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Abstract
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1 Introduction

Let G be a semiabelian variety defined over Q and X ⊆ G an algebraic subvariety. In
this article, we study the intersections of X with algebraic subgroups H ⊆ G having
codimension at least dim(X)+ 1. For reasons of dimension, one does not expect that
such a subgroup H intersects X at all. However, such “unlikely intersections” can
appear and interesting phenomena arise when intersecting X ⊆ G with the countable
union G[dim(X)+1] of all algebraic subgroups having codimension ≥ dim(X)+ 1. For
example, it is not clear a prioriwhether the intersection X∩G[dim(X)+1] is Zariski-dense
in X or not. However, conjectures of Pink [43] and Zilber [63] imply the following.

Conjecture (Unlikely IntersectionConjecture, (UIC)). If X is not contained in aproper
algebraic subgroup of G, then X ∩ G[dim(X)+1] is not Zariski-dense in X.

One immediately realizes that, in the case X is a hypersurface, this statement is
exactly the Manin–Mumford conjecture which was proved by Laurent [33], Ray-
naud [46] and Hindry [26] in the multiplicative, abelian and general semiabelian case
respectively.

Some special cases of the above conjecture have been already mentioned in a
pioneering work of Bombieri et al. [10], in which they proved that a curve C in
G = Gt

m has finite intersection with G[2] under the stronger assumption that C is
not contained in any translate of a proper algebraic subgroup of G. Maurin [35] gave
a general proof with the weaker necessary assumption that C is not contained in a
proper algebraic subgroup, using the generalized Vojta inequality of Rémond [48]. An
alternative proof has been given by Bombieri et al. [9], relying on Habegger’s proof
of the Bounded Height Conjecture for algebraic tori [25].

After several partial results [14, 20, 45, 47, 56] in this direction, Habegger and Pila
[27] eventually proved (UIC) for curves in abelian varieties, using o-minimal counting
techniques.

The main purpose of this note is to establish the following generalization of the
results in [27, 35], which amounts to the full (UIC) in case X is an algebraic curve.

Theorem 1.1 Let G be a semiabelian variety and C ⊆ G an irreducible curve not
contained in a proper algebraic subgroup of G. Suppose C and G are defined over a
number field K. Then C ∩ G[2] is finite.

If C is contained in a proper algebraic subgroup H of G, the intersection of C
with G[2] can be infinite. This is easy to see in the toric case G = Gt

m . Passing to the
component of H containingC , which can be assumed to be≈ Gt ′

m possibly after raising
C to an appropriate power, this reduces to the well-known fact that the intersection of
a curve C ′ ⊆ Gt ′

m with (Gt ′
m)[1] is infinite. Indeed, any non-constant rational function

f on C ′ attains infinitely many roots of unity as values, the preimages of which are
elements of C ′ ∩ (Gt ′

m)[1] if f is the restriction of a standard coordinate function on
Gt ′

m . In conclusion, our result is essentially optimal.
We also note that the above theorem implies the Mordell–Lang conjecture for

curves in semiabelian varieties [42, Theorem 5.3], yielding hence a special case of a
well-known result of McQuillan [37]. However, we make use of the Mordell–Lang
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conjecture—in the proof of Lemma 3.1—for the intersection of curves in abelian
varieties with their Mordell–Weil group. This is also a source of non-effectivity in our
main result.

Our main Theorem and most of the above-mentioned results concern semiabelian
varieties defined over the algebraic numbers due to the arithmetical methods employed
in the proofs. Of course, one might look at curves and semiabelian varieties defined
over larger fields. In [13], the authors show that Maurin’s Theorem holds for complex
curves,while the first author, in collaborationwithDill, extended thework ofHabegger
and Pila to curves and abelian varieties over the complex numbers in [5]. Finally, in
[4], they extended our Theorem 1.1 to complex curves lying in semiabelian varieties
over Q.

Our proof of Theorem 1.1 follows the strategy employed by Bombieri et al. in [9],
relying on the Bounded Height Conjecture proved for semiabelian varieties by the sec-
ond author [30]. However, new difficulties arise in its implementation for semiabelian
varieties instead of algebraic tori.

First, semiabelian varieties lack Poincaré reducibility, which is true for tori as well
as for abelian varieties. This makes it often necessary to avoid its usage by other tools,
mostly through auxiliary quotient constructions.

Second, we have to prove that the points in C ∩ G[2] satisfy a Northcott property
(i.e., there are only finitely many such points of height ≤ B for any constant B); see
Proposition 4.1. In the toric case G = Gt

m , this was proven in [11, Lemma 1], but as
this approach does not seem to generalize to semiabelian varieties, we adapt instead
a counting argument from the proof of (UIC) for curves in abelian varieties given by
Habegger and Pila [27]. The proof of this counting argument involves linear forms in
logarithms on semiabelian varieties [21, 60] as well as Pila and Wilkie’s o-minimal
counting Theorem [44] and its refinement [27] and Ax’s Theorem [1].

Third, technical difficulties related to semiabelian varieties appear throughout the
argument. A rather unexpected complication comes from the mixed structure of semi-
abelian varieties. In order to establish a close relation between the algebraic degree
of a subgroup H ⊆ G and the covolume of the associated period lattice �H in its
R-linear span VH (Lemma 2.2), it is necessary to choose a specific metric on the Lie
algebra of G(C).

Our result has applications in the context of Pell equations over polynomial rings.
In fact, Masser and Zannier [39] had the astonishing insight that there is a connection
between (UIC) and the (local) solvability of families of such Pell equations over a
base curve. As an example, let us consider the two equations

A2 − ((T 3 + 1)X4 + 3T 2X3 + 3T X2 + X)B2 = X − 1 (1)

and

A2 − (X − 1/(1− T ))2((T 3 + 1)X4 + 3T 2X3 + 3T X2 + X)B2 = X − 1 (2)

where we consider T as the coordinate on the base curve A1
C
\{1} and seek solutions

(A, B) ∈ C[X ]2 after the specialization T = t , t ∈ C\{1}. Consider the family of
curves
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C : Y 2 = (T 3 + 1)X4 + 3T 2X3 + 3T X2 + X

over U = A1
C
\{(−1)1/3, 1} and, for each t ∈ U (C), the points

P±t =
(
1,±

√
(t + 1)3 + 1

)

of Ct . Denote by∞±
t the two points at infinity of a projective non-singular model Ct

of Ct . Following the argument in [2, Section 9], it can be seen that we have a solution
(A, B) ∈ C[X ]2 of (1, T = t) if and only if Pt = [P+t − ∞−

t ] is a multiple of
Qt = [∞+

t − ∞−
t ] on the Jacobian Jac(Ct ). Looking at the degree of T in (1), it

is clear that the equation is not identically solvable and thus Pt is not a multiple of
Qt identically. On the other hand, one can show using Siegel’s Theorem for integral
points on curves over function fields (see the end of Section 10 of [2] or p. 68 of [61])
that there are infinitely many t ∈ C for which Pt is a multiple of Qt . Thus the equation
(1, T = t) is solvable for infinitely many t ∈ C.

In contrast to this, our Theorem 1.1 implies that there are at most finitely many
t ∈ C such that the other equation (2, T = t) admits a solution (A, B) ∈ C[X ]2.
However note that the polynomial in front of B2 in (2) is not square-free. This forces
one to consider not just abelian varieties but also linear extensions of those. See [7]
or [49] for a short description and some examples involving multiplicative as well as
additive extensions. The generic fiber of the family C is birationally equivalent to the
elliptic curve

E : Y 2 = X3 + 1,

inducing an isomorphism between the Jacobians of their projective non-singular mod-
els.

We write ϕT : C ��� E for the birational map over Q(T ). It is explicitly given by
sending (X ,Y ) to (1/X + T ,Y/X2) and we first compute that

ϕT

(
1

1− T
,±

√
2

(1− T )2

)
= (1,±√2).

Note that

ϕT (P±T ) =
(
1+ T ,±

√
(1+ T )3 + 1

)
and ϕT

(∞±
T

) =
(
T ,±

√
T 3 + 1

)
.

Write Jacm(E) for the generalized Jacobian of E with respect to the modulus

m = (1,
√
2)+ (1,−√2).

FromLutz–Nagell for number fields [52, VIII, Exercise 8.11], it follows that (1,±√2)
is not torsion on E . Consulting the references cited above, we conclude that Jacm(E)

is isomorphic to a fixed non-split extension G of E by Gm . We write
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Pt =
[
ϕt
(
P+t

)− ϕt
(∞−

t

)]
m

, Qt =
[
ϕt
(∞+

t

)− ϕt
(∞−

t

)]
m
∈ Jacm(E).

Now suppose we have a solution of (2, T = t). Then we get a rational function
f on E whose divisor is a linear combination of the divisors [ϕt (P

+
t ) − ϕt (∞−

t )]
and [ϕt (∞+

t )− ϕt (∞−
t )]. Moreover f (1,

√
2) = f (1,−√2) �= 0. This implies that

Pt , Qt satisfy a linear relation over Z. As t varies over the points of the base curve
U , the point (Pt , Qt ) defines an irreducible curve C in G2 and each linear relation
defines a subgroup of G2 of codimension 2. Clearly, both G and C are defined over
the algebraic numbers. In addition, we can check that the point ϕ−2(P±−2) = (−1, 0)
is torsion on E while, again using Lutz–Nagell, one can check that ϕ−2(∞±

−2) is
not torsion. Thus Pt , Qt ∈ Jacm(E) satisfy no constant linear relation and C is not
contained in a subgroup of G2 of positive codimension. This reduces the finiteness
assertion to our Theorem 1.1.

Another application of this kind of results has recently appeared in [3] and concerns
multiplicative dependence of values of rational functions and linear dependence of
points of elliptic curves after reduction modulo primes. There are three main results
in [3] respectively for Gt

m , E
g and Gt

m × Eg , where E is an elliptic curve over Q,
and they use the appropriate special case of the statement of Theorem 1.1. While for
the first two cases, the desired results were already in the literature [20, 35, 56], for
the third the authors prove a weaker case of Theorem 1.1 where the projections of the
curve on the multiplicative and the elliptic factors cannot both be contained in proper
coset. In this way, the bounded height results contained in [10, 55] are sufficient and
the use of the strategy of [9] can be avoided. With the result of this article we can
remove that superfluous hypothesis in Theorem 2.8 of [3] and in its corollaries.

2 Preliminaries

Throughout this section, G is a semiabelian variety defined over a field k. Recall that
this means that G is a connected smooth algebraic k-group that is the extension

0 T G A 0

of an abelian variety A of dimension g by an algebraic torus T . We always assume
that T = Gt

m ; such an identification can always be made if k = C or after base change
to a finite extension of k.

In this section we collect and prove several basic results that we are going to need
later.

2.1 The open anomalous locus

A coset in G is the translate H + p of a connected algebraic subgroup H by a closed
point p of G. We usually write cosets of G in the form p+H . Let V be an irreducible
subvariety of G. A positive-dimensional irreducible subvariety W ⊆ V is called G-
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anomalous (or simply anomalous) in V if it is contained in a coset p + H with

dim V − dimW < dimG − dim H .

We let V oa,G (or simply V oa) to be the complement in V of the union of all anomalous
subvarieties of V .

The following theorem is a generalization of Theorem 1.4 of [12].

Theorem 2.1 (StructureTheorem). Let V ⊆ G bean irreducible subvariety of positive
dimension.

(a) For any proper semiabelian subvariety H of G, the union ZH of all subvarieties
W of V contained in any coset of H with

dimW > max{0, dim V + dim H − dimG} (3)

is a closed subset of V , and the set H +ZH is not dense in G.
(b) There is a finite collection ΦV of such proper semiabelian subvarieties H such

that every maximal anomalous subvariety W of V is a component of V ∩ (p+ H)

for some H in ΦV satisfying (3) and some p in ZH ; and V oa is obtained from V
by removing the ZH for all H in ΦV . In particular V oa is open in V .

Proof This is essentially contained in the proof of [15, Corollary 2.4] and follows from
work of Kirby [29] and the Fiber Dimension Theorem (see, e.g., [12, p. 8]).

Let us first prove part (a). Consider the projectionψ : G → G/H and its restriction
ψV : V → ψ(V ) to V . Then, V ∩ (p + H) = ψ−1V (ψV (p)) for all p ∈ V . Now, the
set ZH consists of the fibers of ψV of dimension

> max{0, dim V − dim(G/H)}.

and is therefore closed in V by the Fiber Dimension Theorem. The set H + ZH is
nothing but the union of all cosets of H that give rise to an anomalous component in
V . We have ψ(H + ZH ) = ψ(ZH ) ⊆ ψ(V ). If H + ZH were dense in G, then
ψ(ZH ) would be dense in G/H . This is only possible if ψ(V ) is dense in G/H . This
implies that

dim(G/H) = dimG − dim H = dimψ(V ) ≤ dim V .

But now the Fiber Dimension Theorem gives an open denseU ⊆ ψ(V ) whose points
q satisfy

dim(ψ−1(q)) = dim V − dimψ(V ) = dim V − dim(G/H) ≥ 0.

The set U must then be disjoint from ψ(ZH ) and therefore the latter cannot be dense
in G/H .

We now turn to part (b). We recall [15, Theorem 2.3], which is a corollary of the
theorem on [29, p. 449]. If V is an irreducible subvariety of G then there exists a
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finite family ΦV of proper semiabelian subvarieties such that for all cosets p + K of
a semiabelian subvariety K and all anomalous components W of V ∩ (p + K ) there
exists an H ∈ ΦV and q ∈ G so that W ⊆ q + H and

dim H + dimW = dim K + dimW ′. (4)

where W ′ is the irreducible component of V ∩ (q + H) containing W . Now, let W be
a maximal anomalous component arising from an intersection V ∩ (p + K ). We can
suppose that K is the smallest semiabelian subvariety so that W ⊆ p + K . We will
show that K ∈ ΦV , where ΦV is as in the above statement. The statement actually
gives an H ∈ ΦV with (4).We show that K = H . By assumptionwe have K ⊆ H . Let
W ′ be the irreducible component of V ∩ (q + H) containing W and suppose H �= K
so W � W ′. By the maximality of W , W ′ cannot be anomalous and we have

dimW ′ ≤ dim V + dim H − dimG.

So, by (4), we have

dimW ≤ dim V + dim K − dimG,

which contradicts the fact that W was an atypical component of the intersection V ∩
(p + K ). �

2.2 Degrees of subgroups and periods

In this subsection, we consider a semiabelian variety G defined over C. We identify
smooth subvarieties X ⊆ G with the complex analytic manifolds associated to them
through analytification [50].

For the degree computations in this subsection, it is convenient to work with an
explicit compactification G0 of G and a specific ample line bundle L0 on G0. Nev-
ertheless, the results obtained are independent of this specific choice. Let us consider
the compactificationG0 ofG, the maps [n] : G0 → G0 and π : G0 → A, and the line
bundle M = MG0

from [30, Construction 5]. Furthermore, we choose a very ample
symmetric line bundle N on the abelian quotient A of G. We then choose the line
bundle L0 = M⊗π∗N on G0. Indeed, this is an ample line bundle by [30, Lemma 3].
As [2]∗M = M⊗2 and [2]∗N = N⊗4, we can endow both M and N with canonical
hermitian metrics hM and hN by using [62, Theorem 2.2]. These metrics are unique
up to a non-zero scalar.

Let expG : Lie(G) → G be the (complex) Lie group exponential of G and write
�G = exp−1G ({0G}) for the periods of G. It is well known that �G is a discrete
subgroup of Lie(G) of rank 2g + t and we write VG ⊆ Lie(G) for its R-linear span,
which coincides with the preimage of the maximal compact subgroup KG ⊆ G under
expG ; we use analogous notations for other semiabelian varieties.
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The exact sequence

0 Gt
m G A 0

induces an exact sequence

0 Lie(Gt
m) Lie(G) Lie(A) 0

restricting to a sequence

0 �Gt
m

�G �A 0

between the respective period lattices. Finally, we obtain an exact sequence

0 VGt
m

VG VA 0 (5)

of R-vector spaces.
Starting from the (1, 1)-form c1(N , hN ), we can define a symmetric, positive def-

inite, R-bilinear form on VA; in fact, the pullback exp∗A c1(N , hN ) is an invariant
positive definite (1, 1)-form on the C-vector space Lie(A) = VA. We can hence use
the one-to-one correspondence between Hermitian forms and symmetric R-bilinear
forms (see e.g. [30, Section 4]).Write gab for the invariant Riemannianmetric obtained
on VA in this way. We also describe an invariant Riemannian metric gtor on VGt

m
as

follows: The standard product decomposition Gt
m = Gm × · · · × Gm gives rise to a

product decomposition

�Gt
m
= (2π i)Z× · · · × (2π i)Z ⊂ Lie(Gm)t = Lie(Gt

m)

of the period lattice. We let gtor be the unique invariant Riemannian metric on VGt
m

such that

(2π i, 0, . . . , 0) , (0, 2π i, . . . , 0) , . . . , (0, 0, . . . , 2π i) ,

form a gtor-orthonormal basis of VGt
m
.

In order to obtain a metric gG on VG from gab and gtor, we next describe a canonical
splitting σ : VG → VGt

m
of (5). Consider the additive homomorphisms λ1, . . . , λt :

G(C) → R afforded by [30, Lemma 14]. We recall also that

{x ∈ G(C) : λ1(x) = λ2(x) = · · · = λt (x) = 0}

coincides with the maximal compact subgroup KG ofG(C). In addition, the functions
λ1, . . . , λt satisfy a certain functoriality: Let ϕ : H → G be a homomorphism of
semiabelian varieties inducing a homomorphism ϕtor : Gt ′

m → Gt
m of their maximal

tori. Write Xi (resp. Y j ) for the standard algebraic coordinates on Gt
m (resp. Gt ′

m) so
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that we have ϕ∗tor(Xu) = Yau1
1 . . . Y

aut ′
t ′ with integers auv (1 ≤ u ≤ t , 1 ≤ v ≤ t ′).

Let λ′1, . . . , λ′t ′ : H(C) → R be given by invoking [30, Lemma 14] for H . On H(C)

there is then an identity

λu ◦ ϕ = au1λ
′
1 + au2λ

′
2 + · · · + aut ′λ

′
t ′ ; (6)

all these facts can be found with proofs in [30, Section 5.1].
The compositions λ j ◦ expG : Lie(G) → R, j = 1, . . . , t , are R-linear and their

common zero locus is precisely Lie(KG). AsG is a complex Lie group,multiplication-
by-i (i = √−1) induces an R-linear map I : Lie(G) → Lie(G). (Note that I does
not preserve Lie(KG).) For each u ∈ {1, . . . , t}, we set

κu = (−iλu) ◦ expG ◦ I : VG −→ (2π i)R.

Lemma 2.1 Identifying (2π iR)t with VGt
m
in the obvious way, the R-linear map

σ = κ1 × · · · × κt : VG −→ ((2π i)R)t = VGt
m

(7)

splits the exact sequence (5) on the left.
This splitting is compatible with passing to subgroups: If H ⊆ G is an algebraic

subgroup with maximal torus T ⊆ Gt
m, then we have σ(VH ) ⊆ VT in VGt

m
.

Proof Writing ι : VGt
m

↪→ VG for the inclusion from (5), we have to show that σ ◦ ι

is the identity on VGt
m
. By functoriality (6), we can reduce to the case G = Gt

m for
this. We can furthermore restrict to the case t = 1 because of the product structure. In
this case, we have λ1(z) = log |z| where z is the standard complex coordinate on Gm

(compare again [30, Section 5.1]). In addition, expG is just the ordinary exponential
function. For each real number r , we have thus

κ1(2π i · r) = −i log | exp(−2πr)| = 2π i · r ,

which completes the proof of the first assertion.
The second assertion follows from functoriality (6): Let X1, . . . , Xt be the standard

algebraic coordinates on Gt
m . If X

a1
1 . . . Xat

t − 1 vanishes on the subtorus T ⊆ Gt
m ,

(6) guarantees that a1λ1 + · · · + atλt vanishes on H(C). This yields a corresponding
linear relation on the image of σ |H . Varying the binomial Xa1

1 . . . Xat
t − 1 vanishing

on T , the subspace VT is precisely cut out by these linear relations. Thus we deduce
σ(VH ) ⊆ VT . �

The splitting (7) induces an R-linear isomorphism VG = VGt
m
× VA. Using this

isomorphism, we obtain a Riemannian metric gG = gtor × gab on VG . This allows us
to consider the covolume covolgG (� ⊂ V ) of a discrete subgroup � of VG inside its
R-span V .

In what follows, for a semiabelian subvariety H of G, H indicates the closure of
H in G. Furthermore, we fix an arbitrary ample line bundle L on G once and for all.
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Lemma 2.2 Let H ⊆ G be a semiabelian subvariety with maximal torus T ⊆ Gt
m and

maximal abelian quotient B ⊆ A. Then,

c1 degL(H) ≤ covolgG (�H ⊂ VH ) ≤ c2 degL(H)

for constants c1, c2 > 0 that depend only on dim(G) and L.

If G is an abelian variety, the above inequalities can be sharpened to an equal-
ity [27, Lemma 3.1]. In the toric case, this is unfortunately not possible. In fact,
the one-dimensional subtorus T ⊆ G2

m determined by the equation Xa1
1 Xa2

2 = 1,
gcd(a1, a2) = 1, in standard coordinates X1, X2 on G2

m has degree |a1| + |a2|
with respect to the line bundle pr∗1O(1)⊗ pr∗2O(1) on the standard compactification
G2

m ↪→ P1 × P1, whereas covol(�T ⊂ VT ) = (|a1|2 + |a2|2)1/2.
Proof of Lemma 2.2 Without loss of generality, we can assume that G = G0 and
L = L0 for the proof of the lemma.

The corresponding diagram of algebraic groups induces a commutative diagram
with exact rows

0 VT VH VB 0

0 VGt
m

VG VA 0

consisting of R-linear vector spaces. By Lemma 2.1, the restriction σ |VH : VH →
VT is a splitting of the upper row. It hence induces a gG-orthogonal decomposition
VH = VT × VB so that

covolgG (�H ⊂ VH ) = covolgtor (�T ⊂ VT ) · covolgab(�B ⊂ VB).

By Lemma 2.3 below, we have

degL(H) =
(
dim(H)

dim(T )

)
degM (T ) degN (B).

Therefore, it suffices to prove

c1 degM (T ) ≤ covolgtor (�T ⊂ VT ) ≤ c2 degM (T ) (8)

and

(dim B)!covolgab(�B ⊂ VB) = degN (B). (9)

We first prove the inequalities in (8). Choose an isomorphism T ≈ Gt ′
m so that the

inclusion ι : T ↪→ Gt
m is described by

ι∗(Xu) = Yau1
1 . . . Y

aut ′
t ′ , u ∈ {1, . . . , t},
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in standard coordinates X1, . . . , Xt (resp. Y1, . . . ,Yt ′ ) on Gt
m (resp. Gt ′

m). The period
lattice �T ⊂ �Gt

m
has the basis

(2π i)

⎛
⎜⎝
a11
...

at1

⎞
⎟⎠ , · · · , (2π i)

⎛
⎜⎝
a1t ′
...

att ′

⎞
⎟⎠ ,

and hence covolgtor (�T ⊂ VT ) = | det(A�A)|1/2 where A = (auv) ∈ Zt×t ′ and A�
is its transpose. Alternatively, the torus T ⊆ Gt

m is cut out by (t − t ′) equations

Xb1v
1 Xb2v

2 . . . Xbtv
t = 1, v ∈ {1, . . . , t − t ′}, (10)

Writing B for the matrix (buv) ∈ Zt×(t−t ′), the columns of B are a Z-basis of the
sublattice in Zn that is spanned by all elements orthogonal to the columns of A. We
hence have | det(B�B)| = | det(A�A)| by [34, Theorem1.9.10]. By theCauchy-Binet
formula, we have

| det(B�B)| ≤
(

t

t − t ′

)
max

u⊆{1,...,t}
|u|=t−t ′

{
| det(Bu)|2

}

where Bu ∈ Z(t−t ′)×(t−t ′) is the u-minor of B. We claim that each | det(Bu)| is less
than degM (T ). After renaming, we may and do assume that u = {1, 2, . . . , t − t ′}
for this purpose. Let Cu = (cuv) ∈ Z(t−t ′)×(t−t ′) be an upper triangular matrix arising
from Bu by successive elementary row transformations. Then det(Bu) = det(Cu) =
c1,1c2,2 . . . ct−t ′,t−t ′ . This is the same as the number of simple points one obtains by
intersecting T ⊆ (P1)t with the linear hyperplanes

Xt−t ′+1 = δ1, . . . , Xt = δt ′ ,

for sufficiently generic δ1, . . . , δt ′ . This means nothing else than

c1,1c2,2 . . . ct−t ′,t−t ′ = c1
(
pr∗t−t ′+1OP1(1)

) ∩ · · · ∩ c1
(
pr∗t OP1(1)

) ∩ [T ]. (11)

By nefness, this is clearly bounded by

degM (T ) = 2t
′(
c1
(
pr∗1OP1(1)

)+ · · · + c1
(
pr∗t OP1(1)

))t ′ ∩ [T ].

This concludes the proof of the right inequality in (8).
For the left inequality in (8), we know from above that we may represent T as

being cut out by Eq. (10) with | det(B�B)|1/2 = covol(�T ⊂ VT ). Furthermore, the
Cauchy–Binet formula shows as well that

| det(B�B)| ≥ | det(Bu)|2,



18 Page 12 of 37 F. Barroero et al.

which bounds the intersection number in (11). The degree is just the sum of such
numbers, whence the other inequality in (8).

For the equality (9), we note that

covolgab(�B ⊂ VB) =
∫

B(C)

vol(gab) = 1

(dim B)!
∫

B(C)

c1(N , hN )∧ dim B = degN (B)

(dim B)! ;

the second equality is [58, Lemma 3.8] and the third equality follows from the compat-
ibility between algebraic and topological Chern classes acting on singular homology
[19, Proposition 19.1.2] and the fact that the topological Chern class of a hermitian
line bundle is given by its Chern form (see e.g. [22, Proposition on p. 141]). �

The following is a straightforward application of basic intersection theory. In its
proof, we use the notations from [19, Chapters 1 and 2]. We also use the specific
compactificationG0 and the line bundle L0 = M⊗π∗N fromabove.This is admissible
because the lemma is only invoked in the proof of Lemma 2.2.

Lemma 2.3 Let H ⊆ G be a semiabelian subvariety with maximal torus T ⊆ Gt
m and

maximal abelian quotient B ⊆ A. Then,

degL0
(H) =

(
dim(H)

dim(T )

)
degM (T ) degN (B).

Proof A straightforward computation yields that

degL(H) = deg(c1(L)dim(H) ∩ [H ])
= deg(c1(M ⊗ π∗N )dim(H) ∩ [H ])

=
dim(H)∑
i=0

(
dim(H)

i

)
deg(c1(M)i ∩ c1(π

∗N )dim(H)−i ∩ [H ]).

We show next that all addends in this sum are zero except the one for i = dim(T ).
As the restriction [2]|H : H → H has degree 2(dim(T )+2 dim(B)), we have [2]∗[H ] =
2dim(T )+2 dim(B)[H ]. An iterated application of the projection formula [19, Proposition
2.5 (c)] to [2]|H and the line bundles M and π∗N yields hence

[2]∗
(
c1([2]∗M)i ∩ c1([2]∗π∗N )dim(H)−i ∩ [H ]

)

= 2dim(T )+2 dim(B)
(
c1(M)i ∩ c1(π

∗N )dim(H)−i ∩ [H ]
)

.

Taking the degree of these 0-cycles, we obtain

2i+2(dim(H)−i) deg(c1(M)i ∩ c1(π
∗N )dim(H)−i ∩ [H ])

= 2dim(T )+2 dim(B) deg(c1(M)i ∩ c1(π
∗N )dim(H)−i ∩ [H ]),
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making also use of the homogeneities [2]∗M ≈ M⊗2 and [2]∗(π∗N ) ≈ (π∗N )⊗4.
This implies that

deg(c1(M)i ∩ c1(π
∗N )dim(H)−i ∩ [H ]) = 0

unless i = dim(T ). We deduce that

degL(H) =
(
dim(H)

dim(T )

)
deg(c1(M)dim(T ) ∩ c1(π

∗N )dim(B) ∩ [H ]).

The restriction π |H : H → B is flat of relative dimension dim(T ). We can there-
fore pull back cycle classes on B to cycle classes on H . In particular, we have
(π |H )∗([B]) = [H ] and (π |H )∗([p]) = [π−1(p) ∩ H ] for every point p ∈ B.
Since N is ample, we can choose points p1, . . . , pm ∈ A, m = degN (B), such that

c1(N )dim(B) ∩ [B] = [p1] + [p2] + · · · + [pm] ∈ A0(B).

Using [19, Proposition 2.5 (d)], we obtain

c1(π
∗N )dim(B) ∩ [H ] = (π |H )∗(c1(N )dim(B) ∩ [B]) =

m∑
i=1
[H ∩ π−1(pi )]. (12)

By construction, there exists a non-canonical isomorphism between each fiber
(πH )−1(p) and T such that the restriction of M to (πH )−1(p) = H ∩ π−1(pi )
corresponds to the restriction of M to T . We infer that

deg(c1(M)dim(T ) ∩ [H ∩ π−1(pi )]) = deg(c1(M)dim(T ) ∩ [T ]) = degM (T ).

Combining this with (12), we deduce

deg(c1(M)dim(T ) ∩ c1(π
∗N )dim(B) ∩ [H ]) = (m − n) degM (T ) = degN (B) degM (T ),

whence the assertion. �
In preparation for the next lemma, we need to fix a norm ‖·‖ : Lie(G)→ R≥0 such

that ‖v‖ = gG(v, v)1/2 for all v ∈ VG (i.e., we fix a norm ‖ · ‖ on Lie(G) extending
the norm induced by the Riemannian metric gG on VG). For this purpose, let us note
that the canonical decomposition VG = VGt

m
× VA introduced above extends to a

canonical decomposition

Lie(G) = I VGt
m
× VGt

m
× VA = I VGt

m
× VG (13)

that is compatible with passing to subgroups H ⊆ G by Lemma 2.1. For the sequel, we
keep fixed an arbitrary norm ‖ · ‖ such that the decomposition Lie(G) = I VGt

m
× VG

is orthogonal with respect to the associated bilinear form.
The following is an analog of Lemma 3.2 of [27].
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Lemma 2.4 There exist constants c3, c4, depending only on G and L, such that the
following two assertions are true:

(1) For each semiabelian subvariety H ⊆ G, the period lattice �H ⊆ VH has a basis
ω1, . . . , ω2g′+t ′ with ‖ωi‖ ≤ c3 degL(H) (i ∈ {1, . . . , 2g′ + t ′}).

(2) For each v ∈ �G+Lie(H), there exists a periodω ∈ �G such that v−ω ∈ Lie(H)

and ‖ω‖ ≤ ‖v‖ + c4 degL(H).

Proof Again, we can assume that G = G0 and L = L0 without loss of generality.
Given Lemma 2.2 above, the first part is a simple application of Minkowski’s

Theorem (see [27, Lemma 3.2 (i)] for details).
For the second part, consider the orthogonal projection ψ : Lie(G) = I VGt

m
×

VG → VG and note that ψ(Lie(H)) = VH for any semiabelian subvariety H ⊆ G.
Let now ω0 ∈ �G such that v − ω0 ∈ Lie(H) and let further ω1, . . . , ω2g′+t ′ be a
basis of �H ⊆ VH as in (1). There exist r1, . . . , r2g′+t ′ ∈ R such that

ψ(v − ω0) = r1ω1 + · · · + r2g′+t ′ω2g′+t ′ .

For each i ∈ {1, . . . , 2g′ + t ′}, let ni be the unique integer such that 0 ≤ ri − ni < 1.
Setting ω = ω0 + n1ω1 + · · · + n2g′+t ′ω2g′+t ′ ∈ VG , we have v − ω ∈ Lie(H),
ψ(ω) = ω and thus

‖ω‖ = ‖ψ(ω)‖ ≤ ‖ψ(v)‖ + ‖ψ(v − ω)‖

≤ ‖v‖ +
2g′+t ′∑
i=1

|ri − ni | · ‖ωi‖

≤ ‖v‖ + c3(2g
′ + t ′) degL(H).

�

2.3 Heights on semiabelian varieties

In this subsection, we let G be a semiabelian variety over a number field K ⊆ C.
Let hL be an arbitrary Weil height associated to L . In this general setting, the second
author proved the following theorem, which constitutes a proof of the bounded height
conjecture for semiabelian varieties. We write G[s] for the countable union of all
algebraic subgroups having codimension ≥ s in G for some fixed integer s. Recall
that, for a subvariety V ⊆ G, we have defined V oa right before Theorem 2.1.

Theorem 2.2 [30] For any subvariety V ⊆ G the height hL is bounded from above on
the set V oa(Q) ∩ G[dim(V )](Q).

We conclude this subsection with a further lemma.

Lemma 2.5 Let ‖ · ‖ be the norm on Lie(G) introduced in the previous subsection.
Then, there exists a constant c5 = c5(G) > 0 such that each p ∈ G(Q) has a preimage
v ∈ Lie(G) satisfying
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‖v‖ ≤ c5[K(p) : K]max{1, hL(p)}.

Proof Without loss of generality, we can assume G = G0 and L = L0 where G0 and
L0 = M ⊗ π∗N are as in the previous subsection. Since the line bundle π∗N is nef
with empty base locus, there exists a constant c6 = c6(G, N ) > 0 such that

hL(x) ≥ hM (x)− c6

for all x ∈ G(Q) [28, Theorem B.3.6 (b)]. Let ĥM : G(Q) → R be the canonical
height associated with M by means of the homogeneity relation [2]∗M = M⊗2. By
[28, Theorem B.4.1], we have

hM (x) ≥ ĥM (x)− c7

for some constant c7 = c7(M) > 0.
It is well known that the canonical height ĥM decomposes into non-negative local

heights such that the local height associated with the archimedean place encoded by
the embedding K ⊆ C equals

∑t
i=1 |λi | : G(C) → R (see e.g. [6, Proposition 4]).

Writing

Ks =
{
x ∈ G(C) :

t∑
i=1
|λi | ≤ s

}
,

for some real number s, we conclude that p ∈ Ks0 with

s0 = [K(p) : K]̂hM (p)�G,N [K(p) : K]max{1, hL(p)}.

Note that each Ks , s ≥ 0, is compact since it is a closed subset of the compact
space G(C). Consequently, the preimage exp−1G (K1) is contained in a subsetK′ +�G

with K′ ⊂ Lie(G) compact. Choose a point p′ ∈ G(Q) such that [�s0�](p′) = p.
As each λi is a homomorphism, we have p′ ∈ K1. By compactness, p′ ∈ K1 has a
preimage v′ ∈ exp−1(p′)with ‖v′‖ �G 1. Hence v = �s0�·v′ is the desired preimage
of p. �

2.4 Subgroups of semiabelian varieties

We could not find a reference for the following lemma, but it should be well known
to experts.

Lemma 2.6 Let G be a semiabelian variety over a field k. Then there exists a finite
extension k′/k such that all connected algebraic subgroups of G are defined over k′
(i.e., all connected subgroups of G are invariant under Gal(k/k′)).

Note that the assertion of the above lemma is false for the finite subgroups generated
by torsion points, hence requiring connectedness is necessary.
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Proof We first consider the (well-known) case where G is an abelian variety A. We
start with proving that every connected algebraic subgroup B ⊆ A appears as the
component containing 0A of the kernel of an endomorphism of A. In fact, there exists
a connected algebraic subgroupC ⊆ A such that B+C = A and B∩C is finite.Write
ϕ : C/(B∩C) � C for the isogeny dual to the quotient mapC � C/(B∩C) = A/B,
ι : C ↪→ A for the inclusion, and π : A � A/B for the quotient map. Then the kernel
of ι ◦ ϕ ◦ π : A→ A has connected component B.

The endomorphism ring of Ak is a finitely generated Z-module [38, Theorem 3 on
p. 176], hence there exists a finite extension k′ of k such that every endomorphism of
Ak is defined over k′. By the above, any connected algebraic subgroup B ⊆ A is the
connected component containing 0A of an algebraic subgroup B ′ ⊆ A invariant under
Gal(k/k′) and hence likewise Gal(k/k′)-invariant. This settles the case of abelian
varieties.

For a general semiabelian variety G, we can reduce to this case. Note that we can
assume that the maximal subtorus of G is split (i.e., equals Gt

m) by replacing k with a
finite extension. By the above, we also assume that all connected algebraic subgroups
of A are defined over k. Under this assumption, we prove that the same is true for G.
Let H ⊆ G be a connected algebraic subgroup with maximal subtorus T ′ ⊆ Gt

m and
maximal abelian quotient B ⊆ A. Note that T ′ is split as a subtorus of a split torus
so that we can arrange that T ′ = Gt ′

m . Recall that a semiabelian variety G defined
over k is described by an extension class ηG ∈ Ext1k(A, T ) where A is its maximal
abelian quotient and T is its maximal subtorus (see e.g. [30, Subsections 1.1 and
1.2] and [51, Chapter VII]). Furthermore, the Weil–Barsotti formula (see [41, Section
III.18] or the appendix to [36]) gives a canonical identification Ext1k(A, Gm) = A∨(k).
This means that we can decompose ηG = (ηG,1, . . . , ηG,t ) ∈ A∨(k)t and ηH =
(ηH ,1, . . . , ηH ,t ′) ∈ B∨(Q)t

′
.Writing ι : B ↪→ A for the inclusion and ι∨ : A∨ → B∨

for its dual, each ηH ,i is aZ-linear combination of some ι∨(ηG,i ) ∈ B∨(k), 1 ≤ i ≤ t .
Consequently, all ηH ,i , 1 ≤ i ≤ t ′, are contained in A∨(k) and thus H is defined over
k. �

2.5 An auxiliary lemma

The following assertion generalizes [9, Lemma 6].

Lemma 2.7 Let G be a semiabelian variety over a number field K such that all its
connected subgroups are defined over K.

(a) Let p ∈ G(Q)andσ ∈ Gal(K/K)be such that pσ−p is contained in a coset q+H,
q ∈ G(K). Then there exists a torsion point q ′ ∈ G(Q) such that pσ − p ∈ q ′ +H
(i.e., pσ − p is contained in a torsion coset of H).

(b) There exists an integer e = e(K) ≥ 1 such that the following is true: If p ∈ G(Q)

satisfies pσ − p ∈ G(K) for all σ ∈ Gal(K/K), then [e](p) ∈ G(K).

Proof (a) Let L be a finite normal extension of K such that p ∈ G(L). Consider the
image χ(q) ∈ (G/H)(K) under the quotient homomorphism χ : G → G/H . We
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have to prove that χ(q) = χ(pσ − p) is torsion. In fact, its [L : K]-th multiple equals

∑
τ∈Gal(L/K)

χ(pσ − p)τ =
∑

τ∈Gal(L/K)

χ(pτ◦σ )−
∑

τ∈Gal(L/K)

χ(pτ ) = 0G/H .

(b) The argument of (a), applied to the trivial group H = 1, shows that pσ − p ∈
G(K) is a torsion point. We can take e(K) to be the exponent of the finite group
Tors(G) ∩ G(K). Indeed, we have [e](pσ − p) = 0 for all σ ∈ Gal(K/K), which is
equivalent to ([e](p))σ = [e]p for all σ ∈ Gal(K/K). Thus, we have [e]p ∈ G(K). �

3 An auxiliary proposition

In this section, we establish an important finiteness proposition needed in the course
of our main proof. It generalizes Lemma 4 of [9], except for effectivity.

Proposition 3.1 Let G be a semiabelian variety defined over a number field K and
C ⊆ G an irreducible algebraic curve defined over Q that does not lie in G[1] (i.e.,
is not contained in a proper subgroup of G). For any integer e ≥ 1 and any number
field K, there are at most finitely many p ∈ (C ∩ G[2])(Q) such that [e](p) ∈ G(K).

Before being able to prove the proposition, we have to start with some preparatory
lemmas. In the following, G is a semiabelian variety defined over a number field K

and we assume that G is the extension of the abelian variety A by a split torus Gt
m .

Furthermore, C ⊆ G is an irreducible subcurve defined over Q. We consider the
compactification G of G and the line bundles M , N on G as in Sect. 2.2. In addition,
we recall the decomposition

M =
t⊗

i=1

(
M (0)

G,i
⊗ M (∞)

G,i

)

from [31, Section 2.2] and set Mi = M (0)
G,i
⊗ M (∞)

G,i
for each i ∈ {1, . . . , t}. Finally,

we write �K for the set of places of K and �K, f for the finite ones.
In the following lemmawe use theWeil functionsλi,ν , for i = 1, . . . , t and ν ∈ �K,

given by [59, Proposition 2.6].

Lemma 3.1 There exists a finite set of places S ⊆ �K, f and a finite set of rank (t −1)
matricesM(α) ∈ Z(t−1)×t , α ∈ I, with the following property: For each ν ∈ �K, f \ S
and x ∈ C(K), there exists some α0 = α0(ν, x) ∈ I such that

M(α0) ·
⎛
⎜⎝

λ1,ν(x)
...

λt,ν(x)

⎞
⎟⎠ =

⎛
⎜⎝
0
...

0

⎞
⎟⎠ . (14)
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Proof We start with some geometric constructions. Let

ηG = (P1, . . . , Pt ) ∈ Pic0(A)(K)t

be the extension class describing the semiabelian variety G. By [38, Theorem 1 on p.
77], there exist points x1, . . . , xt ∈ A(K) such that Pi = T ∗xi N ⊗ N⊗−1 (1 ≤ i ≤ t)
where Tx : A→ A denotes the translation by x ∈ A(K). As N is very ample and thus
base-point free, there exist global sections sk , 1 ≤ k ≤ k0, of N such that the divisors
Dk = divN (sk) satisfy O(Dk) ≈ N , and

supp(D1) ∩ supp(D2) ∩ · · · ∩ supp(Dk0) = ∅. (15)

We furthermore assume that 0A, xi /∈ supp(Dk) for all i ∈ {1, . . . , t} and k ∈
{1, . . . , k0}. Let us set E (i)

k,k′ = T ∗xi Dk − Dk′ and notice that

0A /∈ supp
(
E (i)
k,k′

) ⊆ (supp(Dk)− xi ) ∪ supp(Dk′)

and

O(E (i)
k,k′

) ≈ O(T ∗xi Dk
)⊗O(−Dk′) ≈ T ∗xi N ⊗ N⊗−1 ≈ Pi

for all i ∈ {1, . . . , t} and k, k′ ∈ {1, . . . , k0}.
With each divisor Dk , 1 ≤ k ≤ k0, and each place ν ∈ �K, we can assign a Néron

function

λDk ,ν : (A \ supp(Dk))(Cν) −→ R

(compare [32, Theorem 11.1.1]); the Néron functions (λDk ,ν)ν∈�K
are only unique

up to �K-constants and we make here a choice once and for all. By [32, Corollary
10.3.3], the disjointness property (15) implies that there exists a finite set S0 ⊆ �K, f
such that

min{λD1,ν(x), λD2,ν(x), . . . , λDk0 ,ν(x)} = 0 (16)

for all ν ∈ �K, f \ S0 and all x ∈ A(Cν). By [32, Theorem 11.1.1 (1) and (4)], the
function

λ
E (i)
k,k′ ,ν

= (λDk ,ν ◦ Txi − λDk′ ,ν) :
(
A \ supp(E (i)

k,k′
))

(Cν) −→ R

is a Néron function for the divisor E (i)
k,k′ = T ∗xi Dk − Dk′ , k, k′ ∈ {1, . . . , k0}. Define

the open subsets U (i)
k,k′ = A \ supp(E (i)

k,k′). By applying (15) twice, we obtain
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⋂
1≤k,k′≤k0

supp
(
E (i)
k,k′

) ⊆
⋂

1≤k,k′≤k0
(supp(Dk)− xi ) ∪ supp(Dk′))

⊆
⋂

1≤k≤k0

⎛
⎝ ⋂

1≤k′≤k0
(supp(Dk)− xi ) ∪ supp(Dk′)

⎞
⎠

⊆
⋂

1≤k≤k0
(supp(Dk)− xi )

= ∅.

In other words,
⋃

1≤k,k′≤k0 U
(i)
k,k′ = A for all 1 ≤ i ≤ t . Furthermore, the restriction of

the line bundle Pi toU
(i)
k,k′ is trivial, so that we can fix isomorphisms φ

(i)
k,k′ : Pi |U (i)

k,k′
→

U (i)
k,k′ × A1. Projecting to the second factor induces “toric coordinates”

z(i)k,k′ : π−1
(
U (i)
k,k′

)→ A1

(1 ≤ i ≤ t , 1 ≤ k, k′ ≤ k0). There exists a finite subset S1 ⊆ �K, f such that

log |z(i)k,k′(0G)|ν = 0 = λ
E (i)
k,k′ ,ν

(0A)

for all ν ∈ �K, f \ S1.1 From the definition of λi,ν , 1 ≤ i ≤ t , in [59, (2.6.3)], we
know that

λi,ν(x) =
(
− log

(∣∣z(i)k,k′(x)
∣∣
ν

)+ λ
E (i)
k,k′ ,ν

(π(x))

)

−
(
− log

(∣∣z(i)k,k′(0G)
∣∣
ν

)+ λ
E (i)
k,k′ ,ν

(0A)

)

for all x ∈ π−1
(
U (i)
k,k′

)
(Cν). Consequently, we have

λi,ν(x) = − log
(∣∣z(i)k,k′(x)

∣∣
ν

)+ λ
E (i)
k,k′ ,ν

(π(x))

for all x ∈ π−1(U (i)
k,k′)(Cν) and ν ∈ �K, f \ S1.

For every point p ∈ C(K), every i ∈ {1, . . . , t} and every ν ∈ �K, f \ S0, we can
use (16) to pick ki , k′i ∈ {1, . . . , k0}, which may depend on p, i, ν, such that

λDki ,ν
(π(p)+ xi ) = λDk′i ,ν

(π(p)) = 0;

1 Indeed, z(i)k,k′ (0G ) is an algebraic number so the first equality is clear. For the second equality, note that if

λD,ν : (X \ supp(D))(Cν) → R, ν ∈ �K, is the collection of Weil functions associated with an arbitrary
Néron divisor D on aK-algebraic variety X , then for every point x ∈ (X \supp(D))(K)we have λν(x) = 0
for almost all places ν of K (see [32, Section 10.2]). A closer look at the Néron–Tate limit process reveals
that the same is then also true for the canonical heights on abelian varieties (see [16, Equation (19)]).
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in particular, this means π(p), π(p)+ xi ∈ U (i)
ki ,k′i

. It follows that

λ
E (i)
k,k′ ,ν

(π(p)) = λDki ,ν
(π(p)+ xi )− λDk′i ,ν

(π(p)) = 0,

so that

λi,ν(p) = − log
(∣∣z(i)ki ,k′i

(p)
∣∣
ν

)

for all ν ∈ �K, f \ (S0 ∪ S1). Set U = π−1(U (1)
k1,k′1

) ∩ · · · ∩ π−1(U (t)
kt ,k′t

) and consider

the map

ϕp : U −→ Gt
m, x �−→

(
z(1)k1,k′1

(x), z(2)k2,k′2
(x), . . . , z(t)kt ,k′t

(x)
)

.

Note that, although ϕp depends on p, there are at most finitely many choices for this
map. Therefore, there is a finite set {p1, . . . , pr } ⊆ Gt

m(K) of points and subcurves
C1, . . . ,Cs ⊆ Gt

m , independent of p and ν0 such that the Zariski closure of ϕp(C ∩
U ) ⊆ Gt

m is among the elements of {p1, . . . , pr ,C1, . . . ,Cs}. By Lemma 3.2 below,
we obtain a finite set S2 ⊆ �K, f andmatricesM(α) ∈ Z(t−1)×t of rank (t−1), α ∈ I,
such that for each x = (x1, . . . , xt ) ∈ ϕp(C ∩U ), there exists α0 ∈ I satisfying

M(α0) ·
⎛
⎜⎝
log |x1|ν

...

log |xt |ν

⎞
⎟⎠ =

⎛
⎜⎝
0
...

0

⎞
⎟⎠ .

for every ν ∈ �K, f \ (S0 ∪ S1 ∪ S2) and all x ∈ ϕp(C ∩ U ). Applying this for

x = ϕp(p), we obtain the assertion of the lemma, as λi,ν = − log |z(i)k,k′ |ν . �

Lemma 3.2 Let C ⊆ Gt
m,K

be an irreducible curve. There exist finitely many places

S ⊆ �K, f and a finite set of rank (t − 1) matrices M(α) ∈ Z(t−1)×t , α ∈ I, with the
following property: For each ν ∈ �K, f \ S and z = (z1, . . . , zt ) ∈ C(K), there exists
some α0 = α0(ν, z) ∈ I such that

M(α0) ·
⎛
⎜⎝
log |z1|ν

...

log |zt |ν

⎞
⎟⎠ =

⎛
⎜⎝
0
...

0

⎞
⎟⎠ . (17)

Proof Let us first consider the case t = 2. (The case t = 1 is evidently trivial.) The
curve C ⊆ G2

m can be written as the the zero set of a non-zero polynomial

F(X1, X2) =
n1∑

i1=−n1

n2∑
i2=−n2

ai1,i2X
i1
1 Xi2

2 ∈ K[X1, X2].
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Let S ⊆ �K, f be a finite subset such that |ai1,i2 |ν ∈ {0, 1} for all ν ∈ �K, f \ S and
all i1, i2 ∈ Z. Fix z = (z1, z2) ∈ C(K) and ν ∈ �K, f \ S. As

F(z1, z2) =
n1∑

i1=−n1

n2∑
i2=−n2

ai1,i2 z
i1
1 z

i2
2 = 0,

there exist distinct pairs ( j1, j2) and (k1, k2) such that

|a j1, j2 |ν �= 0, |ak1,k2 |ν �= 0,

and

|z1| j1ν |z2| j2ν =
∣∣a j1, j2 z

j1
1 z j22

∣∣
ν
= ∣∣ak1,k2 zk11 zk22

∣∣
ν
= |z1|k1ν |z2|k2ν .

We infer a non-trivial relation

( j1 − k1) · log |z1|ν + ( j2 − k2) · log |z2|ν = 0.

Varying z ∈ C(K), we obtain at most finitely many different equations of this form,
one of which has to be satisfied for every point z ∈ C(K) and every ν ∈ �K, f \ S.
Thus we obtain (17) in case t = 2.

For the case t > 2, we can assume that there exists an integer t0 ∈ {1, . . . , t}, such
that the projections pri |C : C → P1

K
, 1 ≤ i ≤ t0, are dominant, and each image

pri (C), t0 + 1 ≤ i ≤ t , is a point. We can enlarge S ⊆ �K, f such that log |zt ′ |ν = 0,
t0 + 1 ≤ t ′ ≤ t , for all z ∈ C(K).

Let z ∈ C(K) be an arbitrary point as in the assertion of the lemma. There is nothing
to prove if log |zi |ν = 0 for all i ∈ {1, . . . , t0}. After renaming the first t0 coordinates,
we can therefore assume that log |z1|ν �= 0. For each t ′ ∈ {2, . . . , t}, applying the
above to the projection pr1,t ′(C) ⊂ G2

m , we conclude that

b1 · log |z1|ν + b2 · log |zt ′ |ν = 0

for one of finitely many pairs (b1, b2) �= (0, 0). In fact, we can and do assume that
b2 �= 0 for each of these pairs.

For each point z ∈ C(K), we combine these t − 1 relations to a matrix relation

M ·
⎛
⎜⎝
log |z1|ν

...

log |zt |ν

⎞
⎟⎠ =

⎛
⎜⎝
0
...

0

⎞
⎟⎠

whereM ∈ Z(t−1)×t has rank (t − 1). Clearly, we obtain only finitely many matrices
M in this process, which concludes the proof of the lemma. �



18 Page 22 of 37 F. Barroero et al.

Lemma 3.3 For every finite subset S ⊆ �K, f , the subgroup

�(K, S) = {x ∈ G(Q) | π(x) ∈ A(K) and ∀ν ∈ �K, f \ S : λ1,ν(x)
= · · · = λt,ν(x) = 0}

has finite rank.

Proof By the Mordell–Weil theorem (see e.g. [38, Appendix II]), the group A(K) is
finitely generated. Let γ1, . . . , γn be generators of A(K). For each γ j , 1 ≤ j ≤ n, we
can find a preimage γ ′j ∈ π−1(γ j ) ∈ G(K). Possibly enlarging S, wemay additionally
assume that λi,ν(γ

′
j ) = 0 for all ν ∈ �K, f \ S, 1 ≤ i ≤ t and 1 ≤ j ≤ n. Let

additionally �′(S) ⊆ Gt
m(Q) be the S-units in the maximal torus of G. By Dirichlet’s

S-unit theorem [40, Corollary I.11.7], the group �′(S) is finitely generated. As

�(K, S) ⊆ �′(S)+ Z · γ ′1 + · · · + Z · γ ′n,

the group �(K, S) is likewise finitely generated. �

With the preceding preparations, we can finally come back to the main result of
this subsection.

Proof of Proposition 3.1 Replacing C with [e](C), we may assume that e = 1. This
means that we have to show that the set (C ∩ G[2])(K) is finite. We can also assume
that C is not a translate H0 + p where H0 ⊆ G is a subgroup (of dimension 1)
and p ∈ G(Q). In fact, if such a translate H0 + p intersects a subgroup H ⊆ G of
codimension 2, then H0+ p ⊆ H0+H ⊆ G[1]. By Lemma 3.3 and theMordell–Lang
conjecture for semiabelian varieties that was proven by Faltings [18], McQuillan [37],
and Vojta [59], the set C(K) ∩ �(K, S) is finite for every finite subset S ⊆ �K, f .
Furthermore, the proposition follows from Faltings’ proof of the Mordell conjecture
[17] if t = 0 (i.e., G is an abelian variety).

We prove the general case of the proposition by induction on t . For the inductive
step, it remains to prove that (C ∩ G[2])(K) \ �(K, S) is finite.

Let S ⊆ �K, f and M(α) ∈ Z(t−1)×t , α ∈ I, be as in Lemma 3.1 above. Each
matrixM(α) determines a 1-dimensional subgroup H (α) ⊆ Gt

m of the maximal torus
and thus a quotient homomorphism ϕ(α) : G → G/H (α) to a semiabelian variety
G(α) = G/H (α). The image ϕ(α)(C) is an irreducible algebraic subcurve of G(α);
for else C is a translate of the subgroup H (α). In addition, the curve ϕ(α)(C) is not
contained in (G(α))[1] or else C ⊆ G[1], which contradicts our assumptions. By our
inductive assumption, we already know that the set (ϕ(α)(C)∩ (G(α))[2])(K) is finite.

Consider now a subgroup H ⊆ G of codimension ≥ 2 containing a point x ∈
C(K) \ �(K, S). There exists some ν0 ∈ �K, f \ S such that (λ1,ν0(x), . . . , λt,ν0(x))
is non-zero. Note that this implies that the subgroup H has a non-trivial maximal
subtorus T ⊆ Gt

m ; in fact, otherwise every point x ∈ H(K) would satisfy λ1,ν0(x) =
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· · · = λt,ν0(x) = 0. There exists some α0 ∈ I such that

M(α0) ·
⎛
⎜⎝

λ1,ν0(x)
...

λt,ν0(x)

⎞
⎟⎠ =

⎛
⎜⎝
0
...

0

⎞
⎟⎠ .

AsM(α0) has maximal rank t − 1, any (a1, . . . , at ) ∈ Zt such that

(a1, . . . , at ) ·
⎛
⎜⎝

λ1,ν0(x)
...

λt,ν0(x)

⎞
⎟⎠ = 0

is a Q-linear combination of rows inM(α0). In particular, this is true for the equations
describing the subtorus T ⊆ Gt

m . We deduce that H (α0) ⊆ T ⊆ H so that ϕ(α0)(H) is
a subgroup of codimension ≥ 2 in G(α0). Thus, there are only finitely many possible
choices for ϕ(α0)(x) ∈ ϕ(α0)(C)(K) ∩ (G(α0))[2]—independent of the subgroup H ⊆
G. As ϕ(α0)|C : C → ϕ(α0)(C) is finite, this leaves only finitely many possibilities for
x ∈ C(K). We conclude that (C ∩ G[2])(K) \ �(K, S) is finite. �

4 Unlikely intersections of bounded height

In this section, we prove the following intermediate result towards Theorem 1.1. Its
proof is based on o-minimal counting techniques and modeled after [27].

Proposition 4.1 Let C be an irreducible curve in G not contained in G[1]. Then there
are at most finitely many points in (C ∩ G[2])(Q) of bounded height.

In the sequel, c1, c2, . . . denote positive constants that only depend on the semia-
belian variety G and on the curve C . We also assume throughout this section that the
number field K is sufficiently large such that all connected algebraic subgroups of G
are invariant under Gal(K/K), which we may do by Lemma 2.6.

4.1 Some complexity estimates

For each point p ∈ G(Q), we write 〈p〉 = q + Hp for the smallest torsion coset of G
containing p, where Hp is a connected algebraic subgroup of G and q ∈ Tors(G).

We define the complexity of a torsion coset q + H to be

�(q + H) = max{min{ord(q0) : q0 − q ∈ H , q0 ∈ Tors(G)}, degL(H)}

for later use. We recall that L is an ample line bundle on G that we have fixed before
Lemma 2.2.

The following two lemmas will allow us to bound �(〈p〉) in terms of the degree of
p and its height.
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Lemma 4.1 For each point p ∈ G(Q), there is a torsion point q ∈ Tors(G) of order

ord(q) ≤ c1[K(p) : K]c2

such that p ∈ q + Hp.

Proof There is a commutative diagram of homomorphisms

0 T Hp B 0

0 Gt
m G A 0

0 Gt
m/T G/Hp A/B 0

πG

ϕHp ϕB

πG/Hp

with exact rows and columns (compare [30, Lemma 1]). By definition, ϕHp (p) is a
torsion point, and we have to bound its order in terms of [K(p) : K]. By [27, Lemma
9.3], we know that ϕB(πG(p)) is a torsion point of order

m1 ≤ c3[K(πG(p)) : K]c4 ≤ c3[K(p) : K]c4 .

Consider the point p′ = [m1](p) ∈ G(Q). Its image ϕHp (p
′) is a torsion point in

G/Hp. Furthermore, it is contained in the maximal torus Gt
m/T of G/Hp as

πG/Hp (ϕH (p′)) = ϕB(πG(p′)) = [m1](ϕB(πG(p))) = 0A/B .

Being a quotient of aK-split torusGt
m , the torusGt

m/T is alsoK-split (i.e., isomorphic
over K to some Gt ′

m). Using the elementary structure of cyclotomic fields, we infer
hence that the torsion point ϕHp (p

′) has order

m2 ≤ c5[K(ϕHp (p
′)) : K]c6 ≤ c5[K(p) : K]c6 .

As ϕHp (p) has order ≤ m1m2, this concludes the proof. �

Lemma 4.2 For each point p ∈ G(Q), we have

degL(Hp) ≤ c7[K(p) : K]c8 max{1, hL(p)c9}

The assertion of the lemma is well known from the transcendence theory of
commutative algebraic groups. For abelian varieties, it is proven in [8, Théorème
1.4]—with completely explicit constants c7, c8, c9—relying on a theorem of Bertrand
[6, Théorème 2], polarization estimates due to Gaudron and Rémond [23], as well
as other tools from transcendental number theory. Unfortunately, such a result does
not seem to be in the literature for semiabelian varieties. Therefore, we derive the
lemma directly from linear forms in logarithms of semiabelian varieties. In this way,
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the asserted degree bound follows from the bound on the degree of an obstruction
subgroup.

Proof We first fix a basis ω1, . . . , ω2g+t of the period lattice �G .
Let p ∈ G(Q). We recall that 〈p〉 = q + Hp for some q ∈ Tors(G) which implies

〈p−q〉 = Hp. Using Lemma 4.1 and easy estimates for the height (recall that torsion
points have uniformly bounded height) we may replace p by p − q and therefore
assume 〈p〉 = Hp, so p ∈ Hp(Q).

By the assumption on K, all connected algebraic subgroups of G are defined over
K. The tangent space Lie(Hp) is hence defined over K. Lemma 2.5 yields a preimage
v of p under the group exponential expG such that

‖v‖ �G [K(p) : K]max{1, hL(p)}.

We do not necessarily have v ∈ Lie(Hp), but there exists a period ω = n1ω1 + · · · +
n2g+tω2g+t ∈ �G such that v − ω ∈ Lie(Hp). We consider the homomorphism

ψ : G × G2g+t −→ G, (x0, x1, . . . , x2g+t )
�−→ x0 + [−n1](x1)+ · · · + [−n2g+t ](x2g+t ).

Our choice of ψ is such that

Lie(ψ)(v, ω1, . . . , ω2g+t ) = v − n1ω1 − · · · − n2g+tω2g+t = v − ω ∈ Lie(Hp).

We now let U be the K-subspace Lie(ψ)−1(Lie(Hp)) of Lie(G × G2g+t ). Then, we
can find K-subspaces W1, . . . ,Wm ⊆ Lie(G × G2g+t ) each of codimension 1 such
that U =⋂m

i=1 Wi .
We apply [21, Théorème 1] m times with

(1) the semiabelian variety G therein being the product G × G2g+t ,
(2) p being the point (p, 0G2g+t ) ∈ G(K),
(3) u being its logarithm (v, ω1, . . . , ω2g+t ),
(4) W being one of the codimension-1 K-subspaces Wi , i = 1, . . . ,m, and
(5) the real parameters E, D, a being set such that

E = e, D = [K : Q],
log(a) = max

{
1, hL(p),

e2(‖v‖2 + ‖ω1‖2 + · · · + ‖ω2g+t‖2)
D

}
,

we obtain connected algebraic subgroups G̃i with (p, 0G2g+t ) ∈ G̃i (K) ⊆ (G ×
G2g+t )(K) and

(1) (v, ω1, . . . , ω2g+t ) ∈ Lie(G̃i ),
(2) Lie(G̃i ) ⊆ Wi , and
(3) degL ′(G̃i ) ≤ c10[K(p) : K]c11hL(p)c12 where L ′ = pr∗0L ⊗ · · · ⊗ pr∗2g+t L .
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Since (p, 0G2g+t ) ∈ ⋂m
i=1 G̃i (K) and Hp = 〈p〉 we have Hp × {0G2g+t } ⊆ ⋂m

i=1 G̃i .
But (2) implies that

⋂m
i=1 Lie(G̃i ) ⊆⋂m

i=1 Wi = Lie(ψ)−1(Lie(Hp)) = U and thus

m⋂
i=1

Lie(G̃i ) ∩ Lie(G × {0G2g+t }) ⊆ U ∩ Lie(G × {0G2g+t }) ⊆ Lie(Hp × {0G2g+t })

Thus, Hp × {0G2g+t } is the identity component of the algebraic subgroup
⋂m

i=1 G̃i ∩
(G × {0G2g+t }). Using Bézout’s Theorem (see e.g. [57, Corollary 2.26]) for the Segre
embedding, we can hence deduce that

degL(Hp) = degL ′(Hp × {0G2g+t })

≤
m∏
i=1

degL ′(G̃i ) degL ′(G × {0G2g+t })

�G [K(p) : K]c8 max{1, hL(p)}c9 .

�
By Lemmas 4.1 and 4.2 , we have

�(〈p〉) ≤ c13[K(p) : K]c14 max{1, hL(p)c15} (18)

for each point p ∈ G(Q).

4.2 Definability of the exponential map

The following lemma prepares our application of o-minimal counting techniques, for
which we need that a suitable restriction of the exponential map expG : Lie(G) →
G(C) is definable in the o-minimal structure Ran,exp [54]. To make this precise, we
need to fix some additional notations and identifications first.

A definable manifold is a pair (M, {ϕi : Ui → Rn}1≤i≤K ) consisting of a real-
analytic manifold M and a collection {ϕi : Ui → Rn}1≤i≤K of finitely many real-
analytic charts covering M such that the sets ϕi (Ui ∩ Uj ) (1 ≤ i, j ≤ K ) and the
transition maps

ϕ j ◦ ϕ−1i : ϕi (Ui ∩Uj )→ ϕ j (Ui ∩Uj ), 1 ≤ i, j ≤ K ,

are definable in Ran,exp. In this situation, a subset X ⊆ M is called definable if every
ϕi (Ui ∩ X) ⊆ Rn is definable. A map f : M → N between definable manifolds
is called definable if the associated graph manifold is definable as a subset of the
definable manifold M × N .

We endow Lie(G) with the structure of a definable manifold by taking a fixed R-
linear isomorphism ι : Lie(G) → R2(g+t) such that ι(�G) ⊆ Q2(g+t) as a (global)
chart. LetF ′G ⊂ VG be a fundamental parallelepipedof the lattice�G ⊂ VG . Recalling
the decomposition I VGt

m
× VG from (13), we set FG = I VGt

m
×F ′G . It is easy to see
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that F ′G and FG are definable (as subsets of the definable manifold Lie(G)); they are
also canonically definable manifolds.

Furthermore, we can choose a projective embedding κ : G ↪→ PN
K
associated with

the global sections of the very ample line bundle L . To endow the real-manifold G(C)

with the structure of a definable manifold, we use the (N +1) charts induced from the
standard covering of PN

K
by open affine subsets.

With these preparations, we can finally state the next lemma.

Lemma 4.3 ConsideringFG and G(C) as definable manifolds in the sense above, the
restriction expG |FG : FG → G(C) is definable.

Proof We use again the decomposition Lie(G) = I VGt
m
× VG . For each x ∈ I VGt

m
and y ∈ VG , we have expG(x + y) = expG(x) + expG(y) as G is commutative. As
the group law G(C)× G(C) → G(C) is algebraic and hence definable, it suffices to
prove that the restrictions of expG to I VGt

m
and to F ′G are definable. By compactness,

the restriction of expG to F ′G is definable (even in Ran).
It hence remains to prove the definability of expG |I VGt

m
and using the fact that

the group law is algebraic once again, we can even assume t = 1 without loss of
generality. In this situation, the identification �Gm = Z · (2π i) yields I VGm = R and
expG |I VGm

= exp(c · x) for some real constant c. In any case, we see that expG |I VGt
m

is definable. �

4.3 O-minimal counting

Recall that Lemma 4.3 provides us with a fundamental domain FG ⊆ I VGt
m
× VG so

that expG |FG : FG → G(C) is definable in the o-minimal structure Ran,exp.
We are also going to identify I VGt

m
× VG with R2t+2g by choosing a basis so that

the period lattice �G corresponds to Zt+2g in VG .
We let

logG(C) = (expG |FG )−1(C(C)).

This is a definable set of dimension 2 (see [27, Lemma 6.2]).
We have an induced embedding of End(Lie(G)) in M2t+2g(R), which we identify

with R(2t+2g)2 . This will allow us to see each Lie(H) ⊆ Lie(G) as the kernel of a
matrix.

We consider the definable set

Z = {(ψ, x, z) ∈ M2t+2g(R)× R2t+2g × R2t+2g : z ∈ logG(C), ψ(z − x) = 0}.

We see it as a family with parameters in M2t+2g(R) and fibers

Zψ0 = {(x, z) ∈ R2t+2g × R2t+2g : z ∈ logG(C), ψ0(z − x) = 0}.
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We moreover set, for some T ≥ 1,

Zψ0(Q, T ) = {(x, z) ∈ Zψ0 : x ∈ Q2t+2g, H(x) ≤ T },

where H(·) is the exponential height on Q2t+2g .
Finally, we let π1 and π2 be the projection maps from R2t+2g ×R2t+2g to the first

and the second factor respectively.
The following statement is a special case of [27, Corollary 7.2].

Lemma 4.4 For every ε > 0 there exists a constant c = c(Z , ε) > 0 that satisfies the
following property. If T ≥ 1 and � ⊆ Zψ0(Q, T ) with |π2(�)| > cT ε , there exists a
continuous and definable function β : [0, 1] → Zψ0 such that

(1) the composition π1◦β is semialgebraic and its restriction to (0, 1) is real analytic;
(2) the composition π2 ◦ β is non-constant;
(3) we have π2(β(0)) ∈ π2(�).

We are also going to need the following consequence of Ax’s Theorem [1].

Lemma 4.5 Let γ : [0, 1] → Lie(G) be real semialgebraic and continuous with
γ |(0,1) real analytic. The Zariski closure in G of the image of expG ◦γ is a coset of G.

Proof In [27, Theorem 5.4] Habegger and Pila formulated and proved this statement
for abelian varieties. The exact same proof works in our case as Ax’s Theorem holds
for semiabelian varieties. �

4.4 Conclusion

In order to prove Proposition 4.1 we suppose there is a real number B and infinitely
many points p ∈ (C ∩G[2])(Q) with ĥL(p) ≤ B. Note that, by Northcott’s Theorem,
we have that the degree over K of such points must tend to infinity.

Let p be one of these points. Then, p ∈ 〈p〉 = Hp + q for some q ∈ Tors(G) and
dim Hp ≤ dimG − 2. We assume that q is of minimal order.

By our assumption on K we have that all Gal(K/K)-conjugates of p lie in an
algebraic subgroup of G of codimension at least 2. Actually we have 〈pσ 〉 = Hp+qσ

for all σ ∈ Gal(K/K) and thus �(〈pσ 〉) = �(〈p〉).
We let zσ , rσ ∈ logG(C) be the logarithms of pσ and qσ in our fundamental

domain, i.e., expG(zσ ) = pσ and expG(rσ ) = qσ . Since we have identified �G with
Zt+2g in VG and rσ ∈ FG , we have that rσ ∈ {0} ×Qt+2g and H(rσ ) = ord(qσ ).

Now, Lemma 2.5 provides us with a vσ ∈ �G + Lie(Hp) such that expG(vσ ) =
pσ − qσ and

‖vσ ‖ ≤ c16[K(pσ , qσ ) : K]max{1, hL(pσ )} ≤ c17[K(p) : K]�(〈p〉),

as hL(p) ≤ B.
We compare‖vσ ‖ and‖zσ−rσ‖. Since their image via expG coincide, the difference

between vσ and zσ − rσ is a period, which must project to the identity on I VGt
m
.
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Therefore, the projections of these two elements on I VGt
m
coincide. Moreover, the

projection of zσ − rσ on VG is bounded, therefore

‖zσ − rσ‖ ≤ c18‖vσ‖ ≤ c19[K(p) : K]�(〈p〉).

Moreover, Lemma 2.4(2) guarantees that there exists ωσ ∈ �G with zσ − (rσ +
ωσ ) ∈ Lie(Hp) and

‖ωσ ‖ ≤ ‖zσ − rσ‖ + c20 degL(Hp) ≤ c21[K(p) : K]�(〈p〉).

We conclude

H(ωσ + rσ ) ≤ c22[K(p) : K]�(〈p〉),

and therefore we have

H(ωσ + rσ ) ≤ c23[K(p) : K]c24

by (18). Set dp := [K(p) : K]. Then,

�p := {(rσ + ωσ , zσ ) : σ ∈ Gal(K/K)} ⊆ Zψ0

(
Q, c23d

c24
p

)
,

where ψ0 is a matrix whose kernel is Lie(Hp).
We now apply Lemma 4.4 with ε = 1/(2c24), T = c23d

c24
p and � = �p. For dp

large enough, we have c(c23d
c24
p )ε < dp and therefore

|π2(�p)| = dp > cT ε .

Lemma 4.4 then ensures the existence of a continuous and definable function β :
[0, 1] → Zψ0 satisfying

(1) the composition π1 ◦β is semialgebraic and its restriction to (0, 1) is real analytic;
(2) the composition π2 ◦ β is non-constant;
(3) we have π2(β(0)) ∈ π2(�).

We now consider the quotient φ : G → G/Hp and the corresponding Lie(φ) :
Lie(G) → Lie(G/Hp) whose kernel is the kernel of ψ0.

We note that by definition

expG/Hp
◦Lie(φ) ◦ π1 ◦ β = expG/Hp

◦Lie(φ) ◦ π2 ◦ β = φ ◦ expG ◦ π2 ◦ β.

We apply Lemma 4.5 with γ = Lie(φ) ◦ π1 ◦ β. The Zariski closure of the image of
expG/Hp

◦ γ is a coset of G/Hp. On the other hand, the Zariski closure of the image
of expG ◦ π2 ◦ β is contained in C . This containment cannot be strict because π2 ◦ β

is non-constant.



18 Page 30 of 37 F. Barroero et al.

Therefore, the Zariski closure of the image of φ ◦ expG ◦ π2 ◦ β equals φ(C) and
is a one dimensional coset that must be a torsion coset because it contains the torsion
point φ(π2(β(0))).

Since G/Hp has dimension at least 2 it follows that C is contained in a proper
algebraic subgroup of G. This contradicts our hypothesis and therefore dp must be
uniformly bounded and Proposition 4.1 is proved.

5 Proof of Theorem 1.1

5.1 Preparations

We recall thatG is a semiabelian variety defined over a number fieldK, which is given
by an exact sequence

1 T G A 0.π

We recall that L is an ample line bundle onG that we have fixed before Lemma 2.2.
We prove the theorem by induction on dim(G). If dim(G) = 1, then G[2] = ∅ and

there is nothing to prove. If dim(G) = 2, then G[2] = Tors(G) and the theorem is a
consequence of the Manin–Mumford conjecture for semiabelian varieties proven by
Hindry [26]. These two cases serve as the basis of our induction.

For the induction step, we assume now that the theorem is already proven for
all semiabelian varieties of dimension strictly less than dim(G) > 2. Let p0 + G0,
p0 ∈ C(Q), be the smallest coset containing C . Although C is by assumption not
contained in any proper algebraic subgroup of G, we may have G0 �= G.

We make an elementary observation on the dimension of G0.

Lemma 5.1 Let H ⊂ G be a semiabelian subvariety of codimension at least 2 and
q ∈ Tors(G). If the intersection C ∩ (q + H) is non-empty, then G0 + H = G. In
particular, it holds that dim(G0) ≥ 2 if C ∩ G[2] is non-empty.

Proof Note that G0 + H is a connected algebraic subgroup of G. Choose a point
p ∈ (C ∩ (q + H))(Q). As C ⊆ p + G0 ⊆ q + G0 + H , we have G = G0 + H
because C is not contained in a proper torsion coset. �

In the sequel, we hence assume that dim(G0) ≥ 2.

5.2 An auxiliary surface

We consider the difference map

� : G × G −→ G,

(p1, p2) �−→ p1 − p2,

and the irreducible variety S that is the Zariski-closure of �(C × C) = C − C in G.
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It is easy to see that G0 is the minimal coset containing S: In fact, any coset
containing S is a connected algebraic subgroup because of 0G ∈ S. If H ⊆ G is a
subgroup containing S, we have

C ⊂ (p0 + G0) ∩ (p0 + H) = p0 + (G0 ∩ H)

and thus G0 ⊆ G0 ∩ H as G0 is the minimal subgroup that contains a translate of C .
In the next lemma, we collect some basic properties of S.

Lemma 5.2 S has dimension 2 and is not G0-anomalous in itself.

Proof For the sake of contradiction, assume that S = C − C is an irreducible curve.
Then, the translated curve C ′ = C − p0 satisfies C ′ − C ′ ⊆ C ′ and is hence a one-
dimensional algebraic subgroup. As C is just a translate of this subgroup, this gives a
contradiction to our assumption that dim(G0) ≥ 2.

The second part of the statement was proven above. �
The Structure Theorem 2.1 applied to S inG0 gives a finite set�S of proper abelian

subvarieties of G0 such that

S \ Soa =
⋃

H∈�S

ZH ,

where eachZH is a finite union of subvarietiesW ⊂ S∩(p+H), for some p ∈ G0(Q),
with dimW ≥ 1 and dimW ≥ dim S − codimH + 1 = 3 − codimH . Note that
Lemma 5.2, implies that all the W in the finite union above are curves. Moreover, all
the H that give a contribution to the above union have codimension at least 2.

We may then conclude that there exist finitely many irreducible algebraic curves
Ci ⊂ S, 1 ≤ i ≤ N , such that

S \ Soa = C1 ∪ · · · ∪ CN . (19)

Each curve Ci , 1 ≤ i ≤ N , is contained in a coset pi + Hi ⊂ G0 with pi ∈ Ci (Q)

and Hi ⊂ G0 a subgroup of codimension at least 2; for the sequel, we stipulate that
each coset pi + Hi is the minimal coset containing Ci .

5.3 A height comparison

The restriction �|C×C : C × C → S is a dominant, generically finite map. The
following standard lemma allows us to bound the height of most Q-points on C × C
by the height of their images in S.

Proposition 5.1 Let X (resp. Y ) be an irreducible algebraic variety defined over Q,
L (resp. M) an ample line bundle on X (resp. Y ). Assume furthermore that dim X =
dim Y and let f : X → Y be a dominant morphism over Q. Set

Z( f ) := {y ∈ Y : the fiber Xy of f over y has dimension > 0}.
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Then there exist constants c1, c2 > 0 such that

hL(x) ≤ c1hM ( f (x))+ c2 (20)

for all points x ∈ X(Q) with f (x) /∈ Z( f ).

By upper semicontinuity of the fiber dimension [24, Théorème 13.1.3], the set Z( f )
is closed. In addition, it is easy to show that Z( f ) has codimension ≥ 2 in Y . In our
application to surfaces X and Y , this means that Z( f ) is a finite set of points.

Proof This follows from [53, Theorem 1]. The height inequality obtained in loc.cit.
is of the desired form (20), but only valid for all points in a (not determined) Zariski
open dense subsetU ⊆ Y ; we hence have to verify that we can ensure Y \U ⊆ Z( f ).

LetW be an irreducible component of Y \U that does not lie in Z( f ). We have that
f −1(W ) consists of m irreducible components V1, . . . , Vm . If dim(Vi ) > dim(W ),
then f (Vi ) ⊆ Z( f ). So it suffices to consider points on the irreducible components
Vi such that dim(Vi ) = dim(W ). For each of these, we can again apply [53, Theorem
1] to f |Vi : Vi → W . We get that (20) holds for all x ∈ Vi (Q) such that f (x) ∈ U ′
for some Zariski open dense U ′ ⊆ W . If W \U ′ ⊆ Z( f ) we are done, otherwise we
repeat the same argument with W \U ′ instead of W . We only need to do this finitely
many times as dim(W \U ′) < dim(W ). �

Applying this lemma to the restriction �|C×C : C ×C → S, we obtain a finite set
of Q-rational points Z ⊂ S(Q) and constants c1, c2 > 0 such that

hL(p)+ hL(p′) ≤ c1hL(p − p′)+ c2 (21)

whenever p − p′ /∈ Z for points p, p′ ∈ C(Q).

5.4 Enlarging the number fieldK

There exists a finite extension K′/K such that the following conditions are satisfied:

(1) all connected algebraic subgroups of G are defined over K′ (Lemma 2.6),
(2) we have p0 ∈ G(K′), pi ∈ G(K′) (1 ≤ i ≤ N ), and Z ⊂ S(K′), and
(3) the curve C ⊂ G as well as the curves Ci ⊂ G0 (1 ≤ i ≤ N ) in (19), are defined

over K′.

Replacing K with K′, we can assume that the above conditions are already satisfied
for K.

5.5 Some reductions

Recall that we have to show that the set (C ∩ G[2])(Q) is finite. For this purpose, we
consider a point p ∈ (C ∩ G[2])(Q). Denote by H ⊂ G a semiabelian subvariety of
codimension at least 2 and q ∈ Tors(G) such that p ∈ q+H . Recall thatG0+H = G
by Lemma 5.1.
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Set p′ = p − p0 ∈ S(Q). For each σ ∈ Gal(K/K), we define

rp,σ = (p′)σ − p′ = pσ − p ∈ (G0 ∩
(
qσ − q + H

)
)(Q).

Considering tangent spaces at 0G , we obtain

dim(G0)− dim(G0 ∩ H) = dim(G0 + H)− dim(H) = dim(G)− dim(H) ≥ 2.

As the intersection G0 ∩ (qσ − q + H) is a torsion translate of G0 ∩ H in G0, the
point rp,σ is contained in S ∩ (G0)

[2].

Lemma 5.3 There are at most finitely many points p ∈ (C ∩ G[2])(Q) such that
rp,σ ∈ Z for all σ ∈ Gal(K/K).

Proof Assume that p ∈ (C ∩ G[2])(Q) is such that rp,σ = pσ − p ∈ Z ⊂ G(K) for
all σ ∈ Gal(K/K). By Lemma 2.7(b), there exists an integer e = e(K) ≥ 1, which
is independent of p, such that [e](p) ∈ G(K). By Proposition 3.1, there are at most
finitely many p ∈ (C ∩ G[2])(Q) with this property. �
Lemma 5.4 There are at most finitely many points p ∈ (C ∩G[2])(Q) such that there
exists an automorphism σ ∈ Gal(K/K) with rp,σ ∈ Soa(Q) \ Z.

Proof Let p ∈ (C ∩ G[2])(Q) and σ ∈ Gal(K/K) be such that rp,σ ∈ Soa(Q) \
Z . Recall that we have also rp,σ ∈ (G0)

[2](Q) as noted above. By the (proven)
bounded height conjecture for semiabelian varieties (Theorem 2.2), we conclude that
hL(rp,σ ) ≤ c3 for some positive constant c3 = c3(S) that is independent of p. Using
(21), we obtain that 2hL(p) ≤ c1c3 + c2. The asserted finiteness follows hence from
Proposition 4.1. �

By these two above lemmas, it suffices to prove that there are at most finitely many
points p ∈ (C ∩ G[2])(Q) such that there exists some σ ∈ Gal(K/K) satisfying
rp,σ ∈ S(Q) \ (Soa(Q) ∪ Z). By Lemma 2.7(a), the fact that rp,σ ∈ Ci implies
that pi + Hi is a torsion coset; this means that there exists p′i ∈ Tors(G0) with
pi + Hi = p′i + Hi . (Note that we cannot assume that p′i ∈ Ci (Q).)

After relabeling, we may assume that pi + Hi , 1 ≤ i ≤ N , is a torsion coset if and
only if 1 ≤ i ≤ N ′. For each 1 ≤ i ≤ N ′, we choose a torsion point p′i ∈ Tors(G0)

such that pi + Hi = p′i + Hi .

Lemma 5.5 There are at most finitely many points p ∈ C(Q) contained in a torsion
coset q + H where q ∈ Tors(G) and H ⊂ G is a subgroup of codimension ≥ 2
satisfying H � Hi for all i ∈ {1, . . . , N ′}.

Proof Let p ∈ C(Q) be contained in a torsion coset q + H as in the lemma. Using
Lemmas 5.3 and 5.4 , we may assume that there exists some σ ∈ Gal(K/K) such that
rp,σ ∈ S(Q) \ (Soa(Q) ∪ Z). As observed above, we have rp,σ ∈ Ci (Q) for some
i ∈ {1, . . . , N ′}.
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By the minimality assumption on Hi , the translate C ′i = Ci − p′i ⊆ Hi cannot
be Hi -anomalous in C ′i . As H � Hi , the intersection H ∩ Hi is a proper subgroup

of Hi . Thus we infer rp,σ − p′i ∈ (C ′i ∩ H [1]i )(Q) from the fact that rp,σ lies in
(p′i + Hi ) ∩ (qσ − q + H).

An application of Theorem 2.2 for the curve C ′i ⊆ Hi yields an upper bound on
the height hL(rp,σ − p′i ) that is independent of p. As p′i is torsion we have a bound
on hL(rp,σ ), and rp,σ /∈ Z implies that the height of p is bounded. Proposition 4.1
yields the asserted finiteness. �

5.6 Applying the inductive hypothesis

Weconclude the proof of Theorem 1.1 by dealingwith the remaining points inC∩G[2]
by induction on dim(G). Note that this is the only part of the argument where the
inductive hypothesis is actually used.

Lemma 5.6 For each i ∈ {1, . . . , N ′}, there are at most finitely many points p ∈ C(Q)

contained in a torsion coset q + H where q ∈ Tors(G) and H ⊂ G is a subgroup of
codimension ≥ 2 satisfying H ⊇ Hi .

Proof Again, let p ∈ C(Q) be contained in a torsion coset q + H as in the lemma.
We consider the quotient map ϕi : G → G/Hi and note that ϕi (C) is not contained
in a proper algebraic subgroup of G/Hi because otherwise C would be contained in a
proper algebraic subgroup of G. Moreover, it is not a point. Indeed, this would imply
that C is contained in a coset of Hi which would be strictly contained in a coset of
G0, contradicting the minimality of G0.

Now, as p is sent to ϕi (C) ∩ (G/Hi )
[2] and dim(G/Hi ) < dim(G), the lemma

follows from our inductive hypothesis. �

On combining Lemmas 5.5 and 5.6 , we obtain Theorem 1.1 immediately.
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