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Abstract

We consider certain universal functors on symmetric quotient stacks of Abelian vari-
eties. In dimension two, we discover a family of P-functors which induce new derived
autoequivalences of Hilbert schemes of points on Abelian surfaces; a set of braid
relations on a holomorphic symplectic sixfold; and a pair of spherical functors on
the Hilbert square of an Abelian surface, whose twists are related to the well-known
Horja twist. In dimension one, our universal functors are fully faithful, giving rise to
a semiorthogonal decomposition for the symmetric quotient stack of an elliptic curve
(which we compare to the one discovered by Polishchuk—Van den Bergh), and they
lift to spherical functors on the canonical cover, inducing twists which descend to give
new derived autoequivalences here as well.

Keywords Derived categories - Hilbert schemes of points - Kummer varieties -
Fourier—-Mukai transforms - Autoequivalences

Mathematical subject classification 14F05 - 14D22 - 14C05 - 18E30

Introduction

The derived category of coherent sheaves on a variety is a fundamental geometric
invariant with fascinating and intricate connections to birational geometry, mirror sym-
metry, non-commutative geometry and representation theory, to name but a few. It is
fair to say that derived categories are ubiquitous in mathematics. Just as equivalences
between derived categories of different varieties can indicate deep and important con-
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nections between the respective varieties, equivalences between a derived category
and itself can also reveal underlying structures of a variety that would otherwise
remain hidden from view. In particular, the autoequivalence group of the derived cat-
egory naturally acts on the space of stability conditions and the structure of the group
of symmetries manifests itself through certain topological properties of the stability
manifold, such as simply-connectedness. Moreover, it is known that derived symme-
tries of smooth complex projective K -trivial surfaces X give rise to birational maps
between smooth K -trivial birational models of certain moduli spaces M on them (see
[11]), which, in turn, can be used to construct derived autoequivalences of the moduli
spaces. Classifying such hidden symmetries when M is a compact hyperkihler variety
is a long term goal of ours.

An alternative, more direct, way of constructing derived autoequivalences for hyper-
kihler varieties is to use P-objects (see [25]) or, more generally, P-functors (see [2,13]);
see Sect. 1.2 for details on these notions. The most basic example of a P-object is the
structure sheaf Oy of a hyperkéhler variety M.

One very interesting source of P-functors are the universal functors associated to
hyperkéhler moduli spaces. More precisely, if X is a smooth complex projective K -
trivial surface and M a moduli space of sheaves on X which is hyperkéhler, then the
Fourier—Mukai transform:

FMy :=mtp«(x (L) @ U): D(X) — D(M),

induced by the universal sheaf &/ on X x M is conjectured to be a P-functor; see [2,
§1]. This conjecture is proven when M is the Hilbert scheme X!"! of points on a K3
surface X and some instances where M is deformation equivalent to X (n]. see [2,3,38].
Another important case where this conjecture has been successfully verified is when
M is the generalised Kummer variety K,,_; C A"l associated to an Abelian surface
X = A; see [36]. In particular, it is shown that the Fourier—-Mukai transform:

Fk: D(A) > D(Ky-1),

along the universal family on A x K,_ is a P"~2-functor for all n > 3. We will
often refer to functors given as Fourier—-Mukai transforms along universal families as
universal functors.

The key to proving that Fg is a P-functor is the observation that pull-back:

m*: D(A) — DA,

along the Albanese map m: A"l — A is a P-functor; see [36]. The Albanese map is
isotrivial and the fibres are, by definition, the generalised Kummer variety associated
to A. In particular, we can view the Hilbert scheme A" as a family of generalised
Kummer varieties K, _| fibred over A. Therefore, it makes sense to regard the P-
functor m* as a family version of the P-object Ok, _,.

This raises the question whether the universal P-functor g : D(A) — D(K,—1)
is a fibre of some family P-functor with target D(A")? In the present paper, we

construct such a P-functor D(A x A) — D(AM) as a suitable combination of the



Universal functors on symmetric quotient stacks of Abelian... Page3of37 28

pull-back m* and the Fourier—Mukai transform along the universal family of A"l and
study some further properties of this and related functors.

In view of the conjecture concerning IP-functors on moduli spaces discussed above,
it is natural to expect the analogous functor for more general fine moduli spaces M
of sheaves on an Abelian surface A to be a P-functor. Instead of pursuing this further,
we translate our functors to the equivariant side of derived McKay correspondence of
Bridgeland, King, Reid [9] and Haiman [21]:

@ :=BKR o Haiman: D(A"™) 5 D(Hilb®" (A")) = Dg, (A",

where the symmetric group &,, acts on A” by permuting the factors, and investigate
what happens when we vary the dimension g of the Abelian variety A. In the case g =
1, this yields fully faithful functors and, accordingly, a semiorthogonal decomposition
of Dg, (A™) which we discuss in the second part of the paper.

Summary of main results

Let A"l be the Hilbert scheme of n points on an Abelian surface A and m: A" — A
the Albanese map. We can express A"l as a moduli space of ideal sheaves on A
equipped with a universal sheaf f = Zy on A x A"l where Z € A x A"l is the
universal family of length n subschemes of A. If m5: A x A"l — Al"l denotes the
projection then our main result is the following:

Theorem (2.4) The functor:
Fi=m2,((idg x m)*() U): D(A x A) — D(AM),

is a P""2-functor for all n > 3 and thus gives rise to a new' autoequivalence of
DA,

We show that the restriction F s x {x}: D(A) — D(K,_1) of this functor to any fibre
over a point in the second factor coincides with the P"~!-functor Fx considered in
[36, Theorem 4.1]; in particular, F is a family version of F.

When n = 3, our universal functor F: D(A x A) — D(AP) is spherical and we
can directly compare it with a similar spherical functor H: D(A x A) — D(AB);
constructed as part of a series of P-functors by the first author in [32], whose image
is supported on the exceptional divisor.

Theorem (2.9) The autoequivalences of D(A3)) associated to the two spherical func-
tors:

F, H: D(A x A) — DB,

1 How the twist along F differs from previously known autoequivalences of D(AM) will be discussed in
Remark 2.5.
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satisfy the braid relation:
TgTecTy >~ TocT5Tq.

Restricting this result to the Kummer fourfold K; recovers the braid relation of [32,
End of Section 7.5].

Throughout the article, we study JF via the triangle of functors F — F — F”
induced by the structure sequence Zy, — O 4, 41 — Oz associatedto Z C A x A",
That is, we have

F =m0 ((ida x m)* O @ Oppopmn)  and T =, ((ida x m)* () ® Oz)

Now, the case n = 2 is not covered by Theorem 2.4, but it is still interesting
to consider. Indeed, we show that our universal functor &, as well as F”, is again
spherical and has an intimate relationship with Horja’s EZ-construction [23]: recall
thatif g: E = P(Q4) — A is the P!'-bundle associated to the exceptional divisor E
inside A2l andi: E < Al?]is the inclusion then, for any integer k, the functor

Hi:=ix(q* () ® Oq(k)): D(A) — D(AP),

is spherical with cotwist [—3] and twist T4, , which we call the Horja twist.

Theorem (2.20) The universal functors
F, 5" D(A x A) — D(A,
are both spherical with cotwist (’01 } )>k [—1] and their induced twists satisfy:
Ty =~ Ty Tor T, and  Tgn = ngl_l (O(E/2) @ ()1

We observe that the fibres Fx, % : D(A) — D(KA) are precisely the functors
which were studied by the authors in [27], where Fg and & ’I’( are shown to be spherical
functors with cotwist (—1)*[—1]. In particular, Theorem 2.20 generalises the results
of [27] from the fibre to the whole family.

All the above results are proved by using the derived McKay correspondence
W: Dg, (A") = D(AM) to translate the functors F, F/, F: D(A x A) — D(A"])
to equivariant functors F, F’, F”: D(A x A) — Dg, (A™) whose compositions with
their adjoints are easier to compute; see Sect. 2.2 for details.

We point out that the functors F, F', F": D(A x A) — Dg, (A") are interesting
in their own right and their definitions make sense for an Abelian variety A of arbitrary
dimension, not just an Abelian surface. In Sect. 3, we study the case when A = E is
an elliptic curve.

Theorem (3.3, 3.6 and 3.9) For n > 3, we have fully faithful functors

¥.:D(E) - Dg,(E") and F:D(E x E)— Dg,(E"),
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where ¥, E" — E is the summation morphism, which give rise to a semiorthogonal
decomposition:

Dg,(E") = (By, F(D(E x E)), £, (D(E))).

At the moment, we are unable to give a geometric description of the category B,,.
However, comparing this semiorthogonal decomposition to the one of Polishchuk—
Van den Bergh [41, Theorem B] suggests that further investigation will likely yield
interesting results.

Theorem (3.11) If w: [E"/,] — [E"/S,] is the double cover induced by the
alternating subgroup 2, <\ S,,, then the functors

w*Er: D(E) — Dy, (E") and w@*F:D(E x E) — Dy, (E"),

are spherical and the twists descend to give autoequivalences of Dg, (E™).

1 Preliminaries

In this paper, D(X) will denote the bounded derived category of coherent sheaves on
a smooth complex projective variety X. For equivariant versions of this category, we
refer the reader to [9,10,18,40]. In an attempt to make this article self contained, and
for convenience, we collect the necessary facts below.

1.1 Equivariant sheaves

Let G be a finite group acting on a variety X. Then Dg(X) denotes the bounded
derived category of G-equivariant coherent sheaves on X. Every object £ € Dg (X)
comes with a G-linearisation A, which is a collection of isomorphisms Ag : £ 5 g €
forall g € G suchthatl; = idg and A, = h*Ag 0 A, but this will often be suppressed
in the notation. We have a natural equivalence D¢ (X) ~ D([X/G]) where D([X /G])
is the derived category of coherent sheaves on the quotient stack [ X /GT; see e.g. [46,
(7.21)]

If H < G isasubgroup then we have a forgetful functor Resg :Dg(X) — Dy (X).
The left (and right) adjoint of the restriction functor is given by the induction functor:

Ind;: Du(X) > D6(X);: £~ P g€,
[eleG/H

where the sum runs over a complete set of representatives of the left cosets and the
linearisation is given by a combination of the H -linearisation of £ and permutation of
the direct summands.
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Furthermore, there is a natural morphism of quotient stacks @ : [X/H] — [X/G]
which renders commutative diagrams:

D(X/H]) — = D([X/G]) D(X/G]) — 2~ D([X/H])
Ind, Res(;
Dy (X) Dg(X) D(X) —— = Dy (X).

Inparticular, forall € € D([X/G]) and F € D([X/H]), the projection formula (which
can be found in [24, Corollary 4.12]) asserts the existence of a natural isomorphism
(¥ () @ F) >~ £ ® w4 (F), which is equivalent to

Ind% (Res% (&) ® F) ~ £ ® Ind$ (F). (1)

Everyobject L € D¢ (X) givesrise to anatural endofunctor M := (_)® L whichis
an equivalence if £ is a G-equivariant line bundle. Similarly, if ¢ is a one-dimensional
representation of G then we set

Mo: Dg(X) = Dg(X) 5 (£, 1) = (£, 1),

where A" is the linearisation defined by )\; :=Mg 0 0(g). For example, if G is the
symmetric group S, on n elements and a,, is the one dimensional alternating repre-
sentation which acts by multiplication by the sign of a permutation then its induced
autoequivalence is denoted by M, . Using this notation, Eq. (1) becomes

Ind§ o Mz oRes® := Ind% (Res& () ® F) ~ () ® Ind% (F) =: )

Let f: X — Y be a G-equivariant map. Then equivariant pushforward f, and
pullback f* commute with the functors Res, Ind and M, defined above. That is,

fxRes >~ Res fi; filnd >~ Ind fi; fi My = My; 3)

f*Res ~Res f*; f*Ind ~Ind f*; f*My = M,.

If G acts trivially on X then we have a functor triv?: D(X) — Dg(X) which

equips every object with the trivial G-linearisation. The left (and right) adjoint of

trivlG is functor of invariants (_)°: Dg(X) — D(X) which sends a sheaf to its fixed
part. There are natural isomorphisms of functors:

Res% trivy ~trivil  and ()% IndY =~ ()7, 4)

Moreover, if Y is another variety on which G acts trivially and f: X — Y is any
morphism, then pushforward f, and pullback f* commute with trivf and (_)G. That
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is, we have isomorphisms:

fetivi > tivi fir £ ) > () fis
Fraivd ~ vl R (O)% =~ ()9 ®
1 — 1 ’ — — = :
Suppose £ = @;; & € Dg(X) for some finite index set / and that there is a
G-action on [ which is compatible with the G-linearisation A on & in the sense that
Ao (&) 2 Egpy forall i e I.If {i1, ..., i} is a set of representatives of the G-orbits
of I and G;; := stabg (i) is the stabiliser subgroup of the element i; then we have

an isomorphism £ = @’;: 1 Indg, &i;- In particular, if G acts trivially on X then we
P l]' J

can compute invariants using the formula:
e ~Pe . (6)

Moreover, if the G-action on [ is transitive then £ = Indgi & and Eq. (6) reduces to

€6 = &% forany i € I; see [16, Lemma 2.2] and [43, Remark 2.4.2].

Let G, H be finite groups acting on the smooth projective varieties X and Y, respec-
tively. Then, for every object P € Dgxu (X x Y), there is an associated equivariant
Fourier—-Mukai transform

FMp: DG (X) — Dy (Y);

see e.g. [40, Section 1.3] for details. Under the natural equivalences Dg(X) =~
D(X/G)), Dy(Y) ~ D([Y/H]), and Dgxg(X x Y) =~ D([X/G] x [Y/H]), this
equals the more general notion of a Fourier—Mukai transform FMp: D([X/G]) —
D([Y/H]) of smooth and proper stacks as in [14, Section 2].

1.2 Spherical and P-functors

Let F: A — B be an exact functor between triangulated categories with left adjoint
L and right adjoint R. Then we define the twist T and cotwist C of F by the following
exact triangles:

FRSidg—T and C —idyg > RF,

where 1 and ¢ are the unit and counit of adjunction. To make sure that the above
cones of functors actually exist, one has to work with Fourier—Mukai transforms, see
[2, Section 2], [15, Appendix A], [5], or, more generally, with dg-functors between
dg-enhancements of .4 and B; see [7]. All the functors we consider in this paper are
Fourier—Mukai transforms.

An exact functor F: A — B with left adjoint L and right adjoint R is spherical
if the cotwist C is an autoequivalence of A which identifies the adjoints, that is,
R >~ CL[1]. We say that a spherical functor is split if RF ~id 4 & C[1].
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If F: A — B is a spherical functor, then the corresponding twist functor 7 is an
equivalence of B; see [2,7,35,37,42].

An exact functor F: A — B with left adjoint L and right adjoint R is a P"-functor
if there is an autoequivalence D of A, called the P-cotwist? of F, such that

RF~idy®D®D*®---® D", @)

the composition:

DRF <> RFRF X5 RF,

when written in components
DeD*®---®&D"&D""' > idgdDOD*®---® D",

is of the form

S = ¥
—_ % %
* ¥ X
* ¥ X

0 0 - 1 =«
and R >~ D" L.1If A and B have Serre functors then this last condition is equivalent to
SgFD" >~ FS 4.

Addington [2, Theorem 4.4] and Cautis [13, Proposition 6.6] observed that if
F: A — B is a P-functor then the corresponding twist functor:

Pr: = cone(cone(FHR i> FR) — idp),

where f: = FHR — FRFR M FR, is an autoequivalence of 3. The

functor Pr does not depend on the choice of the morphism cone(F H R i) FR) —

idp; see [6] for more details on this.
Because all the P-functors encountered in this paper will have P-cotwist D = [—2]
given by the shift functor, we introduce the notation:

[e.d]:=[c]®[c+2]®---®[d—-21®[d]: A— A,

for integers ¢ < d such that d — c is even. For example, if F is a P"-functor with
P-cotwist D = [—2] then we will abbreviate condition (7) simply as RF ~ [—2n, 0].

If F: A — B is a P-functor with P-cotwist D and W: A" — A is an equivalence
then

FW is a P-functor with P-cotwist U ™' DW and twist Pry >~ Pr. (8)

2 The cotwist C and P-cotwist D of F are related by C[l]=D & D’®...@ D"
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Similarly, if ®: B — B’ is an equivalence then
& F is aP-functor with P-cotwist D and twist Ppp >~ <I>P1rd>_l ; )

see [29, Lemma 2.4] for more details. Analogously, the same formulae hold for spher-
ical functors: Trpy ~ TF and Tpp ~ ®TFrd!; see [1, Proposition 13]. Note that a
P!-functor F isa split spherical functor with P-cotwist D = C[1] and twist Pp >~ T,%;
see [2, Section 4.3].

The following simple lemma will be used later in the text.

Lemma 1.1 Let X, Y, Z be smooth projective varieties on which finite groups G, H, K
act. For P € D([X/G] x [Y/H]), we define the associated base changed Fourier—
Mukai transform?

F[Z/K] =FK idD([Z/K]) = FM,P&OA[Z/KJ : D([X/G] X [Z/K])
— D([Y/H] x [Z/K])).

If F := FMp: D([X/G]) — D([Y/H]) is a P"-functor with P-cotwist D, then the
base change Fiz;x1: D(IX/G] x [Z/K]) — D([Y/H] x [Z/K]) is a P"-functor
with P-cotwist Diz/k1-

Proof The left and right adjoints of Fjz,k are given by the base changes L[z,x] and
Rz /K respectively. It is easy to check that the base change of functors is compatible
with composition. Hence, the properties Rz, 1Fz/x) = 1d® Diz/x1®---® DFZ/K]
and Riz/x) =~ Dy, x1Liz/x) follow from the analogous properties of F'.

The unit and counit of adjunction n: id - RF and ¢: FR — 1id are defined on
the level of the Fourier—Mukai kernels; see [5] or [15]. Hence, their base changes can
be defined as nyz,x1:=n K id and e[z, := ¢ K id, respectively. Now, the identities
eFoFn =idrand ReonR = idg imply the identities E[Z/K]F[Z/K] OF[Z/K]W[Z/K] =
idF[z/K] and R[Z/K]g[Z/K] o U[Z/K]R[Z/K] = idR[Z/K]' This means that NZ/K] and
&[z/k) are the unit and counit of Fjz, k). Hence, the desired property of the monad
multiplication

Riz/kieizk1Fizyky: RizykiFizygiRizyk 1 Fizyk) — Riz/k1Fiz/k)
follows from the analogous property of ReF: RFRF — RF. O
1.3 Relative Fourier-Mukai transforms

Let f: X — Sand g: YV — S be smooth morphisms between smooth projective
varieties, which we regard as families over S. Then, for any object P € X x g Y, the

3 Under the canonical equivalence D([Z/K] x [Z/K]) =~ Dgxk(Z x Z), the Fourier—Mukai ker-
nel OA[Z/KJ of the identity functor idp((z,k)) used for the base change corresponds to the object
@ge K (’)rg which is equipped with the K x K-linearisation given by the canoncial isomorphisms

Or >~ (g1.82)*Or,.
g5 'hgy h
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relative Fourier—Mukai transform (over S) is given by
F:=FMp = 1y, (1% () ® P): D(X) — D))

where ry: X xgY — X andmy: X xg) — Y are the projections to the factors of
the fibre product. The projection formula shows that F is isomorphic to the absolute
Fourier—Mukai transform along 1, P € D(X x )V) where1: X xg)Y — X x YVisthe
closed embedding.

We now fix a point s € S and denote the fibres over s by X := X; = f~!({s}) and
Y :=)Ys = g~ ' ({s}). There are canonical closed embeddings j: X x ¥ — X x5 ),
Jjx: X = &, jy: Y — )Y, and we consider the cartesian diagram:

X xY— il Y,
\
TX Xxsygy
o '
X {s}
jX\X S.

The restriction (or fibre) of F over s € S is the Fourier-Mukai transform along
J¥P € D(X x Y), that is,

Fy:=FMsp :=my,(rx () ® j*P): D(X) — D(Y). (10)

Flat base change provides us with natural isomorphisms:
Fjx« >~ jy«Fs and  jyF >~ Fyj¥. (11)
Similarly, if F: D(X) — D()) and G: D(Y) — D(Z) are relative Fourier—
Mukai transforms over S then the usual convolution of kernels together with base

change shows that we have a natural isomorphism:

Gs0 Fs ~ (G o F)gy. (12)
In particular, since Grothendieck duality ensures that the left and right adjoint of a

relative Fourier—Mukai functor F: D(X) — D())) are again relative Fourier—Mukai
transforms, Eq. (12) will be helpful to determine the monad structure of RF.

2 Abelian surfaces

Let A be an Abelian surface, A” its cartesian product on which the group &,, acts by
permutation of the factors, and Al"] the Hilbert scheme of n points on A.
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2.1 Derived McKay correspondence

Recall that Haiman [21] constructed an isomorphism A"l ~ HilbS" (A™"), where
HilbSn (A") is the equivariant Hilbert scheme, that is, the fine moduli space of &,,-
invariant zero-dimensional subschemes Z C A" whose global sections HY(Oy) are

identified with the regular representation (also known as G,,-clusters). In particular,
there is a universal family Z c A"l x A" whose projections yield a commutative

diagram:
Z
/ X
Ai'l

13)

Alnl

where A = A" /6, is the symmetric product, and ¥, isinduced by the G, -invariant
morphism X,,.
By the derived McKay correspondence of [9] we get an equivalence:

®:= pog* vy DA 5 D, (A").
One can conclude easily that the functor:
W= ()%q,p*: Dg, (A") = D(AM),

is an equivalence too?; see [30, Proposition 2.9].

Now let Z C A x A" be the universal subscheme and consider the Fourier—Mukai
functor FM, : D(A) — D(A")). Then Scala’s result [44, Theorem 16], states that
we have an isomorphism of functors:

do FMOZ ~ FM]C.[]],

where K is the &,,-equivariant complex:

i=1 11]=2

4 Note, however, that W is not the inverse of ® because we are using p* instead of p!.
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on A x A" (concentrated in degrees one to n), ay is the alternating representation of
the subgroup &; C &,,, and D; := (");; D; are the partial diagonals defined by

A" >~ Dii={(x,x1,...,x,) | xi =x} C A x A".
Equivalently, the terms of the complex can be written as

P — S,
KF = |nd6[p]><6[p+1,n] (OD[P] ® a[p])

where [p] ={1,...,pland[p+ 1,n]={p+1,...,n}.
Remarkably, if one uses the kernel for the BKRH-equivalence for a Fourier-Mukai
functor

W: Dg, (A") = D(AM)

in the opposite direction (which is not an inverse to ®) then only the first term of the
complex KC*® survives. More precisely, we have an isomorphism of functors:

FMo, >~ W o FMg1,
where K!' = @, Op,; see [30, Theorem 3.6]. Similarly, if we extend K* by
KO:=Opxan 100 = Opyan — b7, Op, = --- — 0, and denote the extended
complex by KC® as well, then we have

® o FMz, ~ FMc. .

From now on, we will fix IC to be the &, -equivariant two-term complex

K:= <o—> Opxan — EP O, —>0>

i=1

on A x A" (concentrated in degrees zero and one), where the differential is given by
restriction of sections; c.f. [43, Remark 2.2.1]. Note that we also have

FMz, ~ W o FMi .
Finally, the summation morphism ¥, : A" — A is &,,-equivariant and pullback
rtriv)": D(A) — De, (A") is a P"~ functor with P-cotwist [-2].  (14)
In particular, this means that we have an isomorphism:

()% S i trivy" ~ [=2(n — 1), 0]. (15)
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These statements follow from [36, Theorem 5.2 & Lemma 6.4]° where it is shown
that pullback along the Albanese map m: A" — A is a P"~!-functor and

m* >~ Wo X rtrivy" . (16)
2.2 P-functors on symmetric quotient stacks of Abelian surfaces

Now, consider the diagram:

QOeK
0 < ANl

De, (A x A" (D8O De, (A x A")

(idAxEn)*] \/ Lpz*
trile’”
D(A x A) Ds, (A x A) L8(®: On;) De, (A",
and observe that the triangle:
K — Oaxar — P Op, (17

1

of objects of Dg, (A x A") induces a triangle of Fourier-Mukai functors:
F—> F — F’,
where F, F/, F"": D(A x A) — Dg, (A") are defined as follows:

F := pa, o Mg o(idg x )% otriv™",
F':= pr, oMo, . o(idg x E,)* otriv]™",
F' = P2+« © M@’, Op. o(idg x T,)* otrivy™".

Let R, R’ and R” denote the right adjoints of F, F' and F” respectively. The rest
of this section will be spent proving that

RF~[-2(n-2),0] =id®[-2]® - & [-2(n —2)].

To do this, we will compute R'F’, R'F”, R”F', R” F” and then take cohomology of
a natural diagram of exact functors to obtain RF'.

5 Note that the statement of [36, Lemma 6.4] is not exactly the same as our statement in Eq. (16) since the
equivalence W in [36] is the one that we denote by @ here. However, the proof is completely analogous.
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First, we simplify the formula for F’. Consider the following diagram:

A" ~ D; (18)

idAn

AxA—"2 A,

where 7, pr; and p; denote the various projections and ¢;: D; — A x A" is the
embedding. Note that the triangles are commutative and the square is Cartesian. In
particular, base change around the square in diagram (18) allows us to rewrite the
functor F’ as

F =~ S, trive" (19)

Now, we rephrase the expression for F” in a more tractable form. Recall that for
all 0 € 6, we have an induced automorphism o* € Aut(A") defined by

G*(Xl, .o ,Xn) = (.xo,—l(l), .o ,Xa—l(n)).

Let G, acton A x A" by permuting the factors of A” and by the identity on the first
factor, and observe that 0 *Op, ~ Op, o forall o € &,. If we use the notation

[u,v]:={u,u+1,...,v} CN

for positive integers u < v, then D; is invariant with respect to the action of Sy )\ (i} =
S,—1. In particular, Op, carries a natural linearisation by the group &, >~ S 5
and a set of representatives for the left cosets of the subgroup &2 ,) < &, is given
by the transpositions {7;; = (1 i)}]_,, where 711 denotes the trivial permutation.
Therefore, by definition of the induction functor, we have

Indg"  Op, == P 15,00, = Op,. (20)

i=1 i=1

Plugging this into the equivariant projection formula (2) gives:

~ 6'1 n
M'"dgz,l Op, = Indg’ Mo, Resg’ . (1)
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Putting all this together, we get

F" := py o Mg, Oy, 0(ida x ) o trivy"
>~ pos Mmdg:,k1 Op, (ida x Z,)* triv,”" (by (20))
~ pIndg" Mo, Resg’  (ida x X,)* trivy™” (by (21))

Gn H n H n
>~ poy Indeni1 M@Dl (idg x Z,)* Resg! | triv)
((d4 x %,) is G,-equivariant)

~ pr.Ind@’ Mo, (ids x T,)* trivi"~" (since Res@”  trivy" = trivy"")

~ |ndg’j,l D2x M@D1 (idg x =,)* trivle"‘l (since p; is &, -equivariant)

~ Indg:_I pz*tl*t’f(idA x Z)* triv?”" (by projection formula)
~Indg" | 1f(ida x T,)* trivy ! (since py o 11 ~ idan)

~ Indg:’H(prl, )* triv?"’l . (since (idg x Xp) ot = (pry, X,))

In summary, we can rewrite F” as
F" = Indg"  (pry, Sp)* trivy" " (22)
Therefore, the right adjoints of F’ and F” are given by

R ~ ()% %, and R~ ()% (pry, Tp)x Resa" . (23)

Lemma 2.1 If A is an Abelian surface then we have the following isomorphisms of
endofunctors of D(A x A) foralln > 3:

() R'F ~ mym.[-2(n — 1), 0],
(i) R'F" ~ mlmo.[-2(n —2),0],
(i) R'F' ~ mimo[-2(n — 1), =2],
(iv) R'F" = mjm[-2(n — 2), =2] @ [-2(n — 2), 0].

Proof (i): Direct computation with (19) and (23) yields:
R'F' = ()% 7} 5,0 S o trive”

! . . . . .
>~ 7, (_)6" DI It triv™" o, (since m; is &, -equivariant)

~ néﬂz*[[—Z(n —1),0]. (by (15))
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(ii): Consider the following commutative diagram:

n—1 ~ pn
AXxXA ~ A Pr, 5
idAXEnl\L

AXA A XA,
(1, %2)

(24)

and observe that (idg x X,_1)* triv?"’l is a P"2_functor with P-cotwist [—2] by
(14) and Lemma 1.1. Since (;r1, ¥) is an automorphism, we have an induced autoe-
quivalence (71, 32)* of D(A x A) which implies the composition:

(ida x Bp_p)* triv" " (1, 2)*
~ (idg x T 0y, To)* triv?"_I (since (1, X2)* is &,,—1-equivariant)

N . .
~ (pry, Tp)* trivy"! (since (pry, ) = (71, Tp) o (idg x Ty_1))
is a P"~2-functor with P-cotwist [—2] by (8). In particular, we have
.S,
(DS (pry, T)a(pry, Ty)* trivy" ™! =~ [—2(n — 2), 0] (25)
Combining this observation with the commutative diagram in (18) gives:

S, . G
RF' = ()% )5, Indg"_ (pry, Tp)* trivy"!

~ (_)G" Indg’l1 néEn*(prl, >)* triVIG"_l (7r and X, are &,-equivariant)

~ () Oy S (pry, By)* trivy" ! ()% Indg" =)&)
~ ()10, (pry, ) (pry, Bp)* triv ! (£ = 720 (pry, Tp))
~ m372() " (pry, S« (pry, Zp)* triv?”’l (72 is &,,—1-equivariant)
~ n'z!ﬂz* [—2(n —2),0]. (by (25))

(iii): Notice that if L’ denotes the left adjoint of F’ then L'F” is left adjoint to
R"F'. Moreover, by [26, Remark 1.31], we have

L~ S7!

(xR Spg (am = R'[2n— 4], (26)

and if we continue with our convention of identifying Fourier—-Mukai kernels with the
functors they represent then [26, Remark 5.8] says that

R'F' >~ Spaxay(L'F")" = (L'F")"[4]. 27)
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Thus, we have

R'F ~ (L/F//)\/[4] (by (27))
~ (R'F")"[8 — 2n] (by (26))
~ 712!712* [-2(n — 1), =2]. (since (nénz*)v ~ néng*[—6])

(iv): First note that R” F" ~ £%n-1 with

n S, G-
& = (pry, Zu)«Resg’ Indg"  (pry, ) trivy"

In summary, we will find a decomposition £ = @, .; & which is compatible with the
&,,—1-linearisation and then use (6) to compute invariants.

Recall from our derivation of (20) that Indg;:1 =", t}:(_), where 7y; is the
transposition (1 i) and &,,_; is identified with &2 ,):= &2, ). Furthermore, we
have (pry, £,) o t1; = (pr;, £,) and hence 7} (pry, X,)* = (pr;, ¥,)*. Combining
these two observations, we get

n
Ex@DE& with & = (pr. S)s(pr,, Tp)* trivy"

i=1

and the linearisation of £ satisfies A,(£;) = Eg(;) for all g € & ). In other words,
the canonical action of &3 ) >~ &,_1 on {1, ..., n} is compatible with the lineari-
sation of £ in the sense of Sect. 1.1. This action has two orbits given by {1} and
{2, ..., n}. If we choose {1, n} as a set of representatives of the &,,_;-orbits of / then
we have stabg, (1) >~ &,_; and stabg, ,(n) = G2 ,—1] =~ &,_». Plugging this
information into (6), we get

56,171 — 5]611—1 @5;!611—2'
In other words, since R” F” = £Sn-1 we have

.S,
R'F" = ()% (pry, )« (pry, Tp)* triv, "

Ch
® ()2 (pry, Tp)s(pr,, Tp)* trivy" 2.

By (25), the first direct summand is equal to [—2(n — 2), 0] and so it only remains
to show that the second summand is given by nz!nz* [—2(n — 2), —2]. For this, we
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consider the commutative diagram:

A" (28)

(pry, Zn,pr,)

TOT3

AxAxA AxA

(pry,Zn)

2

AXA— s A,

where 7: A X A — A x A denotes the permutation of the two factors and the square
is Cartesian. Before doing the computation, we observe that we can factorise the
morphism (pr;, ,, pr,,) using another commutative diagram:

idA in_zxidA

Ax A" 2 x A~ A" Ax AxA

1 0
lg&z(l 1
(pr1, Zn.pry) 00

AxAXxXA.

—_——
SN——"

n=2

Now, since 2:72 trivl6 is a P"3-functor with P-cotwist [—2] by (14) and ¢ is

an automorphism, we can use (8) to deduce that (pr;, X,, pr,)* 'criv?”*2 is also a
P"—3_functor with cotwist [—2]. That is, we have
c
(_)G”*Z(prl, . pr)«(pry, Xy, pr,) " triv; >~ [-2(n —3),0]. (29)

Now, these results combine to give
.S,
()" 2(pry, Tp)w(pr,. Tp)* trivy" 2
. G
()2 124(pry., T, Pr)w(Pry, T, pr,)* (v 0 m3)* trivy" 2 (by (28))
" (rom3)* (by (5))

1

[

. 6
7124 () "2 (pry, . pr,)s(pry, Sn, pr,)* triv)

>~ m124(T 0 13)*[-2(n — 3), 0] (by (29))
~ w3 [—2(n — 3), 0] (by base change around (28))
~ myma[—2(n — 2), =2], (since 7} =~ m}[—2])

which completes the proof. O



Universal functors on symmetric quotient stacks of Abelian... Page 190f37 28

Theorem 2.2 If A is an Abelian surface then the universal functor
F:=pr,(K® (idg x En)*(trivlg" ()): D(A x A) - Dg, (A")

is a P"~2-functor for all n > 3.

Proof For the computation of RF', we can use the following commutative diagram of
functors:

R//F R//F/ R//F// (30)
R'F R'F' R'F”
RF RF’ RF”,

whose rows and columns are exact triangles. In particular, we can plug in the results
from Lemma 2.1 and take cohomology to get:

37 (4)[—1] T2 = 2), =2]
® —— mim[-2(n — 1), =2 —— @
[-2(n —2),0][—-1] [—2(n —2),0]

| l

o [A[— 1] ———— 1y, [-2(n — 1), 0] ——— w372, [2(n — 2), 0]

| |

[-2(n —2),0] —————————— )M —————— m)mos @ [—2(n — 2), O][1].

To see that the direct summands of the form 712!712* [—2¢] really cancel when taking
the cone of the morphisms, as suggested by the diagram of triangles, we need to
show that the maps R"F" — R"F’,R'"F' — R'F',R"F' — R'F',R'"F’" — R'F"
restrict to isomorphisms on these summands. First, note that the Fourier—Mukai kernel
of nérfz* is Oa,,[2], where

Aoy ={(a,b,c,b) | a,b,c e A} C A*.

In particular, since Aj4 is connected, we have, at the level of Fourier—Mukai ker-
nels, Hom(nénz*, nénz*) = C. Hence, it suffices to show that the induced maps are
nonzero. Moreover, since the functors F, F’, F” are relative Fourier—Mukai functors
over A, it is enough to show that these maps are nonzero on the restriction to a fibre.
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Indeed, if we apply (10) to the cartesian diagram:

Ax An P2 pn

idAXEnl \LG

Ax A—"25 A,

then we see that the fibres Fy, F{j, Fj coincide with the Fourier-Mukai functors
Fk,Fy,F{: D(A) — Dg,(N) already considered in [36, Section 6], where
N := Z 1(O) In particular, the non-vanishing of the components Ry F;, — Ry F¢,
Ry Fy — Ry F{,RYFyr — Ry Fy, Ry F{ — R} Fg hasalready been established.
Now we can apply (12) to conclude that our induced maps (R”"F")g — (R"F")y,
(R'FYy = (R'F")o, (R"FYg = (R'F")o, (R"F")g — (R'F")(, are nonzero too.
Thus, we have

RF ~ [-2(n —2),0].

Next, we need to show that RF[—2] < RFRF E) R F induces an 1somorphlsm

on the cohomology sheaves Hi forall2 <i <2(n —2). Since Hom(Ox, Op) >~
it is enough to show that the maps are nonzero but this also follows from the fact that
they are nonzero on the fibres over 0 € A; see [36, Section 6]

Finally, R ~ H"~2L follows from the fact that L ~ SZ_)( AxA) RSDg, (4 and the

Serre functors are given by Sp(axa) = [4] and Spg () = [2n]. O

Proposition 2.3 We have an isomorphism of functors:
VF ~F.
Proof Comparing the equivariant and geometric triangles of functors:
F—>F - F' and F—->9 -9,
it will be enough to show that
F'~3F and WF"~3", (31)

since, at the level of Fourier—-Mukai kernels, we have Hom(F’, ) = C. For the first
isomorphism, we consider the cartesian diagram:

A x A Al (32)

(idAxm)l i
A.

Ax A—2

Then, we have
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WF = Ui, trivy" (by (19))
~ UE v . (by (3))
~ m*mo, (by (16))
>~ pr,, (idg x m)* (base change round (32))
=9 (since ' =FMo, .))

The proof of W F” ~ F” is similar to the argument in [30, Theorem 3.6]. Indeed,
the key observation of [20, Section 4] and [30, Section 3.1] is the relationship between
the universal families:

ZcA"x A and 2 c A x AM,

where 2 C A x Al"l is the universal family of length n subschemes. Namely, the
projection pr; x idm : A" x A" — A x Al restricts to a morphism f: Z — 2
which is the quotient by the induced action of S|, = &,,—1 on Z. Together with the
fact that 3,, o p >~ m o g from (13), we get a commutative diagram:

zZ (33)
(pry,%n)
q Z— s Ax Al . A x A,
/ idg xm
Alnl
where ¢ is the closed embedding. Also, the equivariant projection formula gives:
(S f fr vy =~ idg; (34)
see [30, Lemma 2.1]. Putting all this together, we get
WF" ~ ()Sng,p* IndG" (pry, n)* trivG"‘] (by (22))
~ ()% q. IndG” L P (pry, ) trivy ! (by (5))
~ (_)6"e*f>k Indg:_] FAAda x m)* triv?”*l (commutativity of (33))
~ e () IndQ"  fif v K d g x m)* (by (5))
~ e ()OS i f* tnvG" "f(idg x m)* (by (4))

> oty (idg x m)* (by (34))
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>~ o ((ida x m)*() ® Oz) (projection formula)
~F,

m}

Corollary 2.4 If we regard A" as a fine moduli space of ideal sheaves on A equipped
with a universal sheaf U on A x A" then

F=m.U R (ida x m)*()): D(A x A) — DA

is a P"~2-functor for all n > 3 and thus gives rise to an autoequivalence of D(A").

Proof By Proposition 2.3 we have an isomorphism WF =~ J and so the statement
follows from combining Theorem 2.2 with (9). That is, ¥ is a P*—2-functor with
P-cotwist [—2]. O

Remark 2.5 Using similar techniques to those of [2, p. 252] and [29, Section 5], one
can show that the induced twist P5 € Aut(D(A")) is not contained in the sub-
group of standard autoequivalences, nor does it coincide with any of the other known
autoequivalences such as P,,=, a Huybrechts—Thomas twist [25] or an autoequivalence
coming from Ploog’s construction [40, Section 3].

Remark 2.6 To see that the restriction of F: D(A x A) — D(AM) really coincides
with Fg : D(A) — D(K,—1) from [36, Section 4], we can apply (10) to the cartesian
diagram in (32). Indeed, J is a relative Fourier—Mukai transform over A and the fibres
of A x A and A" over the point 0 € A are A ~ A x {0} and K,,_1, respectively. The
identity F9 = Fx follows from the fact that ZN (A x K,—1) = 2.

2.3 Braid relations on holomorphic symplectic sixfolds

In [32], the first author discovered a family of P"~!_functors
Hen: Do, (X x X') — Dg,,, (X"

foralln > £ and n > 1, where X is any smooth quasi-projective surface. This family
of functors can be regarded as a categorical lift of (approximately half of) the Nakajima
operators gy ,; see [32, Section 6] for more details.

In this section we will study the spherical functor Hy 2: D(A x A) — D63(A3),
whose image is supported on the big diagonal of A3, and its relation to the spherical
functor F': D(A x A) — Deg, (A% coming from Theorem 2.2.

As described in [32, Section 3.4], the functor H := H| > sits in a triangle of functors
H — H' — H" with

H' = Indg’ 812,31 Map, 5 trivy 2, (35)
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where &, is identified with Sz 31 and 62 3: X x X — X3, (a,b) — (b,a,a)isthe
closed embedding of the partial diagonal D> 31 C X 3, and

H' = 311,31 Ma[1.3J 'Ct‘iVl63 o, (36)

where (: X — X x X is the diagonal embedding.

We use the following braiding criterion generalising [45, Theorem 1.2] from spher-
ical objects to spherical functors. For further generalisations, see also [7] and [8, Thm.
4.15].

Proposition 2.7 Let Fy, Fo: D(X) — D(Y) be two spherical functors between
bounded derived categories of smooth projective varieties with R1F> ~ ® for some
autoequivalence ® of D(X), where Ry denotes the right adjoint of Fy. Then the asso-
ciated twists satisfy the braid relation:

TF1 TF2 TF1 ~ TF2 TF| TF2 .

Proof This is a very slight generalisation of [32, Proposition 2.3]. Indeed, one only
needs to replace H with H :=F, ®~! in the proof of loc. cit. and use the fact that
Ty :=Tg,p-1 ~ T, for any spherical functor F, and autoequivalence ®. O

Lemma28 Let F,H: D(A x A) — D63(A3) be the spherical functors described
above and let R be the right adjoint of F. Then we have an isomorphism RH >~ @,[1]
where @ is the automorphism given by

(¢ %)

Pp:AXA—S AXA; (x,y)— (y,x +2y).

Proof By (23), we have R’ ~ ()37} %3, and R” ~ (_)®2(pr, 3). Resg;. This,
together with (35), yields

! (G G
R'H = (_)6371'2 234 Indgi 02,31 Ma[2_3j triv; 2

~ ()®s Indg; 73 23:812,31x Mag trivy? (equivariance)
e &
~ ()92 34802.31 Mapy 5, trivy 2 (VS Indg? =~ (1))
G
= 705 34812,31(L) O M My, 5 trivy (by (5))
. G
~ 0. (since (_)®2 Mg, 5 triv, 2=0)

Similar arguments, using the fact that the invariants (_)S* Mg, triv?" of the sign
representation vanish for all k > 2, show that we alsohave R*H” = 0and R"H"” = 0.

For R"H', we use a similar argument to the one used for Lemma 2.1(iv). Indeed,
we have R”H' ~ £%2 with

S S G
E:=(pry, X3)s Resez |nd6; 82,3 MU[2,31 triv, 2,
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which decomposes as £ >~ @13:1 &, where
~ s OS2~ v S2
& = (pry, £3)xT1;002,30% Map 3 vy 2 (pry, 23)xT1ix6(2,31x Map, 5 trivy = .

Next, we notice that the natural &;-action on I = {1, 2, 3}, under the identification
&2 >~ B[,3], has two orbits given by {1} and {2, 3}. In particular, if we choose {1, 3}
as a set of representatives of the G,-orbits of / then we have stabg, (1) >~ &; and
stabg, (3) > 1. Thus, we can apply (6) to get

R'H' ~ 5162 ® & = ()%2(pry, T3)ud230 May, 5 tl’in52 ®(pry, X3)T13+0[2,3]-

The first direct summand is zero because (_)62 Maq, trivl62 = 0 and the second eval-
uates to .. Plugging this information into the diagram

R//H R//H/ R//H//
R'H R'H’ R'H”
RH RH' RH"
shows that RH =~ ¢, [1]. O

Corollary 2.9 Let F, H: D(Ax A) — Dg, (A3) be the equivariant spherical functors
described above and F, H: D(A x A) — D(AB)) be their geometric versions, that
is, F ~ WF and H := WV H. Then the spherical twists

Tr, Ty € Aut(Dg,(A%) and  Ts, Ty € Aut(D(ABY))
satisfy the braid relations:
TpTyTrp ~TyTpTy and TgTy Ty = TocTgTo.

Proof The statement on the geometric side follows from combining Proposition 2.7
with Lemma 2.8; the equivariant statement can be deduced® from this using (9). O

Remark 2.10 Restriction to the fibre over zero shows that Corollary 2.9 is a family
version of the braid relation in [32, Proposition 5.12(ii)].

6 Alternatively, one can use a straight-forward generalisation of Proposition 2.7 to equivariant derived
categories to prove the equivariant statement directly.
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2.4 Two spherical functors on the Hilbert square of an Abelian surface

In this section, we analyse our triangle of functors F — F’ — F” when n = 2; note
that this case is not covered by Theorem 2.2, where the assumption was n > 3.

Proposition 2.11 F” ::Indlez(prl, ¥)*: D(A x A) — DGZ(Az) is a spherical
Sunctor with cotwist Crgo = (’01 })* [—1] and twist T}/ = Mq[1].

Proof By [32, Section 7.3], we know that Ind := Indl62 is a spherical functor with
cotwist Cjng = t*[—1] and twist Tj,qy = Mq[1] where T € Aut(Az) is the auto-
morphism induced by the transposition (1 2), which interchanges the two factors,
and a:=ay is the alternating representation of Gy. Since (pr;, X3) is an auto-

morphism, we can use (8) to see that F” = Ind(pr;, £2)* is a spherical functor
with cotwist Crgo = (pry, L2)«T*(pr, T)*[-1] = (7' })*[—1] and twist
Trgo = Tind = Mall]. O

For convenience, we will abbreviate %3 trivl62 and (_)62 Y04 to just X3 and Xy,
respectively. We will only expand the notation when it is necessary.

Lemma 2.12 We have an isomorphism of functors:
Y30 F ~ F'.

Proof Note that, for n = 2, the group &,_; = 1 is trivial. Hence, we have

S F" > ()®2 %, Indy 2 (pry, T1)* (by (22))
~ (_)62 Ind?52 You(pry, T2)* (X, is &3-equivariant)
~ %o, (pr;, To)* ()% IndP? ~ id)
> 724 (pry, E2)«(pry, X2)* (32 =m0 (pry, X2))
> Ty ((pry, X2) is an automorphism)

It follows that

S0 F >~ im0 =55 trivl62 s (expanding notation)

~ Y3 triv?52 (72 is G3-equivariant)

~ F', (by (19))

which completes the proof. O

Recall from (14) that X3 trivl62 :D(A) — D@z(Az) is a spherical functor with
cotwist [—2]. In particular, Ty : D, (A%) — Dg,(A?) is an autoequivalence.
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Proposition 2.13 We have an isomorphism of functors:

F[1] ~ TZ;F”.

Proof Recall the triangle F — F’ — F" of functors where F' >~ 37, trivl62 and

the triangle ¥, — idp_ 42y — Tx* defining the twist around . Now observe
g 2 D, (A?) =3 g 2

that we have a commutative diagram of triangles:

SF//

E; EZ*F// F// TZE‘ F//
| |
F’ F” F[1].

Indeed, commutativity of the first square follows from Hom(F’, F”) >~ C and the
map & F” necessarily being nonzero; if it were zero then we would contradict the fact
that Ty F " is spherical by (14) and (9). In particular, since the morphism F' — F” is

nonzero, these facts imply that the composition X5 o, F” =S F' = F must agree
(up to scale) with ¢ F”. Therefore, the cones of these two morphisms are isomorphic.
O

Corollary 2.14 F := p7, (K ® (id4 x Ez)*(trivfz(_))): DA x A) — Dgz(Az) isa
spherical functor with cotwist Cr = Crog = (_01 })* [—1] and twist

Tr ~ Ts; MQTE*;‘U].

Proof Since Ty is an autoequivalence and F” is spherical by Proposition 2.11, we
can use (9) to see that T« F” must also be spherical with cotwist Crp¢ and twist
Ts«Trgo T=!. Now the claim follows from Proposition 2.13, the fact that Tr[1] ~ TF
by (8), and the description of the twist 7r g in Proposition 2.11. O

If we transport Corollary 2.14 to the geometric side of the BKRH-equivalence

V: Dg, (A?) = D(AR) then we can relate our spherical twists to the one discovered
by Horja. First let us recall the Horja twists in this specific setup.

Proposition 2.15 Let A be the Hilbert scheme of two points on an Abelian surface
A and consider the following diagram:
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where q: E = P(Q24) — A is the P'-bundle associated to the exceptional divisor
inside A and i E < A is the inclusion. Then, for any integer k, the functor

Hyi=ix(g* () ® Og(k)): D(A) — D(AP)
is spherical and the induced twists satisfy Ty, To¢,,, = Mo(E).

Proof By [2, §1.2, Example 5’] we know that i, : D(E) — D(A?) is spherical with
cotwist C;, >~ Mo, (g)[—2] = Sg[—5] and twist T;, ~ M. Since MOq(k) q*is
fully faithful, Iy :=1i, M@q k) g™ is spherical with cotwist S4[—5] = [-3]; see [2,
Proposition 2.1].

By [39, Theorem 2.6], we have a semi-orthogonal decomposition

D(E) ~ (¢*D(A) ® O, (k), ¢*D(A) ® O, (k + 1)).

Thus, using Kuznetsov’s observation [1, Theorem 11], which is a special case of [22,
Theorem 4.14], we see that H; and Hy | are both spherical with cotwist Sq[—5] =
[—3], and the twists satisfy Tg¢, Ty¢,,, = Ti, =~ Mo(g). ]

Remark 2.16 Proposition 2.15 is standard but we have included a proof for complete-
ness; see [26, Example 8.49(iv)] and [2, p. 231]. It is a special case of more general
construction; see [23] and compare with [4, Theorem 1.3].

Remark 2.17 Since Og(E) ~ O,(—2), we can use projection formula to see that
Hy ~ Mo (kg2 Ho and hence Tg¢, ~ Mo—ke2) Trcy MokE2) by (9).

The fact that G, is a cyclic group means we can apply the results of [28] in this
situation. More precisely, if we view (13) as a flop diagram of the corresponding
global quotient stacks, then a special case of [28, Corollary 4.27] states that we have
the following ‘flop-flop =twist’ result:

Vo = T;C[I. (37)

Remark 2.18 In order to translate [28, Theorem 4.26 & Corollary 4.27] into expres-
sions like (37), we need to set n = 2 and then make the following notational
substitutions: £L = O(E/2), x = a, ® = Hpand E = 4, o triv?z, where
§: A — A® is the diagonal embedding. As stated, their ‘flop-flop=twist’ result
reads as W@ >~ Tq¢) Mo (—E) but this can easily be manipulated into our statement in
(37) by using Proposition 2.15 as follows:

~ —1 ~ 71 ~ 71
Vo =Ty Ty Tao Mo—k) = Ty Mo Mo-k) = Ty,
It would be interesting to know how (37) generalises to higher dimensions.

Remark 2.19 Equation (37) should be compared with similar ‘flop-flop=twist’ results
obtained in [4, Theorem A&B] and [17, Theorem 1.5].
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Now we can return to look at the twists around our spherical functors on the geo-
metric side and conclude this section.

Corollary 2.20 The universal functors:
F, 5" D(A x A) — DA,
are both spherical with cotwist ( _01 } )* [—1] and their induced twists satisfy:
Ty =~ T Ty Tyl and  Tor = Ty Mo[1l.
Proof Recall that ¥ ~ WF and F”’ >~ W F” by Proposition 2.3. Therefore, the fact that
F and F” are spherical follows immediately from the fact that F' and F" are spherical
and W is an equivalence; see Corollary 2.14, Proposition 2.11 and (9). Moreover,

since m* ~ WX by [36, Lemma 6.4] and m*: D(A) — D(A!)) is spherical by [36,
Theorem 5.2], we have the following chain of isomorphisms:

F1] ~ WF[1] (by Proposition 2.3)
~ WTgs F” (by Proposition 2.13)
>~ T WF” (by (9))
~ T F” (by (31))

In particular, we can use (8) and (9) to deduce:
Ty =~ Typy = T T T,
For the description of T3~, we use [28, Theorem 4.26(i)], which states:

Mg \If_l ~ MO(E/2) . (38)

Putting this all together yields:

Tyn = Typr (by (31))

~ WTpooW ™! (by (9))

~ UM, W1 (by Proposition 2.11)

~ WO Mog/)l1] (by (38))

~ Tyl Mo, (by (37))

which completes the proof. O

Remark 2.21 Restriction of F, F” to the zero fibre over A recovers the spherical func-
tors Fg, Tf( : D(A) — D(Ky) of [27]. Indeed, [27, Theorem 2] shows that the twists
along these two spherical functors can be factorised as a composition of standard
autoequivalences and twists along spherical objects, which brings these twists into



Universal functors on symmetric quotient stacks of Abelian... Page290f37 28

accordance with Bridgeland’s conjecture on the group of autoequivalences of a K3
surface. In particular, we have

~ —1
Tg}; - l—[ TOE,- (=D © MOK(EK/Z)[I]’ (39)
i

where Ex C K is the exceptional divisor of the (restricted) Hilbert—Chow morphism
K1 — A/{#1} which decomposes into the 16 exceptional curves E; ~ P! over the
2-torsion points of A. Since Ex is the restriction of the exceptional divisor E C Al?]
of the Hilbert-Chow morphism s: A2l — A we see that our new relation:

Tg:// ~ Tﬂjfil MO(E/Z)[I]v

restricts to (39) on the zero fibre. That is, we have obtained a family version of the
results in [27].

Remark 2.22 Note that Proposition 2.15 and the ‘flop-flop=twist’ result (37) hold true
if we replace the Abelian surface A with a K3 surface X. Moreover, for the Hilbert
scheme of two points on a K3 surface, Addington’s [2] twist T3, around the functor
F:=FMz, where Z C X x X (2] is the universal subscheme, and Horja’s twist To¢_ .
satisfy the braid relation. Indeed, if we consider Scala’s complex

K*=0— Ox.x2 = Op, ® Op, = Op,np, ® a — 0,

then we have identities: ®~! FMyce ~ F and &~ FMx2(p) = H—y; see Sect. 2 and
[29, Proposition 4.2], respectively. Hence, the triangle K=? — K* — K=! of objects
inDg,(X x X 2) induces the triangle of functors:

H q[-2] > F — &' FMg=r .

Then [32, Proposition 2.3 & Section 7.2] shows that §:= ¢! FMy=1 >~ T\ F
is also a spherical functor and any two of Ty, Tg, Tpy_, satisfy the braid relation
and generate the group (T, Tg, T3y_,). Note that the twist around G agrees, up to
conjugation by Horja’s twist, with Addington’s twist; indeed, it follows from (9) that
Tg >~ Ty, T5T;;' . Alternatively, we can combine the identity ¥ FM K=t = J with
the formula in (37) to see that

Frwog~ T G,

and observe that in order to generate all of the hidden symmetries Ty, Tg, Tpy |,
one only needs to take Addington’s functor & = FMz, : D(X) — D(X 21y and
the BKRH-equivalence ®: D(X2)) 5 Dg, (X?). Also notice that because of the
identity Ty, = Mo (—k£/2) Toco MOk E /2), the single Horja twist T¢_,, together with
the standard autoequivalences on D(X!?1), will generate all of the Horja twists Tx,.
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3 Elliptic curves

In this section, we turn our attention to the dimension one case. To emphasise this,
we change our notation from A to E. That is, we focus on the derived category of the
symmetric quotient stack D([E"/&,]) >~ Dg,(E") where E is an elliptic curve.

Let ¥,: E" — E be the summation map and define N := ¥ ~1(0) c E" as the
fibre over zero. That is,

N:=x"Y%0)={(a1,...,ay) | a1 + -+ +a, =0} C E". (40)
Observe that N ~ E"~!. Moreover, the subvariety N is invariant under the natural

action of G, on E” and the associated quotient stack [N /S, ] is usually called the
generalised Kummer stack associated to E and n.

3.1 Fully faithful functors for symmetric quotient stacks of elliptic curves

Proposition 3.1 The structure sheaf Oy, of the generalised Kummer stack is an
exceptional object in D(IN /&,]) =~ Dg, (N). This means that

Hom*DGn (N)(ON, Opy) ~C.

Proof We have Hom%@ (N)((’)N, On) =~ H*(Oy)®". Since N is an Abelian variety,
we have isomorphisms:

H*(On) = HON o) = HOOA Qnlo ®c On) = A 2o,

where Qp|o is the Zariski cotangent space of N at 0. The permutation action of G,
on E" induces the permutation action on Qgn |y >~ C". It follows from (40) that the
induced action on Qylop ~ C*~! is given by the standard representation o,,. Now,
recall that /\k ©0n 1s a non-trivial irreducible representation for all 1 <k <n — 1; see
[19, Proposition 3.12]. In particular, its invariants must vanish and we get

HOM® = (N anl) ™ = (/\ en)™" =C.

Lemma3.2 If¥,: E" — E is the summation map then we have
6Il
(Zn*OEn) >~ OE.
Proof Since the fibres of ¥, are connected, it is sufficient to show the vanishing of

the invarants (RiEn*(’)En)G" of the higher push-forwards for i > 0. Let x € E be
a point and ¢, : {x} < E its inclusion. Choosing an y € E with ny = x, we get an
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&,,-equivariant isomorphism:
N> E;l(x); (ar,....,ap) = (@1 +y,....,a, +y).

Thus, by Proposition 3.1, we have H‘(Z;l (x), OE_l(x))Gn = 0 fori > 0. Now, by
flat base change we get

. Gn . _
G (R 0 Opn) ™" = H (2, (x), Og1(,))" =0,
for every x € E, which implies the assertion. O

Theorem 3.3 The functor Z:triv?” : D(E) — De, (E") is fully faithful.

Proof The right adjoint is given by (_)®" %, D, (E™) — D(E). Thus, by projec-
tion formula and Lemma 3.2 we get

(_)6" hI. E;lk trivlg” o~ idD(E), 41

as required. O

Remark 3.4 Notice that Theorem 3.3 can only work in the equivariant setting. Indeed,
pullback along the Albanese mapm : E" — E cannever be fully faithful because E” is
Calabi—Yau and hence its derived category cannot admit a non-trivial semiorthogonal
decomposition. However, the canonical bundle of the quotient stack [E" /&, ] is given
by Op» ® a,; see [33, Lemma 5.10], and so this means that it is possible for Dg, (E™)
to admit interesting semiorthogonal decompositions. We will see an example of one
such decomposition in the next section.

Recall from Sect. 2.2 that we have a triangle of functors F — F’ — F” induced
by the &,-equivariant triangle K — Ogyxg» — B7_,; Op,. In particular, we have

F' o Sim, trivy” and F” 2 Indg" (pry. 5, trivy"" .

Lemma 3.5 If E is an elliptic curve then we have the following isomorphisms of
endofunctors of D(E x E) foralln > 3:
(i) R'F' =~ mtjmas,
(i) R'F" ~ m)mos,
(i) R"F' ~ mwimo.[—2],
(iv) R"F" ~ w372.[—2] @ idp£x ).

Proof The proof is analogous to that of Lemma 2.1 using Theorem 3.3 instead of (15).
Indeed, if one replaces the Abelian surface A with an elliptic curve E in the proof
of Lemma 2.1, and the formula in (15) with the one in (41), then the arguments go
through verbatim. In particular, we see that (pr;, X,)* trivle’/”‘1 is now a fully faithful
functor rather than a P"~2-functor. That is, Eq. (25) becomes

° 6)17 3
O Pry, ) (pry, Tp)* trivy" ™! = idp(sxe) “2)
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in the case of an elliptic curve. O

Theorem 3.6 If E is an elliptic curve then the universal functor:
F:= p(K ® (ids x Tp)*(triv"())): D(E x E) — D, (E"),

is fully faithful for all n > 3.

Proof Take the information from Lemma 3.5, feed it into the diagram (30) and take
cohomology to get RF ~ idpgxE)- O

Remark 3.7 Notice that the fully faithful functor F': D(E x E) — Dg, (E™) restricts
to a fully faithful functor D(E) < Dg, (N); see Sect. 1.3.

3.2 The induced semiorthogonal decomposition

Recall that a semiorthogonal decomposition of a triangulated category A is a sequence
At, ..., Ay C A of full admissible subcategories such that Hom(A;, A;) = 0 for
alli < j and the smallest triangulated category containing all the A; is A itself; we
say that A is generated by the 4; and denote a semiorthogonal decomposition of A
as A= (A, ..., A,).

As before, we abbreviate X triv?" and (_)6" X« tojust X and X, respectively;
expanding the notation when necessary.

Lemma3.8 Let F: D(E x E) - Dg,(E") and ¥ : D(E) — Dg, (E") be the fully
faithful functors from Theorems 3.6 and 3.3, respectively. Then we have

Y F >~ 0.
Proof We will apply X, to the triangle F — F’ — F” and observe that
S F = o ~ T F' = Z,.F ~0.

Indeed, we have

S F = (_)6" DI e oM trivle" (expanding notation and (19))
~ (_)6" DI It triv?” T4 (since m; is G, -equivariant)
& o4, (by (41))

and

S F = ()% T Indgz_] (pry, Zp)* triv?”’1 (expanding notation and (22))

>~ Ty (_)6”*l (pry, Zp)«(pry, Zp)* triv]G”’1 (by proof of Lemma 2.12)

X Mo (by (42))
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In order to conclude using the triangle X, F — T, F' — X, F”, it is only left

to show that the map X, F’ — X,.F” induces an automorphism of 7. Since the
Fourier—-Mukai kernel Or_ of m, is simple in the sense that End(Or,) = C, it is
sufficient to show that X, F' — X, F” is non-zero. To see this we plug the object
OF « E into both functors to get

F'(Opxg) ~H*(OF) ® Ogn and F"(Opxg) >~ EB;’:](’)E”.

The degree zero part of the morphism F'(Opxg) — F"(OpxEg), induced by the
restrcition map Opn g — @;Op, (see (17)),is given by ]_[;‘=] id: Ogn — @]_,Opn.
Applying (_)®"%,, induces the identity map on O = HO(m2:(OExE)). O

Corollary 3.9 There is a semiorthogonal decomposition
Dg, (E") = (By, F(D(E x E)), %, (D(E))).

Proof If Ay:=F(D(E x E)) and Ay :=%"(D(E)) then Lemma 3.8 shows that
Ay C A+, that is, Hom(As, A;) = 0. In other words, we have a semiorthogonal
decomposition Dg, (E") = (B, A1, A2)), where B, := (A;, Az)*. O

Remark 3.10 Despite not having a precise description for the component 5,,, we do
have other semiorthogonal decompositions of Dg, (E"), due to [32,41], which we can
compare ours to; the semiorthogonal decompositions of loc. cit. work for an arbitrary
smooth projective curve, whereas the decomposition of Corollary 3.9 is specific to
the case of elliptic curves. More precisely, the components of the semiorthogonal
decomposition appearing in [41, Theorem B] are given by

D(E(Vl) x E02) ... x E(Vn));

one such piece for every partition 1"12"2 ... n*n of n, where 1V12"2 . .. stands for the
partition (1, ...,1,2,...,2,...) with 1 occurring v; times, 2 occurring v times, and
soon. In particular, we have 1 -v; +2-v2 4 - - +n-v, = n. Furthermore, this decompo-
sition contains one component equivalent to D(E x E) (corresponding to 1! (n — 1)1)
and one equivalent to D(E) (corresponding to n'). However, the embeddings of these
components are fundamentally different from our embeddings F and X,,, respectively.
Indeed, the objects in images of the embeddings in [41] are all supported on partial
diagonal whereas in F(D(E x E)) and X (D(E)) there are objects supported on the
whole E".

In view of the above, it seems natural to expect that the component 5, of our
semiorthogonal decomposition in Corollary 3.9 can be refined to a semiorthogonal
decomposition consisting of one piece equivalent to D(EWD x EM) x ... x EM)
for every partition of n besides 1'(n — 1)! and n'. The corresponding fully faithful
embeddings would then also be promising candidates for further P-functors if we go
back from the elliptic curve E to an Abelian surface A; we plan to return to this in
future work.
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3.3 Alternating quotient stacks of elliptic curves and autoequivalences

Consider the subgroup 2, < &, of even permutations and the associated double
cover:

w . [E”/an] — [En/Gn]-

Then, by [32, Section 7.3], we know that @, = Ind " is a spherical functor with
cotwist T*[—1] and twist M4[1], where 7 is the automorphlsm which interchanges
the two sheets (and is represented by any transposition of G,,) of the cover and a is
the alternating representation of S,,. Therefore, by [37, Corollary 2.4], the left adjoint
ot = Resgn" is also spherical with cotwist My[—1] and twist T*[1].

In this section, we use the spherical functor z* and the fully faithful functors from
Sect. 3.1 to construct interesting autoequivalences T on the cover Dy, (E™) which
descend to give interesting autoequivalences 7' on the base D, (E"):

Dy, (E") T:=Tpei
) Tzzr*: Resgr'l’ wy= IndS: l
A 'Dgn (E™) T.

More precisely, since the canonical bundle of [E”/&,] has order two and @ is
unbranched, we can identify [ E" /2, ] with the canonical cover of [E" /S, ] and then
our results below are obtained by applying [34, Theorem 3.4 & Remark 3.11]; which
is an extension (or a stacky analogue) of the results in [12, Section 4].

Corollary3.11 If E is an elliptic curve and F: D(E x E) — Dg, (E") and
¥ D(E) — Deg,(E") are the fully faithful functors from Theorems 3.3 and 3.6,
then the functors:

w*F and @w*E},
are spherical and the twists descend to give a new autoequivalences of Dg, (E™).

Proof This follows from [34, Theorem 3.4 & Remark 3.11]. Since the cotwist My[—1]
of ™ is given by a shift of the Serre functor Sjgn/s,] = Mq[n] of Dg, (E"), we can
apply Kuznetsov’s trick [1, Theorem 11] to conclude thatif i : A — Dg, (E") is any
fully faithful embedding then the composition & *i is again spherical, and hence gives
an autoequivalence Try+; € Aut(Dg, (E")). Now too™ =~ o™ implies that this twist
is T-invariant, which means that t* T+ >~ T+ T*; ¢.f. [32, Section 7.4]. Hence, one
can use the decent criterion in [34, Theorem 3.4 & Remark 3.11] to see that 7Tp+;
descends to an autoequivalence of Dg, (E™). O
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3.4 Aremark on higher dimensions

This paper has demonstrated that the universal functor F': D(A x A) — Dg,(A")
produces some interesting results in dimensions one and two. It is tempting to speculate
that it should do the same in higher dimensions but we are not sure how this should
work.

Note that fully faithfulness of X% triv;”" : D(E) — Dg, (E™) is equivalent to the
structure sheaf Oy, being an exceptional object. Similarly, if A is an Abelian

surface then the fact (14) that X triv”": D(A) — Dg,(A") is a P"—L_functor is
equivalent to the structure sheaf Ojy,e, ] being a P"~!-object, where N := X, 1 (0);
see [31, Observation 1.2]. Indeed, one can use (/\*(0, ® C?))®" ~ C[t]/t" where
deg(t) = 2; see [43, Lemma B.5], to prove this on the equivariant side.

Given that the algebra structure of our functor is

(/\* 0,)®" = C =~ H*(Gr(0, n), C)
in dimension one and
(/\ (@ ® C?)® ~ H*®"~!, C) ~ H*(Gr(1, n), C)
in dimension two, we naively guessed that the algebra structure
(/\)k (0n ® C*)®"  might coincide with ~ H*(Gr(2, n), C)

in dimension three. However, this cannot be true because Macaulay tells us that the
dimensions (1,0, 3,1, 6, 3, 10, 6, 15,0, 0, 0, 0) of the invariants (/\’ (o5 ® (C3))65
do not agree with the dimensions (1, 1,2,2,2,1, 1) of the cohomology groups
H! (Gr(2, 5), C).
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