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Abstract

In this paper, we introduce polytopes % arising from root systems B, and finite
graphs G, and study their combinatorial and algebraic properties. In particular, it is
shown that A is reflexive if and only if G is bipartite. Moreover, in the case, Zg
has a regular unimodular triangulation. This implies that the 2*-polynomial of %
is palindromic and unimodal when G is bipartite. Furthermore, we discuss stronger
properties, namely the y-positivity and the real-rootedness of the 4#*-polynomials. In
fact, if G is bipartite, then the 4 *-polynomial of % is y -positive and its y -polynomial
is given by an interior polynomial (a version of the Tutte polynomial for a hypergraph).
The h*-polynomial is real-rooted if and only if the corresponding interior polynomial
is real-rooted. From a counterexample to Neggers—Stanley conjecture, we construct a
bipartite graph G whose i#*-polynomial is not real-rooted but y -positive, and coincides
with the i-polynomial of a flag triangulation of a sphere.
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Introduction

A lattice polytope & C R is a convex polytope all of whose vertices have integer
coordinates. Ardila et al. [1] constructed a unimodular triangulation of the convex
hull of the roots of the classical root lattices of type A,, B,, C, and D,, and gave
an alternative proof for the known growth series of these root lattices by using the
triangulation.

In [23], lattice polytopes arising from the root system of type A, and finite graphs
were introduced. Let G be a finite simple undirected graph on the vertex set [d] =
{1, ..., d} with the edge set E(G). We denote <7 C R the convex hull of the set

A(G) = {0} U {£(e; —e)) : {i, j} € E(G)},

where e; is the i-th unit coordinate vector in R? and 0 is the origin of R?. Then <7
is centrally symmetric, i.e., for any facet . of <7z, —.% is also a facet of o7, and
0 is the unique (relative) interior lattice point of /5. Note that, if G is a complete
graph, then .27 coincides with the convex hull of the roots of the root lattices of type
A, studied in [1]. This polytope <7 is called the symmetric edge polytope of G and
several combinatorial properties of 275 are well-studied [22,23,30].

In this paper, we introduce lattice polytopes arising from the root system of type B,
and finite graphs, and study their algebraic and combinatorial properties. Let Zg C R?
denote the convex hull of the set

B(G) = {0, ey, ..., +e,} U{te e : {i, j} € E(G)}.

Then dim B = d, A is centrally symmetric and 0 is the unique interior lattice
point of A. Note that, if G is a complete graph, then A coincides with the convex
hull of the roots of the root lattices of type B,, studied in [1]. Several classes of lattice
polytopes arising from graphs have been studied from viewpoints of combinatorics,
graph theory, geometric and commutative algebra. In particular, edge polytopes give
interesting examples in commutative algebra ( [18,33-35,43]). Note that edge poly-
topes of bipartite graphs are called root polytopes and play important roles in the study
of generalized permutohedra [41] and interior polynomials [25].

There is a strong relation between %A and edge polytopes. In fact, one of the key
properties of % is that B is divided into 2¢ edge polytopes of certain non-simple
graphs G (Proposition 1.1). This fact helps us to find and show interesting properties
of %¢. In Sect. 1, by using this fact, we will classify graphs G such that % has
a unimodular covering (Theorem 1.3). We remark that <7 always has a unimodular
covering.

On the other hand, the fact that Z¢ has a unique interior lattice point 0 leads us to
consider when g is reflexive. A lattice polytope &2 C R? of dimension d is called
reflexive if the origin of R? is a unique lattice point belonging to the interior of &2 and
its dual polytope

PV ={yeR?: (x,y) <1forallx € 2}
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is also a lattice polytope, where (x, y) is the usual inner product of R?. It is known that
reflexive polytopes correspond to Gorenstein toric Fano varieties, and they are related
to mirror symmetry (see, e.g., [2,9]). In each dimension there exist only finitely many
reflexive polytopes up to unimodular equivalence [28] and all of them are known
up to dimension 4 [27]. Here two lattice polytopes &2 C R and &' C R? are
said to be unimodularly equivalent if there exists an affine map from the affine span
aff(2) of Z to the affine span aff (') of 22’ that maps Z¢ N aff () bijectively
onto Z4 N aff (') and that maps & to 2'. Every lattice polytope is unimodularly
equivalent to a full-dimensional one. In Sect. 2, we will classify graphs G such that
A is a reflexive polytope. In fact, we will show the following.

Theorem 0.1 Let G be a finite graph. Then the following conditions are equivalent:

(1) g is reflexive and has a regular unimodular triangulation;
(i) Ag is reflexive;
(i) G is a bipartite graph.

We remark that not all unimodular equivalence classes of reflexive polytopes are
represented by a polytope of the form %. Indeed, % is always centrally symmetric
but not all reflexive polytopes are centrally symmetric. On the other hand, <75 is always
(unimodularly equivalent to) a centrally symmetric reflexive polytope. However, the
class of reflexive polytopes .o is different from that of . For example, if G is
a complete bipartite graph, then %¢ is not unimodularly equivalent to 275 for any
graph G'.

Next, by characterizing when the toric ideal of % has a Grobner basis consisting
of squarefree quadratic binomials for a bipartite graph G, we can classify graphs G
such that A is a reflexive polytope with a flag regular unimodular triangulation. In
fact,

Theorem 0.2 Let G be a bipartite graph. Then the following conditions are equivalent:

(1) The reflexive polytope B has a flag regular unimodular triangulation;
(i1) Any cycle of G of length > 6 has a chord (“chordal bipartite graph”).

Now, we turn to the discussion of the 2*-polynomial h*(%g, x) of A¢. Thanks to
the key property (Proposition 1.1), we can compute the /4 *-polynomial of % in terms
of that of edge polytopes of some graphs. On the other hand, since it is known that
the h*-polynomial of a reflexive polytope with a regular unimodular triangulation is
palindromic and unimodal [7], Theorem 0.1 implies that the A*-polynomial of A is
palindromic and unimodal if G is bipartite. In Sect. 3, we will show a stronger result,
namely for any bipartite graph G, the h*-polynomial h*(%g, x) is y-positive. The
theory of interior polynomials (a version of the Tutte polynomials for hypergraphs)
introduced by Kdlmén [24] and the theory of generalized permutohedra [31,41] play
important roles.

Theorem 0.3 Let G be a bipartite graph on [d). Then h*-polynomial of the reflexive
polytope Bg is

4
h*(Bg.x) = (x + )15 (ﬁ)
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where G is a connected bipartite graph defined in (1) later and I (x) is the interior
polynomial of G. In particular, h*(PBg, x) is y-positive. Moreover, h*($Bg, x) is real-
rooted if and only if Iz (x) is real-rooted.

In addition, we discuss the following relations between interior polynomials and
other important polynomials in combinatorics:

e If G is bipartite, then the interior polynomial of G is described in terms of k-
matchings of G (Proposition 3.4);

e If G is a forest, then the interior polynomial of G coincides with the matching
generating polynomial of G (Proposition 3.5);

e If G is a bipartite permutation graph associated with a poset P, then the interior
polynomial of G coincides with the P-Eulerian polynomial of P (Proposition 3.6).

By using these results and a poset appearing in [47] as a counterexample to Neggers—
Stanley conjecture, we will construct an example of a centrally symmetric reflexive
polytope such that the ~2*-polynomial is y -positive and not real-rooted (Example 3.7).
This h*-polynomial coincides with the s-polynomial of a flag triangulation of a sphere
(Proposition 3.8). Hence this example is a counterexample to “Real Root Conjecture”
that has been already disproved by Gal [11]. Finally, inspired by a simple description
for the h*-polynomials of symmetric edge polytopes of complete bipartite graphs
[23], we will compute the #*-polynomial of Z; when G is a complete bipartite graph
(Example 3.9).

1 A key property of g and unimodular coverings

In this section, we see a relation between % and edge polytopes. First, we recall
what edge polytopes are. Let G be a graph on [d] (only here we do not assume that G
has no loops) with the edge (including loop) set £(G). Then the edge polytope Pg of
G is the convex hull of {e; +e; : {i, j} € E(G)}. Note that Pg is a (0, 1)-polytope
if and only if G has no loops. Given a graph G on [d], let G bea graph on [d + 1]
whose edge set is

EG)U{L,d+1},{2,d+1},...,{d+1,d + 1}}.

Here, {d + 1,d + 1} is aloop (a cycle of length 1) at d 4+ 1. See Fig. . If Gisa
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Fig. 1 Example of G
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Fig.2 Example of G

bipartite graph with a bipartition V; U V, = [d], let G be a connected bipartite graph
on [d + 2] whose edge set is

EG) =EG)Ui,d+1}:ieVi}U{{j.d+2}:jeV,Uld+1}}. (1)

See Fig. 2.
Now, we show the key proposition of this paper. Givene = (¢1, . .., &) € {—1, 1}¢,
let O, denote the closed orthant {(x1, ..., x4) € R : x;je; > 0foralli € [d]}. Fora

lattice polytope &, let Vol(Z?) denote the normalized volume of &.

Proposition 1.1 Work with the same notation as above. Then we have the following:

(@) Each 8GN0 is the convex hull of the set B(G)N O and unimodularly equivalent
to the edge polytope Pg of G. Moreover; if G is bipartite, then Be N O is
unimodularly equivalent to the edge polytope Pg of G. In particular, one has
Vol(#g) = 24 Vol(Py).

(b) The edge polytope of G is a face of Bg.

Proof (a)Let 22 be the convex hull of the set B(G)N &,. The inclusion B N0, DO P
is trivial. Let X = (x1,...,x4) € %G N O,. Then x = Y }_, Aja;, where &; > 0,
> i_; A = 1, and each a; belongs to B(G). Suppose that the k-th component of a; is
positive and the k-th component of a; is negative. Then a; and a; satisfy

a; +a; = (a; —e) + (a; +ep),

where a; — e, a; + e, € B(G). By using the above relations for a; + a; finitely
many times, we may assume that the k-th component of each vector a; is nonnegative
(resp. nonpositive) if x;y > 0 (resp. xx < 0). Then each a; belongs to B(G) N O, and
hence x € £.

Next, we show that each Zs N O, is unimodularly equivalent to the edge polytope
Pz. Set 2 = %Bg N O, 1. It is easy to see that each B N O, is unimodularly
equivalent to 2 for all &. Moreover, one has

B(G)NOu,.1)=1{0,e,...,es}U{e; +e;:{i, j} € E(G)}.
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Hence Pgz is unimodularly equivalent to 2 x {2}. In particular, Z¢ consists of 24
copies of the edge polytope Pg. This implies Vol(%g) = 2dVol(P5). Similarly, if G
is bipartite, it follows that Pz is unimodularly equivalent to 2 x {1}%.

(b) The edge polytope Pg of G is the face of % with the supporting hyperplane
H={(x1,....,xq0) €ERY 1 x; + -+ x4 =2). o

Let 2 C R? be alattice polytope. A (lattice) covering of 22 is a finite collection A
of lattice simplices such that the union of the simplices in A is &, i.e., & = s 8.
A (lattice) triangulation of & is a covering A of & such that

(i) every face of a member of A isin A, and
(ii) any two elements of A intersect in a common (possibly empty) face.

Note that their interiors may overlap in coverings but not in triangulations. A unimod-
ular simplex is a lattice simplex whose normalized volume equals 1. We now focus
on the following properties.

(VA) We say that & is very ample if for all sufficiently large k € Z> and for all
X € kP N7, there exist xq, ..., xx € 2 NZ4 withx = x] + - - - + Xg.

(IDP) We say that & possesses the integer decomposition property (or is IDP for short)
if for all k € Z= and for all x € k2 N Z, there exist x|, ...,x; € # N7Z4
withx = x; + - - - + Xg.

(UC) We say that & has a unimodular covering if &2 admits a lattice covering con-
sisting of unimodular simplices.

(UT) We say that & has aunimodular triangulation if & admits a lattice triangulation
consisting of unimodular simplices.

These properties satisfy the implications
(UT) = (UC) = (IDP) = (VA),

see, e.g., [13, Section 4.2]. On the other hand, it is known that the opposite implications
are false. However, for edge polytopes, the first three properties are equivalent ( [8,33,
43]). We say that a graph G satisfies the odd cycle condition if, for any two odd cycles
C1 and C, that belong to the same connected component of G and have no common
vertices, there exists an edge {i, j} of G such that i is a vertex of Cj and j is a vertex
of C 2.

Proposition 1.2 [8,33,43] Let G be a finite (not necessarily simple) graph. Suppose
that there exists an edge {i, j} of G whenever G has loops ati and j withi # j. Then
the following conditions are equivalent:

(1) Pg has a unimodular covering;
(ii) Pg is IDP;
(iii)) Pg is very ample;
(iv) G satisfies the odd cycle condition.

We now show that the same assertion holds for . Namely, we prove the following.

Theorem 1.3 Let G be a finite simple graph. Then the following conditions are equiv-
alent:
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(1) PB¢ has a unimodular covering;
(i) %B¢ is IDP;
(iii) Ag is very ample;
(iv) G satisfies the odd cycle condition.

Before proving Theorem 1.3, we recall a well-known result.

Lemma 1.4 Every face of a very ample polytope is very ample.

Proof Let 22  RY be a lattice polytope of dimension d. Assume that there exists a
facet # of & such that .# is not very ample. Then we should show that & is not very
ample. Let 77 C R be the hyperplane in R? defined as % = {x € R? | (x,a) = b},
with some lattice point a € Z¢ and some integer b such that .# = # N & and
P C AP, where #F) = {x € R | (x,a) < b}. Since .Z is not very ample,
there exist a positive integer k and a lattice point x € k. N Z such that there are no
lattice points X1, ..., X¢ in .% with x = x| + - - - + X;. Suppose that there are lattice
points yi, ..., yx in & with X = yj + - - - + yk. Then for each y;, one has (y;, a) < b.
Since (x, a) = kb, it follows that for each i, (y;, a) = b, hence, y; € .%#. This is a
contradiction. Therefore, &7 is not very ample. O

Remark 1.5 Similarly, we can prove that every face of an IDP polytope is IDP. More-
over, it is clear that if a lattice polytope has a unimodular triangulation (resp. a
unimodular covering), then so does any face.

Now, we prove Theorem 1.3.

Proof of Theorem 1.3 First, implications (i) = (ii) = (iii) hold in general.

(iii) = (iv): Suppose that G does not satisfy the odd cycle condition. By Proposi-
tion 1.2, the edge polytope Pg of G is not very ample. Since Pg is a face of % by
Proposition 1.1 (b) and Lemma 1.4, % is not very ample.

(iv) = (1): Suppose that G satisfies the odd cycle condition. Then so does G. Hence
Proposition 1.2 guarantees that Pz has a unimodular covering. By Proposition 1.1 (a),
P has a unimodular covering. O

Example 1.6 Let G be a graph in Fig. 3. Since G satisfies the odd cycle condition,
A has a unimodular covering. However, since the edge polytope P has no regular
unimodular triangulations [34], so does %A by Proposition 1.1 (b). We do not know
whether % has a (nonregular) unimodular triangulation or not.

Fig.3 A graphin [34]
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Fig.4 Regular unimodular
triangulation of % in T
Examples 2.1 (b)

2 Reflexive polytopes and flag triangulations of %g

In the present section, we classify graphs G such that

e % is areflexive polytope.
e % is areflexive polytope with a flag regular unimodular triangulation.

In other words, we prove Theorems 0.1 and 0.2. First, we see some examples that %
is reflexive.

Examples 2.1 (a) If G is an empty graph, then % is a cross polytope.
(b) Let G be a complete graph with 2 vertices. Then % N Z? is the column vectors

of the matrix
o1 o01 1 -1 0 -1 -1
oo011 -1 0 -1 -1 1)

and A is a reflexive polytope having a regular unimodular triangulation. See Fig. 4.

Since the matrix
1 0 1 1
01 1 -1

is not unimodular, we cannot apply [36, Lemma 2.11] to show this fact.

In order to show that a lattice polytope is reflexive, we can use an algebraic tech-
nique on Grobner bases. We recall basic materials and notation on toric ideals. Let
K[til , 8] = K[tlil e, tjl , §] be the Laurent polynomial ring in d + 1 variables over
afield K.Ifa = (ay, ..., aq) € Z4, then t*s is the Laurent monomial #{"" - - - 1575 €
K[tt!, s]. Let 2 c R be a lattice polytope and & N 74 ={ay, ..., a,}. Then, the
toric ring of & is the subring K[ ] of K[ttt 5] generated by {t?'s, ..., t*s} over
K. We regard K[Z?] as a graded ring by setting each deg #; = 0 and deg s = 1. Note
that, if two lattice polytopes are unimodularly equivalent, then their toric rings are
isomorphic as graded rings. Let K[x] = K[x1, ..., x,] denote the polynomial ring
in n variables over K. The toric ideal I 5 of & is the kernel of the surjective homo-
morphism 7 : K[x] — K[Z?] defined by 7 (x;) = t¥s for | < i < n.Itis known
that /4 is generated by homogeneous binomials. See, e.g., [13, Chapter 3] and [48,
Chapter 4]. Let < be a monomial order on K[x] and in- (/) the initial ideal of 14
with respect to <. The initial ideal in. (/) is called squarefree (resp. quadratic) if
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in- (I ) is generated by squarefree (resp. quadratic) monomials. We recall a relation
between initial ideal in- (/) and a triangulation of &. Set

AP, <)=3conv(8): SC 2NZ [[xi ¢ Vin(lp) .

a;es
Then we have

Proposition 2.2 [48, Theorem 8.3] Let &2 C RY be a lattice polytope and < a mono-
mial order on K[x). Then A(Z?, <) is a regular triangulation of .

Here we say that a lattice triangulation A of a lattice polytope & C R? is regular
if it arises as the projection of the lower hull of a lifting of the lattice points of & into
R4+ A simplicial complex is called flag if all minimal non-faces contain only two
elements. We say that a lattice triangulation is flag if it is flag as a simplicial complex.
Then we have

Proposition 2.3 [48, Corollary 8.9] Ler &2 C R? be a lattice polytope and < a
monomial order on K[X). Suppose that any lattice point in Z4T" is a linear inte-
ger combination of the lattice points in & x {1}. Then A(Z2, <) is unimodular (resp.
flag unimodular) if and only if in (I ) is squarefree (resp. squarefree quadratic).

By definition, a lattice polytope &2 C R is reflexive if and only if the lattice
distance between the origin 0 and all affine hyperplanes generated by facets of &
equals 1. Hence if 0 is contained in the interior of &, and & has a unimodular
triangulation such that 0 is a vertex of any maximal simplex of the triangulation,
then &7 is reflexive. Now, we introduce an algebraic technique to show that a lattice
polytope is reflexive.

Lemma 2.4 [16, Lemma 1.1] Let & C R? be a lattice polytope of dimension d
such that the origin ofRd is contained in its interior and 2 N 7¢ = {ar,...,a,}.
Suppose that 74 = {>"1_, zia; : z; € Z} and there exists an ordering of the variables
Xy < -+ <x;, forwhicha;, = 0suchthatthe initial idealin (I ») of I 5 with respect
to the reverse lexicographic order < on K[X] induced by the ordering is squarefree.
Then & is reflexive and has a regular unimodular triangulation.

Proof The assertion follows since 0 is contained in the interior of &2 and since the
triangulation A (<, <) is unimodular and 0 is a vertex of any maximal simplex of the
triangulation. O

By using this technique, several families of reflexive polytopes with regular uni-
modular triangulations are constructed in [15-17,19-21,37]. In order to apply Lemma
2.4 to show Theorem 0.1, we see a relation between the toric ideal of % and that
of Pg. Let G be a simple graph on [d] with edge set E(G) and let R denote the
polynomial ring in 2d + 1 + 4| E(G)| variables

Z, Xit, xi— (1 <@ =d), Yijrt, Yij——s Yij+—» Yij—+ {i, j} € E(G))



59 Page 100f 22 H. Ohsugi, A. Tsuchiya

over a field K. Then the toric ideal Iz, of % is the kernel of a ring homomorphism
7 Rg — K[, ... 17, 5] defined by 7(z) = s, m(xi3) = tis, T(xi) = £; 's,

T (Yijry) = titjs, w(yij——) = ti_ltj_ls, T(ijs—) = tit; 's,and 7w (yij_1) = t,-_l[j5~
Let S denote the subring of Rg generated by the d + 1 + |E(G)| variables

z, xi+ (1 =i =d), yij++ ({i,j} € E(G)).

Then the toric ideal / Pz of Py is the kernel of |s;. For each ¢ = (e1,...,¢4) €
{—1, l}d, we define a ring homomorphism ¢, : S¢ — Rg by ¢.(xi+) = Xxj, and
@s(Yij++) = Yijap Where « is the sign of &; and B is the sign of ;. In particular,
@(,...1) : S¢ = Rg is an inclusion map.

Lemma 2.5 Let & be a Gribner basis of 1 P With respect to a reverse lexicographic
order <g on Sg such that z < {xi1} < {yij++}. Let <g be a reverse lexico-
graphic order such that 7 < {xj,xi—} < {Yij4+, Yij——, Yij+—> Vij—+) and that (i)
@e(Xit) <R @e(xjt) if Xiv <s Xj4 and (ii) Qe (Vij++) <R @eVke++) I Vij++ <s
Yeesy forall e € {—1,1}¢. Then

9= | 0@ |Ulxiayijsy —xjyz:{i.j} € EG).a # p)
ee{—1,1}¢
UYijay Yikgs — Xjyxrs : (i, j1 {i, k} € E(G), a # B}

Ulxipxi— —z2: 1 <i <d)

is a Grobner basis of 1g, with respect to <g, where the underlined monomial is the
initial monomial of each binomial. (Here we identify yijqp With yjige.) In particular,
ifinc;(Ips) is squarefree (resp. quadratic), then so is in< (1)

Proof 1tis easy to see that %" is a subset of /.. Assume that %" is not a Grobner basis
of I, withrespect to <g. Letin(¥’) = (in.,(g) : g € ¢’). By [13, Theorem 3.11],
there exists a non-zero irreducible homogeneous binomial f = u —v € I, such that
neither u nor v belongs to in(%¢”). Since both u and v are divided by none of x; +x;_,

XiaYijBy» Yijay YikBs (o # B), they are of the form

u=[Twia)" [T Oae)™. v=[TC" 1] Oty o)

iel {j.k}eE, iel {j.k}€eE>

where 1,1 C [d], E1, E2 C E(G) and 0 < u;, uji, v, vjx € Z. Since f belongs
to Ig,;, the exponent of 7y in 7w(u) and 7 (v) are the same. Hence, one of x¢y, and
Yemaya,, appears in u if and only if one of X¢a, and Yenaa), APPEAIS in v with ap = o).

Let & be a vector in {—1, 1} such that the sign of the i-th component of ¢ is o; if one
of xjq; and Yijejo; Appears in u. Then f belongs to the ideal <ps(1p5). Let f' € Ipa
be a binomial such that ¢, (f’) = f. Since ¢ is a Grobner basis of / Py there exists a
binomial g € ¢ whose initial monomial in., (g) divides the one of the monomials in
f’. By the definition of <g, we have in, (¢:(g)) = ¢ (in<,(g)). Hence in., (¢:(g))
divides one of the monomials in f = ¢.(f"). This is a contradiction. O
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Using this Grobner basis with respect to a reverse lexicographic order, we verify
which % is a reflexive polytope. Namely, we prove Theorem 0.1.

Proof of Theorem 0.1 The implication (i) = (ii) is trivial.

(i) = (iii): Suppose that G is not bipartite. Let G1, ..., G; be the connected
components of G and let d; be the number of vertices of G;. In particular, we have
d = Y i_,d;. Since G is not bipartite, we may assume that G is not bipartite. Let
w =) :_, W, where w; = Zi:l e, € RYif G; is a non-bipartite graph on the
vertex set {p1, ..., pe}, and w; = Zi:l 2ep, € RYif G, is a bipartite graph whose
vertices are divided into two independent sets {py, ..., pe} and {q1, ..., g }. It then
follows that . = {x € R? : (w,x) = 2} is a supporting hyperplane of % and
the corresponding face Fy = % N A is the convex hull of H = | Ji_, H;, where
H; = {e, + e, : {u,v} € E(G;)}if G; is not bipartite, and H; = {e, + e, : {u, v} €
E(G)IU{ep,....ep}Ufe, —ey : {pr,v} € E(G))}if G; is a bipartite graph
with w; = Zﬁzl 2ep, € R?. We will show that .%y is a facet of P . The convex hull
of {e, + e, : {u, v} € E(G;)} is the edge polytope Pg, of G; and it is known [33,
Proposition 1.3] that

. d; — 1 if G; is not bipartite,

dim Pg, = {di -2 otherwise.

If G; is not bipartite, then the dimension of conv(H;) = Pg, isd; — 1. If G; is
bipartite, then d; — 2 = dim Pg, < dimconv(H;) since P, C conv(H;) and a
hyperplane 57 = {(xy, ..., xq) € R :xj 4 +xg = 2} satisfiese,, ¢ D Pg,;.
Hence the dimension of the face .%y is at least s — 1 + ZL] di—1)=d—1,1e.,
Fy is a facet of B. Since G is not bipartite, we have % -w ¢ Z%. Thus % is not
reflexive.

(iii) = (i): Suppose that G is bipartite. Let <g and <g be any reverse lexicographic
orders satisfying the condition in Lemma 2.5. It is known [13, Theorem 5.24] that
any triangulation of the edge polytope of a bipartite graph is unimodular. By [48,
Corollary 8.9], the initial ideal of the toric ideal of Pg with respect to < is squarefree.
Thanks to Lemmas 2.4 and 2.5, we have the desired conclusion. O

We now give a theorem on quadratic Grébner bases of Iz, when G is bipartite.
This theorem implies that Theorem 0.2. The same result is known for edge polytopes

([35D.

Theorem 2.6 Let G be a bipartite graph. Then the following conditions are equivalent:

(i) The toric ideal 1, of $ has a squarefree quadratic initial ideal
(i.e., Bg has a flag regular unimodular triangulation),
(ii) The toric ring K[%c) of B is a Koszul algebra,
(iii) The toric ideal 13, of B¢ is generated by quadratic binomials;
(iv) Any cycle of G of length > 6 has a chord (“chordal bipartite graph”).

Proof Implications (i) = (ii) = (iii) hold in general.
(iii)) = (iv): Suppose that G has a cycle of length > 6 without chords. By the
theorem in [35], the toric ideal of Pg is not generated by quadratic binomials. Since
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the edge polytope Pg is a face of Ag, the toric ring K[Pg] is a combinatorial pure
subring [32] of K[%]. Hence I, is not generated by quadratic binomials.

(iv) = (i): Suppose that any cycle of G of length > 6 has a chord. By Lemma 2.5, it
is enough to show that the initial ideal of /p; is squarefree and quadratic with respect
to a reverse lexicographic order <g such that z < {x;1} < {yres+}. Let A = (a;j)
be the incidence matrix of G whose rows are indexed by V| and whose columns are
indexed by V;. Then the incidence matrix of G is

1

By the same argument as in the proof of the theorem in [35], we may assume that A’

contains no submatrices ( i é) if we permute the rows and columns of A in A”. Each

} } of A’. The proof of the
theorem in [35] guarantees that the initial ideal is squarefree and quadratic if the initial

quadratic binomial in /p, corresponds to a submatrix

monomial of each quadratic binomial corresponds to .Itis easy to see that there

1
1
exists a such reverse lexicographic order which satisfies z < {x;+} < {Vre++}- O

3 y-positivity and real-rootedness of the h*-polynomial of %g

In this section, we study the /#*-polynomial of % for a graph G. First, we recall
what A*-polynomials are. Let & C R be a lattice polytope of dimension d. Given a
positive integer n, we define

Ly(n) = n?NZ4.

The study on L 4 (n) originated in Ehrhart [ 10] who proved that L 4 (n) is a polynomial
in n of degree d with the constant term 1. We say that L gz(n) is the Ehrhart polynomial
of Z. The generating function of the lattice point enumerator, i.e., the formal power
series

o0
Ehrp(x) = 14 Y Lp(k)x*
k=1

is called the Ehrhart series of 2.1t is well known that it can be expressed as a rational
function of the form

h* (2, x)

Ehrg:(x) = m
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The polynomial 2*(Z, x) is a polynomial in x of degree at most d with nonnegative
integer coefficients ( [44]) and it is called the A*-polynomial (or the §-polynomial) of
2. Moreover, one has Vol(£?) = h*(Z2, 1). Refer the reader to [3] for the detailed
information about Ehrhart polynomials and #*-polynomials.

Thanks to Proposition 1.1 (a), we give a formula for 2*-polynomial of % in terms
of that of edge polytopes of some graphs. By the following formula, we can calculate
the h*-polynomial of % if we can calculate each h*(Pg, x).

Proposition 3.1 Let G be a graph on [d). Then the h*-polynomial of % satisfies

d

W (Bg.x) =Y 2@ -1 Y h*(Pg.x), )

=0 HeS;(G)

where S;(G) denote the set of all induced subgraph of G with j vertices.

Proof By Proposition 1.1 (a), % is divided into 2¢ lattice polytopes of the form
PN 0Os.Each BN O, isunimodularly equivalent to Pg. In addition, the intersection
of BgNO, and BN O, isof dimensiond—1 ifandonly ife—¢’ € {£2ey, ..., +2e4}.
If ¢ — & = 2ey, then (B N O) N (BN O) = B NON Oy >~ Bg N Opr,
where G’ is the induced subgraph of G obtained by deleting the vertex k, and &” is
obtained by deleting the k-th component of ¢. Hence the Ehrhart polynomial L g, (1)
satisfies the following:

d

Lpsm)y =) 2=DT7 Y Lpy).

j=0 HeS;(G)

Thus the Ehrhart series satisfies

* d *( P~
h (%G,x) :Z 2](_1)‘17] Z h (PH"x)

— yd+l — )i+
(1 =x) j=0 HeS;(G) (1 =x)

as desired. |

Let f = Z?:o a;x' be a polynomial with real coefficients and ag # 0. We now
focus on the following properties.

(RR) We say that f is real-rooted if all its roots are real.
(LC) We say that f is log-concave if ai2 > aj_1aij4+ foralli.
(UN) We say that f is unimodal if ap <a; <--- <ay > --- > aq for some k.

If all its coefficients are positive, then these properties satisfy the implications
(RR) = (LC) = (UN).

On the other hand, the polynomial f is said to be palindromicif f (x) = x¢ f (x~").Itis
y-positive if there are yo, y1, . .., Y|a/2) > Osuchthat f(x) = ;.o ¥ X' (14x)4=2,



59 Page 14 0f22 H. Ohsugi, A. Tsuchiya

The polynomial ), yi x' is called y-polynomial of f. We can see that a y-positive
polynomial is real-rooted if and only if its y-polynomial had only real roots ([40,
Observation 4.2]).

By the following proposition, we are interested in connected bipartite graphs.

Proposition 3.2 Let G be a bipartite graphand G, . . ., G the connected components
of G. Then the h*-polynomial of B¢ is palindromic, unimodal and

h*(%Gs x) = h*(%G| ) x) e h*(‘%Gy’ -x)'

Proof Tt is known [14] that the 2*-polynomial of a lattice polytope P with the interior
lattice point 0 is palindromic if and only if P is reflexive. Moreover, if a reflexive
polytope P has a unimodular triangulation, then the #*-polynomial of P is unimodal
(see [7]). It is easy to see that, A is the free sum of HAg,, ..., Bg,. Thus we have a
desired conclusion by Theorem 0.1 and [6, Theorem 1]. O

In the rest of the present paper, we discuss the y-positivity and the real-rootedness
of the h*-polynomial of s when G is a bipartite graph. The edge polytope Pg of
a bipartite graph G is called the root polytope of G, and it is shown [25] that the
h*-polynomial of P coincides with the interior polynomial /G (x) of a hypergraph
induced by G. First, we discuss interior polynomials introduced by Kédlman [24] and
developed in many papers.

A hypergraph is a pair 7 = (V, E), where E = {ey, ..., e,} is a finite multiset
of non-empty subsets of V = {vy, ..., v,}. Elements of V are called vertices and
the elements of E are the hyperedges. Then we can associate 7 to a bipartite graph
Bip7Z” with a bipartition V U E such that {v;, e;} is an edge of BipsZ if v; € e;.
Assume that Bip.# is connected. A hypertree in ¢ is a function f : E — Z=( such
that there exists a spanning tree I' of Bip.7# whose vertices have degree f(e) + 1 at each
e € E.Then we say that I induce f. Let HT(.77") denote the set of all hypertrees in J# .
A hyperedge e; € E is said to be internally active with respect to the hypertree f if it
is not possible to decrease f(e;) by 1 and increase f(e;/) (j* < j) by 1 so that another
hypertree results. We call a hyperedge internally inactive with respect to a hypertree if
it is not internally active and denote the number of such hyperedges of f by i(f). Then
the interior polynomial of € is the generating function I ;- (x) = ZfeHT(Jf) x'® 1t
is known [24, Proposition 6.1] that deg I ,»(x) < min{|V|, |E|} — 1. If G = Bip.#Z,
then we set I (x) = I (x). In [25] Kdlman and Postnikov proved the following.

Proposition 3.3 [25, Theorems 1.1 and 3.10] Let G be a connected bipartite graph.
Then we have

I (x) = h*(Pg, x).

Interior polynomials of disconnected bipartite graphs are defined by Kato [26] and
the same assertion of Proposition 3.3 holds for all bipartite graphs. Note that if G is
a bipartite graph, then the bipartite graph G arising from G is connected. Hence we
can use this formula to study the Eq. (2) in Proposition 3.1.
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A k-matching of G is a set of k pairwise non-adjacent edges of G. Let

there exists a k-matching of G
M(G,k):{{v,-l,...,vik,ejl ..... ;) J , }}
Jk

whose vertex set is {vil,.‘.,vik,ej],...,

For k = 0, we set M(G,0) = {#}. Using the theory of generalized permutohedra
[31,41], we have the following important fact on interior polynomials:

Proposition 3.4 Let G be a bipartite graph. Then we have

Ig(x) =Y IM(G, k)| x". 3)

k>0
Proof Let V U E denote a bipartition of Q, where V. = {vp,...,v,} and E =
{ea,...,en} withd = m + n — 2. Then G is a connected bipartite graph with a

bipartition V’ U E" with V' = {v1} U V and E’ = {e;} U E. Recall that {v;, e} is
an edge of G if and only if either (i — 1)(j — 1) = 0 or {v;, ¢;} is an edge of G.
Let HT(G) be the set of all hypertrees in the hypergraph associated with G. Given a
hypertree f € HT(G) let " be a spanning tree that induces f. From [24, Lemma 3.3],
we may assume that {vq, e;} is an edge of I" for all 1 < j < n. Note that the degree
ofeachv; 2 <i <m)is 1.

By definition, e; is always internally active. We show that, e; (j > 2) is internally
active if and only if f(e;) = 0. By definition, if f(e;) = 0, then e; is internally
active. Suppose f flej) > 0. Then there exists i > 2 such that {v;, e;} is an edge of
I. Letf € HT (G) be a hypertree induced by a spanning tree obtained by replacing
{vi, e;} with {v;, e1} in I". Then we have f'(e;) = f(e;) — 1,1 (e;) = f(er) + 1 and
f'(ex) = f(ex) forall 1 < k # j. Hence e; is not internally active. Thus i(f) is the
number of e; (j > 2) such that there exists an edge {v;, ¢;} of I' for some i > 2.

In order to prove the equation (3), it is enough to show that, for fixed hyperedges
€jis... e, With2 < j| < -+ < ji < n, the cardinality of

={fe HT(@) :ej,...,ej arenotinternally active and (f) = k}

ﬂﬂﬂﬂﬂﬂﬂ

is equal to the cardinality of

i there exists a k-matching of G
" whose vertex setis {vj;, ..., Vi, €, ..., €5} |
Let G, ,....j, be the induced subgraph of G on the vertex set V U {e;,, ..., e }. If e,
is an isolated vertex in G, . j,, then both .}, ; and .#j, . j are empty sets. If v;
is anisolated vertex in G, .. j,, then there is no relations between v; and two sets, and
hence we can ignore v;. Thus we may assume that G, j has no isolated vertices.

Itis known that ./}, .. j, is the set of bases of a transversal matroid associated with
i See, e.g., [39, Section 1.6]. Fori =2, ..., m,let

.....

={0}U{€:{vi,ej}isanedgeof G . ;} C{0,1,... Kk}

.....
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Oh [31] defines a lattice polytope P. M. 1O be the generalized permutohedron [41]

of the induced subgraph of G on the vertex set V U {e1,ej,...,ej},ie, R///“wjk is

the Minkowski sum Ay, +---+ Ay, where A; = conv({e; : j € I}) C Rk+1
and eg, ey, ..., e, are unit coordinate vectors in RK+L, By [31, Lemma 22 and
Proposition 26], the cardinality of .#, ., is equal to the number of the lattice
point (xo, x1,..., %) € Py . N 71 with x1, x2, ..., x¢ > 1. In addition,
by [41, Proposition 14.12], any lattice point (xg, X1, ..., X;) € P///jl aW/as
is of the form e;, + --- 4+ e;,, where iy € Iy for 2 < £ < m. By a natural
correspondence (xq, X1, ..., Xk) € R/ff.n,..,.jk N 7%+ with xq,x2,...,x, > 1| and
(f(er), f(ejy), ... . f(ej)) withf € 7, ., it follows that the number of the lattice
point (xo, x1,....xx) € Py . N 7K1 with x1, x2, ..., x¢ > 1 is equal to the
cardinality of ., ;, as desired. O

Now, we show that the 4*-polynomial of A is y-positive if G is a bipartite graph.
In fact, we prove Theorem 0.3.

Proof of Theorem 0.3 By Propositions 3.1 and 3.4, the 2*-polynomial of % is

d
W (Bg.x) =Y 2x-D"7 Y Iz

HeS;(G)

j=0

d
:ZZj(x—l)d_j Z Z|M(H,k)|xk.
j=0

HeS;(G) k=0

Note that, for each {v;,, ..., vi,, e}, ..., e} € M(G, k) there exist (111:511:) induced
subgraphs H € S;(G) such that {v;, ..., v, ej,....¢e;} € M(H,k) for j =
2k,2k + 1, ...,d. Thus we have

d d — 2k
W (Bg.x) =Y > 2/ (x =) |M(QG, k)|<j _ )xk

2k
k>0 j=2k

=Y IM(G. )| 25 2+ (x = 1)
k>0

_ d 4x k
=@+ D) MG, k) <—(x+1)2>

k>0

4
=+ D (ﬁ)

as desired. O

By Proposition 3.4, it follows that, if G is a forest, then I5(x) coincides with the
matching generating polynomial of G.
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Proposition 3.5 Let G be a forest. Then we have

Ig(x) =Y m(G) x",

k>0
where mi(G) is the number of k-matchings in G. In particular, I (x) is real-rooted.

Proof Let M| and M, be k-matchings of G. Suppose that M| and M; have the same
vertex set {v;, ..., v, €j,...,ej ). f M = (M UM>) \ (M{ N M>) is not empty,
then M corresponds to a subgraph of G such that the degree of each vertex is 2. Hence
M has at least one cycle. This contradicts that G is a forest. Hence we have M| = M>.
Thus my (G) is the cardinality of M (G, k). In general, it is known that Zk>0 my(G) x*
is real-rooted for any graph G. See, e.g., [12,29]. O

Next we will show that, if a bipartite graph G is a “permutation graph” associated
with a poset P, then the interior polynomial /g (x) coincides with the P-Eulerian
polynomial W(P)(x). A permutation graph is a graph on [d] with edge set

{{i, j} : L; and L; intersect each other},

where there are d points 1, 2, ..., d on two parallel lines .Z] and % in the plane, and
the straight lines L; connect i on .%] and i on .%. If G is a bipartite graph with a
bipartition Vi U V3, the following conditions are equivalent:

(1) G is a permutation graph;
(i) The complement of G is a comparability graph of a poset;
(iii) There exist orderings < on V| and <, on V5, such that

ii'eVii<ii', j,jeVa,j<aj, {i,j} {i".j'} € E(G)
= {i, j'}. {i". j} € E(G);

(iv) For any three vertices, there exists a pair of them such that there exists no path
containing the two vertices that avoids the neighborhood of the remaining vertex.

See [5, p. 93] for details. On the other hand, let P be a naturally labeled poset on [d].
Then the order polynomial Q2 (P, m) of P is defined for 0 < m € Z to be the number
of order-preserving maps o : P — [m]. It is known that

d
Zne,%(P) x40

doQPom+ " = o

m>0

where .Z(P) is the set of linear extensions of P and d () is the number of descents
of w. The P-Eulerian polynomial W (P)(x) is defined by

WP )= Y x4
re L (P)
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See, e.g., [46] for details. We now see a relation between the interior polynomial of a
bipartite permutation graph and the P-Eulerian polynomial of a finite poset.

Proposition 3.6 Ler G be a bipartite permutation graph and let P be a poset whose
comparability graph is the complement of G. Then we have

Ig(x) = W(P)(x).

Proof In this case, g N O, 1 is the chain polytope €p of P. It is known that the
h*-polynomial of €p is the P-Eulerian polynomial W (P)(x). See [45,46] for details.
Thus we have I (x) = h*(Pg, x) = W(P)(x), as desired. O

It was conjectured by Neggers—Stanley that W (P)(x) is real-rooted. However this is
false in general. The first counterexample was constructed in [4] (not naturally labeled
posets). Counterexamples of naturally labeled posets were given in [47]. Counterex-
amples in these two papers are narrow posets, i.e., elements of posets are partitioned
into two chains. It is easy to see that P is narrow poset if and only if the comparability
graph of P is the complement of a bipartite graph. Since Stembridge found many
counterexamples which are naturally labeled narrow posets, there are many bipartite
permutation graphs G such that h* (%, x) are not real-rooted. We give one of them
as follows.

Example 3.7 Let P be a naturally labeled poset in Fig. 5 given in [47]. Then

W(P)(x) = 3x® + 86x7 + 658x® + 1946x> + 2534x* + 1420x> + 336x> + 32x + 1

has a conjugate pair of zeros near —1.85884 £ 0.149768i as explained in [47]. Let G
be the complement of the comparability graph of P. Then G is a bipartite graph with
17 vertices and 32 edges. The h*-polynomial of % is

* _ 17 4x
(&g, x) = (x + DW(P) (—(x — 1)2>

= x!7 4 145x'0 4 7432x 15 4+ 174888x !4 4 2128332x 13
+ 14547884x'% + 59233240x !
+148792184x !0 4 234916470x° + 234916470x8 + 148792184’
+59233240x° + 14547884x° + 2128332x* 4 174888x°
+7432x% 4 145x + 1

and has conjugate pairs of zeros near —3.88091 + 0.18448; and —0.257091 +
0.0122209i. (We used Mathematica to compute approximate values.) On the other
hand, h*(%g, x) is log-concave.

By the following proposition, it turns out that this example is a counterexample to
“Real Root Conjecture” that has been already disproved by Gal [11].
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Fig.5 A counterexample to

17
Neggers—Stanley conjecture [47]

5 @

13

Proposition 3.8 Let G be a bipartite permutation graph. Then h*(%Bg, x) coincides
with the h-polynomial of a flag complex that is a triangulation of a sphere.

Proof 1t is known [5, p.94] that any bipartite permutation graph satisfies the condition
(iv) in Theorem 2.6. Hence there exists a squarefree quadratic initial ideal with respect
to a reverse lexicographic order such that the smallest variable corresponds to the
origin. This means that there exists a flag regular unimodular triangulation A such
that the origin is a vertex of any maximal simplex in A. Then h*(%, x) coincides
with the h-polynomial of a flag triangulation of the boundary of a convex polytope
A arising from A. O

In [23], for a (p, q)-complete bipartite graph K, ;, a simple description for the
h*-polynomial of @, , was given. In fact, one has

min{p,q} ,,.
21 . .
WAy ) = Y <Z)<f> @ i pPTI2L g)

i=0

Moreover, it was shown that h*(;szp gt x) is y-positive and real-rooted. Similarly,
we can obtain a simple description for the 2*-polynomial of %k, and show that
h*(z%’va 0 x) is y-positive and real-rooted.
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Example 3.9 Let K, , be a (p, g)-complete bipartite graph. Then the comparability
graph of a poset P consisting of two disjoint chains 1 <2 < --- < pand p+1 <
p+2<--- < p+gqisthe complement of K, ,. It is easy to see that

min{p,q} 2\ 9\
W= Y <i><i>x’.

i=0

Hence we have

min{p,q}
* 4x i(P\(49).i —2i
_ p+q — p+q
h* (B, ,.x) = (x+DPTIW(P) ((x+ 1)2) = ,; 4 <i)<i)x (x+1) .
(5)

Simion [42] proved that W (P)(x) is real-rooted if P is a naturally labeled and disjoint
union of chains. Thus the #*-polynomial A*(%k, . x) is real-rooted.

Remark 3.10 In a very recent work [38], it is shown that the #*-polynomials of sym-
metric edge polytopes of certain graphs can be computed by that of % . For example,
the Eq. (4) can be obtained from the Eq. (5) ([38, Example 5.10]).

In [23], for the proof of the real-rootedness of h™* (<Zk o X), interlacing polynomials
techniques were used. Let f and g be real-rooted polynomials with roots a; > ap >
, respectively, by > by > ---. Then g is said to interlace f if

ay>by>ay>by>---
In this case, we write f < g. In [23], it is shown that

(e, %) X W (D, s X).

P.q’
By a similar way of [23], we can prove the following.

Proposition 3.11 For all p,q > 1, one has
W (B, %) < H (B, 1 %)

Proof Set y(Zk,,.x) = Y ;=04 (¥)(%)x". Since {(?)}i>0 is a multiplier sequence
(see [23]) and since (4x + 1) < (4x 4+ 1)?*!, one has Y ( Bk, %) 2V (BK, 4 x)
By [23, Lemma 4.10], we obtain h*(%Bx s X) = h*(PBx

p.q+1 X).
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