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1 Introduction

Let us consider a Dirichlet integral of the type

]-'(u):/ﬂf(Du)d:c

where u is a nonnegative Sobolev function with compact support in 2. The well
known Pélya-Szego principle states that if u® denotes the Steiner symmetrand of
u, then:

F(u®) < F(u). (1.1)

Our aim is to study the case when the integrand f depends also on z and u. The
only result in this direction have been obtained in [3] and [10]. Here we extend
the results contained in the papers quoted above and discuss the equality case
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n (1.1). In particular we characterize the functions for which from the equality

/ f(z,u, Du)dx = flz,u’, Du’) dx
Q Qs
one can one deduce that © = u® up to translation.

This problem has been completely solved in [5] for an integrand independent
of x and wu, in the general setting of BV functions.

It is clear that without any assumption on the dependence of the integrand
f with respect to the x variable, the extremals in Pélya - Szego principle could be
not symmetric, and also inequality (1.1) could be false. Indeed introducing the
functionals

G(u) = / (y 172 ') [Pdy, >0, (1.2)

we show (see Section 4) that if o < 2 then G,(u) may even increase under sym-
metrization, while for a = 2 the Pdlya-Szegd inequality holds but the extremals
are not necessarely symmetric. This phenomenon is due to the fact that in the
integral G, which is of the type

/ o (v) dy
R

the weight ¢ is not convex for a < 2 and not strictly convex for & = 2. In this
paper we show that for a multiple integral of the type

- f@' u(@), Varu(e), g(y) Vyu(e))d,

where z = (2/,y), 2’ € R"', y € R, the convexity of f with respect to the
gradient and the stricty convexity of the weight g, not only ensure the validity of
Pélya-Szego inequality, but also force the extremals to be Steiner symmetric.

2 Preliminary results and definitions

This section is essentially devoted to recall some basic properties of Steiner sym-
metrization and sets of finite perimeter. In the following we denote the generic
point z € R" (n > 2) by 2 = (¢/,y) € R" ! x R, where 2’ = (x1,...,2,_1) €
R" ! y € R and the generic point = € R"™! by z = (2/,y,t) € R" ! x Ry, x Ry.
For any measurable set E C R", we define, for 2/ € R"™!, the slice of F through
7' in the y direction as :

E, ={yeR:(a',y) € E} (2.1)
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and
p(2') = £ (Ey), (2.2)
where £! denotes the Lebesgue outer measure in R.

In the sequel 7 will denote the orthogonal projection over the first (n — 1)
variables. Moreover for every E C R™ we will denote 7(E)™ the essential projec-
tion of E onto R"™! that is

m(E)T = {2’ e R" ' :lg(z') > 0}.
The Steiner symmetral E° of E about the hyperplane {y = 0} is defined as
E*={(z",y) eR" :| y |[< p(a')/2}.

Let © € R™ be a bounded open set and let u : £ — R be a nonnegative
measurable function. We still denote by u the function

_ Ju(z) forxzef
u(z) = { 0 otherwise. (2:3)

The Steiner rearrangement u® of u is defined as follows

u (2 y) = inf{t > 0: p,(2',t) < 2ly|} (2',y) e R" ' x Ry,

where
pa(2',t) = L' ({y € R:u(z',y) > t}),

is the distribution function of u(z’, ).
We define

M(z') =inf{t > 0: p,(z',t) =0} for 2’ € 7(Q).

The measurable function M (z’) agrees with esssup{u(a’,y) : y € Qu} for
L lae. o' € n(Q).

Remark 2.1 It is easy to prove that for £* '-a.e. 2/ € R"!, we have u®(z',y) >
t for some y € R and ¢ € RT if and only if p,(2',t) > 2|y|. This obviously implies

{(@',y) s u(z',y) > t}°is equivalent to {(z',y) : u’(a’,y) >t} Vit>O0.

Hence u(z’,-) and u®(2’,-) are equidistributed for £*'-a.e. 2’ € R"~!, and thus
u and u® are equidistributed.
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If E C R" is a measurable set, and x € R", the density of E at x is defined
as follows

. L"(EN B.(z))
D(E,z) = lim ————-2
( ax) Tli}}) Ln(BT (IE)) 9
and the essential boundary of E is the Borel set
OE=R"\{zeR" :D(E;z)=0 or D(E;z) =1}.

We recall that an open set E C R"™ is a set of finite perimeter if H"~1(9*E) <
+00. By Theorem 3.61 in [1] and Theorem 4.5.11 in [8] this definition is equivalent
to the one given in [6] and for every open set of R"”, H"~1(9*E N ), coincides
with the perimeter of E in Q, P(E, ), as defined in [6].

If u : © — R is a measurable function the approximate upper and lower limit
of u at a point z are defined as the functions

uy(x) =inf{t: D{u > t},z) =0} and u_(z)=sup{t: D({u < t},x) =0},

respectively. The function u is approximately continuous at a point =z € € if
u(x) = uT(x) < oo. Finally we will denote by C* the Borel set of all points
where u is approximately continuous, and by S* = Q\ C*.

We define the precise representative u* of u

ut(z) = { M if u_(z) and uy (x) are both finite
0 otherwise
Remark 2.2 Observe that, if u € WH1(Q), then
us(z) =u_(z) = u*(x) for H* ! —ae. 2€Q
From the above definition it follows that
O{u>thc{u <t<u"} foreveryteR (2.4)
Moreover (see (2.20) in [4]) for Ll-a.e. t
H ' {u” <t <ut}\ 0 {u>t}) =0
We also recall the coarea formula (see for example [1] pg 159)

Proposition 2.1 Ifu € WHY(Q) and g : Q — [0, +o<] is a Borel function, then

“+o0
/( |vu\da:_/ dt/ dH"
*{u>t}mQ

“+o0
:/ dt/ g(x) dH" ™ . (2.5)
—00 {u*=t}NQ
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The next lemma gives the representation formulas for the approximate
gradient of the distribution function of a Sobolev function. For the proof see
[5] and [9].

Lemma 2.1 Let Q be an open bounded subset of R, and let u be a nonnegative
function from Wy ' (). Then p, € BV (w xR}, for any open set w CC m,_1(5),
and, for L' 1-a.e. ' € w(Q),

1

Vit (2 t) = —/ dH° (2.6)
! ( ) {y:u*(z’,y)=t} ‘ vyu ‘
Viu
Viptu (2, 1) :/ - dH° i=1,...,n—1, (2.7)
(v @ )=t} | Vot |

for L'-a.e. t € (0, M(x)).

3 A weighted version of Pdlya - Szego inequality

In this section g : R — [0, +oo[ will be a non zero, even, convex function. It is
known (see [2] for the general n-dimensinal case ) that if E C R is a bounded set
of finite perimeter, E° is the open interval centered at the origin having the same
measure as E then

/ g(y)dHOZ/ 9(y) dH°. (3.1)
o*E

OEs

Moreover the following result holds true.

Proposition 3.1 Let E C R be a bounded set of finite perimeter. Assume that

/ gy) dHO = / oly) dH,
o*FE OFEs

then E is equivalent to an interval; if the function g is strictly convex then E is
equivalent to an interval centered at the origin.

Proof. Since F is a bounded set of finite perimeter, then by Proposition 3.52 in
[1] we may assume with no loss of generality that F is the union of a finite number
of pairwise disjoint intervals. Let us set @ = min{y € E} and § = max{y € E}.
Obviously E C [a,5]. If |E| = § — « then E = [«, 8] and the claim follows. If
|E| < 8 — a we consider v > 0 be such that

a—0 -«
2 7 2 }

[—v,7] C { i 2y =|E|
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Hence, recalling that g is increasing in [0, +oo], even and convex, we have

/ g(y) dH°® = / g(y) dH® < / g(y) dH°
OE* 6[_777] 6[%,37[&%&

< / oly) dH° < / o(y) aH°,
O, ]

OE
thus getting a contradiction. Hence E is an interval. If g is strictly convex the
claim follows since
a—f

g(a) +9(8) > 20(“55). (32)

O

Remark 3.1 Let us mention that one can deduce that the set E is an interval
centered at the origin, also in the case that g is just strictly convex in some
subinterval (¢, d) C [a, §] = E since in this case (3.2) is still satisfied.

Here and in the following we assume u € VVO1 1(9) and we still denote by u
its zero extension outside of €2 defined in (2.3).

We consider f: (z/,u,&,2) € R"' x RxR"™* xR — [0, +00[ a continuous
function such that

f:(€,2) eR" xR — f(z',u,€,2) € R is convex for every z’ € R" !, u € R;

(3.3)
fizeR— f(a',u,&,2)eR is even and increasing for every 2/, (3.4)
geR" L ueR,y>0,;
f(z',u,0) =0 for every 2’ € R" ! u € R, (3.5)

and we define the following integral functional:
FiueWy'(Q) — / f (@ u, Viu, ..., Vy_1u, g(y)Vyu) de. (3.6)
Q

Our aim is to prove that the functional F decreases under Steiner sym-
metrization.

Theorem 3.1 Let F be the functional defined in (3.6) with f satisfying (3.3)-(3.5).
The following inequality holds:

(@ v (x), Vius, ..., V_1u®, g(y) Vyu®) do
QS
< / (@ u(x), Viu,. .., Va_1u,g(y)Vyu) dz (3.7)
Q

for every nonnegative function u € Wol’l(Q).
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Proof. Step 1. We first assume that u satisfies
L{y : Vyu(@',y) =03 N{y: 0 <u(z',y) < M(2)}) =0 (3.8)

for a.e. «' € w(Q) such that M (x") > 0. This technical assumption will be removed
by means of an approximation argument in the next step. Let us recall that if
u € WH(Q), then for £~ a.e. 2/ € M(Q), u*(2',-) is an absolutely continuous
function in Q, and

d

Vyu(z' y) = d—[u*(m', N(y) for L' ae y € Q. (3.9)

Y
Let us choose a point 2’ such that (3.8) and (3.9) hold and such that u*(2/,-)
is absolutely continuous. Notice that for such a point (see Lemma 3.3 in [4]) we
have also that

L'{y: Vb (@, y) =0yN{y: 0 <u’(2',y) < M(a)}) = 0. (3.10)

In order to simplify the notation in the remaining part of the proof, we shall
still denote by u the precise representative of the Sobolev funtion u. The same
convention will be applied to u®. Coarea formula ensures that

/ f(a,u, Vs (') dy
0*{y:us(z’,y)>0}

/M(m/)dt/ ! fl@! uf, Vs (2, y) dHY  (3.11)
— f(z",u®, Vu' (2, y .
0 {y:us (z’/,y)=t} |vyus| Y

for £ 1ae. 2’ € m(Q) such that M (z) > 0
Using formulas (2.6), (2.7) and (3.1) we get

1
/ —f(@ u (), Viu®, .., Vino1u®, g(y)Vyu®)dH,
{

yus (zy)=t} | Vyu |

1 , 0
= VS Vo, vV, u |)dH
/{y:us(z’»y)t} | Vyu? |f(13 H w1 9(w) [ Vit ) Y
\Y 't \Y ') Jrus—n 9y)dH,
- Vi (x/ t)f ot 1Mu($7 ) n—lMu(xa ) {us=t} Y
e T =V (@ 1) T =V (2l t) T =V (2, )
0
< —Vipu (2 t)f | 2t Vipu (', 1) Vi 1pu (2, 1) f{u:t} 9(y)dH,
- e ’ ’ 7fvt:u‘u(x/7t),“.7 7vt:u’u(xlat)7 7thuu($/7t)
v 0 Va_oiu 0 0
Yy Jiyumsy W Jyumy a7 I Sy 90)dH,
= b dHy ang dHO
{y:u=t} |Vuy| f{y:u:t} Vuy| {yru=t} [Vuyl
/ dH)
{y:u(z’,y)=t} | V’U,y |
1
</ = f(@ u(x), Viu, ..., Vo 1u, g(y)Vyu)dH, (3.12)
{y:u(z’,y)=t} | vyu |

where in the last line we have used the Jensen inequality.
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Now let B any Borel subset of 7(£2) and let B = BN{M (z) > 0}. Integrating
the last estimate with respect to ¢ and to z’ respectively over (0, M (2')) and over
B we get

[ @, Vet ) V) d
BxR

:[dx’/{ " O}f(x’,us(x),vlus,...,anlus,g(y)vyus)
ws(x',y)>

M(z")
dac/ dt/

x f(x u( ), Viu’, ... Vn U 79( )Vyu®)

< / d:E// dt/ ——f (2 u(z), Viu,. .., Va_1u, g(y)Vyu)
B 0 {u(z’,y)=t} | VU’U |

= / (@ u(z), Viu,. .., Vy_1u, g(y)Vyu) de.
BxR

Hence the desired estimate

/ f @ w’(x), Viu’, ..., V1w’ g(y)Vyu') do
BxR

< / f @ u(z), Viu, ..., Vy_1u, g(y)Vyu) de
BxR,

follows for every Borel set B C m,_1(£2).
Step 2. We now remove assumption (3.8). Let w be an open set such that w CC
(). We preliminarly observe that there exists a sequence wy of nonnegative
Lipschitz functions satisfying (3.8) and strongly converging to u in Wh!(w x R,).
Without loss of generality we can assume that u belongs to W11(R™).
Hence, given h € N, there exists v, € C}(R") such that vy, > 0 and |jv, —
ullw11wny < 1/h. By standard arguments one can find a polynomial pj, such that
[lon, — ph||01(§2r(0)) < 1/h where r is such that the support of v, is contained in

B,(0). Replacing py by p, + 1/h + 6y?, with 6 > 0 sufficiently small, we can also
assume that p, > 0 in B, () and that £'({Vypn(2/,y) = 0}) = 0 for L ta.c 2’
in R"™!. Let n, be the cut-off function between B, and B, defined as ne(z) =1
if |z] < r, n.(x) = 0if || > 2r and n,(x) = 47”23170'2 if r < |z| < 2r. Setting
up, = nypp, one can check that

l|w —un|lwie@ny < c/h

for some positive constant c¢. Finally, (3.8) follows from the fact that wup(z) > 0
only if z € By, and that u; agrees with the polynomial pj in B, and with the
polynomial pp7n, in Ba, \ B,. Now if the function f verifies

0< f(a, ) <C+E) (3.13)
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then by Lebesgue dominated convergence Theorem we have that f(x, Vuy) con-
verges strongly in L' (w x Ry) to f(x, Vu). Recalling that Steiner symmetrization
is continuous in L', by semicontinuity we have

/ f(z,Vu’)dx < liminf/ f(z, Vuy)dx
wxRy h—+0c0 wxRy

< 1iminf/ f(x, Vuy)dx z/ f(z, Vu)dz.
wXxRy

h—+o0 wxR,
Then the claim follows. Assumption (3.13) can be easily removed observing that

f(z,8) = sup{< a;(z),& > +b;(x)} = sup{< a;(x),& > +b;(z)} .
JEN jEN
Moreover since f is even with respect to &, it results that
sup{{< a;(x),€ > +0;(2)} 7, {< (), € > +b;(x)} 7}
JE
where @;(z) = ((¢j)1,- -+, (aj)n-1, —(a;j)n). Finally setting for N € N

In(z,8) = sup {{<a;(x),£> +b;(2)}" {<T(x),£ > +b;(x)} "}

1<Gj<N

Since fn(z,&) converges to f(z,£) and is even with respect to &, and satisfies
(3.13) by monotone convergence the claim follows. a

Now we are able to investigate what happens when equality holds in (3.7).
We will prove that extremals functions u for which equality holds in (3.7) are
Steiner symmetric. To do this we must assume that the set where | V,u |= 0
has zero Lebesgue measure, otherwise the result could be false (see [5]). We will
assume that, for £ t-ae. 2/ € m,_1(Q), M(2') > 0, and the derivative of the
restriction u(z’,-) is L'-a.e. different from 0 in the set where u(2’,-) < M(z').
The last condition is equivalent to the following one

Lr({(«,y) € Q: Vyu(a',y) = 0})
N{(z',y) € Q: M(a') =0 or u(z',y) < M(z")} = 0. (3.14)

Theorem 3.2 Assume that g is strictly convex, f satisfies (3.3)-(3.5), f(a/,
u, &) is strictly increasing and u € Wy (Q) satisfies (3.14). If

ou’® ou’® ou®
/ s 7 T -
‘/S f <x 7u b) axl 9 6xn_1 ) g(y) ay ) dm
ou ou ou
_ ;. U ou
- \/('2 f (x 7u7 axl AR 8xn_1 ’g(y) 8y> dx (3'15)

then u = u® up to translations along the y axis.
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Proof. Since (3.15) holds, one deduces that in (3.12) the inequalities become
equalities. Hence for £ l-a.e. 2’ € M(Q) and L'-a.e 0 <t < M(z'),

/ ~ ' cuespy 9(Y)AHO
- Vt:uu(x/vt)f x/,u, V1ﬂu(x 7t) gty v’ﬂ INU(x ’t)v fa { >t} ( )
_vtﬂu(xlvt) _Vtuu(x/’t) _vt:uu(xlvt)
/ _ / i gy dHO
= *vtuu(xlvt)f IZZ/,U, VIMU(CE ,t) [ Vn IMU(x ’t)a fa fu>t) ( )
—Vip (2, t) ~Vipu (1) T =Vipu (o', t)

Being f(a',-) strictly increasing one deduces that

/ st = [ 9(y)dH’.
O*{ywus(x,y)>t} O*{y:u(z’,y)>t}

By Proposition 3.1 the claim follows. O

4 Functionals nondecreasing under Steiner
symmetrization

In this section we exhibit a functional of the type (3.6) that may increase under
Steiner symmetrization. This counterexample shows that the convexity of the
weight g(y) is necessary to prove the desired Pdlya - Szégo inequality. We also
observe that the same counterexample proves that for some weight g(y) which is
just convex, non constant, but not strictly convex, equality can hold true in (3.7)
also for non symmetric function in the y direction.

Let us consider the following integral functional defined on VVO1 1(R)

Go(u) = / (g 2 W/ (y) *dy, o> 1 (4.1)

and let us define the following Lipschitz function

(y+A)/(2A) for [y[|<A
ux(y) =49 (W+A—-2)/(2A—=2) for A<y<2-—2X
0 otherwise ,

for some 0 < A < 1. The Steiner symmetrand of u) is

sy JI=ly| for |y|<1
ui(y) = { 0 otherwise .

For @ < 2 the weight | y |°‘/ 2 is not convex and so the assumptions of Theorem
3.1 are violated for the functional G,. In fact it is easy to check that for a < 2
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and0< A <1
2 1ot (2= )t -yt
s — =
o) = 57> o102 An—1)2 ) = Galua)
The critical exponent for the functional G is @ = 2, in this case the weight
9(y) =| y | is just convex but not strictly convex then we consider the trans-
lated of u)
(y+A)/(N) for —A<y<0
un(y) =< (y+A—-2)/(A=2) for0<y<2—2X
0 otherwise ,

and v} = u3. We have
Ga(vx) = Ga(v3) =2/3 VA< 2

but vy is not symmetric.
Nevertheless we will remark in the next section that the symmetry of extre-
mals in (3.7) can be obtained also for a special class of non strictly convex weights.

5 When the weight is not strictly convex

In this last section we remark that Theorem 3.2 can be proved for a special class
of non strictly convex weights. Here we allow, as a particular case, that g(y) is
constant, so we must assume as in [5] some kind of geometric property for the
open set ). We will assume that

() is connected, (5.1)

and that the reduced boundary 9*(2 of €2 is almost nowhere parallel to the y-axis
inside the cylinder 7(2) x R,,, that is
2 has locally finite perimeter in 7(2) x R, and (5.2)
H{ (2, y) € 0" Q2 : u??(ac’,y) =0} N (7(Q) xRy)) =0,

where ‘H* stands for k— dimensional Hausdorff measure, and v{’ denotes the

component along the y- axis of the generalized inner normal v to €. Moreover
in this section we assume that (3.14) holds. We remark that assumption (3.14)
can be relaxed by replacing v with »*®, by means of the following proposition

Proposition 5.1 Let Q be an open bounded subset of R™ and let u be a nonneg-
ative function from Wy' (Q). Then, for L -a.e. 2’ € w(Q),

LY{y : Vyu(2',y) = 0,t < u(z’,y) < M(z')})
=L'{y: Vyu (@' y) = 0, <u’(a,y) < M(2")})
for every t € (0, M(z')).
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Proof. See [5] Proposition 2.3. O

Actually Theorem 3.2 still holds true when the weight is g(y) = 1 as proved
in [5]. The counterexample of section 4 is built using the fact that the weight ¢
looses his strict convexity and is not constant. Nevertheless the weight g(y) can be
not strictly convex where it is constant and Theorem 3.2 still holds true. In fact
let us consider an even convex real function g : R — R such that, g(t) = ¢ > 0
Yt € [—p, p] and g is strictly convex in R\ [—p, p], for some constant p,c > 0. The
following theorem holds

Theorem 5.1 Assume that f satisfies (3.3)-(3.5), f(a',u,-) is strictly convez,
and f(2',u, &) is strictly increasing. If g is defined as above and if (3.15) holds
then u = u® up to translation along the y axis.

Proof. Let us preliminarly observe that as in Theorem 3.1 we can obtain (3.12)
via Jensen inequality. Since equality holds, and since f is strictly convex then

viu\a*{y:u(m’,y)>t} =¢C i1=1,... , N — 1 (53)
and
g(y) | vyu ||3*{y:u(w’,y)>t}: Cn (54)
for some constant ¢y, ...,¢,_1,Ccy. Arguing as in Theorem 3.2 we obtain also

/ s = | o(w)dH",
O*{ywus (z,y)>t} o*{y:u(z’,y)>t}

and this implies, using Proposition 3.1, that {y : u(z’,y) > t} is equivalent to some
interval (y1(2/,t),y2(2,t)). In the case that {y : u(z’,y) > t} is not included in
[—p, p], by Remark 3.1 {y : u(a’,y) > t} is centered at the origin and being g
even, using (5.4) we obtain

Vyu(' g (2, 1) = =Vyu(' yo (2, 1)). (5.5)

In the case that {y : u(z’,y) > t} C [—p,p], ¢ is constant in {y : u(a’,y) > t},
then (5.5) follows as in Lemma 4.7 of [5]. In any case we obtain (5.3) and (5.5);
from these symmetry properties of the gradient the proof follows exactly as in [5]
(see Lemmas 4.7-4.10). O
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