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1 Introduction

This paper is devoted to the study of the existence of solutions of the following
periodic boundary value problem

{ u’(t) + ft,u() =g() 0<t<2m W)

u(0) —u(2r) =u/(0) —w'(27) =0
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where ¢ is a bounded measurable function, and f : [0,27] x (ug,4+00) — R is
continuous, 2r—periodic in ¢ and f(t,.) is singular at uy € R; the singularity
consists in the fact that the nonlinearity f(¢,.) is unbounded from below in a
neighborhood of uy.

Nonlinear second order differential equations with singular restoring forces
describe, among other things, the dynamics of particules under the action of
Newtonian type forces caused by compressed gazes. Singular two-point boundary
value problems have received a great deal of attention. For a good account on
recent works we refer the reader to the monographs [1], [15] and the memoire [2].

The problem of existence of periodic solutions of autonomous and nonau-
tonomous singular second order differential equations, with or without a friction
term, have been investigated by many authors using a topological method based on
the topological degree theory and upper-lower solutions method. See for instance
[3-10], [12], [14], [17], [21] and [22]. In almost all these papers the differential
equation contains a friction term that does not allow the application of a vari-
ational method. Problem (1.1) is treated as a particular case. See for example
[3] and [12]. However, our assumptions are different, and moreover, the novelty
in our study consists in the application of a variational approach based on the
mountain pass theorem. The advantage, here, is that we are able to consider
the case when the singular nonlinearity f(¢,.) is bounded from above that does
not meet the conditions to apply the topological approach, see for instance the
assumption (H4) in [4] and the assumptions of Theorem 4.1 in [3]. More precisely,
we state sufficient conditions on f such that solutions of (1.1) will be sought as
critical points of some functional in an appropriate Sobolev space. Moreover, this
functional is shown to have a mountain pass geometry. In fact, we shall use a
variant of the mountain pass theorem as stated in [18]. For definitions and results
on critical point theory, we refer to [11], [13], [18]. Other variants of the mountain
pass theorem can be found in [16], [19] and [20].

Finally, we should point out that our main result cannot be deduced trivially
from all the above cited works. It complementes quite well the results in [3], [4]
and [12].

2 Preliminaries

u

Let F(t,u) := / f(t,s)ds. Then problem (1.1) has a variational structure with
14w

corresponding func%ional © given by

27
1
ot = [ |3 0F - Fltu) + a0 at
0
and is defined on the Banach space (in fact it is a Hilbert space)

Hj. = {u:[0,27] — R absolutely continuous;u(0) = u(2r),u’ € L*([0,27];R)},
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equipped with the norm

27 21 %
Jull = ( | e | |u’<t>|2dt) ,
0 0
forue Hj,_.

It is well known (see for instance [13]) that ¢ is well defined on Hj_, con-
tinuously differentiable and weakly lower semicontinuous. Moreover, the critical
points of ¢ (i.e.u € Ha, such that ¢'(u) = 0) are solutions of (1.1).

In our work, we shall use a variant of the mountain pass theorem (see [18§]
for details) to prove our main result.

3 Main Result

Consider problem (1.1) with ¢ : [0,27] — R is a bounded measurable function,
and f :[0,27] x (ug, +00) — R is continuous and satisfies

(H1) lim f(¢t,u) = —oo (uniformly in ¢)

U*)’U,O

(H2) lim + F(t,u) = 400 (uniformly in t)

u—u,

(H3) M(t) := sup{f(t,s); uo < s < +oo} is bounded
(H4) lim 2Tr[F(t, u) — g(t)u]dt = +o0

u——+00 0

F
(H5) D1F(t,u) := a—(t,u) exists and is nonnegative

ot
The above problem was considered in [4] in the case f unbounded above
F(t
and satisfying (H1), (H2), (H5) and lir_P 2 ( ;u) = pu(t), p(t) > 0 such that
u——+00 u

o = sup, u(t) < i, using a topological approach based on the topological
degree theory and upper-lower solutions method. The fact that the nonlinear-
ity is unbounded from above and from below allows the author in [4] to exhibit
a constant upper solution and a constant lower solution, and then construct a
set 2, which is admissible for the use of the topological degree. In the present
paper, we consider problem (1.1) when f is bounded above, i.e. we suppose that
M(t) := sup{f(t,s); up <s < +oo} <M < +4oo. In this case we cannot use the
approach of [4].
Our main result reads as follows.

Theorem A. Assume (H1), (H2), (H3), (H4) and (H5) are satisfied. Then problem
(1.1) has at least one solution.
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Proof. The proof will be based on several claims.

For A € (up,uo + 1) we consider the following modified problem

u’(t) + [t u(®) =g(t) 0<t<2m 3.1)
w(0) — u(2r) = ' (0) — v/ (27) = 0 '
where f : [0,27] x R — R is defined by
fltu)  uw>A
St = { FEA) u<A
Let F)\(t,u) = /u fa(t, s)ds and consider the functional
uo+1
P H217r — R
defined by
2m 1
prw = [ 307 = Ru(euo) + g(0uto] v (32)

It is well known (see for instance [13]) that ¢, is well defined on H3i_, continuously
differentiable and weakly lower semicontinuous. Moreover, the critical points of
©y are solutions of (3.1).

Claim 1. ¢, satisfies the Palais-Smale condition.
Let {un},cy be a sequence in Hy such that {¢x(un)}, ey is bounded and
o (u,) — 0 as n — +oco weakly in Hj_ ; i.e. there exist a constant ¢; > 0 and

a sequence {¢,}, .y C Ry with ¢, — 0 as n — 400 such that

/0% Bu;(t)Q ~ Fa(tun () + g(t)un(t):| dt’ s forall e, (3.3)

and for every ve Hi_,

\ [ 000 = 5t 0)000) + 9(0000) dt] <eullolny.  (34)

We show that {u,, }nen has a bounded subsequence in H2_, and this will be enough
to derive the Palais-Smale condition.

Taking v(t) = —1 in (3.4) we obtain

27
/0 [fa(t,un(t)) — g(t)] dt’ < e,V27 for all n.
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So that
27 27
fA(t,un(t))dt' < enV21 + / g(t)dt‘ = cy. (3.5)
0 0
Let
Il,n = {t S [07271-]; f)\(t,un(t)) > O}v
and

I, = {t € [0,271']; f)\(taun(t)) < 0}

It follows from (3.5) that

Iz

<c+ At un(8)dt < co + 27 M,

I n

where M is such that M (t) < M for all ¢ € [0, 27].

Hence, there exists c3 > 0 such that

27
/ [Fx(t, un(t))] dt < es for all n. (3.6)
0

On the other hand, if we take, in (3.4), v(t) = wy(t) := un(t) — Uy, where @, is
the average of u, over the interval [0, 27],we get (taking into account (3.6))

Y

/O ) B%(t)?—fA(t,un(t))wn(t)+g(t)wn(t> dt

Callwnllmy,

1
= §||wib|\2L2 = (es +lgllLo) llwnll Lo

1
> Slwnlie = esllwally,

Consequently, using the Poincaré-Wirtinger inequality for zero mean functions in
the Sobolev space H3i_, there exists cg > 0 such that

[unllre < [lwnllmy, < ce- (3.7)
Suppose, now, that
lunllgy — 400 as n — +oo.
Since (3.7) holds, we have, passing to subsequences if necessary, that either

My = minu, — —00 as n — 400, or

M,, := maxu, — +o0 as n — +o0o.



152 A. Boucherif and N. Daoudi-Merzagui NoDEA

(i) Assume that the second possibility occurs. We have

/0 " Ea(t un(t)) — g(t)un (6) de

27 W, (t)
:/ l(/ iae, 5)ds> —g(t)un(t)l dt
0 1+wugo
27 My, My,
:/ (/ fa(t, s)ds 7/ fA(t,s)d:s) - g(t)un(t)] dt
0 1+wug ’U«n(t)

27 27 M,
- / [Fa(t, M) — Mg(t)) d — / U (fx(t,S)—g(t))dS] dt

0 0 n(t)

27
> / [F\(t, My) — Myg(t)] dt — || My — gl [[ My, — unllo-
0

(Here My (t) = sup{fa(t,s); uog < s < +oo}).

Thus, applying Sobolev and Poincaré’s inequalities to M,, — u,(-),

27 27
/ Fa(t, M) — M, g(t)] dt < / Pt (1)) — g(tyun (1)) dt
0 0

+||Mx — gllL1 V27 cg for all n.
Using (3.3) and (3.7) we see that the sequence

2m
/ [F)\(t, M) — M, g(t)] dt is bounded.
0

This contradicts (H4).

(ii) Assume the first possibility occurs; ie. m, — —oo0 as n — 4o0o. We
replace M,, by —m,, in the preceeding arguments, and we also arrive at a
contradiction.

Therefore @) satisfies the Palais-Smale condition. This completes the proof
of the claim.

Let
Q:={u€ Hy ;minu>1+ug},
and
00 = {u € Hy ;u(t) > 1+ ug for everyt € (0,27),
I, € (0,27) s u(ty) =1+ uo}.

We now proceed to show that ¢y has a mountain pass geometry.
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Claim 2. There exists m > 0 such that i%fQ wx(u) > —m whenever
ue
AE (’U,O,UQ + 1).

For u € 99, we have minu = u(t,) = 1 + up for some t,. Extending the
functions by 2m-periodicity, we can write

to+27
ox(u) = /t Bu’(zﬁ)2 — F(t,u(t)) + g(t)u(t)] dt

by 427 ty+27m
- | ;u’(t)zdt—[/t1 (M (1) — g(6) (ult) — o — 1)t

u 7

- /t o+ 1)dt} .

u

Schwarz inequality and the fact that «/(t) = (u(-) — up — 1)’(¢) imply

1 2
a(u) > S [u(-) —uo = 1)[|72 = [[Mx = gllzz - [[u(-) —uo — 1|2 + (1 + uo)||gll L1

Applying Poincaré’s inequality to u(-) —ug — 1, we get

1
oa(w) = SllwllZe =AMy = gllallwll2 + (14 uo)llgll 1,

where v = v(t,).
The above inequality shows that

oa(u) — +oo as ||u']|p2 — +oo.

When minu = 1+ ug, we have that [[u(-) —uo — 1|3 — o0 is equivalent to
|lu/]| 2 — +oc.

e Hence px(u) — +o00 as |lullgy — +oo, u € 9Q. We infer that ¢ is coer-
cive, and so it has a minimizing sequence. The weak lower semicontinuity
of v, yields

inf —00.
B o) > —oc

It follows that there exists m > 0 such that i%fQ wa(u) > —m, and this is
ue

true for all A € (ug,up + 1).

The proof of the claim is complete.

Claim 3. There exists A\g € (ug,up + 1) with the property that for every

A € (ug, Ao), any solution u of (3.1) satisfying ¢x(u) > —m is such that
minu > Ao, and hence u is a solution of (1.1).

For, assume on the contrary that there are sequences {\,, }nen and {uy, }nen
such that
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2m
Since f is bounded above by M and / [fa, (E un(t)) — g(8)] dt = 0, we
0

have
1 fx, Coun ()] < ez, for some constant c; > 0.
Hence

lur, || L= < cg, for some constant cg > 0.

Since @y, (uy) > —m it follows that there must exist two constants Ry and
Ry, with ug < R; < Ry such that

max{u,(t); t € [0,27]} € [R1, Ra],

otherwise, u,, would tend uniformly to ug or 400, and in this case py (u,)
would go to —oo, (because of (H4) and ||u/,||r~ < cg), which contradicts
PAn (un) > —m.

Let 71,72 be such that, for n large enough

n»'n

1
un(Ti) =u+— < R; = un(Tz)
n

Multiplying the differential equation in (3.1) by u, and integrating the

resulting equation on [}, 72], or on [72,7}], we get

n''n

J = / " wll (tyul, (t)dt + / " P (&, wn (8) )us, (B)dt

1
n

It is clear that

where
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Since g is integrable and ||u L~ < cs, it follows that J is bounded, and
consequently J; is bounded On the other hand, we have

Fan (6 () (1) = 0 1B, (6, ()] = Du B, (1 0 (1),
Thus

7_2

1 n
J1 = F\, (T2, Ry) — P, (TTIL,UO + ) - D1 Fy, (t,un(t))dt.
n

1
Tn

The assumption (H5) implies that
1
Ji < Py, (77, Ry) — Fy, <T,1L,u0 + n) :
It follows from (H2) that J; is not bounded. This is a contradiction.

Claim 4. ¢, has a mountain-pass geometry for A < Ag.

Fix A € (ug, Ag] such that f(t,\) < 0 for any ¢ € [0,27]. This is possible
because of (H1).

ug up+1
Fu(tug) = /1 Falt, s)ds = — / Fa(t, 5)ds

+uo uQ

A up+1
= — f/\(t,S)dS—/ f)\(t,S)dS
A

2\ up+1
= _/ f(t7)‘)ds_/ f)\(tas)ds
uo A
u0+1
= —(A—wuo)f(t, )\)—/ fia(t, s)ds.
A
This implies that
uo+1 A
Fy(t,up) > —/ f(t,s)ds = / f(t,s)ds = Fx(t, \).
A uo+1
Hence
27 27
ealug) = —/ FA(t,uo)dt—i—/ g(t)uo dt
0 0
27
< - Fx(t, \)dt + uollgll:-
0

Consider A € (ug, Ao] such that

m + lgllLruo

Fy(t, A
At A) > 2T

for all ¢ € [0, 27].

This is possible by (H2).
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Tt follows that @y (ug) < —m — uo|lgllLr + wollgllzr or vx(ug) < —m.
Also, using (H4) we can find R, sufficiently large so that R > 1 + ug and

R
F\(t,R) > % for all te[0, 27).
7r
This implies that
PA(R) < —m.

Since 2 is a neighborhood of R, ug ¢ © and
max{px(ug), pA(R)} < inf @x(u),
uedN

we are in the situation of the mountain-pass theorem (see [18]).

Claim 1 and Claim 4 imply that ¢, has a critical point uy such that

. o
pa(ur) = Inf. max @x(n(s)) = inf ox(u),

where ' := {n € C([0,1]; H3.); n(0) = uo, n(1) = R}.
Since i%fQ ox(u) > —m, it follows from claim 3 that uy is a solution of (1.1).
ue

This completes the proof of the main result.
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