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Abstract. We deal with a new model for the thermistor problem formulated
as a coupled system of PDE’s involving nonlinear energy heat equation, sta-
tionary charge conservation equation of electrical current and thermoelastic
equations of displacement. We establish the existence of weak periodic so-
lutions rewriting our system as an abstract problem in order to utilize the
maximal monotone mappings theory and a fixed point argument for a suit-
able operator equation.
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1. Introduction

The aim of this paper is to study the existence of weak periodic solutions for a
new model for the thermistor problem. The model consists of a nonlinear cou-
pled system of partial differential equations which includes the evolution equation
for the temperature in a conductor body with the Joule heating σ(θ) | ∇ϕ |2as
a source, the stationary charge conservation equation of electrical current with
temperature dependent electric conductivity σ(θ) and a system of quasi-static lin-
ear thermoelasticity equations of displacement subject to external forces and heat
sources.

In what follows, the reference configuration of the thermistor Ω is an open,
bounded and regular set of Rn (n ≥ 2) with boundary ∂Ω and the unit outward
normal ν = (ν1, . . . , νn) is defined at points of ∂Ω. We assume that the smooth
boundary ∂Ω is divided into two relatively open parts ΓD and ΓN such that ΓD

∩ΓN = ∅ and ∂Ω = ΓD ∪ΓN . We denote by P := R/ωZ the period interval [0, ω],
so the functions defined in Q are automatically time ω-periodic.
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We may write the system as
⎧
⎪⎪⎨

⎪⎪⎩

θt −
∑n

i,j=1
∂

∂xj
(kij

∂θ
∂xi

) = σ(θ) | ∇ϕ |2 −
∑n

i,j=1 mij
∂2ui

∂t∂xj
in Q := Ω × P ,

div(σ(θ)∇ϕ) = 0 in Q,

−
∑n

i,j,k,l=1
∂

∂xj
(aijkl

∂uk

∂xl
) +

∑n
i,j=1

∂
∂xj

(mijθ) = fi in Q,

⎫
⎪⎪⎬

⎪⎪⎭

(1.1)
The kij and mij are the components of the heat conduction tensor and the

thermal expansion tensor respectively, both assumed to be symmetric. The aijkl

are the components of the elasticity tensor, the symmetries of which are indicated
below. Finally, f = (f1, . . . , fn) is the density of the applied body forces. The
boundary and periodic conditions for the problem are

−
n∑

i,j=1

kij
∂θ

∂xi
νj = h(θ − θa) on Γ := ∂Ω × P , (1.2)

ϕ(x, t) = ϕ0(x, t) on ΣD := ΓD × P ,

∂ϕ(x, t)
∂ν

= 0 on ΣN := ΓN × P , (1.3)

u(x, t) = 0 on ΣD ,

∂u(x, t)
∂ν

= 0 on ΣN , (1.4)

θ(x, t + ω) = θ(x, t) , ϕ(x, t + ω) = ϕ(x, t) ,

u(x, t + ω) = u(x, t) in Q, ω > 0 . (1.5)

The coefficient of heat exchange h is positive and the temperature near ∂Ω
is denoted by θa. Moreover, we assume that the body is held fixed on ΣD i.e. u=0
while on ΣN , the body is free. The conditions on the boundary hold in the trace
sense.

We observe that if

ϕ ∈ L2
(
P ;W 1,2(Ω)

)
∩ L∞(Q) ,

the equation (1.1)2 allows to compute

σ(θ) | ∇ϕ |2= div
(
σ(θ)ϕ∇ϕ

)

in the sense of distributions.
Therefore, we will establish the existence of periodic solutions for the problem

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

θt −
∑n

i,j=1
∂

∂xj

(
kij

∂θ
∂xi

)
= div

(
σ(θ)ϕ∇ϕ

)
−

∑n
i,j=1 mij

∂2ui

∂t∂xj
in Q,

div
(
σ(θ)∇ϕ

)
= 0 in Q,

−
∑n

i,j,k,l=1
∂

∂xj

(
aijkl

∂uk

∂xl

)
+

∑n
i,j=1

∂
∂xj

(mijθ) = fi in Q,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(1.1’)

with boundary and periodic conditions (1.2)–(1.5).
The unknown of system are the temperature θ(x, t) inside the conductor

Ω, the electrical potential ϕ(x, t) and the displacement vector field u(x, t) =
(u1(x, t), . . . , un(x, t)).
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Thermistors are electrical devices of thermally sensitive resistors extensively
utilized in industrial world. They have received much attention in the mathe-
matical literature (see, e.g. [1, 2, 5–11, 18, 19]). In [20], is showed the existence
of “capacity solutions” for the thermistor problem with the addition of dynamic
thermoelastic equations containing terms of the form ρ∂2ui

∂t2 . When ρ∂2ui

∂t2 may
be omitted, the resulting problem is quasi-static. Quasi-static thermoelastic sys-
tems have been widely considered in literature. For more details we refer to the
works [12, 16, 17] and the references therein. However, in all these references the
periodic case was not studied. The motivation for considering the quasi-static ther-
moelastic thermistor, arises from the often cracked and broken for these devices
because of the thermal stresses.

In this paper, the periodic solutions for the new thermistor problem are seeked
in suitable spaces of ω-periodic functions without to look for fixed points to the
periodic Poincaré map. Methodologically, we employ the functional frame of some
results on the maximal monotone mappings.

To carry out this kind of program, the starting point relies on the possibility
to reformulate our system as an abstract problem to which one applies some tech-
niques deriving from the maximal monotone mappings theory and to get periodic
solutions as a fixed point of an operator equation.

The plan of paper is the following: In Sections 2 and 3 we give some prelim-
inaries and resolve the stationary charge equation of electrical current when we
substitute σ(θ) by σ(ζ), for ζ ∈ L2(Q). Next, we pass to treat the thermoelastic
equations and the nonlinear heat equation in Sections 4 and 5. Finally, Section 6
is devoted to prove the existence and uniqueness of weak periodic solutions θn,
ϕn, un for the approximating problems obtained replacing σ(ζ) by σ(ζn) and ζn

∈ L2(Q) in place of θ in (2.3) below. Furthemore, are deduced necessary uniform
a priori estimates which will play a foundamental role joint to a fixed point argu-
ment, to infer the existence of weak periodic solutions for system (1.1’)–(1.5) as
limit of the approximating solutions θn, ϕn, un.

2. Preliminaries

Next, let us introduce the functional framework for the periodic solutions of prob-
lem. To this end, we consider the functional spaces

W 1,2
D (Ω) :=

{
v ∈ W 1,2(Ω) : v = 0 on ΓD

}
,

(
W 1,2

D (Ω)
)n :=

{
v ∈

(
W 1,2(Ω)

)n : v = 0 on ΓD

}

and a triplet of Hilbert spaces

VD := L2
(
P ;W 1,2

D (Ω)
)
,

V := L2
(
P ;W 1,2(Ω)

)
,

W := L2
(
P ;

(
W 1,2

D (Ω)
)n

)
,
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endowed with the respective norms

‖v‖VD
:=

(∫

Q

| v(x, t) |2 dxdt +
∫

Q

| ∇v(x, t) |2 dxdt

)1/2

‖v‖V :=
(∫

Q

| ∇v(x, t) |2 dxdt +
∫

Γ

| v(x, t) |2 dsdt

)1/2

and

‖u‖W :=

(
n∑

i=1

∫

Q

| ui(x, t) |2 dxdt +
n∑

i=1

∫

Q

| ∇ui(x, t) |2 dxdt

)1/2

.

The topological dual spaces of VD, V and W shall be denoted by V ∗
D, V ∗ and

W ∗ respectively, with ‖.‖∗ norm. The pairing of duality between these spaces shall
be written as 〈., .〉.

Remark 2.1. We note that the norm in V is equivalent to

(∫

Q

| v(x, t) |2 dxdt +
∫

Q

| ∇v(x, t) |2 dxdt

)1/2

.

To study our system we will do the following structural assumptions on the
data

Hσ) σ ∈ C(R) such that 0 < σ∗ ≤ σ(s) ≤ σ∗, ∀s ∈ R;
HK) kij ∈ L∞(Q) and ∃ μ > 0 :

∑n
i,j=1 kijξiξj ≥ μ | ξ |2,∀ξ ∈ Rn;

HM ) mij ,
∂mij

∂t ∈ W 1,∞(Q), mij = mji > 0;

HA)
{

aijkl ∈ L∞(Q), aijkl =ajikl =aklij , ∀i, j, k, l and
∃λ > 0 :

∑n
i,j,k,l=1 aijklηijηkl≥λ

∑n
i,j=1 | ηij |2 , ∀η=(ηij), ηij =ηji;

}

Hf ) f ∈ (L2(Q))n;
H0) ϕ0 is a t-periodic bounded function with an extention in Q, ϕ̃0 ∈

L∞(P ;W 1,∞(Ω)) and ∂ϕ̃0
∂ν = 0 on ΓD.

To complete the presentation of the quasi-static problem, we give the notion
of weak solution.

Definition 2.2. A triplet {θ, ϕ, u} is said to be a weak periodic solution of problem
(1.1’)–(1.5) if satisfies

θ ∈ L2
(
P ;W 1,2(Ω)

)
, θt ∈ L2

(
P ;

(
W 1,2(Ω)

)∗)

ϕ − ϕ0 ∈ L2
(
P ;W 1,2

D (Ω)
)

u ∈ L2
(
P ;

(
W 1,2

D (Ω)
)n

)
, ut ∈ L2

(
P ;

(
W−1,2(Ω)

)n
)
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and
∫

Q

θtwdxdt +
n∑

i,j=1

∫

Q

kij
∂θ

∂xi

∂w

∂xj
dxdt +

∫

Γ

h(θ − θa)wdsdt (2.1)

= −
∫

Q

σ(θ)ϕ∇ϕ∇wdxdt +
n∑

i,j=1

∫

Q

∂mij

∂t

∂ui

∂xj
wdxdt , ∀w ∈ V

∫

Q

σ(θ)∇ϕ∇ξdxdt = 0 , ∀ξ ∈ VD (2.2)

n∑

i,j,k,l=1

∫

Q

aijkl
∂uk

∂xl

∂ρi

∂xj
dxdt −

n∑

i,j=1

∫

Q

mijθ
∂ρi

∂xj
dxdt

=
∫

Q

fiρidxdt , ∀ρ ∈ W . (2.3)

3. The stationary conservation of electrical current problem

We begin showing the existence of weak periodic solutions for the stationary con-
servation of electrical current problem. Fixed ζ ∈ L2(Q) and defined z = ϕ − ϕ0,
then this function should satisfy

div
(
σ(ζ)(∇z + ∇ϕ0)

)
= 0 in Q , (3.1)

z(x, t) = 0 on ΣD , (3.2)

∂z(x, t)
∂ν

= 0 on ΣN , (3.3)

z(x, t + ω) = z(x, t) in Q , ω > 0 . (3.4)

Definition 3.1. A weak periodic solution to (3.1)–(3.4) is a function

z ∈ L2
(
P ;W 1,2

D (Ω)
)

such that ∫

Q

σ(ζ)(∇z + ∇ϕ0)∇ξdxdt = 0 , ∀ξ ∈ VD . (3.5)

In our setting, the existence of solutions for (3.5) can be deduced from the
next result.

Theorem 3.1 ([3, 4, 14]). . If A is a monotone, hemicontinuous mapping from VD

to V ∗
D such that A is coercitive, then Range(A) = V ∗

D.
To proceed, we define the mapping A by setting

〈Az, ξ〉 :=
∫

Q

σ(ζ)(∇z + ∇ϕ0)∇ξdxdt, ∀z , ξ ∈ VD .

The properties of the mapping A are given in the following result.

Proposition 3.2. Under assumptions Hσ) and H0), the mapping A is:
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i) hemicontinuous;
ii) monotone;
iii) coercive.

Proof. i) By the Hölder inequality, we infer that

| 〈Az, ξ〉 | ≤ σ∗
(∫

Q

| ∇z + ∇ϕ0 |2 dxdt

)1/2 (∫

Q

| ∇ξ |2 dxdt

)1/2

≤ σ∗√2(‖z‖VD
+ ‖∇ϕ0‖L2(Q))‖ξ‖VD

,

by which
‖Az‖∗ ≤ σ∗√2(‖z‖VD

+ ‖∇ϕ0‖L2(Q)) .
The hemicontinuity is deduced from a result of [13, Theorems 2.1 and 2.3].
ii) 〈Az1 − Az2, z1 − z2〉 =

∫

Q
σ(ζ) | ∇(z1 − z2) |2 dxdt ≥ 0.

iii) By the Poincaré inequality, for some constant c, one has

〈Az, z〉 =
∫

Q

σ(ζ) | ∇z |2 dxdt ≥ σ∗c‖z‖2
VD

− σ∗‖∇ϕ0‖L2(Q)‖z‖VD

so that
〈Az, z〉
‖z‖VD

≥ σ∗c‖z‖VD
− σ∗‖∇ϕ0‖L2(Q) → +∞ as ‖z‖VD

→ +∞ . �

Thus, the equivalence between (3.5) and the abstract problem

Az = 0 . (3.6)

is readly understood.
Hence, we can state the main result for the stationary consevation of electrical

current problem.

Theorem 3.3. Let Hσ) and H0) be satisfied, there exists a unique periodic solution
to (3.6).

Proof. The existence of solutions is a consequence of Theorem 3.1. The uniqueness
descends from the strict monotonicity of the mapping A. �

Therefore, in correspondence of a fixed ζ ∈ L2(Q), has been proved the
existence and uniqueness of the weak periodic solution ϕ for the problem

div
(
σ(ζ)∇ϕ

)
= 0 in Q , (3.7)

ϕ(x, t) = ϕ0(x, t) on ΣD := ΓD × P , (3.8)

∂ϕ(x, t)
∂ν

=0 on ΣN := ΓN × P , (3.9)

ϕ(x, t + ω) = ϕ(x, t) , in Q , ω > 0 , (3.10)

Since ϕ̃0 ∈ L∞(P ;W 1,∞(Ω)), by the weak maximum principle one obtains

‖ϕ‖L∞(Q) ≤ ess sup
Q

| ϕ̃0(x, t) | (3.11)
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that is
ϕ ∈ L2

(
P ;W 1,2(Ω)

)
∩ L∞(Q) .

To establish the classical energy estimate, we multiply (3.7) by ϕ − ϕ0 and
integrate over Q. This yields

σ∗

∫

Q

| ∇ϕ(x, t) |2 dxdt ≤
∫

Q

σ(ζ) | ∇ϕ(x, t) |2 dxdt

≤
∫

Q

σ(ζ)∇ϕ0∇ϕdxdt

≤ σ∗
(∫

Q

| ∇ϕ(x, t) |2 dxdt

)1/2

×
(∫

Q

| ∇ϕ0(x, t) |2 dxdt

)1/2

hence
∫

Q

| ∇ϕ(x, t) |2 dxdt ≤
(

σ∗

σ∗

)2

‖∇ϕ0‖2
L2(Q) . (3.12)

Combining (3.11) and (3.12) one deduces that
∫

Q

| ϕ(x, t) |2 dxdt +
∫

Q

| ∇ϕ(x, t) |2 dxdt ≤ N .

Here and in the sequel, N > 0 denotes various different constants.

4. Thermoelastic systems

Now, turn our interest to investigate the problem

n∑

i,j,k,l=1

∫

Q

aijkl
∂uk

∂xl

∂ρi

∂xj
dxdt −

n∑

i,j=1

∫

Q

mijζ
∂ρi

∂xj
dxdt

=
∫

Q

fiρidxdt , ∀ρ ∈ W . (4.1)

According to Theorem 3.1, let define the mapping B : W → W ∗ for any
u ∈ W as

〈Bu, ρ〉 :=
n∑

i,j,k,l=1

∫

Q

aijkl
∂uk

∂xl

∂ρi

∂xj
dxdt , ∀ρ ∈ W .

It is easy to check that B verifies the same statements i)–iii) in Proposi-
tion 3.2. Indeed,

Proposition 4.1. If HA)−Hf ) are fulfilled then, the mapping B satisfies the prop-
erties i)–iii) of Proposition 3.2.
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Proof. i) One has

| 〈Bu, ρ〉| ≤ (ess sup
Q

|aijkl(x, t)|)
(∫

Q

∣
∣
∣
∣
∂uk

∂xl
(x, t)

∣
∣
∣
∣

2

dxdt

)1/2

×
(∫

Q

∣
∣
∣
∣
∂ρi

∂xj
(x, t)

∣
∣
∣
∣

2

dxdt

)1/2

≤
(

ess sup
Q

|aijkl(x, t)|
)

‖u‖W ‖ρ‖W ,

hence

‖Bu‖∗ ≤
(

ess sup
Q

| aijkl(x, t) |
)

‖u‖W .

From [13, Theorems 2.1 and 2.3] we obtain the hemicontinuity.
ii) From HA), we have

〈Bu1 − Bu2, u1 − u2〉 =
n∑

i,j,k,l=1

∫

Q

aijkl
∂(u1

k − u2
k)

∂xl

∂(u1
i − u2

i )
∂xj

dxdt ≥ 0 .

iii) On account of the inequality of Poincaré, we infer that

〈Bu, u〉 =
n∑

i,j,k,l=1

∫

Q

aijkl
∂uk

∂xl

∂ui

∂xj
dxdt

≥ λ

∞∑

i,j=1

∫

Q

∣
∣
∣
∣
∂ui

∂xj

∣
∣
∣
∣

2

dxdt ≥ λc‖u‖2
W ,

therefore
〈Bu, u〉
‖u‖W

≥ λc‖u‖W → +∞ , as ‖u‖W → +∞ . �

A solution of (4.1) will be obtained by studying the equivalent abstract prob-
lem.

Bu = H (4.2)

where H ∈ W ∗ is so defined

〈H, ρ〉 :=
n∑

i,j=1

∫

Q

mijζ
∂ρi

∂xj
dxdt +

∫

Q

fiρidxdt , ∀ρ ∈ W .

Because of Theorem 3.1 and the strict monotonicity of the mapping B, we are
able to state the main result for the quasi-static thermoelastic problem affirming
that

Proposition 4.2. Given a ζ ∈ L2(Q), assuming HA)–Hf ) the problem (4.2) admits
a unique periodic solution.
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Taking as a test function u in (4.1), we get

λ

∫

Q

| ∇u(x, t) |2 dxdt ≤
n∑

i,j,k,l=1

∫

Q

aijkl
∂uk

∂xl

∂ui

∂xj
dxdt

=
n∑

i,j=1

∫

Q

mijζ
∂ui

∂xj
dxdt +

∫

Q

fiuidxdt

and by Poincaré’s inequality one checks that

λ

∫

Q

| ∇u(x, t) |2 dxdt ≤
((

ess sup
Q

mij

)

‖ζ‖L2(Q) + c‖f‖L2(Q)‖
)

‖∇u‖L2(Q) .

Hence,
∫

Q

| ∇u(x, t) |2 dxdt ≤
(

((ess supQ mij)‖ζ‖L2(Q) + c‖f‖L2(Q)‖)
λ

)2

and the classical energy estimate is established.
∫

Q

| u(x, t) |2 dxdt +
∫

Q

| ∇u(x, t) |2 dxdt ≤ N .

5. Nonlinear energy heat flow

Remain to take into consideration the heat conduction problem
∫

Q

θtwdxdt +
n∑

i,j=1

∫

Q

kij
∂θ

∂xi

∂w

∂xj
dxdt +

∫

Γ

h(θ − θa)wdsdt

= −
∫

Q

σ(ζ)ϕ∇ϕ∇wdxdt +
n∑

i,j=1

∫

Q

∂mij

∂t

∂ui

∂xj
wdxdt , ∀w ∈ V . (5.1)

The existence of weak periodic solutions to (5.1) is based on the following
result

Theorem 5.1 ([3, 4, 14]). . Let L be a linear closed densely defined operator from
the reflexive Banach space V to V ∗, L maximal monotone and let C be a bounded,
hemicontinuous monotone mapping from V into V ∗. Moreover, if L + C is coerci-
tive then the Range(L + C) = V ∗.

In order to use Theorem 5.1, we must define the operators L and C.
The set

D :=
{

θ ∈ L2
(
P ;W 1,2(Ω)

)
; θt ∈ L2

(
P ;W 1,2(Ω)∗

)}

is dense in V because of the density of C(Q) ⊂ D in V .
Let

L : D → V ∗
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be the linear defined by

〈Lθ, w〉 :=
∫

Q

θtwdxdt , ∀w ∈ V .

This operator L is closed, skew-adjoint (i.e. L = −L∗) and maximal monotone
(see [14, Lemma 1.1, p. 313]).

As operator C we take

〈Cθ, w〉 :=
n∑

i,j=1

∫

Q

kij
∂θ

∂xi

∂w

∂xj
dxdt +

∫

Γ

hθwdsdt , ∀w ∈ V .

The properties of C are resumed in the next result

Proposition 5.2. If assumptions Hσ)–HM ) are satisfied, the operator C is
i) hemicontinuous;
ii) monotone;
iii) coercive.

Proof. i) Applying Hölder’s inequality one proves that

| 〈Cθ, w〉 | ≤
(

ess sup
Q

| kij(x, t) |
)

×
(∫

Q

∣
∣
∣
∣
∂θ

∂xi

∣
∣
∣
∣

2

dxdt

)1/2 (∫

Q

∣
∣
∣
∣
∂w

∂xj

∣
∣
∣
∣

2

dxdt

)1/2

+ h

(∫

Γ

| θ |2 dsdt

)1/2 (∫

Γ

| w |2 dsdt

)1/2

≤
(

ess sup
Q

| kij(x, t) | +h

)

‖θ‖V ‖w‖V

thus,

‖Cθ‖∗ ≤
(

ess sup
Q

| kij(x, t) | +h

)

‖θ‖V

and the hemicontinuity is a consequence of a result of [13, Theorems 2.1 and 2.3].
ii)

〈Cθ1 − Cθ2, θ1 − θ2〉 =
n∑

i,j=1

∫

Q

kij
∂(θ1 − θ2)

∂xi

∂(θ1 − θ2)
∂xj

dxdt

+
∫

Γ

h(θ1 − θ2)2dsdt

≥ μ

∫

Q

| ∇(θ1 − θ2) |2 dxdt

+
∫

Γ

h(θ1 − θ2)2dsdt ≥ 0 .
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iii)

〈Cθ, θ〉 =
n∑

i,j=1

∫

Q

kij
∂θ

∂xi

∂θ

∂xj
dxdt + h

∫

Γ

| θ |2 dsdt

≥ μ

∫

Q

| ∇θ |2 dxdt + h

∫

Γ

| θ |2 dsdt min{μ, h}‖θ‖2
V .

Consequently,

〈Cθ, θ〉
‖θ‖V

≥ min{μ, h}‖θ‖V → +∞ , as ‖θ‖V → +∞ . �

We point out that to apply Theorem 5.1, we must reformulate problem (5.1)
in abstract form. Let define G ∈ V ∗ by setting

〈G, w〉 = −
∫

Q

σ(ζ)ϕ∇ϕ∇wdxdt +
n∑

i,j=1

∫

Q

∂mij

∂t

∂ui

∂xj
wdxdt

+
∫

Γ

hθawdsdt ,

then, problem (5.1) can be handled as the abstract problem

Lθ + Cθ = G (5.2)

that admits a unique periodic solution, thanks to Theorem 5.1 and the strict
monotonicity of C.

Now, we derive a priori estimate for θ. The chosen of θ as a test function in
(5.1) gives us

μ

∫

Q

| ∇θ |2 dxdt +
∫

Γ

h(θ − θa)θdsdt ≤
n∑

i,j=1

∫

Q

kij
∂θ

∂xi

∂θ

∂xj
dxdt

+
∫

Γ

h(θ − θa)θdsdt

= −
∫

Q

σ(ζ)ϕ∇ϕ∇θdxdt

+
n∑

i,j=1

∫

Q

∂mij

∂t

∂ui

∂xj
θdxdt
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which leads to

μ

∫

Q

|∇θ |2 dxdt + h

∫

Γ

| θ |2 dsdt

≤ σ∗‖ϕ‖L∞(Q)

(∫

Q

| ∇ϕ(x, t) |2 dxdt

)1/2 (∫

Q

| ∇θ |2 dxdt

)1/2

+ h

(∫

Γ

| θa |2 dsdt

)1/2 (∫

Γ

| θ |2 dsdt

)1/2

+ ess sup
Q

∣
∣
∣
∣
∂mij

∂t

∣
∣
∣
∣

(∫

Q

| ∇u(x, t) |2 dxdt

)1/2 (∫

Q

| θ |2 dxdt

)1/2

.

The equivalence of the norm in V , yields
∫

Q

| ∇θ |2 dxdt +
∫

Γ

| θ |2 dsdt ≤ N .

6. A fixed point argument

The periodicity of weak solutions to (1.1’)–(1.5) is proved by means of a topological
argument which is the appropriate tool to research fixed points for a suitable
operator equation. To this end, let

Φ : L2(Q) → L2(Q)

be the nonlinear mapping defined by

Φ(ζ) = θ

where θ is the unique weak periodic solution to (5.1). The mapping Φ is well-
defined. In order to prove its continuity, we prove some crucial estimates and
convergences, needed to utilize the Schauder fixed point theorem. Let ζn ∈ L2(Q)
be a sequence such that ζn → ζ and σ(ζn) → σ(ζ) strongly in L2(Q), we denote
with θn, ϕn, un respectively, the weak periodic solutions of

∫

Q

θntwdxdt +
n∑

i,j=1

∫

Q

kij
∂θn

∂xi

∂w

∂xj
dxdt +

∫

Γ

h(θn − θa)wdsdt (6.1)

= −
∫

Q

σ(ζn)ϕn∇ϕn∇wdxdt +
n∑

i,j=1

∫

Q

∂mij

∂t

∂uni

∂xj
wdxdt , ∀w ∈ V .

∫

Q

σ(ζn)∇ϕn∇ξdxdt = 0 , ∀ξ ∈ V0 (6.2)
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and
n∑

i,j,k,l=1

∫

Q

aijkl
∂unk

∂xl

∂ρi

∂xj
dxdt −

n∑

i,j=1

∫

Q

mijζn
∂ρi

∂xj
dxdt

=
∫

Q

fiρidxdt , ∀ρ ∈ W . (6.3)

Arguing as previously, we get the estimates

‖ϕn‖L∞(Q) ≤ ess sup
Q

| ϕ̃0(x, t) | (6.4)
∫

Q

| ϕn(x, t) |2 dxdt +
∫

Q

| ∇ϕn(x, t) |2 dxdt ≤ N (6.5)
∫

Q

| ∇θn |2 dxdt +
∫

Γ

| θn |2 dsdt ≤ N (6.6)
∫

Q

| un(x, t) |2 dxdt +
∫

Q

| ∇un(x, t) |2 dxdt ≤ N . (6.7)

In this section, N > 0 denotes various different constants independent of n.
Moreover,

Lemma 6.1. The sequence ∇ϕn converges strongly to ∇ϕ in L2(P ; (L2(Ω))n).

Proof. Choosing ϕn − ϕ as test function in (6.2), we have
∫

Q

σ(ζn) | ∇(ϕn − ϕ) |2 dxdt =
∫

Q

σ(ζn)∇ϕ∇(ϕn − ϕ)dxdt

so
σ∗

∫

Q

| ∇(ϕn − ϕ) |2 dxdt ≤
∫

Q

σ(ζn)∇ϕ∇(ϕn − ϕ)dxdt .

The weak convergence of σ(ζn)∇(ϕn − ϕ) to zero as n → +∞, leads to the con-
clusion. �

Lemma 6.1, allows to obtain the convergence

ϕn → ϕ in L2
(
P ;

(
L2(Ω)

)n
)

and a.e. in Q .

By virtue of (6.1) and (6.7), θnt is bounded with respect to the norm of V ∗.
This ensures that θn belongs to a bounded set of D

‖θn‖D ≤ C .

Thus, we can select a subsequence, still denoted by θn, such that

θn ⇀ θ in D .

By a result of [14, Theorem 5.1], the sequence θn is precompact in L2(Q)
that is

θn → θ in L2(Q) and a.e. in Q .

Lemma 6.2. The mapping Φ is continuous.
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Proof. The previous results, imply the following convergences for a suitable chosen
subsequence

∇θn ⇀ ∇θ in L2
(
P ;

(
L2(Ω)

)n
)

∇uni ⇀ ∇ui in L2
(
P ;

(
L2(Ω)

)n
)

∇ϕn → ∇ϕ in L2
(
P ;

(
L2(Ω)

)n
)

ζn → ζ in L2(Q)

σ(ζn) → σ(ζ) in L2(Q)

and according to the trace theorem (see [15, Theorem 3.4.5]), one obtains

θn ⇀ θ in L2
(
P ;L2(∂Ω)

)
.

Therefore, the assertion of lemma descends from the above convergences since
Φ(ζn) = θn converges strongly to Φ(ζ) = θ in L2(Q). �
Lemma 6.3. There exists a constant R > 0 such that

‖Φ(ζ)‖L2(Q) ≤ R , ∀ζ ∈ L2(Q) .

Proof. Letting the limit in (6.6), we have the conclusion. �
Since Φ(L2(Q)) ⊂ D and the embedding of D ↪→ L2(Q) is compact, Φ is a

compact mapping from L2(Q) into itself.
Now, only remains to state the main result of paper

Theorem 6.4. Let Hσ)–H0) be satisfied, there is at least a weak periodic solution
to system (1.1’)–(1.5).

Proof. As a consequence of Lemmas 6.2 and 6.3 the mapping Φ is both continuous
and compact. Hence, by the Schauder fixed point theorem Φ has as a fixed point
which is a weak periodic solution for (1.1’)–(1.5). This conclude the proof. �
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Università di Roma “La Sapienza”
P.le A. Moro 2
00185 Roma
Italy
e-mail: badii@mat.uniroma1.it

Received: 17 January 2007.

Accepted: 7 February 2008.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00417
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


