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Abstract

We develop a tropical intersection formalism of forms and currents that extends clas-
sical tropical intersection theory in two ways. First, it allows to work with arbitrary
polyhedra, also non-rational ones. Second, it allows for smooth differential forms as
coefficients. The intersection product in our formalism can be defined through the
diagonal intersection method of Allermann—Rau or the fan displacement rule. We
prove with a limiting argument that both definitions agree.
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1 Introduction

For their “Tropical approach to non-archimedean Arakelov theory” [9], Gubler—
Kiinnemann combine tropical intersection theory and smooth differential forms into
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their formalism of so-called §-forms. They use these to develop a calculus of Green
currents on non-archimedean spaces that is related to intersection theory on formal
models. The strength of their approach is that §-forms are simpler to work with than
formal models, leading to a computationally accessible handle for certain arithmetic
intersection problems.

The present paper contributes to these ideas through the development of a more
general and concise theory of §-forms. This is a purely tropical endeavor: §-Forms
are a natural generalization of tropical cycles and have the same formal properties.
For example, they admit pull-backs, push-forwards and a tropical intersection product
called the A-product. §-Forms also encompass Lagerberg’s smooth forms [11] and
obey the same kind of differential calculus. They furthermore come with a boundary
operator that generalizes the frequently used corner locus constructions of Esterov [5]
and Francois [6], also cf. Gubler—Kiinnemann [9]. Moreover, our formalism allows
non-rational polyhedra throughout. For tropical cycles, this generalization had already
been obtained by Esterov [5].

We now provide a more detailed description of §-forms and our results. Smooth
forms are always meant in the sense of Lagerberg in the following, cf. [11] or §2.1.
Recall that a current is a continuous linear form on the space of smooth forms with
compact support. A smooth form & on R” and a polyhedron o C R” define a current
of integration (o A o)(n) == [, » @ A 1. (The polyhedron really needs to be weighted
for this to work which will be explained below.) A current is called polyhedral if it is a
locally finite sum ), _; &; A o; of such integration currents. In particular, polyhedral
currents are entirely combinatorial objects. The following is our main definition.

Definition 1.1 A §-form on R” is a polyhedral current 7 on R” such that both deriva-
tives d’T and d"T are again polyhedral.

The differentials d’ and d” here are taken in the sense of currents, i.e. as the duals of
d’ and d” for smooth forms. §-Forms turn out to be stable under d’ and d”. Additional
structure is then provided by defining a §-form T = ), _; a; A o; to be of tridegree
(p, q, r) if the o; may be chosen of bidegree (p, ¢) and the o; of codimension . Then
d’ naturally decomposes as d’ = d}, — 9, where d), is trihomogeneous of tridegree
(1,0, 0) and 9’ trihomogeneous of tridegree (0, —1, 1). The first summand d} is the
so-called polyhedral derivative dj,(a Ao) = (d'a) Ao of Gubler-Kiinnemann, while
9’ is the above-mentioned boundary operator. The latter is closely related to boundary
integration of differential forms and to the corner locus construction, cf. (4.13). A
similar decomposition d” = d}, — 8" exists for d”.
Next, we come to the combinatorial description of §-forms.

Theorem 1.2 A polyhedral current T = ), _; oj A o; is a 8-form if and only if the
datum (o, 0);c; is balanced in the sense of tropical geometry.

We formulate the relevant balancing condition in (1.1) below. Note that Theorem 1.2
has precursors in the literature: Lagerberg [11, Proposition 4.7], Gubler [8, Proposition
3.8] and Gubler—Kiinnemann [9, Proposition 2.16] (in successive level of generality)
essentially prove it whenever the «; are smooth functions. Cast in our terminology, they
show that the tropical cycles of codimension r with smooth coefficients are exactly
the §-forms of tridegree (0, 0, r).
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Theorem 1.2 makes §-forms behave like tropical cycles and we show that
Allermann—Rau’s construction of an intersection product [1] goes through without
substantial change. This leads to our main result which is clearly inspired by Gubler—
Kiinnemann’s [9, Proposition 4.15].

Theorem 1.3 There is a graded-commutative N-product of §-forms that extends the N\-
product of smooth forms and the intersection product of tropical cycles. The derivatives
d', d", the polyhedral derivatives d), d}, and the boundary derivatives d', 8" all satisfy
the Leibniz rule for A.

A more precise characterization of the A-product may be found in the main text, cf.
Theorem 4.1. We also show that the A-product can be computed by the fan displace-
ment rule, cf. Proposition 4.21. Recall that for intersections of tropical cycles, this rule
goes back to Fulton—Sturmfels [7] and Mikhalkin [12]. Its equality with Allermann—
Rau’s intersection product was shown independently by Rau [14] and Katz [10]. Our
proof is similar to the combinatorial one of Rau and based on the observation that the
A-product suitably commutes with limits, cf. §4.3.

We next explain the tropical formalism for possibly non-rational polyhedra. For a
polyhedron o € R", denote by N, € R" the linear space spanned by all the elements
x —y, x,y € o.Given afacet T C o, the subspace N; C N, is of codimension 1. If
o is rational, then (N; N Z"") C (Nys N Z") is a sublattice of corank 1 and a normal
vector for T C o is any vector ns r € Ny NZ" that generates (N, N Z") /(N N Z™)
and points in direction of ¢ . For the general situation, we consider weighted polyhedra
instead. A weight for o is simply a generator (1, € det Ny up to sign. Equivalently,
it is a choice of Haar measure on M,,. Given a facet inclusion ¢ C o and respective
weights i, and 145, anormal vector is any ny r € N, thatsatisfies iy = iy Ang r and
points in direction of o. The two definitions are linked by the observation that every
rational polyhedron o has a natural weight, namely the unique-up-to-sign generator of
detz(Ny NZ™). The balancing condition (1.1) in Theorem 1.2 is now a literal adaption
of the classical balancing condition.

Definition 1.4 Consider a polyhedral complex 7, weights (i, )7 for its polyhedra
and smooth forms (ay)se7, &5 € A(0). Here, A(o) denotes the smooth forms on o.
This datum is called balanced if for all T € 7T,

> Ugle @ no.r liesin A(t) ®r N:. (1.1)

o€, tCo afacet

We next elucidate on the intersection theory of weighted polyhedra. Recall that given
two properly intersecting rationally defined subspaces N1, Ny € R”", one defines their
intersection multiplicity as the lattice index [Z" : (N} N Z") 4+ (N2 N Z")]. In the not
necessarily rational case, still assuming proper intersection, one instead considers
weights w1, o for Ny, N> and endows the intersection N; N Np with the unique
weight v such that 1] ® o = v ® wgq under the canonical-up-to-sign identification
det(V1 @ Vo) = det (Vi N V2) @ R"). Here pugq is the standard weight on R". This
rule extends to a full description of the A-product of transversally intersecting §-forms
and underlies the fan displacement rule.
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Finally, a weight u for o is also the precise datum needed to define the integral
f[o,u] n of a (compactly supported) form 1 over o. So in the definition of polyhedral
current above, all polyhedra were silently weighted. For this natural reason, weights
implicitly occur in Lagerberg [11] and Chambert-Loir—Ducros [3]. In fact, the cali-
brages from [3] are the same as our weights with an additional sign.

Tropical intersection theory has also been extended from R” to more general com-
binatorial spaces. We will not address such questions here but take them up in our
related work [13]. More precisely, we develop there a theory of §-forms on so-called
tropical spaces with applications to non-archimedean Arakelov theory.

Layout

Section 2 contains a summary of Lagerberg’s theory of differential forms and intro-
duces the formalism of weights, normal vectors and fiber integration. Section 3 is
dedicated to the definition of §-forms and to the proof of Theorem 1.2. Section 4
contains the main result Theorem 1.3 and some additional properties of §-forms. The
fan displacement rule is Proposition 4.21 and will be proved in Section 4.3.

2 Forms and currents
2.1 Smooth forms

Let C*°(R") and 7 (R") denote the smooth functions and “usual” real smooth p-
forms on R”. We fix the hosting space R” for now and simply write C°*° and Q7. The
smooth forms in this paper, whose definition is due to Lagerberg [11], are the elements
of the exterior algebra

A= AR") = /\*Cw (@' o). 2.1

There is a bigrading A = @ AP4 where AP1 is the piece QF ®c~ Q7. Elements
a € AP-9 are called b1h0mogeneous of bidegree (p, ¢) and homogeneous of degree
dega = p +gq.

Being an exterior algebra, A is endowed with a natural A-product. It is bihomo-
geneous in the sense that AP9 A AS! C APTS:4F! Tt is also graded-commutative,
meaning that

a A B = (—1)deexdeeBg A o (2.2)
whenever « and B are homogeneous.

We use the terminology of [3] for differential operators. Write dgiq: C* — Q! for
the usual differential. Given f € C*°, we put

df=Wwf, 0, d'f=(0duf) eQ o (2.3)

Denoting by x1, ..., x, the standard coordinates on R", any « € A4 is now in a
unique way of the form

W Birkhauser
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/ "
o= Z @171, ..., xp)d' xp Ad"xy
LIS, ..n}, [=p, |J|=q

with @7 ; € C*®. The above d’: C* — A0 and d”: C*° — A%! extend to A in a
unique way that satisfies the Leibniz rule

d@nB)=danB+(=D*% AdB, deld,d"). 2.4)

Concretely, this extension is given as

n
9
d(pd'x Ad'xp) =Y aﬁdxi Ad'x;~nd'xy, deld,d").
i—1 O

The so-defined d’, d”: A — A are bihomogeneous of bidegree (1, 0) resp. (0, 1).
Given an affine-linear map f: R” — R, there is a natural pull-back map
f*: AP9(R™) — AP-4(R™) which stems from usual pull-back of differential forms.
It commutes with A, d’ and d”.
The integral of an (n, n)-form n with compact support is defined as follows. Write
n=w@dxi Ad"xy A...Nd'x, Ad"x, and put

/nn:fnfp 2.5

where the right hand side is defined in terms of the Lebesgue integral for the standard
volume on R". It is immediate that, for an affine linear map f: R" — R",

f f*n= Ideth/ n. (2.6)
Rn Rll

There is, in particular, no implicit choice of orientation involved. This also reflects in
the fact that the forms d’x; A d”x; have degree 2, hence pairwise commute, so the
function ¢ in (2.5) is independent of coordinate ordering.

Let D = D(R") denote the space of currents, i.e. the topological dual of compactly
supported forms A, cf. [11, Sect. 1.1]. The topological aspect of the definition will
never play arole in this paper. Write D = @ .qg DP9 where DP9 is dual to Ay,
Currents T € DP? are said to be of bidegree (p, ¢) and of degree deg7 = p + q.
There is an injective map A?? — DP9, o +— [«], defined by

[ee](m) :=/ a A,
]Rn

With the following sign conventions one defines derivatives d’: DP*4 — DP+1.4,
d": DP9 — DP-4+1 as well as a product A: AP4 x DS! — DPTsa+i;

@r)(n) = (=D 1@y, de(d,d"),

2.7
(@ AT)(n) = (—D¥exdeel g A p). @D

) Birkhauser
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Then it follows that, for homogeneous «, 8, T and d € {d’, d"},

@dlal(n) = (—1)deet! / andn= f da A = [da](n),
(2.8)

(@ ABD(M) = (—1>d°g“degﬁ/ﬁ AUAD = fa AB AN =aA B0,

for every compactly supported test form 7, so the inclusion A — D commutes with
A, d’ and d”. Furthermore, the Leibniz rule extends:

dla AT)=da AT + (=)%Y AdT, de{d, d"}. (2.9)

Let f: R" — R™ be an affine linear map. Then there is a push-forward map
DI (R"y — pprm—mqtm=n(Rm) from currents with compact support. It is defined
by

(S =T (f*n). (2.10)

Since f*(dn) = d(f*n) forn € A.(R™) and d € {d’, d"}, one obtains the identity
£.(dT) = d(£.T) by duality, cf. (2.7).

2.2 Polyhedral currents

By polyhedron in R" we mean a subset o that may be written as the intersection of
finitely many (not necessarily rational) half-spaces. Denote by N, the linear space
spanned by all x — y, x, y € o and by M, := N, its R-dual. The dimension of o is
the dimension of N,;.

A polyhedral complex is a locally finite set of polyhedra 7 which is stable under
taking faces and is such that o1 N o7 is a face of both o and o for every 01,07 € 7.
The d-dimensional (resp. r-codimensional in R") polyhedra of a polyhedral complex
are denoted by 7 (resp. 7).

Let C*°(0) denote the smooth functions on o, i.e. all ¢: 0 — R such that there
is some smooth function ¢ € C*°(R") with ¢|, = ¢. Smooth (p, g)-forms on o
are defined by an analogous restriction process. Let L, = x + N,, x € o, be the
smallest affine linear space containing o . There is a well-defined space of (p, g)-forms
AP4(Ly) because (p, gq)-forms transform naturally under affine linear maps. Then

AP9(0) 1= C¥(0) ®coe(L,) AP (Lo).

Equivalently, it is the space of smooth (p, ¢)-forms on the interior 0° of o in L, that
come by restriction from A?-9(L,). Note that A”9(c) = 0 if dimo < max{p, g}
and that there is a restriction map A”9(o0) — AP4(t), o > «|, for every inclusion
of polyhedra T € o which commutes with A, d’ and d”. The following definition of
weight is inspired by Chambert-Loir—Ducros’ definition of a calibration, cf. [3, Sect.
1.5].

W Birkhauser
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Definition 2.1 A weight for a polyhedron o is a generator 1 € det N, up to sign. The
convention for O-dimensional polyhedra here is that the determinant of the 0-space
is R itself and that a weight is a positive scalar. The pair [0, u] is called a weighted
polyhedron. A weighted polyhedral complex is the datum of a polyhedral complex 7°
together with weights (i), <7 for all its polyhedra.

Equivalently, a weight for o is the choice of a Haar measure for M. The bijection
is defined as follows: Given 0 # u € det Ny, choose a family of x; € N, such
that &4 = x| A ... A Xgimo Uup to sign. Then endow M, with the Haar measure
Vol(U) = Vol((x1 y vy Xdimo) (U )), where the volume on the right hand side is taken
for the standard Lebesgue (Haar) measure on Rdimo

We denote by u¥ € det M, the dual of L.

Example 2.2 Every rational polyhedron o € R” has a natural weight with respect to
the lattice Z" € R”. Namely N, N Z" is a lattice in N, and the choice of a generator
o € detz(Ny NZ") is unique up to sign. Every other weight is in a unique way of
the form Apg, A > 0.

Let [0, ] be a weighted polyhedron of dimension d and let n € A?’d(a). Pick
any coordinates x1,...,xy € M, such that u¥ = x; A ... A x4 and write n =
od'xy Nd"xy N ... Ad'xg Ad"xq. (The x; are defined up to translation on L, S0
their differentials d’x; and d”x; are canonical.) Then set

/ n ::/(p (2.11)
[o.u] o

where the right hand side is the Lebesgue integral with respect to the volume defined
by the choice of isomorphism (xq, ..., xq): Ny = R4, The transformation rule (2.6)
ensures that this is well-defined. In this way, [o, ] is viewed as element of D"",
where r = n — d is the codimension of o.

The following definitions are due to Gubler—Kiinnemann, cf. [9, Definition 2.3].
A polyhedral current is a current that is a locally finite sum of currents of the form
o A [o, u]. Deviating from their notation, we write P € D for the space of all
polyhedral currents and P?:9:" C DPT"4%" for those which are locally finite sums
of o A [0, ] with o of codimension r and @ € AP-9 (o). One easily checks the direct
sum decomposition P = @p,q’r PP-97 We also say that elements of PP9'" are
trihomogeneous of tridegree (p, q, r).
Remark 2.3 When presenting a polyhedral current 7 as a locally finite sum 7 =
Zie[ a; A [oj, iil, the datum of all («;, 0i, i)ies 1S unique up to locally finitely
many operations of the following kinds: Subdividing the ¢;, adding/removing terms
with ¢ = 0, replacing («, o, i) by (Aw, o, )Flu) for some A > 0, and exchanging
(o1, 0, ) + (a2, 0, u) and (a1 + o2, 0, [1).
Definition 2.4 Let T be a polyhedral current, say 7 = ) _, c1 @i Aloi, wil. Its polyhe-
dral derivatives are the polyhedral currents

dpT =Y (d'ay) Aloi, il dpT =Y (d"e;) Aoy, uil.

iel iel

) Birkhauser
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It has been remarked before, cf. [9, Remark 2.4 (iii)], that d(, T and d'T resp. d}, T and
d"T need not coincide. The derivatives d’'T and d” T may even be non-polyhedral, cf.
Example 2.10 below.

A polyhedral complex 7 is subordinate to T if there is a presentation of the form
T=> oeT %o Ao, 11 ]. With such 7 fixed, the a; and p1,; are uniquely determined
up to the replacement of (¢, i4s) by (Aoy, 2~ i), where A > 0.

2.3 Functoriality
For an exact sequence of finite dimensional R-vector spaces
0— Ny — Ny —> N3 — 0,

there is a canonical isomorphism det Ny = det N1 ® det N3. So given weights u; for
N; for two out of {N1, N2, N3}, they uniquely determine a weight for the third space
through the relation

M2 = L1 A3 1= L] A 43 (2.12)

where /73 € AU N, is any lift of 3.

Thereis aspace P S(o) of piecewise smooth forms on a polyhedron o . By definition,
a piecewise smooth form is the datum of a polyhedral complex 7 with 0 = U,c7p
and smooth forms o, € A(p), p € 7T, such that aply = ar forall T € p; up to
subdivision. We write PSP-4(o) for those with all «,, of bidegree (p, g). If 1 is a
weight for o and @ = () ,e7 € PS(0) as before, we define the polyhedral current

a Ao pul= Y. nleul (2.13)
peT, dimp = dimo

Here p defines a weight for p because N, = N,; for dimension reasons. For fixed p,
this defines an embedding PS(c) € D(R").

Let f: R" — R™ be an affine linear map and o € R”" a polyhedron. Then
f (o) is again a polyhedron. Let u be a weight on ¢ and v a weight on f (o). Then
K = ker ((f — f(0)In,: Ny — Ny()) acquires a canonical weight § through
(2.12) and there is a natural fiber integration map for forms with compact support,
fox: Al (o) — PSPRa=K(f (o)), where k = dim K. It satisfies the projection
formula

/ omf*n=/ (fs,xat) A1
[o,1] [f(o),v]

which determines it uniquely. In other words, fiber integration provides a representative
for the push-forward from (2.10),

fela Ao, u]) = (fsxa) ALf(0), V] (2.14)

W Birkhauser
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In particular, the push-forward of a polyhedral current (with relatively compact sup-
port) is polyhedral again. Note that if « A [0, u] € PY*?" and dim K = k as before,
then fi(x A [0, u]) € PP~Ra—krim=n+k "go £ is not trihomogeneous, but only
bihomogeneous.

Example2.5 If T = ¢ A [0, u] € P%%" is a weighted polyhedron with smooth
coefficient (cf. [9, Sect.1]), then f,T # O only if f|, is injective. In this case we find
fulo Ao, n]) = (9o f~H ALf(0), f(w)], which is precisely the classical push-
forward of weighted polyhedra in tropical geometry that underlies e.g. the Sturmfels—
Tevelev multiplicity formula [15].

Given a surjective affine linear map f: R” — R and a current 7 on R™, we may
now also define a pull-back current f*T € D(R™). Namely the fiber integral f,n of

a smooth form n € A2 (R") (with respect to the standard weights on R” and R™) is
again smooth and we put

(f*TY) == T(fim), n € A(R").
If T =« A [0, 1], then one easily finds f*T = f*a A [f o, v], where v =8 A i
for the natural weight § on ker(f — f(0)). Since fi(dn) = d(f«n) forn € A (R")
and d € {d’', d"}, it follows by duality that f*(dT) = d(f*T) for any current T'.
Example 2.6 Assume f: R" — R” is bijective and affine linear. Let i be the standard

weight on R”. Then f(u) = | det f| u. The fiber weight § on ker(f — f(0)) = {0} is
thus | det f| and fiber integration is given by

fs.n(e) = [ det f| f~1* (). (2.15)
The transformation rule (2.6) implies that this satisfies the projection formula:

_ 2.6 _
/ aAf*n=/ £ @) A ) | det £ I @) A
[R", 1] [R", 1] [R”

R", ]
= / fo.x(0) A .
[R", 1]

Interchanging the roles of @ and 7, the equality of leftmost and rightmost term shows
[Ha AR, u]) = f*(@) AR", u]. (2.16)

2.4 Stokes’' theorem

By its very definition, a (p, ¢)-form « on R" may be viewed as an alternating form in

p + g variables on R” x R" with values in C*°. Given w € R" x R", the contraction

(o0, w) of o with w (interior derivative) is defined as the multilinear form resulting

from inserting and fixing w as the first entry of «. This operation is characterized by

) Birkhauser
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the Leibniz rule
(xAB,w) = (o, w) AB+ (—l)deg"‘a A (B, w) (2.17)

and the identities
0 0
dp.w) =~ (@'pw)=—, ¢eC® w=(w,uw). (2.18)
owq dwr

Recall that a facet of a polyhedron is a face of codimension 1.

Definition 2.7 Let [0, 1] be a weighted polyhedron and T C o a facet that is endowed
with a weight v. Then there is a unique vector 77, ; € Ny /N that points in direction
of o and is such that © = v A i, ¢ in the sense of (2.12). A normal vector for t C o
is any choice of lift nys ; € Ny .

m—1,m

Assume m = dim o. The (first) boundary integral of @ € A, (o) over 1 is defined
as
/ o= —/ (. ny )l (2.19)
3o, 1] [T.v]

The convention in notation here is v’ = (v, 0) and v = (0, v) for any vector v € R”".
The restriction (e, ng,r) | is independent of the choice of normal vector and the whole
expression is independent of the choice of v. Define the (first) boundary integral of o
as

/ o= Z / a. (2.20)
d'[o, 1]

a9/
TCo afacet drlo.pl

The definition of the (second) boundary integral differs by a sign which is motivated
by Example 2.9 below. For g € A™" ! (5), put

/ ,8:=/ (ﬁ,n;,,)n,/ p= 2 / p. 22D
da7lo.ul [z.v] 3"[o,u] a7 lo.ul

TCo afacet

Proposition 2.8 ([3, Lemma 1.5.7], Stokes’ Theorem) Let [o, (] be an m-dimensional
weighted polyhedron and let o € Azn_l’m(o) and B € A'Cn’m_] (o). Then

[ro=be L]
[o, 1] d'[o,u] [o, 1] d"[o, 1]

Example 2.9 Proposition 2.8 is essentially just the following statement. For every
smooth function p: [0, 1] — R,

1 1
/0 o x)d'xAnd'x =p) - p0) = —/0 o' (x)d" x nd'x.

W Birkhauser
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The differing signs explain the sign change from (2.19) to (2.21).

Example 2.10 Proposition 2.8 says d'[o, u] = —d'[o, u] and d”[o, u] = —3"[o, 1]
as currents, but these derivatives are never polyhedral if dim o > 0. (The difference
in sign with Stokes’ Theorem comes from (2.7).) Namely they have support on the
union of facets do of 0. If dim o = m, then do is an (m — 1)-dimensional polyhedral
set, s0 1)]so = O for every n € A"~ (o) resp. n € A™™~ (o), but not necessarily

/ n =0 resp. / n=0.
d'[o, 1] "o, u]

3 5-Forms

We consider forms, currents and polyhedra on R” in the following.

Definition 3.1 A §-form is a polyhedral current T such that both d’T and d"T are
again polyhedral.

This definition turns out to be equivalent to the familiar concept of balancing for 7.

Definition 3.2 Let 7 be a polyhedral complex, uy, 0 € 7, a family of weights for
its polyhedra and o € A(0), 0 € 7 a family of smooth forms. This datum is called
balanced, if the following two equivalent conditions are met.

(1) For all polyhedra t € 7, the sum

Y ol ®nor € A(T) @R R G.1)

oe€T, 1Co afacet

lies in the subspace A(t) ®g N;. The normal vectors n,, ; here are taken for the weights
Mo and pir.

(2) Forevery polyhedron t € 7, every affine linear function z with constant restric-
tion z|, and normal vectors n, . as before,

9
3 ; X ayly =0. (3.2)

n
o7, t1Co afacet o

Since z|; is constant, this expression does not depend on the choices of the ny ;.

Proof (Proof of the equivalence of (1) and (2).) Assume z|, to be constant and consider
the pairing

AR QrR" — A(®), a @ v i— (d'z Ao, V).
It follows from the Leibniz rule that
d'zna, V). = (3z/0v) - al,
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so the pairing factors through A(7) ®r R”" and is simply the A(7)-linear extension of
v > dz/dv. The proof is now the statement that a vector v lies in N if and only if
dz/dv = 0 for every affine linear function z with constant restriction z|;. O

Formulation (1) is closer to the usual condition of balancing in tropical geometry
but makes implicit use of the existence of the ambient space R". Formulation (2) in
turn is more suitable for generalizations to abstract polyhedral complexes, cf. [13].

Being balanced is stable under the four operations in Remark 2.3, so only depends
onthe current 7 = ) T % A [0, 4s]. Also note that (3.1) and (3.2) are trihomo-
geneous in « and that only polyhedra of a fixed dimension occur. One obtains that
T = Zp,q,r 774" with TP-4" of tridegree (p, g, r), is balanced if and only if each
TP is.

Theorem 3.3 A polyhedral current T is a §-form if and only if it is balanced. In
particular, it is a §-form if and only if T?9'" is a 5-form for all (p, q, r).
Furthermore, T is already a 8-form if one out of d'T, d"T is again polyhedral.

Proof
(1) We first assume that T is of tridegree (p, ¢, r). Let 7 be a weighted polyhedral
complex subordinate to 7', say

T=7" aAlo,usl, o € AP (0),
oeT”

n—p—r.,n—q-r
c

and let n € A be a test form. One obtains from the Leibniz rule and

Stokes’ Theorem that

@7 —dpT)()

/ > (@ Anng )l

cerr Vot G T o

Z[Z (g, ng o) AT, muel)(n) +(71>deg°‘/ D g A e |-

t Ltco [t.uel rco :|

(3.3)

The individual contractions (a,, 1, ) and (1, n;; ) depend on the choices of normal
vectors, but the total expression does not. We henceforth fix the choices nq . The
terms ((ag, ng’r) A [z, ,u,])(r;) always define polyhedral currents. So the statement
to prove is that 7' is balanced if and only if the following is a polyhedral current,

n— (=)’ Z/ > ao Ayl
T [T,1e]

TCo

(2) Assume first that T is balanced, fix some t and write

Y ol ®nor =Y Bi®vi, fi € API(1), v; € Ny, (34)

TCo iel
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according to (3.1). Then

Y ae Ay e =D Bi A ). (3.5)
tCo iel
By the Leibniz rule,
Bi A (n,v)) = (=D®EP (B A, ) + (—D)¥EEFL (B vy A . (3.6)

Since B; Anis of bidegree (dim 7, dim 7+ 1), the first summand vanishes. The (integral
over [t, ;. ] of the) second summand defines a polyhedral current in 5. Taking the sum
over i and t shows that d’T is a polyhedral current. The same argument works for
d"T, proving that a trihomogeneous balanced polyhedral current is a §-form.

(3) Conversely assume that T is not balanced, our claim being that d’'T is not
polyhedral. (We still assume that T has tridegree (p, ¢, r) currently.) Generally, if S is
apolyhedral current, C some polyhedral sets with Supp S € C and n € A, atest form,
then n|c = 0 implies S() = 0. In the situation at hand, we have already seen that
Supp(d'T —d), T) is contained in the codimension r + 1 skeleton  J, .7+ T and our
approach is to construct a test form n with |, = 0 for all 7 but (d'T —d, T)(n) # 0.
Pick 7 and z such that (3.2) is not satisfied, i.e. z is an affine linear function with
constant restriction z|,; and such that

9
Bi=Y a,l: £0. 3.7)

tCo ang,,
There exists a bump test form 7 € AS““"P AMT4 ith the two properties that
SuppiNt’ # @, € T+, only for r’ = 7 and

/ B A #Q.
[T.pr]

Then the T-contribution to (3.3) for the test form n = (—1)9€%q"z A 7 is simply

Y @'z Aag ATy e =B AT
TCo

Here we combined the Leibniz rule for ( , n” ) with the properties d”z|; = 0 and

s ot
(d"z,n} ) =0z/ng . Thus (d/T —drpT)(d"z A7) # 0eventhoughd "z A7 =0
for every t/ € 7"+, So d’T cannot be polyhedral and hence T is not a §-form. Note
that arguments (2) and (3) show the stronger statement that a trihomogeneous 7 is
balanced if and only if one out of d'T and d"T is polyhedral, i.e. they prove the last

statement of Theorem 3.3 for trihomogeneous 7.

(4) Now consider a general §-form 7 = -, . . T74" with 74" of the indicated
tridegree. Our claim is that each 779" is a §-form. Since 771-9">" and TP2-92" lie in
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different bidegrees as currents for (p1, q1) # (p2, ¢2) and since d’ and d” are biho-
mogeneous, it is enough to prove thatall 7" := ) v TP-97" are §-forms. Polyhedral
currents may be added ad libitum, so it is sufficient to show that all (d'T" — d ;, T")
and (d"T" — dT") are polyhedral. Assume for the sake of contradiction that there
is some ro with d’T" not polyhedral and assume that r is chosen minimal. Then the
previous arguments imply that there is some point

x € Supp(d'T"™ — d}, T"™) \ Supp (Z d'T" —d, T’)

r>ro

that has no open neighborhood x € U such that d'T"™|y is polyhedral. (Take some
x € Supp B where B is as in (3.7).) Using minimality of rp, we conclude that d'T
cannot be polyhedral. The same argument applies with d” instead of d’. Thus we
obtain that 7 is a §-form, if and only if each 774" is a §-form, if and only if each
TP-47 is balanced, if and only if T is balanced. O

Definition 3.4

(1) We denote by BP?" = BP9"(R") the space of §-forms of the indicated
tridegree and by B = B p.g.r BUT" the space of all 5-forms. Bidegrees and degrees
of §-forms are meant in the sense of currents: A §-form T of tridegree (p, q,r) is
of bidegree (p + r, g + r) and degree deg(T) = p + g + 2r. We sometimes write
BP4 =P, BP~"47"" for the bigrading by bidegree.

(2) Since d’'d'T = 0, Theorem 3.3 implies that d'T is a §-form. Similarly for d”,
so one obtains derivatives

d: BP1 N Bp+l,q’ d’: BP4 s B+l

The balancing condition (3.1) is stable under d }3 and d ;/), so the polyhedral derivatives
restrict to operators

d;: BP-4:r N Bp+l,q,r’ d%: BP-4:r N Bp,q+l,r_

Define the boundary operators 8’ := d, —d" and 3" := d}, — d". It will be explained
below, cf. (3.9), that these are trihomogeneous in the sense

§': P4 —s pra~lrtl g ppar  ppelartl
Lemma 3.5 (1) The boundary derivatives satisfy
O — a/a/ — a//a//
0 — a/a// + 8//8/
0=20dp+dpd =093"dy +dpd”,
0=09'dp+dpd" +03"dp +dpd.
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(2) Let f: R" — R™ be an affine linear map. Assume that T € B(R") has relatively
compact support with respect to f. Then f, T € B(R™) is also a §-form.

(3) Let f: R" — R™ be a surjective affine linear map and S € B(R™). Then
f*S € BR") is also a §-form.

Proof

(1) The necessary observation is that d,, 3, dj and 9" are all trihomogeneous
of different tridegrees. The stated relations then follow from the standard identities
(d/)2 — (d//)Z —0and d'd’ = —-d"d’.

(2) and (3) follow from the fact that f, and f* both commute with d’ and d” and
preserve the property of being polyhedral, cf. Sect. 2.3. O

Example 3.6 Every polyhedral current T of tridegree (n — r, g, r) or (p,n —r,r) is
a §-form. This follows from the observation that then all terms &, |; in (3.1) vanish.
Alternatively, one argues that d'T = 0 resp. d’T = 0 because T is of bidegree
(n,q +r) resp. (p + r, n) as current and applies Theorem 3.3.

Lemma 3.7 The §-forms BP7O(R") are precisely the currents that are of the form
o A [R*) ugdl for a piecewise smooth (p, q)-form o € PSP9(R™).

Proof Assume that 7 € PP-4-0 and write T = Y se70 % A0, o] for a weighted
subordinate polyhedral complex 7. We may assume all occurring ;, = ptgig because
N, = R” for every n-dimensional o. Any t € 7T is then a facet of precisely two
01,00 € 79 One may choose ng, ; = —ng,,r. The balancing condition (3.1) is
then equivalent to oy, |; = @o,|; for all such T C o1, 02, which is equivalent to the
()70 defining a piecewise smooth form. O

Example 3.8 Let « € PS(R") be piecewise smooth and 7 € P(R”") a polyhedral
current. Let 7 be a polyhedral complex that is subordinate to both 7' and «, say

a=(Q)gero, T = Z Bp Ao, mpl.
peT

Define their product as

al ==Y aly APy Alp. p). (3.8)
peT

The restriction «|, here is well-defined by the piecewise smooth property. If 7" is a
§-form, then T is also a §-form since the balancing condition (3.1) is P S-linear. For
example, the §-preforms from [9, Sect. 2] are precisely the sums of products 7 where
o € A(R") is smooth and T € B*%" a tropical cycle.

We end this section by providing three ways to compute 3’T. The case of 3" is
the same by symmetry; it merely requires paying attention to the difference in signs
of (2.19) and (2.21). Throughout, we assume that T € B 9", say with presentation
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T =) c7r % A [0, ls] for a subordinate weighted polyhedral complex 7. The
proof of Theorem 3.3 shows that 3'T = ) __7r+1 Br A [T, ] for certain B; which
we would like to determine.

(1) Implicit in the proof of Theorem 3.3 is the following formula. Fix T and write

Z aa|t®na,rzz,3i®via Bi € A(t), vi € N;

TCo afacet iel

as in (3.4). Then (3.3), together with (3.5) and (3.6), implies

Be =Y (Biv]) = D (g, ny Il (3.9)

iel 7Co

(2) The next formula for §; is more in line with formulation (3.2) of the balancing
condition. We use the definition 3" := d}, — d’ for all polyhedral currents in the
following. Pick any affine linear map f: R" — RYm+1 guch that f|, is injective
for every t C 0 € T". Let C = |J,, 0 be the polyhedral set formed by all
o € 7" containing 7. Denote by Z its boundary in the topological space | J, .7 0.
The current S = Zrco oy A [0, 1] has support contained in C and is a §-form
away from Z. Since f'|¢ has finite fibers, Supp S is relatively compact over R, so the
push-forward f, S is defined. It is a 6-form away from f(Z). Moreover f, (d;D S) =
d» (f+S) because f|s has finite fibers. It follows that f,(3'S) = 9’ fi(S). Writing
' fx(S) =y ALf(7), f(uy)] away from f(Z) shows

B = fy.

Now note that (ficS)|gamr+1\ () lies in BPaO(RIMTHIN £(7)) ie. f.Sisgivenbya
piecewise smooth form away from f(Z) by Lemma 3.7. This makes the determination
of y very simple: f,S is described near f(7)\ f(Z) by smooth forms w; € AP-4(p;)
on two (dim 7 4 1)-dimensional polyhedra p1, p2 with p;1 N p2 = f (7). These satisfy
1| f(x) = 2] f(z). Picking the normal vectors in the above (3.9) as n :=ny, rr) =
—Np,, f(r) €liminates the first sum in (3.9) and shows

y = (w2, n") — (w1,n"). (3.10)

(3) For the third and final formula, choose a tuple of coordinate functions
X1, Xp—r—1: R" — R that restrict to a basis of M;. For each o containing 7,
choose a non-constant affine linear function z, : ¢ — R such that z, |, is constant.
(For example, one may choose an affine linear z: R” — R such that z|; is constant
but z, = 7|, non-constant forevery o D t.) Then every o, can be uniquely expressed
as

g =alV +d'zo NaP +d"2o Na® +d'zg Ad 26 A alP
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with the aéj) all C*(o)-linear combination of d’x; A d”xy. Our claim is that

0Zy

Be=— > —Zadl. (3.11)

n
TCo afacet o

Note that already the individual summands are independent of the chosen z,.

Proof (Proof of the claim.) In light of (3.3), we need to show that the following identity
holds for all smooth forms 5 € A"~P~"~1.7=4="(R") of complementary degree:

0z
Y @oanngole= 3 =l Al (3.12)

- n
TCo afacet TCo afacet o

Since d'zy | = d"z5|: = 0, it is immediately clear that

0z
(@ AnnlIle =@ Annl e + an—”aS) Ay

o,T
Our task is thus to show

Yo @ Annl )l =0. (3.13)

TCo afacet

Pick coordinate functions yi, ..., y,4+1: R? — R that extend x{,...,x,—,—1 to a
basis and that are constant along t. Then d’y;|; = d"y;|; = 0. So if n is of the form

d'y; A7, then already @ A, ng )|e = 0. Similarly, if 7 is a C*°-linear combination

of monomials d’x; A d”x, then already a$” A n = 0 because this form is of degree

n—r—1,n—r).
It is thus left to show (3.13) for forms n = d”y; A 7j. We obtain that

(n Ny AT N _ + dyi (), ~
Zrca afacet @~ A"y N1, ng e = (=1)r™a Zrcg a facet W(XU ATt

Ay ~
= (_1)p+q ZTCU a facet ﬁag Az
(3.14)

The last expression vanishes by the balancing condition (3.2). O

4 Intersection theory
4.1 Main result

The definition of the A-product of §-forms is based on two specific constructions. The
first is the product of piecewise smooth and §-forms from Example 3.8: By Lemma
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3.7, every §-form of tridegree (p, g, 0) is of the form o A [R", ugq] for a (unique)
piecewise smooth (p, g)-form «. We write o by abuse of notation and define

a AT :=aT, acB**? TeB. 4.1)

The second construction is the exterior product of currents, cf. [4, Sect. .2], defined as
follows. Given homogeneous currents 77 € D(R") and 7> € D(R™), it is the unique
current 71 X T € D(R"™ x R™) such that

(Ti B T)(pimi A p3n2) = (=DCETCERT (1) - Ty ().
In particular,
AT\ X Ty) =dTi1 R T + (=)0 T\ KdT,, de{d.d"}. (4.2)
The exterior product preserves polyhedral currents which follows from the identity
(a1 Ao, D) W (a2 Aoz, u2l) = o1 Aaa Afor X oo, et Azl (4.3)

Relation (4.2) then implies that the exterior product of §-forms is a §-form again.
Moreover, one sees that if 7; is of polyhedral tridegree (p;, g;, ri), then Ty X 75 has
tridegree (p1 + p2, q1 + g2, r1 + r2). Separating (4.2) by tridegree provides

dp(NRT) =dpTy BTy + (-D* N T\ RdpTy, dp € {dp.d}},

deg T !oall (4'4)
(NN =0T YT+ (—1)*NTyX3T,, de{d,0"}.
We simply write 71 x T3 instead of 71 X T5 for §-forms 77 and 75.
In the following, A = (id, id)4[R", ueq] € BO-0.n (R™ x R"™) denotes the diagonal
viewed as §-form.
Theorem 4.1 There is a unique way to define an associative product N\: B x B — B

that satisfies the Leibniz rules with respect to d' and d", extends definition (4.1), and
can be computed by restriction to the diagonal, meaning

SAT =p1+(AAN(S xT)). 4.5)

This product has the following additional properties.

(1) It is graded commutative and trihomogeneous in the sense BP*4" A BS:T4 C
BPTS:ATLIYU | Iy particular, it satisfies the Leibniz rule with respect to the opera-
tors d', dp, 3" and d},.

(2) It commutes with pull-back: If f : R* — R™ is a surjective affine linear map and
if S, T € B(R™) are §-forms, then f*(T AS) = f*T N f*S.

(3) It satisfies the projection formula: If f : R" — R™ is a surjective affine linear
map, S € B(R™) a 8-form, and T € B(R") a 8-form with compact support over
R™ then

Fo(T A f*S) = fuT AS. (4.6)
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(4) It coincides with the tropical intersection products from [1, 5, 9] on P, BO.0-r
whenever they are defined.

The idea of characterizing and constructing the tropical intersection product through
divisor intersections and restriction to the diagonal is due to Allermann—Rau [1].

Proof (Proof of the uniqueness assertion.) If a A-product exists as claimed, the Leibniz
rule implies for piecewise smooth « that

dd"@T)=d'd"a AT +a Ad'd'T + (=) Qe nd'T —d"a Ad'T).
4.7

In case of a piecewise linear function ¢, the 5-forms d’¢p resp. d”¢ agree with djp¢
resp. djp and are again piecewise smooth, because the contractions in (3.9) vanish
for degree reasons. (This applies more generally to piecewise smooth functions.) It
follows that

dd"o"T =d'd (¢T) — o Ad'd"T+d" o Nd'T —d'ond'T  (4.8)

is uniquely determined by the Leibniz rule and the piecewise smooth case. Denote
by x1,...,x, and yq, ..., y, the coordinate functions on R” x R" and define ¢; :=
max{x;, y;}. Then, by [1, Remark 9.2], the diagonal A is the product

A=dd"oin...And'd" o,

where the right hand side is a successive application of (4.8). Again by (4.8) as well
as the associativity of the A-product, A A (S x T) is now uniquely determined. Hence
SAT = p1.«(A A (S x T)) is uniquely characterized by the stated conditions. O

The existence statement will be shown in the next section. Here, we give an appli-
cation of Theorem 4.1 to the definition of a pull-back for all affine linear maps, not
just surjective ones. It is specific to §-forms, meaning it does not extend to polyhedral
currents. Its construction is well-known for tropical cycles, cf. [9, Remark 1.4 (v)] for
example.

Proposition/Definition 4.2 Let f: R — R™ be an affine linear map and S € B(R™)
a §-form. There is a unique §-form f*(S) € B(R"), called the pull-back of S along
f, that satisfies the projection formula

fe(T A f*S) = fuT AS (4.9)

forall T € B(R") of relatively compact support with respect to f. This pull-back is
Sfunctorial in f and commutes with A-products as well as with the six operators d’,
d", dp, dp, 3" and 3".
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Proof Identity (4.9) determines f*S uniquely because it determines all its values on
test forms 1 by

(F*S)n) = / FS An
Rn

= | f(fFSAm =/RmS/\f*(n)-

Rm

Just from this uniqueness, one may deduce all further properties. For example, for
d € {d',d"} and for all homogeneous §-forms 7 of relatively compact support with
respect to f,

Fo(T AA(f*S)) = (=1)*ET £ (d(T A f*S) —dT A f*5)
= (=D*ET(d(f(T A f*S)) — fuldT A f*5))
= (DT (d(fu,T AS) — fu(dT) A S) = fT AdS.

So necessarily d(f*S) = f*(dS). For commutativity with A-products, we compute

Fe(T A fESEA [582) = fil(T A f5S1) A S2
=filT ANSIAS

and thendeduce f*S| A f*S) = f*(S1AS2). We omit the verification of the remaining
properties which are shown similarly.

To show existence of f*, we consider the graph T'y = (id, f)4[R", usal as a
8-form on R” x R™. We claim that the following definition satisfies (4.9):

fS = p1x(Ty A p39).

The next succession of identities verifies that claim. The first four equalities come
either by definition or from the projection formula (4.6). The last equality will be
explained below.

F(T A f58) = filT A p1x(Ty Ap3S)
= f*(P],*(PTT ATy A P;S))
= p2«(piT A Ly A P3S) (4.10)
=p2«(PIT AT A S
= fiT AS.

The last equality comes from the identity p2 «(piT AT f) = fiT which may be
seen as follows. The form p{T A I'y has support contained in Supp I"  and has the
property p1«(piT AT ) = T A p1xI'y = T by the projection formula (4.6). As
SuppT'y — R" is bijective, this means p{T ATy = (id, f)«(T). It is then merely
left to note that py o (id, f) = f and the proof is complete. O
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Example 4.3 Every affine linear map f: R" — R can be factored as f = h o g,
where g: R” — R is surjective and #: R¥ — R™ injective. Functoriality gives
f* = g* o h* where g* is the pull-back of currents from Sect. 2.1.
Put L = h,[R¥, uga]l € B%%"—*(R™). Then (4.9) with T = 1 (constant function)
comes out as
hoh*S = he (1 AR*S) =L AS.

Especially interesting here is the property of A* to commute with A-products, cf.
Proposition 4.2. It specializes to

(LASOAL(LAS)=LASI NS,

where A, denotes the wedge product on L.

4.2 Existence of the A-product

This section proves the existence of the A-product. We begin with some Leibniz rule
properties of the product with piecewise smooth forms in (4.1).

Lemma4.4 Let T be a §-form.

(1) For every homogeneous piecewise smooth form a and each polyhedral derivative
dp € {dp, dp),

dp(@a AT) =dpa AT + (—1)%2% A dpT.
(2) For every homogeneous piecewise smooth form o € BP0,
F@AT)= (=% Ad'T
and hence
d@nT)=da AT+ (-1)*E% Ad'T.
(3) Analogously, for every homogeneous piecewise smooth form a € B%9-0,
3 (@AT)=(—1)%% A J'T
and hence
d"aAT)=d"a AT + (=1)%2%% A d"T.
Proof Identity (1) may be checked polyhedron by polyhedron and, in this way, reduces
to the Leibniz rule for smooth forms. Identities (2) and (3) follow from the observation

that the contractions in (3.9) are linear (up to the sign (—1)%€%) with respect to
multiplication by piecewise smooth functions in the stated degrees. O
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By a divisor we mean a d’-closed and d”-closed §-form of tridegree (0, 0, 1).
These are the tropical cycles with constant coefficients of codimension 1 in classical
terminology.

Lemma4.5 Let D be a divisor on R". Then there exists a piecewise linear function ¢
such that D = d'd" ¢. It is unique up to addition of affine linear functions.

Proof This is entirely due to Lagerberg, cf. [11, Proposition 5.3], we merely give the
straightforward reduction to his results. Let Uy C Uy C ... be a covering of R" by
convex relatively compact opens. By definition, D is a locally finite sum of currents
m - [o, u] with m € R. So for each i > 1, there is a finite linear combination H;
of weighted hyperplanes such that (D + H;)|y, is positive in the sense that all its
coefficients are > 0. By [11, Proposition 2.4 and Proposition 2.6], there is then a
convex function ¢; on U; such that (D + H;)|y, = d'd"¢]. The lemma is easily seen
to hold for hyperplanes and hence the H;, so we obtain for each i the existence of a
convex function ¢; with D|y, = d’d”¢;. Then ¢; is necessarily piecewise linear, cf.
[11, Proof of Proposition 5.3]. A piecewise linear function ¢ is affine linear if and only
ifd'd"¢ = 0, so the ¢; are determined up to addition of affine linear functions. They
may then be chosen compatibly, i.e. such that they satisty ¢; 1|y, = ¢;, proving the
lemma. O

For affine linear ¢ and every current T we have by (2.9) the relation
dd"(9T) =9 ANd'd"T —d"9o Nd'T +d'¢o Nd"T. (4.11)

Definition 4.6 Let D be a divisor and 7' a §-form. Choose a piecewise linear function
¢ with D = d’d" ¢ as in Lemma 4.5 and define

D-T:=dd" (oAT)—oAd'd'T+d"oA"dT —dond'T. (4.12)

The definition does not depend on the choice of ¢ by (4.11). The resulting D - T is
again a §-form.

Remark 4.7 The definition collapsesto D-T = d'd” (¢T) wheneverd'T = d"T = 0.
This identity is well-known in Bedford—Taylor theory, cf. [2] and [3, Sect. 5].

Lemma 4.8 Let D, T and ¢ be as above. The following two identities hold:

D-T=ddonAT)+d"ond'T “13)
=-9donT)—d"ondT. '
Proof Part (3) of Lemma 4.4 shows that
deAT)=d"oAT +oAd'T.

Substituting this in (4.12) and using part (2) of Lemma 4.4 leads to the first equality
of (4.13).
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Part (1) of Lemma 4.4 together with the observation d,d”¢ = 0 implies that
dpd"o NT)=—d"o NdpT.
Substituting this in the first line of (4.13) gives the second equality. O

We remark that identity (4.13) collapses to the definition of the corner locus [9, Def-
inition 1.10] if T is a tropical cycle. Also, if ¢ is affine linear, then d”¢ is a smooth
form and sign-commutes with 3’ by Lemma 4.4. Then (4.13) gives d'd"¢ - T = 0
as expected. The identity also shows that if T is of tridegree (p,q,r), then D - T
is of tridegree (p, g, r + 1). Its most important consequence for us, however, is the
following simple description of D - T'.

Lemma 4.9 Let ¢ be a piecewise linear function and T a §-form of tridegree (p, q, 1).
Let further T be a weighted polyhedral complex subordinate to both ¢ and T, say
T =Y e % Alo, o] Then

dd"o-T= Y BrAlt, ]

e+l

with

3 — g
po= Y o=, @.14)

n
TCo afacet o

where @ is any choice of affine linear function with (¢ — ¢)|; constant.

Proof 1Ttis clear that 7 is also subordinate to d’d” ¢ - T, our task is merely to determine
the B;. They may be computed locally near every inner point of any given t. Having
some 7 fixed, we may replace ¢ by ¢ — ¢, because d’d” ¢, = 0. Thend” (¢p—¢;)|; =0,
so the term d” (¢ — ¢;) A 3'T in (4.13) vanishes and we are left to find the coefficient
of Tin —8'(d"(p — @) A T).

Assume first that (¢ — ¢ )|, is non-constant for every o € 7" containing t. Then
we can put z;, = (¢ — ¢;)|s to obtain (4.14) from a literal application of (3.11).

The general case follows since the right hand side of (4.14) is a priori independent
of the choice ¢, by the balancing condition (3.2). O

From here on, many ideas belong to Allermann—Rau [1] and we merely extend
them to §-forms. We will provide references to their paper for comparison.

Lemma 4.10 (Compare [1, Proposition 6.7]) Given divisors D1, D> and a §-form T,
Dy-(Dy-T)=Dy- (D1 -T).

Proof Let ¢; be a piecewise linear function with D; = d’d” ¢;. Assume T of tridegree

(p,q,r) and let 7 be a weighted polyhedral complex that is subordinate to ¢, @2

and T; write T = ) .7+ 05 A [0, ls]. Fix some p € 77%2 and assume both
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@11, and @3], to vanish. Each o € 7" with p C o has precisely two facets 7, 7/
containing p and we write 0 = 7 + 7’ if this relation holds. Define a constant x (o)
through u, = x(0)n¢p Any , Ay in this case. In other words, one may pick
ng,r = x(0)ny , whenever o = 7 + 7’. Pick an auxiliary affine linear function z
withz], =0and z|; #Oforallp C 7 € 7" +!. Define the constants

01z _ 0plr . 0z
X7 1= = At

, teTt pcr

= Vr = =
ong ’ ong ’ ongp

Then ¢y — (yr/A;)z vanishes on T and may be used in formula (4.14) to compute the
t-contribution B; A [T, u]Jto Dy - T,

_ (@2 — (¥ /Ae)2)
Be= > R P (4.15)
TCo afacet ’
= Y. x@)r—yhe/r)el. (4.16)

TCo afacet

The p-contribution y, A [p, ] to Dy - (D - T) is then, again using (4.14),

Yo = > X (@) (e (v = Yrhe /Ae)to 4.17)
(t,7)), o=1+1'€T"
= Z X (@) (Xeyr + Xpryr — X Yehe [Ag _xr/ywc/)‘t/)‘r/)aﬂp

{t,7'}, o=1+1'€T"

(4.18)

The last expression is symmetric with respect to exchange of x and y, proving the
lemma. o

Lemma4.11 Let f: R" — R™ be a surjective affine linear map, T a §-form on R"
with compact support over R™ and D a divisor on R™. Then the projection formula

holds,
D- fiT = fi(f*D-T).

Proof Write D = d’d” ¢ for a piecewise linear function ¢ as in Lemma 4.5. Push-
forward commutes with both d’ and d” while multiplication with the piecewise smooth
forms ¢, d’¢ and d”¢ on R™ in the sense of Example 3.8 obviously satisfies the
projection formula. The claim now follows directly from Definition 4.6. O

Lemma 4.12 (Compare [1, Lemma 9.4]) Let T be a 5-form on R x R™ and denote by
D; = p},(d'd" max{x;, y;}) the divisor on R° x R¢ x R™ where the i-th coordinates
of the first two factors agree, i = 1,...,c. Let g(x,2) := (x, x, z) be the partial
diagonal R x R™ — R¢ x R x R™. Then

Dy---D. - (R° xT)=g,T.
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Proof By a recursive argument, it is enough to treat the case ¢ = 1. Let 7 be a
polyhedral complex on R x R that is subordinate to 7', say T = ) T % Nlo, s ].
Assume without loss of generality that | J, .7 0 = R x R” and define, for each o,

or={(x,y,2) eRxo|x?y}, ?2e€{> <}

Let x and y denote the coordinates on the first two factors of R x R x R™. A polyhedral
complex structure on R x R x R™ that is subordinate to both R x 7 and the function
¢ = max{0, x — y} is then, for example,

§=J > 800).5<).

oeT

It becomes a weighted complex by endowing 6> and o< with weight pgq A e and
g(o) with g(us). The support of d'd”¢ - (R x T) is contained in ¢’s locus of non-
linearity {x = y} = (U, o7 &(0). Given a polyhedron g(o) € S, it is the facet of
precisely the polyhedra o>, o< and all g(p) such that 0 C p is a facet. Normal
vectors in these cases are (1,0, 0), (—1,0,0) and g(n, ), respectively. Using that
@lix=y} = 0, the contribution B, A [g(0), g(is)] of g(o) to d'd"¢ - (R x T) is by
Lemma 4.9

a§0|x>y a‘P|x<y 8(P|g(p)
Bo = ( —— + ~ 8x0o + Z —— g« ().
d9(1,0,0) d(—1,0,0) o afacet 0g(np.o)

Since ¢|{x<y} = 0, only the first term is non-zero and contributes g.o/; as claimed. O

Definition 4.13 (Compare [1, Definition 9.3]) Let D; = d’d”(max{x;, y;}) denote
the divisor on R"” x R" where the i-th coordinates agree. The A-product of §-forms
S, T € B(R") is defined as the §-form

SAT :=p1s(Di---Dy - (S xT)).

The notational convention (and only possibility) here is that the successive product is
evaluated from right to left. We also write A - (S x T) instead of Dy --- Dy, - (S x T).
Note that we have already seen that the order of the D; does not matter, but only
Corollary 4.16 below will prove the independence of the choice of {Dy, ..., D,} to
describe the diagonal.

Lemma 4.14 The following identity holds for all §-forms S and T,
SxT=piSApT.

Proof Let g: R" x R" — (R" x R") x (R" x R") be the diagonal. The first equality
in the following is by definition, the second is Lemma 4.12 and the third is the identity
przog=id.

PISA DT = pra«(A-(SxR"xR" x T))

= p12,x&x(S x T)
=SxT.
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[m}
Lemma 4.15 (Compare [1, Lemma 9.7]) Let S, T be 5-forms on R" and C a divisor.
Then

C-(SAT)=(C-S)AT.
Proof It follows from Lemma 4.9 that pTC - (S xT)=(C-S8) x T. Then the claim
follows from the commutativity in Lemma 4.10 and the projection formula in Lemma

4.11:

C-p1s(D1- Dy - (SxT)) = pru(piC Dy Dy - (S xT))
= p1+(D1---Dp - ((C-§) x T)).

Successive application of Lemma 4.15 shows the following corollary.

Corollary 4.16 (Compare[1,Corollary9.8]) Let T be a§-formonR" andC, Cy, ..., C;
divisors. Then

C---C-T=(C1---C))ANT.
In particular,
CAT=C-T, AANSXT)=A-(SxT).
Proof of Theorem 4.1. So far, Definition 4.13 provides a well-defined bilinear map
A: B x B — B.lItis left to verify all the properties stated in Theorem 4.1.
(a) The A-product is clearly trihomogeneous in the sense that it restricts to maps

BP-4:" x BS:l# — BPFS.GFLITU i i graded-commutative in the sense that S A T =
(—1)deeSdee T A § for homogeneous S and T’ because

s (S x T) = (—1)deesdeeTp o g

where s: R” x R” — R" x R” is the map that switches the two factors.
(b) We claim that the A-product satisfies the projection formula

S/\f*Tzf*(f*S/\T)

for every surjective linear map f: R" — R".To check this, we may assumen = m+c
and, after a change of coordinates, f: R” x R — R™ being just the projection.
Then simply f*S = § x R¢. Recall that D; = d’d” max{x;, y;} on R" x R" and
A =Dy---Dy,. Write A" = D{--- Dy, and A° = Dy, 41 - - - D,,. Then the following
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equalities hold, as will be explained below.

Fe(F*S ATY = pra(f. Pu(A™ - A (f*S x T))
= prs(8" - (f. FIx(A° - (S x R x T)))
= p1+(8" - (f, F)x(S x (A° - (R® x T)))) (4.19)

= pl,*(sm < (f5 (S x g*T))
=SA fiT.

The first equality is the definition of the left hand side combined with the identity
fopr = pro(f,f) The second follows from the projection formula for divisor
intersection, Lemma4.11, applied to A™ = (f, f)*8", where " C R™ xR™ denotes
the diagonal. The third equality is the observation p5C - (X x Y) = X x (p;C - Y)
for any divisor C and é-forms X, Y, applied successively to the divisor intersection
A°. The map g in the next line is the partial diagonal

g:R" xR — R x R" x R, (x,y) —> (y,x,y)

and the identification A€ - (R® x T) = g,T is Lemma 4.12. The final equality then
is the observation (f, f)«(S x g«T) = S x f,. T which follows from the identity
(f. f) o (idpn, g) = (idgn, f).-.

(c) The next claim is that the A-product is associative, SA (T AU) = (SAT)AU.
Indeed, applying the projection formula (b) repeatedly, one obtains

SATAU)=pr(A-(SxR"xT x U))

where the intersection takes place on (R")* and where A = []/_, P12 Di-p33Di-p3yDi
is the diagonal R” C (R™)*. In exactly the same way,

(SATYAU = p1s(A-(Sx T xR" x U)).

The two expressions are seen to be equal by switching the middle factors as in Step
(a).

(d) Next, weclaimthata AT = «T forevery piecewise smooth «. This follows from
Lemma 4.12 and the fact that multiplication by piecewise smooth forms commutes
with divisor intersection. The latter is immediate from Lemma 4.9.

(e) Lemma 4.14 furthermore showed that S x T' = p{'S A p3T, so the constructed
A-product is computed by intersection with the diagonal, cf. (4.5).

(f) We turn to the Leibniz rule. Let C be a divisor and 7" a §-form. Our first step is
to prove the identity

d(CAT)=CAdT, del{d,d"}. (4.20)

We write d = dp — 0, withdp € {d},, d}} and 9 € {9', 3"} suitable, and verify (4.20)
for dp and 0 separately.
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Applying (4.14), the identity dp(C A T) = C AdpT is immediate. Writing D as
D = d’d" ¢ for a piecewise linear function ¢ as in Lemma 4.5 and using (4.13) twice,
we have

VCAT)=-39@'oAT)— @' 9ANIT)=CAIT

because (3')> = 0 by Lemma 3.5. Finally, applying Lemma 4.4 (3) and the rule
9’9" = —9"9’, we also obtain

V'(CAT)=-3"3@oAT)—3"@"¢AT)
=3 dond'T)—(dondd'T)=CAJ'T.

This finishes the proof of (4.20). Successive application of the divisor case now yields
AdAN(SxT)=AANd(S xT).

The Leibniz rule (4.2) for exterior products, coupled with Definition 4.13, completes
the proof of the Leibniz rule for d in general. Separating by tridegree provides the
Leibniz rules for the other differential operators.

(g) The identity f*(S A T) = f*S A f*T only uses the fact piD - (S x T) =
(D - S) x T for divisor intersection. Namely assume f: R” x R — R™ to be the
projection and write p1p: R” x R¢ x R” x R® — R™ x R€ for the projection to the
first two factors. Then, in the terminology of Step (b),

S A F¥*T = pra(A™ - A€ (S x R x T x R))
= pr24 (A" - (§ x T)) x A° 4.21)
=AT) xR = f*(SAT).

(h) Finally, the tropical intersection products of Allermann—Rau [1], its extension to
smoothly weighted rational polyhedra in [9, Remark 1.4], and the intersection product
of Esterov [5] for polynomially weighted (possibly non-rational) polyhedra can all be
expressed in terms of divisor intersection and restriction to the diagonal. In these two
specific cases, they coincide with our definition. So any two of the mentioned products
coincide whenever both are defined. O

4.3 Fan displacement rule
Two linear subspaces N1, N» C R” are said to intersect transversally if N1+ Ny = R”.
(Equivalently, their intersection is transversal if their codimensions are related by

codim(N; N Ny) = codim(Np) + codim(N3).) In the transversal case, there is an
exact sequence

0> N NN, —> N SN, - R" = 0.
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Given weights p; and pp for Ny and Nj, respectively, we denote by @ N uy the
weight on N1 N N that satisfies (01 N ©w2) A gd = 1 A W2 in the sense of (2.12).
The next lemma is easily checked.

Lemma4.17 Let [Ny, 1], [Na, 2] € R" be weighted linear subspaces, viewed as
8-forms. Assume that their intersection is transverse. Then

[N1, 1] A [N2, u2] = [Ny N Na, g 0 sl

Let 77 and 75 be polyhedral complexes on R” which are pure of codimension ry and
ra, respectively. By this we mean that 7; agrees with the set of faces of all 0; € ’Z;ri.
Then 77 and 7, are said to intersect transversally if, for all pairs (o1, 03) € T x T2,
the intersection o1 N o7 is either empty or of codimension r| 4 r; and not contained in
the union of boundaries do U do». Note that then Ny, and N,, intersect transversally
whenever o1 N oy # @.

Assume the above 7; to intersect transversally and let S be the polyhedral complex
ofall 61 Noy,0; € 7;. Then S is pure of codimension r| 4+r; and every top-dimensional
T € 812 determines a unique pair (o1, 02) € 7, x T,* such that T = o1 N o7.

Lemma 4.18 Let 7| and 1> be transversally intersecting weighted polyhedral com-
plexes of pure codimensions ry and ry, respectively. Let

T = Z ag No, sl and Tr = Z Bs Nlo, ve]

oeT)! oeT,?

be §-forms. Then

TiAT = > gy A Boy AL01 N 02, o NVgy]. (422)
(01,00)€T "1 xT"2, o1No2#Y

Proof Let S be the polyhedral complex generated by all o1 N o2, o; € ’Z;”. Then

Supp(Ti AT2) S Supp Ty NSupp T € | ] .

eS8 +rp

so Ty AT = ) cgri+n Ve AT, pur] for certain forms y; and weights .. Each y;
is uniquely determined by its restriction to the relative interior t° C 7. Also, every
occurring 7 is in a unique way the intersection o1 N o of top-dimensional o; € 7;. On
an open neighborhood of 7°, the situation then agrees with a subspace intersection as
in Lemma 4.17, multiplied by oy, A By, , and the claim follows from Theorem 4.1 and
Lemma 4.17. O

Recall that a sequence (resp. net) of currents (7;);c; converges weakly to a current
T if for every test form n € A., the sequence (resp. net) 7;(n) converges to 7 (n).
Given a current 7 on R” and a vector v € R”, we write A, (x) = x + v and denote by
v+ T = iy T = A" T the v-translated current.
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Proposition 4.19 Let S, T € B(R") be §-forms and v € R" a vector. Then there is the
weak convergence

SAEv+T)— SAT, ¢ — 0.

Proof Consider on R the piecewise smooth form p, = —d”x A [[0, €], jugia]. Its
boundary 9’ p, = 89 — 8 is the difference of the Dirac measures at 0 and &. Next,
consider the map f: R x R" — R”", (e, y) — y — ev. The Leibniz rule yields

we == pi(80 —8) A f¥T = 3" (pipe A f¥T)+ pipe A f*0'T. (4.23)

Note that p{p. is piecewise smooth, making the A-products on the right hand side
straightforward, cf. Example 3.8. Now Lemma 4.18 implies that

Pide A fIT ={e} x (ev+T), e€R,
and hence
SA(T —(ev+T)) =S A p2swe. (4.24)

Our task is to show that this expression converges weakly to 0 as ¢ — 0. The projection
formula, cf. Theorem 4.1, allows to rewrite (4.24) as

Pz,*(l—?;S A wg).

Now observe thatif (X;);c; — X isaweakly convergent net of currents on R x R” with
X and all X; of compact support over R", then (p2 +X;)ic1 — p2.-X by definition
(2.10). So it remains to show p3S A we — 0as e — 0.

Claim. For every polyhedral current y € P(R x R"), there is the weak convergence
pipe Ay — 0ase — 0. This is straightforward: It is enough to consider the case
y = aAlo, n]in which case there are the two possibilities that p; (o) is of dimension O
or 1. In the O-dimensional case, pT Pe|lo = 0and we are done. In the 1-dimensional case,
a simple volume argument shows that for every compactly supported (dim o, dim o)-
form 7,

n—0, ¢ —0,

/l;a ([0, e]xR"), 1]

which implies the claim.
It follows that p3S A pipe A f*3'T — 0as e — 0 and it is only left to show, cf.
(4.23), that

P3SN (pipe A fFT) — 0, ¢ — 0. (4.25)
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Applying the Leibniz rule for 3’ and using again the above claim, one is reduced to
proving

(PAS A Pipe A f*T) — 0, & — 0.

Now for every weakly convergent net of currents (X;);c; — X, the sequence of
derivatives (d’'X;)ie; — d'X converges weakly, which follows immediately from the
definition in (2.7). Using the above claim once more, it is hence enough to show

dp(P5S A pips A f*T) — 0, & — 0.

Applying the Leibniz rule for d, and the vanishing d}, p. = 0, this last statement
follows from yet another application of the above claim. The proof is complete. O

Let 77 and 7, be finite polyhedral complexes on R”, pure of codimensions r; and
rp respectively. A vector v € R” is called generic for 71 and 7 if there exists &g > 0
such that 77 and ev + 75 intersect transversally for all 0 < & < g¢. For not necessarily
finite 77 and 73, a vector v is called generic if it is generic for all finite subcomplexes
of the same pure codimensions. Generic vectors in this sense always exist.

Construction 4.20 Let v be a generic vector for two polyhedral complexes 77 and 7
that are pure of codimensions r; and ry, respectively. Let

T = Z ag Ao, ugl, Th = Z Bo Ao, Vo]

creTlrl oeT{z

be §-forms. Define their v-displacement product with respect to 71 and 75 as

Ty T = > 0oy A Boy AL01 N 02, foy N gy .
(01,020)€T] X T, o1N(v+02)#H for £\0
(4.26)

The sum here is over all (o1, 02) such that o1 N (ev + 02) # @ for all sufficiently
small e. This condition implies that also o1 N o2 # . Since v is generic, it moreover
implies that N,, and N, intersect transversally. Thus, even though o and o, may
intersect non-transversally (i.e. in a face), o1 N oy is always of codimension r| + r».
Note that v need not be generic for subdivisions of 7} and 7, anymore, which is why
the definition depends on their choice.

Proposition 4.21 Let Ty and T be §-forms with subordinate polyhedral complexes T
and Ty as above. Assume v is generic for T) and 1. Then the v-displacement product
(with respect to the T;) computes the A-product,

Ty v T =TI AT 4.27)

In particular, the v-displacement product is independent of the choices Ty, T and v.
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Proof Both sides of (4.27) are computed locally, so we may assume 77 and 7> to be
finite by a partition of unity argument. Lemma 4.18 then shows that for all sufficiently
small ¢ > 0,

TiA(sv+To) = > doy A (&0 + Boy) Alo1 N (0 + 02), oy N Vo, 1.
(m,nz)eTlr] ><’T2r2, o1N(ev+02)#YP

The intersection o1 N (ev + 02) being non-empty and transverse for all sufficiently
small ¢ implies that o1 N o> is non-empty and of codimension r; + r,. Moreover in
this case,

Ugyp A (ev + ﬂ(rz) Alop N (ev + 02), Moy N Uaz] —> Ug; A /302 Alor Naoy, Moy N Uaz]

in the weak sense. It follows that 77 A (ev + T5) — 717 -, 1> in the weak sense.
Proposition 4.19 on the other hand shows that this limit equals 71 A T, proving the
proposition. O
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