Then u ∈ Lσ, with p∗ ≤ σ ≤ ∞.
Moreover u > 0 in R

N and u decays uniformly as |x| → ∞.

Remark 1.1. Note that in Theorem 1.1, the existence of a nontrivial weak solu-
tion u ∈ E is given in the sense of Definition 1.1, while the positivity and decay of
the solution are proved in Theorem 2.1. However, these theorems guarantee the
existence of solutions as stated in the definition of problem (P ).

2. Preliminaries

Let us consider the functional I : E → R given by

I(u) =
α + 1

p

∫
|∇u|p + a(x)|u|p dx −

∫
f(x)|u|α+1 dx.

By assumption (H2) and Sobolev’s inequality, we can see that the functional K
defined by

K(u) =
∫

f(x)|u|α+1 dx

is indeed well defined and of class C1 on the space E with

< K ′(u); ϕ >= (α + 1)
∫

f(x)|u|α−1uϕ dx,

for all (u, ϕ) ∈ E; where < ; > denotes the duality symbol from E to E∗.
Therefore, a weak solution of the problem (P ) is a critical point u of I, i.e

< I ′(u); ϕ >= 0 ∀ϕ ∈ E.

In order to prove our main result, we will use the following basic properties.
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Lemma 2.1. There exists a constant C > 0 such that∫
f(x)|u|α+1dx ≤ C|f | ω

1−δ
‖u‖α+1

E

for all u ∈ E.

Proof. For m = p∗

1+ p∗−(α+1)
α+1 δ

, we have α+1
m + 1−δ

w = 1. Using Hölder’s inequality,

we obtain ∫
f(x)|u|α+1dx ≤ |f | w

1−δ
|u|α+1

m

for all u ∈ E
Then the lemma follows from the continuous imbedding EC > Lm since

p < m < p∗ for 0 < δ < 1 small enough. �

Lemma 2.2. Suppose (H1) and (H2), then
i) E is compactly embedded in Lp.
ii) K ′ is a compact map from E to E∗.

Proof. i) Proceeding as in Costa [2] for the case p = 2 and without loss of gener-
ality, we will show that for each sequence {un}∞

n=1 ⊂ E which converges weakly
to 0 in E, un → 0 strongly in Lp.

Indeed, we have ‖un‖E ≤ C for some constant C > 0. From (H1), for a
given ε > 0 and R > 0 such that

a(x) ≥ 2
Cp

ε
for all |x| ≥ R,

we have

un ⇀ 0 weakly in W 1,p(BR),

where BR is the Ball of radius R centered at origin. By using the compact imbed-
ding W 1,p(BR) ↪→ Lp(BR), we get∫

BR

|un|p dx ≤ ε

2
∀n ≥ n0 (2.1)

for some n0 ∈ N. We also have

2
ε

∫
RN \BR

|un|p dx ≤
∫

RN \BR

a(x)
Cp

|un|p dx ≤ 1 (2.2)

since ‖un‖p
E ≥ ∫

RN \BR
|un|p dx. Combining (2.1) and (2.2), we obtain that∫

RN

|un|p dx ≤ ε, ∀n ≥ n0.
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ii) Let u0 ∈ E, the compactness of K ′ follows by estimating the quantity

J =< K ′(un) − K ′(u0); ϕ > .

Explicitly

J =
∫

f(x)(|un|α−1un − |u0|α−1u0)ϕ dx.

The objective is to prove that J → 0 whenever un → u0 weakly in E.
On one hand, by choosing δ sufficiently small such that θ = 1

α
p∗ + δ

ω

> 1 and

p ≤ αθ < p∗, we obtain in view of (H2) the following estimate

J ≤ |f | ω
1−δ

| ∣∣un|α−1un − |u0|α−1u0
∣∣
θ
|ϕ|p∗ .

On the other hand, since the imbedding E ↪→ Lp is compact, it follows from the
interpolation inequality i.e.

|u|t ≤ |u|σp |u|1−σ
p∗ , ∀u ∈ Lp ∩ Lp∗

,

where 1
t = σ

p + 1−σ
p∗ , that the imbedding E ↪→ Lp1 is compact for p ≤ p1 < p∗.

Hence, we get J → 0 (strongly) as n goes to infinity, since p ≤ αθ < p∗. Therefore

K ′(un) → K ′(u0) strongly in E∗.

as n tends to infinity.
This ends the proof of Lemma 2.2. �

Recall that {un}∞
n=1 ⊂ E is a Palais-Smale sequence if there exists M > 0

such that,

I(un) ≤ M and I ′(un) → 0 strongly in E∗ as n goes to infinity.

Remark 2.1. 1) Let us remark that for optimal values of δ, we may consider
lower regularity condition on the function f .
2) Note that the assumption (H1) gives a compact imbedding result which is used
only to prove that the Palais-Smale sequence obtained by Mountain Pass type
argument converges to a weak nontrivial solution.

Lemma 2.3. Suppose p < α+1 and let un be a Palais-Smale sequence. Then un

possesses a subsequence which converges strongly in E.

Proof. Let {un}∞
n=1 ⊂ E be a Palais-Smale sequence. We have

I(un) − 1
p

< I ′(un); un >=
(

−1 +
α + 1

p

)∫
f(x)|un|α+1 dx,
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since
1
p

< I ′(un); un > =
α + 1

p

∫
|∇un|p + a(x)|un|p dx

− α + 1
p

∫
f(x)|un|α+1 dx.

Hence, we come to the conclusion that(
1 − 1

α+1
p

)(
α + 1

p

∫
|∇un|p + a(x)|un|p dx

)
≤ M − 1

p
< I ′(un); un > .

From this inequality, we easily deduce that un is a bounded sequence in E, since
p < α + 1. Consequently, there exists a subsequence still denoted by un such that
un converges weakly in E.

Now, we claim that un converges strongly in E. Indeed, for any pair integer
(i, j) we have∫

(|∇ui|p−2∇ui − |∇uj |p−2∇uj)(∇ui − ∇uj)

+ (a(x)|ui|p−2ui − a(x)|uj |p−2uj)(ui − uj)
= I ′(ui)− < I ′(uj); (ui − uj) >

+
∫

f(x)(|ui|α−1ui − |uj |α−1uj)(ui − uj) dx.

By Palais-Smale condition, it is easy to see that

I ′(ui)− < I ′(uj); (ui − uj) >→ 0

as i and j tend to infinity.
From the Lemma 2.2 (K ′ is compact), we have∫

f(x)(|ui|α−1ui − |uj |α−1uj)(ui − uj) dx → 0,

as i and j tend to infinity. Finally, in virtue of the following algebraic relation

|ξ1 − ξ2|r ≤ ((|ξ1|r−2ξ1 − |ξ2|r−2ξ2)(ξ1 − ξ2))s/2(|ξ1|r + |ξ2|r)1−s/2

with s = r, for 1 < r ≤ 2 and s = 2 for 2 < r, we deduce that (un) is a Cauchy
sequence in E, therefore it converges strongly.

This concludes the proof of Lemma 2.3. �

3. Proof of the main results

In this section, we give the proof of the existence result, we apply Mountain
Pass Lemma and minimization to find nontrivial solutions. For that, we will
separately study the following cases: p < α + 1 and α + 1 < p. After that, we
use an iterative method to prove the regularity result.
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Proof of Theorem 1.1

Lemma 3.1. Suppose (H1), (H2) and p < α + 1, then
1) There exist γ, ρ, such that I(u) ≥ γ, for ‖u‖E = ρ.
2) I(tu) → −∞ as t → +∞.

Proof. 1 ) From lemma 2.1, we have

I(u) ≥ α + 1
p

‖u‖p
E − C0‖u‖α+1

E ,

for some positive constant C0.
Denoting by θ the quantity ‖u‖E , we therefore obtain the following minora-

tion of I for any u ∈ E

I(u) ≥ θp

(
α + 1

p
− C0θ

α+1−p

)
.

Which implies that there exist γ, ρ > 0 such that I(u) ≥ γ > 0 for all ‖u‖E = ρ.
2 ) From the expression

I(t1/pu) =
t(α + 1)

p
‖u‖p

E − t
α+1

p

∫
f(x)|u|α+1 dx,

it follows that

I(t1/pu) → −∞ as t → +∞

since p < α + 1. �

Hence, in view of Lemmas 2.3 and 3.1, we can apply the Mountain-Pass
Theorem (c.f. [1]) which guarantees the existence of nontrivial weak solutions of
(p).

On the other hand, in the case α+1 < p, we may use the local minimization
of the functional I to prove the existence result. Indeed, by hypothesis (H2), the
functional I is weakly lower semicontinuous and differentiable. Moreover, I is
bounded below. In fact, we have

I(u) ≥ α + 1
p

‖u‖p
E − C|f |ω‖u‖α+1

p∗ ,

which implies that

I(u) ≥ α + 1
p

‖u‖p
E − C ′|f |ω‖u‖α+1

E

since |u|p∗ ≤ D‖u‖E and for some constant D > 0.
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Then I is bounded below and consequently it has a critical point u (a mini-
mizer)

I(u) = inf{I(v) : v ∈ E},

which is a solution of the problem (P ). We note that u must be nontrivial since

I(sϕ) = sp α + 1
p

‖ϕ‖p
E − sα+1

∫
f(x)|ϕ|α+1 dx

for some ϕ ∈ C∞
0 . Hence, since α + 1 < p, we get I(sϕ) < 0 for small s.

This concludes the proof of Theorem 1.1. �

Proof of Theorem 1.2 In this section, we may choose u ≥ 0 since we can show
that argument developed here is true for u+ and u−.

Let M be a nonnegative real number and define uM (x) = min{u(x), M}.
For any real i ≥ 1, ui

M ∈ E. We have∫
|∇u|p−2∇u∇ϕ + a(x)|u|p−2uϕ dx =

∫
f(x)|u|α−1uϕ dx

for all ϕ ∈ E.
Substituting ϕ = (uM )i in this equation, we obtain the following estimate

i

∫
(uM )i−1|∇uM |p ≤

∫
f(x)|u|α+i dx. (3.1)

Due to the fact that (uM )i−1|∇uM |p =
(

p
i+p−1

)p

|∇(uM )
(i+p−1)

p |p and Sobolev’s
inequality, we get

(∫
(uM )

N
N−p (i+p−1)

)N−p
N

≤ C

∫
f(x)|u|α+i dx

for some constant C > 0.
Setting i = i0 = 1 + p∗ δ

ω , s0 = N
N−p (i0 + p − 1) = N

N−p (p + p∗ δ
ω ). Letting

M → ∞, we conclude that u ∈ Ls0 since

1 − δ

ω
+

α + i0
p∗ = 1.

Setting now i1 = 1+p∗ δ
ω + N

N−pp∗ δ
ω = i0+ N

N−pp∗ δ
ω , repeating the same argument,

we get

u ∈ Ls1 , where s1 =
N

N − p
(i1 + p − 1),
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since α+i1
p∗ +

(
1−δ
ω − N

N−p
δ
ω

)
= 1 and f ∈ L

ω

1−δ(1+ N
N−p

) for δ small enough. Iter-
ating this process gives

u ∈ Lsj where sj =
N

N − p
(ij + p − 1),

with ij = 1 + p∗ δ
ω + N

N−pp∗ δ
ω + . . . +

(
N

N−p

)j

p∗ δ
ω . Hence, it follows that

u ∈ Lσ for all
Np

N − p
≤ σ < ∞.

To complete the proof of Theorem 1.2, we need the L∞ estimate of solutions.
Indeed, set i = kp + 1 in (3.1). From Sobolev’s inequality, it follows that

kp + 1
Cp

1 (k + 1)p
(
∫

u
(k+1)p∗

M dx)
p

p∗ ≤
∫

f(x)|u|α+kp+1 dx

for some constant C1 > 0.
On the other hand, fix q > p∗ and t = p∗q

α(q−p∗)+q . Remark that t < p∗ and
1
ω + α

q + 1
t = 1. Using (H2) and Hölder’s inequality we obtain

kp + 1
Cp

1 (k + 1)p
(
∫

u
(k+1)p∗

M dx)
p

p∗ ≤
∫

(f(x))ω dx)
1
ω (
∫

uq dx)
q
α (
∫

u(k+1)t dx)
p
t .

Since u ∈ Lq for q > p∗, there exists a constant C2 > 0 independent of M > 0
and k > 0 such that

(
∫

u
(k+1)p∗

M dx)
p

p∗ ≤ C2
(k + 1)p

(kp + 1)
(
∫

u(k+1)t dx)
p
t

i.e.

|uM |(k+1)p∗ ≤ C
1

k+1
3

[
k + 1

(kp + 1)
1
p

] 1
k+1

|u|(k+1)t (3.2)

with C3 = C
1
p

2 . By choosing k1 in (3.2) such that (k1 + 1)t = p∗ i.e k1 = p∗

t − 1,
we obtain

|uM |(k1+1)p∗ ≤ C
1

k1+1

3

[
k1 + 1

(k1p + 1)
1
p

] 1
k1+1

|u|p∗ ∀M > 0.

We have limM→∞ uM (x) = u(x), and Fatou’s lemma implies

|u|(k1+1)p∗ ≤ C
1

k1+1

3

[
k1 + 1

(k1p + 1)
1
p

] 1
k1+1

|u|p∗ .
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Then u ∈ L(k1+1)p∗
. By the same argument we can choose k2 in (3.2) such that

(k2 + 1)t = (k1 + 1)p∗ i.e k2 = (p∗

t )2 − 1. Then we have

|u|(k2+1)p∗ ≤ C
1

k2+1

3

[
k2 + 1

(k2p + 1)
1
p

] 1
k2+1

|u|(k1+1)p∗ .

By iteration, we obtain kn = (p∗

t )n − 1 such that

|u|(kn+1)p∗ ≤ C
1

kn+1
3

[
kn + 1

(knp + 1)
1
p

] 1
kn+1

|u|(kn−1+1)p∗ for all n ∈ N.

It follows

|u|(kn+1)p∗ ≤ C

∑n
i=1

1
ki+1

3

n∏
i=1

[
ki + 1

(kip + 1)
1
p

] 1
ki+1

|u|p∗ ,

or equivalently

|u|(kn+1)p∗ ≤ C

∑n
i=1

1
ki+1

3

n∏
i=1



[

ki + 1

(kip + 1)
1
p

] 1√
ki+1




1√
ki+1

|u|p∗ .

Since[
a + 1

(ap + 1)
1
p

] 1√
a+1

> 1 ∀a > 0 and lim
a→∞

[
a + 1

(ap + 1)
1
p

] 1√
a+1

= 1

there exists a constant C4 > 0 independent of n ∈ N such that

|u|(kn+1)p∗ ≤ C

∑n
i=1

1
ki+1

3 C

∑n
i=1

1√
ki+1

4 |u|p∗ ,

where 1
ki+1 = ( t

p∗ )i
, 1√

ki+1 = (
√

t
p∗ )

i

and t
p∗ <

√
t

p∗ < 1. Hence there exists a
constant C5 > 0 independent of n ∈ N such that

|u|(kn+1)p∗ ≤ C5|u|p∗ for all n ∈ N.

Letting n tend to infinity we get

|u|L∞ ≤ C5|u|p∗ .

Therefore, it follows that u ∈ L∞.
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This ends the proof of the L∞-estimate of solutions of (P ).
Letting ϕ = u− as a test function in (PV ), implies u ≥ 0 in R

N . The
positivity of solution follows immediately from the weak Harnack type inequality
proved in Trudinger [15, Theorem 1.2]. Finally, the decay of u follows directly
from the result of Serrin [13, Theorem 1], from which we obtain the estimate

|u|L∞(B1(x)) ≤ C6|u|p∗(B2(x))

independently of x ∈ R
N , where C6 = C6(N, p, ε). �

Corollary 3.1. Suppose that the assumptions of Theorem 1.1 are satisfied. Then
f ∈ L∞

loc, implies that u ∈ C1,η(BR(0)) for any R > 0 with some η(R) ∈]0, 1[.

The proof of this fact follows immediately from the regularity result of Tolks-
dorf [14].

Remark 3.1. For the case p = α + 1, we can prove by the same argument used
in the case p > α that there exists λ∗ such that for all λ verifying 0 < λ < λ∗, the
following eigenvalue problem{

∆pu + a(x)|u|p−2u = λf(x)|u|p−2u in R
N

lim|x|→∞ u(x) = 0

has at least one nontrivial solution in E.

Remark 3.2. We also obtain an existence result for problems of the form

−∆pu + a(x)|u|p−2u =
∑

I

fi(x)|u|αi−1u in R
N . (P’)

with fi ∈ Lmi positive, mi ∈ [ri,
ri

1−δ ] where

ri =
1

1 − αi+1
p∗

,

αi+1
p∗ < 1, αi > 0 and 0 < δ < 1 is a small positive real.

Remark 3.3. We obtain the same result for the boundary value problem{ −∆pu + a(x)|u|p−2u = f(x)|u|α−1u in Ω
u > 0 in Ω, u = 0 on ∂Ω, lim|x|→∞ u(x) = 0,

(P ′′)

where Ω is an exterior domain with C1,η boundary, 0 < α < 1.
Here the result is related to that of Lao Sen Yu [10] but under rather more

regularity conditions on the function f .
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cipal eigenvalues for some quasilinear elliptic equations on R

N , Advances in
Differential Equations 2(6) (1997), 981–1003.

[9] Ding. Yan Heng and LI. Shu Jie, Existence of entire solutions for some elliptic
systems, Bull. Austral. Math. Soc. 50(3) (1994), 501–519.

[10] Lao Sen Yu, Nonlinear p-Laplacian problems on unbounded domains, Pro-
ceeding of A. M. S. 115(4) (1992), 1037–1045.

[11] Li Gongbao and You Shusen, Eigenvalue problems for quasilinear elliptic
equations on R

N , Com. Part. Diff. Equ. 14 (1989), 1290–1314.
[12] W. Rother, Generalized Emden-Fowler equations of subcritical growth, J. Aus-

tral. Math. Soc. (Series A) 54 (1993), 52–61.
[13] J. Serrin, Local behaviour of solutions of quasilinear equations, Acta Math.

111 (1964), 247–302.
[14] P. Tolksdorf, Regularity for more general class of quasilinear elliptic equa-

tions, J. Diff. Equations 51 (1984), 126–150.
[15] N. S. Trudinger, On Harnack type inequalities and their applications to quasi-

linear elliptic equation, Comm. Pure App. Mat. 20 (1967), 721–747.

Abdelouahed El Khalil
Department of Mathematics
Faculty of Sciences
Al-Imam University
P. O. Box 90950 Riyadh 11623, Saudi Arabia
e-mail: lkhlil@hotmail.com



Vol. 15 (2008) On some nonlinear elliptic problems for p−Laplacian in R
N 307

Said El Manouni
Department of Mathematics
Faculty of Sciences
Al-Imam University
P. O. Box 90950 Riyadh 11623, Saudi Arabia
e-mail: samanouni@imamu.edu.sa & manouni@hotmail.com

Mohammed Ouanan
Département d’Informatique
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