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Abstract

Let Z be an algebraic subvariety of a Shimura variety. We extend results of the first
author to prove an effective upper bound for the degree of a non-facteur maximal
special subvariety of Z.
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1 Introduction
The motivation for this paper has been the following two conjectures.

Conjecture 1.1 (André—Oort Conjecture) Let Z be a subvariety of a Shimura variety
S. Then Z contains only finitely many maximal special subvarieties.

By amaximal special subvariety of Z, we refer to a special subvariety of S contained
in Z that is not properly contained in another special subvariety of S also contained
in Z.
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We denote by .4, the moduli space of principally polarized abelian varieties of
dimension g, which is a Shimura variety. We denote by 7, € A, the Torelli locus,
that is, the Zariski closure of the image ’Tg" of the Torelli morphism from the moduli
space M, of non-singular projective curves of genus g to Ag, which sends (the
isomorphism class of) a curve to (the isomorphism class of) its Jacobian.

Conjecture 1.2 (Cf. [25], §5) For g sufficiently large, I, contains no positive-
dimensional special subvarieties that intersect ’Z('go.

Note that, for § = A, Conjecture 1.1 is also raised in [25]. A major motivation for
both conjectures was the following question of Coleman. Let g > 4 be an arbitrary
integer.

Coleman’s problem Are there only finitely many isomorphism classes of non-singular
projective curves of genus g having CM Jacobian?

The isomorphism classes above correspond bijectively to special points in 7.
Therefore, Conjecture 1.1 in the case § = .Ag, which is now a theorem due to Tsimer-
man [31], reduces Coleman’s problem to the following question.

Does I, contain positive-dimensional special subvarieties intersecting 7;,"?

To be precise, a negative answer to this question would imply a positive answer to
Coleman’s problem. However, it has been answered positively for each low genus g €
{4,5, 6, 7}. Thatis, Coleman’s problem is false for g € {4, 5, 6, 7}. Nevertheless, other
results have indicated that Conjecture 1.2 may still hold (see [10,20], for example).
For an excellent survey of the topic, we refer the reader to [22].

The André—Oort conjecture was first proved under the generalised Riemann hypoth-
esis (GRH) by Klingler, Ullmo, and Yafaev [19,34]. It has since been proved
unconditionally for Shimura varieties of abelian type (and, in particular, Ag) by
Pila and Tsimerman [27,31], using the so-called Pila—Zannier method [28]. These
results are, however, not effective, and hence give no quantitative control on maximal
special subvarieties. In fact, effective results of André—Oort type are rather sparse
[1,3-6,18,36]. In this article, we complement these results by giving effective upper
bounds on the degrees of certain maximal special subvarieties. More precisely, we treat
the so-called non-facteur special subvarieties, which are precisely those for which we
expect to find only finitely many of bounded degree (see Remark 3.8). Establishing
the latter, in an effective fashion, is a theme of current work. We note that, in a recent
preprint, Binyamini [7] has obtained similar results in a product of modular curves
using differential algebraic geometry.

Throughout this article, we take degrees with respect to the Baily—Borel line bundle
(see Sect. 3.2 for details).

Theorem 1.3 Let S be a Shimura variety satisfying the assumptions described in
Sect. 9, and let Z be an algebraic subvariety of S. Then there exists an effectively
computable constant ¢ = c(dim(Z), deg(Z)) such that, if V is a non-facteur maximal
special subvariety of Z, then the degree of V is at most c.

The assumptions referred to are modest: we assume that the group G defining S
is semisimple of adjoint type and that the associated compact open subgroup K of
G(A ) is equal to a product of compact open subgroups K, C G(Q)).
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To obtain Theorem 1.3, we first generalize earlier work of the first author [12],
in which lower bounds for the degrees of so-called strongly special subvarieties were
given. In this paper, we obtain a lower bound for the degree of any positive-dimensional
special subvariety, in terms of a group-theoretic product of primes (see Theorem
6.1). The main tool is again Prasad’s volume formula for S-arithmetic quotients of
semisimple groups [26].

The article [12] gave a new proof of a finiteness theorem originally obtained by
Clozel and Ullmo concerning strongly special subvarieties (see [11], Theorem 1.1).
This theorem was subsequently generalized by Ullmo to non-facteur special sub-
vareties (see [32], Theorem 1.3), and the main result of this paper is a significant step
towards an effective proof of that result (as mentioned above, it remains to give an
effective procedure for obtaining the (conjecturally) finitely many non-facteur special
subvarieties of bounded degree.

The purpose of [12] was to give a new proof of the André—Oort conjecture under
GRH, combining results contained therein with the arithmetic side of the Klingler—
Ullmo—Yafaev approach. Indeed, this was achieved via the technique involving Hecke
correspondences that was initially conceived by Edixhoven and substantially general-
ized by Klingler and Yafaev. In this article, we generalize the results obtained in [12]
(see Theorems 7.1 and 8.1), but, rather than applying them in the previous manner, in
which one takes a set of special subvarieties and incrementally increases the dimen-
sion of its members, we proceed slightly differently, using Hecke correspondences to
perform a cutting-out procedure.

Non-facteur special subvarieties were defined in [32]. They are those special sub-
varieties that do not arise in infinite families: a special subvariety V of a Shimura
variety S is called non-facteur if there exists no finite morphism of Shimura varieties
S1 x S2 — S, with S having positive dimension, such that V is equal to the image of
S1 x {z} in S for any (necessarily special) point z € S>. The reader might consider the
difference between the image of the modular curve Yp(N) in C? and the fibre C x {z}
for a CM point z € C; the former is non-facteur, the latter is not.

We emphasise that, in the case of § = Ay, there exist effectively computable degree
bounds for Tg (see, for example, [16, (6.8)]), so Theorem 1.3 can indeed be used to
produce explicit bounds for the degrees of non-facteur maximal special subvarieties
of 7.

2 Preliminaries

First we establish some general conventions.
2.1 Fields
For a number field F and a place v of F, we let F;, denote the completion of F with

respect to v. In particular, for a rational prime p, we let Q,, denote the p-adic numbers.
We denote by A ; the finite rational adeles.
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2.2 Groups

For an algebraic group G, we denote by G° the connected component of G containing
the identity. We denote by G the derived subgroup of G and by G the quotient of
G by its center. By the rank of G, we refer to the dimension of a maximal torus of G.

For an algebraic subgroup H of G, we denote by Z(H) the center of H and by Z (H)
the centralizer of H in G. When H is defined over Q or R, we let H(R)™ denote the
connected component of H(R) containing the identity, and we let H(R) denote the
inverse image of H*(R)™ in H(R). We let H(Q)* denote H(Q) N H(R)" and we
let H(Q)4 denote H(Q) N H(R).. If H is finite, we denote the (finite) cardinality of
H(C) by [H].

2.3 Representations

Let G be a reductive algebraic group over Q and fix a faithful representation p : G —
GL,, . Given these data, we will often identify G and its algebraic subgroups with their
images in GLj. For any Q-subgroup H of G and any prime p, we let Hz, denote
the Zariski closure of H in GL,;, Z,- For a rational prime p and a subtorus T of Gg s
we denote by X*(T) the character module of T (that is, the free Z-module of finite
rank comprising the homomorphisms T@p — Gm,@p, where @p denotes an algebraic

closure of Q). We say that a character x € X*(T) intervenes in p if there exists
a non-zero subspace V, C @Z such that p(f)v = x(t)v for any v € V, and any

t € T@Q)).
2.4 Neat subgroups

We briefly recall the definition of neat subgroups. References are Chapter 17 in [8]
and Section 4.1.4 in [19]. Let G be a linear algebraic subgroup defined over QQ and
p : G — GL, a faithful representation. For an element g of G(Q) (resp. G(Q))),
we write Eig(p(g)) for the subgroup generated in Q (resp. @p) by the eigenvalues of
p(g). For g € G(Q)), we furthermore set

Eigalg(p(g)) = {«@ € Eig(p(g)) | « is algebraic over Q}.

We then say that an element g € G(Q) (resp. g € G(Q))) is neat if Eig(p(g)) (resp.
Eigalg (p(g))) is torsion-free. An element g = (g,) € G(A ) is called neat if for each
integer N > 1 there exists a rational prime p such that Eigalg (p(g)p) contains no
element of (exact) order N. These notations are independent of the choice of p.

A subgroup I' C G(Q) or K C G(Ay) is said to be neat it every element of I" or
K, respectively, is neat.
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2.5 Products of primes

Let G be a reductive algebraic group over Q and let K C G(A r) be a compact open
subgroup equal to the product of compact open subgroups K, C G(Q,). We denote
by X (G) the set of all primes p such that, either

e Gq, is not quasi-split (equivalently, G, does not contain a Q,-Borel subgroup),
or
e Gq, is quasi-split, but does not split over an unramified extension of Q.

We denote by 2 (G, K) the union of ¥ (G) and the set of primes such that

e G, is quasi-split, splits over an unramified extension of Q,, but K, is not hyper-
special (equivalently, there is no smooth reductive Z ,-group scheme G such that
Go, = Gq, and G(Zp) = Kp).

As explained in [12], Sect. 6, we have K, = GZ,, (Zp) for almost all p, from
which it follows that X (G, K) is a finite set of primes. We will denote by IT(G, K)
the product of the primes contained in ¥ (G, K), which we define to be 1 if £ (G, K)
happens to be empty. Sometimes we will insist that K be neat (as defined above).

2.6 Degrees

Let S be a projective variety and let Z C S be an irreducible subvariety. Henceforth,
by a subvariety, we will refer to an irreducible subvariety unless stated otherwise (for
example, if preceded by the word Shimura). For any line bundle L on S, we will define
the degree deg; Z of Z with respect to L as usual (as in [15], for example; see also
[19], Section 5.1). We will make frequent use of the projection formula (see [15],
Proposition 2.5 (c); see also [19], Section 5.1).

3 Shimura varieties

We assume that the reader is somewhat familiar with the theory of Shimura varieties,
and we recall only the definitions and facts essential for our arguments. We refer to
[21] for more details.

Let (G, X) denote a Shimura datum and let K be a compact open subgroup of
G(A ). The double quotient space

GQ\X x (G(Af)/K) ey

is the analytification of a complex quasi-projective algebraic variety that we will denote
Shg (G, X). (Recall that Shg (G, X) possesses a model defined over a number field
E := E(G, X), but we will not need this fact.) Note that the action of G(Q) on the
product in (1) is the diagonal one. A variety of the form Shx (G, X) is called a Shimura
variety.

In general, the Shimura variety Shg (G, X) is not connected. However, if we choose
aconnected component X of X, then the image Sg (G, X) of X x{1}inShg (G, X)
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is a connected component of Shg (G, X). Note that S (G, X ) is canonically isomor-
phic to T\X ™", where I' := G(Q)+ N K.

3.1 Hecke correspondences

Let K’ C G(Ay) be a compact open subgroup contained in K. The natural map on
double coset spaces comes from a finite morphism

7k k : Shg/ (G, X) = Shg (G, X).

If @ € G(Ay), then the map on double coset spaces induced by (x, g) — (x, ga)
(where x € X and g € G(A r)) also comes from an isomorphism

[a] : Shg (G, X) — Sh,-14, (G, X).

We let T, denote the map on algebraic cycles of Shx (G, X) coming from the algebraic
correspondence

Shi (G, X) < Shgruxa—t1(G, X) = Shy—i gurnk (G, X) — Shx (G, X),

where the left and right outer arrows are g, g1 g and To—1 g4k, K > TESPECtively,
and the middle arrow is [«]. We refer to the map T;, as a Hecke correspondence.

3.2 The Baily-Borel line bundle

By [2], Lemma 10.8, the line bundle of holomorphic forms of maximal degree on
X descends to Shg (G, X) and extends uniquely to an ample line bundle Lg on the
Baily-Borel compactification Shg (G, X) of Shg (G, X). We refer to L ¢ as the Baily—
Borel line bundle on Shg (G, X). Given a subvariety Z of Shk (G, X) and its Zariski
closure Z in Shg (G, X), we will write deg; < Z instead of deg; < Z. In fact, we will
simply write deg Z if it is clear to which line bundle we are referring.

As stated in [19], Proposition 5.3.2 (1), if K" C G(A ) is a compact open subgroup
contained in K, then the pullback n;g,’ xLk of Lk isequal to Lg.

3.3 Special subvarieties

For any Q-subgroup H of G, we obtain a compact open subgroup H(A¢) N K of
H(A ), which we denote K (H). If (H, Xg) is a Shimura subdatum of (G, X), the
natural map

t : Shgmy(H, Xp) — Shg (G, X),
on double coset spaces extends to an algebraic morphism on the Baily—Borel compact-

ifications. In particular, it is a closed immersion. We refer to any irreducible component
of the image of such a map as a Shimura subvariety of Shx (G, X). If V is a Shimura
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subvariety of Shx (G, X) and @ € G(A r), we refer to any irreducible component of
the algebraic cycle T, (V) as a special subvariety of Shg (G, X). (By abuse of notation,
we identify cycles with their underlying support.)

Lemma 3.1 Let V be a special subvariety of Shg (G, X). Then there exists a Shimura
subdatum (H, Xg) of (G, X), a connected component Xﬁ of Xu, and o € G(Ay)
such that 'V is equal to the image of Xﬁ x {a} in Shg (G, X). Furthermore, we can
choose (H, Xy) such that H is the generic Mumford—Tate group of Xu. That is, such
that H is the smallest Q-subgroup of G such that every element of Xy factors through
Hp.

Proof The lemma is a modest generalization of [34], Lemma 2.1. Hence, we imitate
the proof of the latter.

Let v € V be a Hodge generic point of V and let (x,®) € X x G be a point
lying above v. Let H be the Mumford-Tate group of x, let Xg = H(R)x, and let
XI‘; = H(R)"x be the connected component of Xy containing x. Then (H, Xg)
is a Shimura subdatum of (G, X) (see [32], Lemme 3.3) and so the image V' of
XE x {a} in Shx (G, X) is a special subvariety containing v. As v is Hodge generic
in V, it follows that V is the smallest special subvariety of Shx (G, X) containing v.
Therefore, V C V’. Since V and V' are irreducible and both of dimension dim Xg,
we conclude that V = V', O

Definition 3.2 For V, (H, Xq), Xt anda € G (A y) asabove, we say that V is defined
by (H, Xgn), X+, and o € G(Ay), and we say that V is associated with (H, Xg). In
particular, these notions include the condition that H is the generic Mumford—Tate
group of Xg. By [34], Lemma 2.1, when V is contained in Sk (G, XT), we may
assume that Xi{|r is contained in X and & = 1. In this situation, we will say that V is
a special subvariety of S (G, X™), and we will say that V is defined by (H, Xg) and
Xy

Lemma 3.3 Suppose that V is a special subvariety of Shg (G, X) associated with
(Hy, Xu,) and also with (Hy, Xu,). Then H| = gHgg_lfor some g € G(Q).

Proof By definition, V is simultaneously equal to the images of Xﬁl x {o1} and
Xi;z X {ap} in Shg (G, X), where XEI and Xﬁz are connected components of X,
and Xg,, respectively, and ay, a2 € G(Ay). By assumption, there exists a point
x| € Xf;l whose Mumford-Tate group is equal to Hj. As the image of (x1, 1) in
Shg (G, X) is also contained in the image of Xﬁz x {ay}, there exists g € G(Q) and a
point xo € X;I'Z such that x; = gxy. It follows that the Mumford-Tate group H; of x;
is equal to the Mumford—Tate group of gX», which is contained in gH,g~'. In other
words, Hj is contained in gHj g‘l. Similarly, we deduce that there exists ¢ € G(Q)
such that H is contained in gH;g . Therefore, H; is contained in ggH;(gg) ! and,
therefore, they are equal. The result follows immediately. O

Lemma 3.4 SupposethatV is aspecial subvariety of Sk (G, X 1) defined by (Hy, Xu,)
and X;I'I and also by (Hy, Xn,) and Xﬁz. Then Hy = yHpy ~! for some y € T.
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Proof By definition, V is simultaneously equal to the images of Xﬁl x {1} and Xﬁz X
{1} in Sk (G, X ™). By assumption, there exists a point x; € Xﬁl whose Mumford—
Tate group is equal to H;. As the image of (x1, 1) in Sk (G, X ™) is also contained in
the image of XﬁQ x {1}, there exists g € G(Q) N K and a point x; € X;;z such that
x1=gx3. Finally, the fact that x1, x; € X forces g € G(Q)+ and, hence, geI’. 0O

Definition 3.5 Suppose that V is a special subvariety of Sk (G, X*) defined by
(H;, Xy,) and Xgl.We will write

Ty = S(H®, K (HY)) and TTy = TTHY", K (HE)).

These are well-defined by Lemma 3.4.

3.4 Working in the derived group

Suppose that Z(G)(R) is compact. Let V denote a special subvariety of Sk (G, X™)
defined by (H, Xy) and Xﬁ. Then V is equal to the image of F(H)\Xﬁ inM\X* =
Sk (G, XT), where here and henceforth we write I'(H) for I' N H(Q) ..

If K is neat, then I"(H) is neat. Furthermore, it is contained in H4" (Q). To see this
latter claim, let C denote the maximal Q-torus quotient of H. Since H is the almost
direct product of HY" with the Q-torus Z(H)°, we obtain an isogeny Z(H)° — C. By
[34], Remark 2.3, Z(H)(R) is compact and, by [21], Proposition 5.1,

ZH)R)" - CR)"

is surjective. Therefore, since, by [21], Corollary 5.3, C(R) has only finitely many
connected components, we conclude that C(R) is compact.

On the other hand, by [21], Proposition 3.2, the image of I'(H) in C(Q) under the
natural morphism is an arithmetic subgroup, which, by [8], Corollaire 17.3, is neat.
We conclude, then, that the image is trivial and, therefore, that I'(H) is contained in
HYr(Q), as claimed.

3.5 Non-facteur special subvarieties

Let V be a special subvariety of Shg (G, X) associated with a Shimura subdatum
(H, Xg). Following Ullmo (see [32]), we say that V is non-facteur if the image of
Z(G)(H*")(R) in G¥(R) is compact. By Lemma 3.1, this definition is independent
of the Shimura subdatum defining V. (The definition in the introduction is equivalent,
and more intuitive, but this definition turns out to be more useful for our purposes.)

The definition of a non-facteur special subvariety generalizes the notion of a strongly
special subvariety (strongly special subvarieties were defined in [11]).

Lemma 3.6 If'V is strongly special, then V is non-facteur.

Proof Since V is strongly special it is, by definition, associated with a Shimura sub-
datum (H, Xg) of (G, X) such that the image of H in G is semisimple. Therefore,
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since both definitions rely on passing to G2, we can and do assume that G = G
from the outset. Then, H = HY" is semisimple and any x € Xy factors through
HY" = Hp. Therefore, Z(G)(H%*")(R) stabilizes x € X and, since (when G = G?)
the stabilizer of any point in X is compact, the result follows. O

Recall that G is equal to the product G| x --- x G, of its Q-simple factors.
liurthermore, foreachi =1, ..., n, there exists an almgst Q-s~imple normal subgroup
G; C GY% such that G is the almost direct product G - - - G,, and

G — G - gM G;
is a central isogeny for i = j and trivial if i # j.

Lemma 3.7 If V is non-facteur, then the image of H" C G under each of the
natural projections G — G; is non-trivial.

Proof 1If the image of HY under G9* — G; were trivial, then (z would be contained
in Z(G)(H%"). However, by the definition of a Shimura datum, G, (R) is not compact.
Hence, we obtain at a contradiction. O

Remark 3.8 We expect that there are only finitely many non-facteur special subvarieties
of degree at most A, though we believe this to be an open problem. There are likely
many ways to approach this problem, but we outline our intuition below.

Let V be a non-facteur special subvariety of Shg (G, X) satisfying degV < A.
Then V is associated with a Shimura subdatum (H, Xyg). However, since the image
of Z(G)(H®")(R) in G*(R) is compact, it follows that the H(R)-conjugacy class
Xy is equal to the H; (R)-conjugacy class containing it, where H is the almost direct
product of HY" and Z(G)(H%")° If we let H, denote the product of Z(H)° with the
almost Q-simple factors of H; whose underlying real Lie groups are non-compact,
then [32], Lemme 3.3, implies that (H,, Xg) is a Shimura subdatum of (G, X),and V
is associated with it. On the other hand, [13], Conjecture 10.4, predicts that there exists
a finite set Q := Q(A) of semisimple Q-subgroups of G such that H" = yFy 1,
for some y € I and F € Q. Therefore, Hy = szy’l, where F; is to F as Hj is to
HYr . We conclude that V is associated with a Shimura datum of the form (Fa, Y). By
[34], Lemma 3.7, there are only finitely many such Shimura subdata and this restricts
V to a finite set.

4 Comparing degrees of special subvarieties

The following two results comparing the degrees of special subvarieties with respect
to different Baily—Borel line bundles will be used repeatedly in the article. The first is
immediate from [19], Corollary 5.3.10.

Lemma 4.1 Let (G, X) be a Shimura datum such that Z(G)(R) is compact and let
K C G(Ay) beaneat compact open subgroup. Furthermore, let (H, Xg) be a Shimura
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subdatum of (G, X). For each Hodge-generic subvariety Yy of Shgmy(H, Xu) with
image Y in Shg (G, X), we have

degLK(H) Yy <deg,, Y.

The second provides a certain converse.

Lemma4.2 Let (G, X) and K be as in Lemma 4.1 and let X denote a connected
component of X. Then there exists an effectively computable constant d such that the
following holds:

Let (H, Xyg) be a Shimura subdatum of (G, X) and let X; denote a connected
component of Xy contained in X*. For each subvariety Yu of Sk my(H, X;I') with
image Y in S (G, X™), we have

deg, Y <d- degLK(H) YH.

Note that there is no Hodge-generic assumption on Yy in Lemma 4.2.

Proof We use the term uniform to refer to any constant depending only on (G, X) and
K.

First note that we can and do assume that Yy is Hodge generic in Sg@)y(H, X E).
To see this, let (H', Xg/) denote a Shimura subdatum of (H, Xg) and let X I-;’ denote a
connected component of Xy such that Yy is the image of a Hodge generic subvariety
Yy of Sk (H, XIJ_IC) under the natural morphism. If we have

deg, Y <d- degLK(H/) Yw,
for some uniform, effectively computable constant d, then the assertion follows from
Lemma 4.1 above.
Now let

tg : Shgay(H, Xg) — Shg (G, X)

denote the natural morphism of Shimura varieties. By the proof of [34], Lemma 2.2,
the morphism (g yy is generically injective and so, by the projection formula, we have

deg; Y = degLaLK YH.
Hence, it remains to show that
degyp, Yu < d-degy, . YH. (2)
for some uniform, effectively computable constant d.
Note that the connected component Sk ) (H, X IJ;) isequal to T(H)\ X + where, by

Sect. 3.4, I'(H) is an arithmetic subgroup of the semisimple real Lie group H" (R).
By [29], Sect. 4, the Baily—Borel line bundle L g gy on Sk my (H, Xﬁ) is defined by a
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tuple myg of non-negative integers. In fact, by [29], Section 4.3, since the corresponding
automorphy factor is a positive integer power of the functional determinant (see [2],
Section 7.3), my has positive entries. Similarly, Sx (G, X ) is equal to '\ X, where
I" is an arithmetic subgroup of the semisimple real Lie group G(R), and the Baily—
Borel line bundle Lk on Sk (G, X ) is defined by another tuple m of positive integers.
As explained in [29], Section 4.1, the automorphic line bundle L := ¢y L is defined
by mM for some matrix M associated with the inclusion of H¥" in G. However, as
can be seen from [29], Sections 1.4 and 2.1, the entries of M are all integers belonging
to the set {0, . .., ¢}, where ¢ is any bound for the maximum number of simple R-roots
of any R-simple factor of Gg. In particular, the entries of mM are at most d := ré,
where rg denotes the rank of G. We conclude that the entries of dmy are all greater
than the corresponding entries of mM.

The automorphic line bundle A := L%‘{H) ® L~ is associated with the tuple
dmyg — mM. This tuple is clearly positive (in the terminology of [29], Section 4.3),
and it also of rational type: myg and m are of rational type since H" and G are
defined over QQ, from which it follows that mM is of rational type (see the proof of
[29], Theorem 3). Therefore, A is ample, by [29], Theorem 1, and so too is L (again,
see the proof of [29], Theorem 3).

By definition,

d-degp, y Y :/y e1 (L) ™™ =/Y ci(L ® A)Im M
H H

dim Py (dim Yu

i=0

) [ awr neamin
Yu

1

Therefore, the result follows from the fact that
[ @y neayimti = o,
Yu

forall 0 <i < dim Yg — 1, since L and A are both ample. O

5 Choosing measures

Let (H, Xg) be a Shimura datum such that H%" is non-trivial (which is to say that
any special subvariety associated with (H, Xg) has positive dimension). Let H -
HY" denote the simply connected Q-covering with finite central kernel. Being simply
connected, the group H is equal to a direct product H; x - - - x H; of almost Q-simple,
simply connected Q-groups. By [35], Section 3.3, each H; is of the form Resg, ,oH;
for some totally real field K; and some absolutely simple, simply connected K;-group
H.

lFor eachi € {1, ..., s} and each archimedean place v of K;, we let u; , denote the
Haar measure on H'(K; ;) induced by the left-invariant exterior form denoted ¢, w*
in [26], Section 3.5. Writing u; := 1_[1)|oo Wi v we obtain a Haar measure on
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H;(R) = H{(K; ®q R) = [ [ H'(Ki ).

v|oo

Hence, if we let & := [];_, u;, we obtain a Haar measure on ﬁ(R). We let 1 denote
the Haar measure on H"(R)™ equal to the pushforward of /i under the surjective
morphism

HR) — HE(R)T

(for the connectedness of INI(]R) see [21], Theorem 5.2 and, for surjectivity, see [21],
Proposition 5.1).

Let X ﬁ be a connected component of Xy and let x € X ﬂ Let K be the maximal
compact subgroup of H¥"(R)* equal to the stabilizer of x. By [21], Lemma 1.5 and
Proposition 5.1, we obtain a surjective map

e tH R — X0 he hx,

through which we may identify X4 with HY"(R) /K . Since H®(R)™ is unimod-
ular, the pushforward 7, is independent of the choice of x and, therefore, we also
denote it ;. We also denote by p the induced measure on any arithmetic quotient of
He (R)T or Xy

On the other hand, for any left Hder (R)*-invariant differential form v of maximal
degree on X3, we also obtain a measure p,. We choose such a form v such that
My = .

Recall that the Lie algebra b of HY"(R)* admits a Cartan decomposition & & p,
where £ denotes the Lie algebra of K, and p can be identified with the tangent space
of X;I' at K. Inside the complexification of fj, we find the Lie algebra £ @ ip, which
corresponds to a maximal compact Lie subgroup H¢ of HI"(C), which contains
H%"(R)*. The quotient manifold H¢/K« is compact and contains X IJE as an open
subset. We refer to H/ K as the compact dual of Xﬁ and denote it Xyq.

The space ip can be identified with the tangent space of Xpg at K. The mapp — ip
sending p to i p induces, therefore, an isomorphism between the tangent spaces of X ﬁ
and )v(H at Koo. In particular, v induces a left H¢-invariant differential form v of
maximal degree on Xg and we denote the corresponding measure fi. By [26], Sect. 3,
we have 1(Xg) = 1.

6 Lower bounds for degrees of a special subvarieties

Our main ingredient for proving Theorem 1.3 is the following generalization of [12],
Theorem 1.4. We extend the lower bound given there (for the degree of a strongly
special subvariety) to a lower bound for the degree of any positive-dimensional special
subvariety.

Theorem 6.1 Let (G, X) be a Shimura datum such that Z(G)(R) is compact and let
X be a connected component of X. Fix a faithful representation p : G — GL,, and
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let K C G(Ay) be a neat compact open subgroup equal to the product of compact
open subgroups K, C G(Qp).

There exist effectively computable positive constants c¢1 and § such that, if V is a
positive-dimensional special subvariety of Sk (G, X) defined by (H, Xg) and Xi’i,
then

degV > ¢T3,
The purpose of this section is to prove Theorem 6.1.

6.1 Relating the degree to the volume

As in [12], Theorem 5.1, we first relate the degree of a positive-dimensional special
subvariety to its volume.

Theorem 6.2 Let (G, X) be a Shimura datum such that Z(G)(R) is compact and
let X be a connected component of X. Let K C G(Ay) be a neat compact open
subgroup.

If V is a positive-dimensional special subvariety of Sg (G, X ) defined by (H, Xg)
and X;I' then

deg V = (I (H)\Xy).

Proof By definition, V is equal to the image of the irreducible component Vg :=
F(H)\Xl“; of Shg @) (H, Xg) under the morphism

Shg @) (H, Xg) — Shg (G, X)

induced from the inclusion (H, Xg) C (G, X) of Shimura data. Lemma 4.1 implies
the inequality

degLK(H) Vha <deg; V.

(Note that we are using the assumption that Z(G) (R) is compact here.)
Consider a smooth compactification Vi of Vi. As in, for example, the proof of
[23], Proposition 3.4 (b), we obtain a canonical birational morphism

— m _
7:Va — Vm,

where Vg denotes the Zariski closure of Vg in the Baily—Borel compactification of
Shxmy(H, Xg).

As mentioned previously, the line bundle Eg of holomorphic forms of maximal
degree on Xﬁ descends to a line bundle E on Vg, which extends uniquely to an ample
line bundle (namely, the restriction of L g ) on VH. By [23], Proposition 3.4 (b), the
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pullback 7* L i1y of Ly to Vg is the line bundle E afforded to us by [23], Main
Theorem 3.1. Furthermore, by the projection formula (see, [19], 5.1),

37 sSm
degLK(H) Va = degﬂ*LK(H) Vu

Let ¢1 (Eg) denote the first Chern class of Eg. Set d := dim Xﬁ' and let ¢; (Eo)d €
HZd(XE, Z) denote the d-fold cup product of ¢ (Eq) with itself. We have ¢ (Ep)d =
A[v] for some A € Z, where [v] € sz(Xﬁ, Z) denotes the class of v. As in the proof
of [23], Proportionality Theorem 3.2, we have

deg,, Vi = a(F) = A (CE\XD),

*Lk @)
where F denotes a (Borel) fundamental domain for I'(H) in X ﬂ

On the ovther hand, let VEO denote the line bundle of holomorphic forms of maximal
degree on Xg. Then c; (Eo)d = A[v] for some A € Z and, similarly,

f c1(Eo) = XK.
Xn

However, as explained in [17], Sect. 2, we have A = (— l)d):. Therefore, combining
the above observations, we obtain

degy gy Vi1 = [(—nd : / c1(Eg)? - mf(n)‘} - (D X)),
Xu
and the result follows from the fact that /VL()V(H) =1. m]

6.2 Bounding the volume from below

It remains, then, to give a lower bound for the volume of a positive-dimensional
special subvariety. We generalize [12], Theorem 6.1 to all positive-dimensional special
subvarieties.

Theorem 6.3 Let (G, X) be a Shimura datum such that Z(G)(R) is compact and let
X be a connected component of X. Fix a faithful representation p : G — GL,, and
let K C G(Ay) be a neat compact open subgroup equal to the product of compact
open subgroups K, C G(Qp).

There exist effectively computable positive constants c¢1 and § such that, if V is a
positive-dimensional special subvariety of Sk (G, X™1) defined by (H, Xg) and XIJ;
then

w(CHE\X) > T,

Proof We will use the term uniform to refer to constants that are independent of V. In
particular, we seek uniform constants c¢; and §.
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As in Sect. 5, let H — H%T denote the simply connected QQ-covering with finite
central kernel Z. We will repeatedly need the following lemma. Recall that |Z| :=
1Z(O)]. o

Lemma 6.4 There exists a uniform, effectively computable constant B such that
|Z| < B.

Proof Recall that fI@ is the direct product of its almost simple factors. Let F be such a
factor, and let Dy denote its Dynkin diagram. Associated with Dy is a corresponding
lattice of roots P (R) and a lattice of weights QO (R). By the proof of [34], Lemma 2.4,
|Z(F)| is at most | P(R)/Q(R)| and, by the explicit calculations in [9], Chapter VI,
Sect. 4, the latter is bounded by rg + 1, where rg denotes the rank of F. O

We will also make repeated use of the following lemma. For n € N, we denote by
WUn the algebraic group of n-th roots of unity.

Lemma 6.5 There exists a uniform, effectively computable constant b and a Galois
extension F /Q of degree < b unramified outside of = (H%") such that

Zr =[] tni - 3)
i

(In particular, the product is finite and [ [; n; = |Z|.)

Proof As Z is contained in the center of ﬁ, it is diagonalizable and hence determined
by its group of characters X*(Z) (considered as a Gal(Q/Q)-module). In particular,
for each field F C Q, the base change Zr is of the form (3) if and only if Gal(@/ F)
acts trivially on X*(Z). Let F C Q denote the minimal field with this property. Then
F is a finite Galois extension of Q. ~

In order to bound the degree of F, let T be a maximal torus of H and take for Fj
the minimal splitting field of T. As T contains Z, the group Gal(Q/ Fp) acts trivially
on X*(Z). Since Gal(Fy/Q) acts faithfully on the character group of T, it follows that
[Fp : Q] is bounded by the maximal cardinality of a finite subgroup of GL,(Z), where
r is the dimension of T. By Minkowski, the cardinality of such a subgroup is bounded
by an effectively computable constant b(r) (see [30]). In particular, the bound b(rg)
suffices, where rg denotes the rank of G. Since we have F C Fy, we see that b(rg)
bounds the degree of F also.

Now consider a rational prime p ¢  (Héer) = E(ﬁ) and an embedding ¢ : Q—
Q - (Note that ¢ yields an injective homomorphism ¢ : Gal(Q »/Qp) — Gal(Q/Q).)
It suffices to show that «(F) C QY, which is equivalent to ¢(F) being fixed by
Gal(Q,/Q4"), in other words, ¢(Gal(Q,/Q'")) C Gal(Q/F). Since p ¢ > (H),
there exists a maximal torus T of ﬁ@ » such that Tqun splits. As above, this implies

that Gal(@p / Q‘;,n) acts (through ¢) trivially on X*(Z), whence the claim. O

By Sect. 3.4, I'(H) is contained in HY"(R). Let I'(H)™ denote the intersection
I'(H) NHY" (R) . In order to prove Theorem 6.3, we will need the following lemma.
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Lemma 6.6 We have

1
w(THE\X4) > z M w(CHE)T\XD.

Proof Clearly, I'(H)™ is a normal subgroup of I' (H). Furthermore, the fact that I" (H)
is neat implies that

T T\X{ — TAED\ X

is finite étale of degree [I'(H) : T(H)T] < |70 (HYT (R))| (see the proof of [34],
Lemma 2.11, for example). It follows from the proof of [21], Corollary 5.3 that

I7o(H* (R))| = H' (R, Zg) < |Z|.

This concludes the proof. O

Let F denote a Borel fundamental domain in Xg + for T(H)*. By definition,
W(F) = p(Fdery, where F der .— b ~1(F) is a Borel fundamental domain for I'(H)*
in Hder (R)*. Let F(H) denote the preimage of I'(H)™" under the induced map

7 : HQ) - HY(@Q NHY®)* = K@
Note that 77 is not necessarily surjective. Nevertheless, we have

(T (H))\HR)) = [ZR) : Z(Q)] - p(r (T (H)\HE (R))
=[Z[R) : ZQ)] - [TH) " : 7(T(H))] - (T (H)T\H (R)).

Let K (H) denote the preimage of K (Hder) under the map H(A ) = Hder (A 1)
Then K (H) is a compact open subgroup of H(A r)- By the assumption of Theorem
6.3, K is of the form ]_[ K ;, with compact open subgroups K, C G(Q)). From their
construction, one easily sees that K ~(Hder ) and K (~ﬁ) are of the same form. We write
K M) =] K (H%r), and K (H) = [] » K(H), with compact open subgroups
K (H%"), ¢ H®"(Q,) and K (H), C H(Q)), respectively. Finally, we let K (F)"
denote a maximal compact open subgroup of H(A 7) containing K (H).

Lemma 6.7 There exist uniform, effectively computable positive constants ¢y and C
such that

[CH)™ : 7(I(H))] < ¢y CIEHEKHD)]
Proof The proofis very similar to the proof of [12], Lemma 6.3, and we will refer there

for certain details. For each rational prime p, Galois cohomology yields a commutative
diagram
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Z(Q) > HQ) » H(Q) —— H'(Gal(Q/Q), Z(Q))

| l l l

Z(Q,) — H(Q,) — H*'(Q,) — H'(Gal(Q,/Q)), Z(@,))

with exact rows. As I (fI) is by definition the preimage of I'(H)™ under  : ﬁ((@) —
HY"(Q)*, we deduce a commutative diagram

I(H)* /7 (D (H)) ———— H'(Gal(@Q/Q), Z(Q))

l l @

K(Hder)p/im[K(IN_I)p — K(Hder)p] N Hl(Gal(@p/Qp)v Z(@p))y

where every horizontal arrow is an injection. In particular, we can bound the cardi-
nality of E(H)+ /7 (I (H)) by finding an upper bound on the size of its image M in
H'(Gal(Q/Q), Z(Q)). _
Write (@;“ for the maximal unramified extension of Q, in Q, and Z;“ for its ring
of integers. In the second and third paragraph on p. 88 of [12], it is shown that Z
possesses a smooth model Z over Z))" and the sequence

K(ﬁ)p N K(Hdel’)p N Hl(Gal(Q;n/QP)’ Z(Z;ﬂ))

is exact for every rational prime p ¢ X (HY", K (H%T)) that is additionally coprime to

each n; (as in Lemma 6.5). (Since ]_[l- n; = |Z|, the latter condition is (p, |Z]) = 1.)

We conclude that, for each o € M and each such prime p, the vertical image o), €

H! (Gal(@p/(@p), Z(@p)) in (4) is actually contained in H'! (Gal((@;n/(@p), Z(Z;n)).
We next consider the image of M under the restriction

H'(Gal(Q/Q), Z(Q)) — H'(Gal(Q/F), Z(Q))

where F is a field as in Lemma 6.5. By the inflation-restriction exact sequence, the
kernel of this restriction is H'(Gal(F/Q), Z(Q)). As this is trivially of size |Z|F*@],
it suffices to bound the image M’ of M under this restriction. Using Lemma 6.5, we
obtain canonical identifications

H'(Gal(@/F), Z@Q) = [ [ F*/(F*)"

and

H'(Gal@,/F.), Z@,) = [ [ F)/(F))™.

Furthermore, if we let £ denote the union of ¥ (H", K (H")) and the set of primes
dividing the n;, then, for each place v of F lying above a rational prime p ¢ X, we
have
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H' Gal@y/F)), 22y =[] OF /(OF )"

(Note that these identifications are also such that the standard homomorphisms on the
left correspond to the standard homomorphisms on the right.) With respect to these
identifications, our above observations mean that each element [8] = ([8;]) € M’ C
[1; F*/(F*)" is such that [8; ,] € (’);V(FUX)”i/(FvX )" for all places v lying over
rational primes p ¢ X. Hence, for each i, we can apply Lemma 6.8 below, with F,
ni,and X as above. Since [[; n; = |Z|, we have

12| < |SHY, K H®))| + (log |Z]/10g2).
We conclude that

M| < 1ZIFM| < 2P DT TlimIM — F*/(F)"]]

. 012 der der
< |Z|[F-Q] l_[(znl[F-Q] +XH™ . KH ))|+(log|Z|/log2))

1
< |Z[IF:QIF1 |7 [FQP+ZH, K (HED) [+ (log [Z]/ log 2)

— |Z|[F:QPHF:QI+1+(o0g |ZI/ log2) | 7, IS (HT K (HED)]

(where we use the observation [ [; 2 < []; n; = |Z|). Therefore, letting B and b denote
the constants afforded to us by Lemmas 6.4 and 6.5, respectively, we can take

2
c) = Bb +b+1+210gB and C — B

(where we use the estimate (log 29~ <. O
The following result was used in the proof of Lemma 6.7 above.

Lemma 6.8 Let F be a number field, n a positive integer, and X a finite set of rational
primes such that F /Q is unramified outside X. Let X denote the set of all places of
F that divide a prime in ¥ and let ¥.$, denote its complement among all finite places
of F. Then the subgroup

{[B1€ F*/(F*)" | Vv € X% : By € Op (F))"/(F))"} &)

has cardinality < 2 F-QP+Z|

Proof The inflation-restriction exact sequence

Q*/(Q@)" = H (Gal(@/Q), i) — F*/(F*)"
= H'(Gal(Q/F), un)
— H*(Gal(F/Q), tn)
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and the trivial estimate H>(Gal(F/Q), j,) < n'¥ QP imply that the cardinality of the
subgroup in (5) is less than n!* ‘QF imes the cardinality of

{[B1€ Q*/(Q™)" | Vv € Zf : [Bu] € O (F))"/(F))"}. (6)

We claim that the latter group is contained in the image of OX in Q*/(Q*)",
where O denotes the group of X-units in Q. It is clear that (’)2 Q is isomorphic
to Z/27 x Z|E| (see [24], Corollary 1.11.7 for arbitrary number fields). Hence, the
lemma follows from the claim.

To prove the claim, we let 8 € Q* be such that [8] € Q*/(Q*)" is contained
in (6). We may assume B8 > 0. Write 8 = p]f ! p]2(2 .- pFr with p; distinct primes
and k; # 0. It is enough to show that n|k; if p; ¢ X. Indeed, this would imply
B- l_[mé,éE pfki IS O;,Q and the above claim follows because [8] = [B - ]_[p[¢E pfk’]
in Q*/(Q™)".

Therefore, suppose p; ¢ X and let v € Xf be a prime of F above p;. The
ideal (B,) C Op, generated by B, is then p,’i" , where p,, denotes the maximal ideal
of OF, (here we are using the fact that p is unramified in F'). Since we also have
[B,]1€ O ;V (F))"/(F))", the integer k; is necessarily a multiple of n. This concludes
the proof. O

Now let F(ﬁ)m denote ﬁ((@) NK (fl)m. Then
(T (H)\H(R)) = [T (H)™ : T(H)] - (T (H)™\H(R))

and, as explained in the proof of [12], Lemma 6.2 (or simply by applying [21], Theorem
4.16),

[C(H)™ : T(H)] = [KH)™ : K(H)].

From the formula of [26], it is possible to give a lower bound for the volume of
'(H)Y"\H(R). Indeed, following the proof of [12], Lemma 6.4, from the sentence,
“Therefore, by [16, Theorem 3.7],...” on page 10, it is straightforward to verify that

[K;:Q]
mi.j! T, K (F)™)?2,

(2m)™. jtl

Ar(H)"\HR)) > H H

i=1

where the H; are as in Sect. 5 and the m; ; are the exponents of the simple, simply
connected, compact, real analytic Lie group of the same type as the quasi-split inner
form of H; Moreover, by [26], Section 1.5, we see that

s - \ [K::Q]
mi j: - —dim G
([T gmt ) zemme
i,jt1
j=1 (2m)™es

i=1
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Therefore, combining the above, we conclude that w(I (H)\H%" (R)*) is bounded
from below by

@)~ 9mG p=lo-Te=I=l [k (H)y" : K (H)] - T, K F)™)2, @)

where we abbreviate ¥ := ¥ (HY, K (Hdr)).
We require a replacement for [12], Lemma 6.5.

Lemma6.9 Let T C H&fr be a maximal torus. There exists a basis of X*(T) such that

P
the coordinates of the characters of T intervening in p are bounded in absolute value
by a uniform, effectively computable constant D.

Proof Consider the root system ® associated with H%" and T (over @p). Note that the
rank 7 of @ is bounded by the rank of G. Let A := {«1, ..., o} denote a set of simple
roots in ®. The lattice of X*(T) generated by the simple roots is precisely the image
of X*(T), where T is the image of T under the finite central map H" — H2,
Therefore, the index of X*(T2%) in X*(T) is bounded by the size of the kernel Z (H%),
which, by the proof of Lemma 6.4, is bounded by the B appearing in the statement of
Lemma 6.4.
We can choose a Z-basis {ey, ..., e} of X*(T) and write

r
o = E mjie;
j=1

yielding an integral r x r-matrix M := (mj;);;. We multiply M on the left by a
unimodular matrix N such that N M is in Hermite normal form. That is, N M is upper
triangular and every entry is a non-negative integer bounded by the largest of the
diagonal entries. Therefore, since

det(NM) = det(M) < B,

the latter is a bound on the entries of N M. The matrix N M expresses the elements of
{aq, ..., o} interms of the basis {N‘lel ,...,Nle, }. Therefore, it suffices to bound
the absolute value of the coordinates of the characters with respect to the Q-basis A
of X*(T)g := X*(T) ®z Q.

Since HY" is semisimple, p decomposes into a direct sum of irreducible represen-
tations of ng. Therefore, we can and do assume that p is irreducible.

There exis{’s a character x (the heighest weight) of T intervening in the restriction
of p to T such that, if we express x as a rational expression of simple roots, then the
maximum of the absolute values of the coordinates is a bound for the absolute values
of the coefficients of the other characters of T intervening. That is, it suffices to restrict
our attention to x.

The weight x is a dominant weight and, as such, is a non-negative integer linear
combination of the fundamental weights {wy, ..., w,}. The fundamental weights have
the property that
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(wi, ax) = d;éij, (3

where (-, -) is a Euclidean scalar product on X*(T)gq invariant under the Weyl group,
and d; is positive. As linear combinations of the «;, the w; have positive rational coef-
ficients (given by the inverse of the Cartan matrix). Therefore, since r is constrained
by the rank of G, it remains to bound the coefficients of x as a non-negative integral
linear combination of the fundamental weights. This follows from (8) and the Weyl
dimension formula, which states that

o kit
n_dlmp_ang—((p’a) )

where ®1 denotes the set of positive roots in ® and ¢ is half the sum of the positive
roots. O

We require the following version of [12], Lemma 6.6.

Lemma 6.10 There exist uniform, effectively computable constants c3 and cy4 such
that, forany p ¢ ¥ (H K (H)’") greater than c3 such that K (H) » S K (H)’", we have

(K (H)}) K (H)p] > cap.

Proof The proof proceeds as in [12], Lemma 6.6, after replacing H with H%" (and
adjusting to our notations).
First, note that we have to restrict to primes p such that Zp ) is smooth (where Z

is the kernel of the unique extension over Z, of the natural map ﬁ@p — H(‘éf’:) and

K, = Gz,(Zp). Taking p > max{|Z|, po}, where po is the largest prime such
that K, # GZ,, (Zp), suffices for this purpose. Then, for such a prime p, such

that p ¢ E(fl, K (fI)m) and such that K (ﬁ) » K (ﬁ)'", it is necessary to bound
|H(Gal(@2/Qp), Z(Z)].

From the exact sequence

0 — H'(Gal(F,/Qy), Z(Fy)) — H'(Gal(@™'/Q,), Z(Z4") —
— H'(Gal(@}'/Fy), Z(Zy),

where F is the field afforded to us by Lemma 6.5 and v is a place of F lying above p,
we obtain the bound |Z|F*® | H (Gal(QY"'/ F,), Z(Z5M)!.

For n € N, the group H' (Gal(Q}'/ Fy), pin(Z})1)) is isomorphic to (’);U/((’);f“)”.
Furthermore, by [24], Proposition 5.7 (i), '

OF =pg1®(+p)=2/(q - DZLSL/p"L S LS,

where d := [F, : Q,], p, is the maximal ideal of OF,, ¢ = |OF,/py|,and a > 0. It
follows that

|H' (Gal(Q}'/F,), pn(Z)] < nlFOH2
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and so

|H' (Gal(@Q%/Q,). 2(Z5M)| < |ZIF Y H (Gal(@QY/ Fy), Z(Z5M))
= 1ZIT N [T H Gal(@}/ Fo), o (Z3))

1
: F: 2 :
< |Z|[F.Q]|l_[nl[ Q2 _ 7 20FQH+2 < g2b+2.

1

where B and b are the uniform constants afforded to us from Lemmas 6.4 and 6.5,
respectively.

Let T denote the maximal torus of H%ﬁr occuring in the proof of [12], Lemma 6.6,
and let r denote its dimension. As explained in the proof of [12], Lemma 6.6, T, Z,
is a torus and we have a canonical isomorphism

X*(Tyg,) =~ X*(Tyz)

identifying the characters intervening in rg, and PF,- Therefore, if we let D denote
the constant afforded to us by Lemma 6.9, we obtain a basis of X *(TO,FP) = 7" such
that the characters intervening in PF, have coordinates of absolute value at most D.

Following the proof of [14], Proposition 4.3.9, it remains to consider subgroups of
TO,FP of the form Tx := N,cx ker x, varying over subsets X of X *(TOF,,) whose
members have coordinates of absolute value at most 2D, and to give a bound on the
size of their group of connected components 7o (Tx). Let X denote such a subset and
let My denote the matrix whose rows express the coordinates of the elements of X
with respect to the basis above. Putting My into Smith Normal Form, we obtain an
isomorphism

X*Tx)=Z*®LZ/A\Z&® - & L)dxZ,

where di|d>| - - - |dx are the non-zero diagnonal entries of the Smith Normal Form.
Since 7o(Ty) is of size d1d> - - - dx, and the absolute values of the coordinates of the
members of X are uniformly bounded, we obtain a uniform and effectively computable
bound c on | (Tx)|. It now follows from our previous calculations and [14], Section
4.4, that

[K ()7 2 K(H)p] > (cB* )~ (p—1).

We require the following version of [12], Lemma 6.7.

Lemma 6.11 There exists a uniform, effectively computable constant cs such that, if
p ¢ X(H, KMH)) is a prime greater than cs, then p ¢ ¥ (H, K (H)).

Proof Again, the proof proceeds as in [12], Lemma 6.7, after replacing H with HI"
(and adjusting to our notations), and we conclude that we can take

¢s = max{cs, chBz}’”},
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where B and b are the uniform constants afforded to us from Lemmas 6.4 and 6.5,
respectively, and c3 and ¢4 are the uniform constants afforded to us by Lemma 6.10.
O

The proof of Theorem 6.3 now concludes as in [12], combining the lower bound
(7) with Lemmas 6.10 and 6.11. O

Proof of Theorem 6.1 This follows by combining Theorems 6.2 and 6.3. O

7 Hecke correspondences

In this section, we generalise [12], Theorem 7.1.
If K is a compact open subgroup of G(A r) equal to a product of compact open
subgroups K, C G(Q)p, we will use the notation K to denote the product [, , K.

Theorem 7.1 Let (G, X) be a Shimura datum such that G = G* and let Xt be a
connected component of X. Fix a faithful representation p : G — GL,, and let K be a
neat compact open subgroup of G(A y) equal to a product of compact open subgroups
K, C G(Q)p).

There exist effectively computable positive integers k and f such that, if

o (P, Xp) is a Shimura subdatum of (G, X) and Xif is a connected component of
Xp contained in X7,
e Visapositive-dimensional special subvariety of Sk (p) (P, X;,') definedby (H, Xq)
and XE, and
e p & Xy isaprime such that K, = Gz, (Zp),
then there exists a compact open subgroup 1(P), of P(Q,) contained in K (P), =
K, NP(Qp) and an element o € P(Q),) such that
(1) [K®), : [(P),] < p/,
Q) U®P),: I®), NalP),a'] < pk,
(3) if I(P) := KP)?I(P), CP(Ay),

ey k®) : SieyP, Xg) — Sk (P, Xp)

denotes the natural morphism, and V isanirreducible component of JTI_&,)’ K(P) ),
then V C Ta(‘7), and

) if P4 = Py x --- x P, is the decomposition of P into the product of its Q-
simple factors, and I C {1, ...,n} is the set of those i for which the natural
projection w; : P — P; restricts non-trivially to HY | then 7; (kjoks) generates
an unbounded subgroup of P;(Q)) for every i € I and for all ky, k € 1(P),.

Remark 7.2 Note that, if V is non-facteur, then, by Lemma 3.7, I = {1, ..., n}.

We will use the term uniform to refer to constants depending only on the data in
the first paragraph of the statement of Theorem 7.1. We will deal first with the matter
of including a positive-dimensional special subvariety in its image under a Hecke
correspondence.
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Lemma 7.3 There exists a uniform, effectively computable positive integer A such
that, for any o € Hder(A )

V CT,a(V).

Proof By definition, V is the image of Xﬁ x {1} in Shg (G, X). Thus, consider a point
(x,1) € V with x € X;}. Let

7 H — H

be the simply connected covering, whose degree we denote d, and consider an o €
HYer (A 1) Therefore for any positive integer A divisible by d, there exists f € H(A )
suchthatm(8) = o . By strong approximation applied to H, wehave B = gk, forsome
q € H(Q) and some k € 7! (K(Hder)) Note that, since 7 is proper, 7 7~V (K (HYT))
is a compact open subgroup of H(A r). Since H(R) is connected, w(g) € HI (R)*
and(g) -x € X;

Thus, consider the point

((q) - x, () € Tya(V).

By the previous discussion, this is equal to (x, 1). Therefore, setting A = B!, with B
the constant afforded to us by Lemma 6.4, finishes the proof. O

In order to find suitable Hecke correspondences, we will also need the following
two results on maximal split tori.

Lemma7.4 Let p ¢ S(HY, K(H)) be a prime such that K, = Gz,,(Zy). Then
there exists a maximal split torus S C Hder such that Sz,, is a torus.

Proof The proof is identical to [12], Lemma 7.3, after replacing H with H%" (and
adjusting to our notations). O

Lemma 7.5 Assume H?prr is quasi-split and let S C H(‘(ifr be a maximal split torus.
There exists a basis of X*(S) such that the coordinates of the characters of S that
intervene in p are bounded in absolute value by a uniform, effectively computable
positive constant Dyp.

Proof LetT denote the centraliser of S in H?Qflf Since H(‘Spr is quasi-split, T is a maximal
torus of H?Q?;. Let A denote the maximal Q,-anisotropic subtorus of T. By the proof

of [12], Lemma 7.4 (after replacing H with H%" and adjusting to our notations), there
exists an embedding

g:L:=X"S)®X*(A) > X*(T)

such that, with respect to a basis {ey, ..., ¢,} of X*(T), the images of the characters
of S intervening in p have coefficients of absolute value at most "¢ D, where rg is
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the rank of G, b is the constant afforded to us by Lemma 6.5, and D is the constant
afforded to us by Lemma 6.9.
The multiplication map S x A — T induces an embedding

é: X*(T) —» L =X*S) @ X*(A)

Choose a basis {f1, ..., fs} for X*(S) and a basis { fs+1, ..., fr} for X*(A). These
combine to form a basis 55 of L and we can write the ¢ (¢;) in terms of B to yield an
r x r matrix M. As in the proof of Lemma 6.9, we can multiply M on the left by
a unimodular matrix N such that N M is in Hermite normal form. Since L contains
the image of ¢ and the image of ¢ o ¢ has index at most b"¢ D, we conclude that
the coefficients of NM are bounded by b"G¢ D. That is, the absolute values of the
coefficients of the ¢ (e;) with respect to N ~1B are at most b’6 D.

It follows that the absolute values of the coefficients of the images under ¢ o ¢ of
the characters of S intervening in p with respect to {N~! f1, ..., N~! ;) are at most
rgb?6 D2, and hence the same is true of the characters themselves. O

Proof of Theorem 7.1 By Lemma 7.4, since p ¢ ¥y, we can find a non-trivial maximal
split torus S C H?er such that Sz, is a torus. Furthermore, by Lemma 6.9, there exists
a basis of X*(S) such that the coordinates of the characters intervening in p are
bounded in absolute value by a uniform, effectively computable constant Dg,. We
need the following Lemma (omitted in [12]). O

Lemma 7.6 Foreveryi € I, the split torus 7;(S) is non-trivial.

Proof Let p: H > Hi"r denote the simply connected cover and let S denote a
maximal split torus of Hg, such that p(S) = S. We can write S as a product of
maximal split tori S; in the Q,-almost-simple factors H; of Hg, .

der

The map pg, composed with the inclusion of HQp in the product of the r; (Hd“)@ )

is given by maps f;, each a product of morphisms g; ;: H; — m; (Hder)Qp. Ifiel,
then one of the g; ; must be non-trivial. Since H; is almost-simple, ker g; ; is finite
and, therefore, g; ;(S;) is non-trivial. O

The proof of Theorem 7.1 now proceeds identically to [12], Theorem 7.1, restricting
to the 7r; for i € I. By the proof of [33], Lemma 7.4.3, we see that we can take

K = An’(2Dg)rg,

where A denotes the constant afforded to us by Lemma 7.3 and rg denotes the rank of
G. Now let W denote the finite Weyl group of H(CS;, let ®* denote the set of positive
roots, and let d denote the maximum of the values associated to the vertices of the
local Dynkin diagram. We see from the proof of [19], Lemma 8.1.6 (b) that it suffices
to find f such that

p! = wPpie,
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This is possible given that |W|, d, and |®7| are themselves all uniformly bounded by
an effectively computable constant. Finally, as in the proof of [12], Theorem 7.1, we
letk =k + f. |

8 The geometric criterion

In this section, we give an almost immediate generalisation of [12], Theorem 8.1.

Theorem 8.1 Let (G, X) be a Shimura datum and let G* = G x - - - x G,, denote the
decomposition of G* into the product of its Q-simple factors. Let X be a connected
component of X and let K be a neat compact open subgroup of G(Ay) equal to a
product of compact open subgroups K, C G(Q)).

Let V be a positive-dimensional special subvariety of Sk (G, XT) defined by
(H, Xg) and XE and contained in a Hodge generic subvariety Z of Sk (G, X ™). Let
1 C {1,...,n}denote the set of those i for which the natural projection w; : G — G;
restricts non-trivially to HY". Suppose that there exists a prime p and an « € G(Q »)
such that

o ZCTy(Z) and
o 7;(kiaky) generates an unbounded subgroup of G;(Q)) for every i € I and for
allky, ky € Kp.
Then, either

(1) Z contains a special subvariety V' of Sx (G, X¥) such that V. C V', or
(2) the image of HI" in G* is equal to [Lic; Gi-

Remark 8.2 Note that, by Lemma 3.7, if V is non-facteur, then the second conclusion
can only holdif V = Z = Sk (G, X ™).

Proof of Theorem 8.1 The proof is almost identical to that of [12], Theorem 8.1. We
must simply account for the fact that the group m;(U) defined in the proof of [12],
Theorem 8.1 is only unbounded for i € I. Therefore, restricting to those i € I, we
obtain the first conclusion of the theorem, unless, for all i € I, the image of HY in
G is equal to G; x H;lfir, where HYT denotes the projection of H" to [ jeniy Gi-
From this, the second conclusion follows immediately. O

9 Assumptions and reductions for Theorem 1.3

The assumptions alluded to in Theorem 1.3 are as follows:
(1) G =G,
(2) K is equal to a product of compact open subgroups K, C G(Q)).
In this section, we will show that it suffices to prove Theorem 1.3 under the following
additional assumptions:

(3) Z is contained in a connected component Sk (G, XT) of Shg (G, X) for some
fixed connected component X +of X;
(4) the compact open subgroup K C G(A ) is neat;
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9.1 Working in a connected component of S

Let X denote a connected component of X. Since Z is irreducible, it belongs to an
irreducible component of Shg (G, X). That is, there exists & € G(A ¢) such that Z is
contained in the image of X x {«a} in Shg (G, X) (by the proof of [21], Lemma 5.11,
every element of X is of the form gx, where ¢ € G(Q) and x € XT). Therefore, since
the isomorphism

[e™'1: Shg (G, X) — Sh,x,-1(G, X)

preserves degrees and the property of being a non-facteur maximal special subvariety,
we can and do assume that Z is contained in Sk (G, X ™). This justifies our assumption

(3).

9.2 Assuming that K is neat

By the paragraphs preceding [34], Lemma 2.11, K contains a neat compact open
subgroup K’ of G(A ) whose index in K is at most |GL;, (IF3)|. We obtain a finite
morphism

TK' K - ShK/(G, X) g Sh[((G, X),

of degree [K : K'] and, by [19], Proposition 5.3.2 (1), we have n,*<, Lk = Lg.

Therefore, if we let Z’' denote an irreducible component of 711;,1 K(Z), then, by the
projection formula, we have

deg; ,Z' <[K :K'ldeg,, Z.
Furthermore, if V is a non-facteur maximal special subvariety of Z, then some irre-

ducible component V' of nlz,l x (V) is a non-facteur maximal special subvariety of z'
and

deg; V <deg, V'

We conclude that we lose no generality in Theorem 1.3 if we assume that K is neat.

10 Proof of main Theorem 1.3

Finally, we are in a position to combine the various tools already established. First we
prove an inductive step.

Proposition 10.1 Let (G, X) be a Shimura datum such that G = G* and let Xt be
a connected component of X. Fix a faithful representation p : G — GL, and let
K C G(Ay) be a neat compact open subgroup equal to the product of compact open
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subgroups K, C G(Q). Let k and f be the effectively computable, positive integers
afforded to us by Theorem 7.1.

Let (P, Xp) be a Shimura subdatum and let X; denote a connected component of
Xp contained in X*. Let Z be a Hodge generic, proper subvariety of Sk @) (P, XIJ,F)
and let V be a maximal special subvariety of Z of positive dimension defined by
(H, Xy) and XI';. Then, either

o the image of HY" in P24 is equal to a product of Q-simple factors, or
e for any prime p ¢ Ty such that K, = Gz, (Z)), there exists an irreducible
subvariety Y C Z containing V such that

degr i, (¥) = Pt degLK(P)(Z)Z'

Proof Let P2 = Py x - - - x P, denote the decomposition of P24 into the product of its
Q-simple factors and let I C {1, ..., n} denote the set of those i for which the natural
projection 7z; : P — P; restricts non-trivially to H".

By Theorem 7.1, for any prime p as in the statement of the theorem, there exists a
compact open subgroup I (P), C P(Q,) contained in K (P), := K, N"P(Q,) and an
a € P(Qp) such that
(1) [K®),: [(P),] < p/,

) [IP),: [(P), Nal(P)pa'] < pk,
(3) if I(P) :=KP)PI(P), C P(Ay),

ey, k®) : Siey®, Xg) = Sk (P, Xp)

denotes the natural morphism, and V is an irreducible component of JTI_&,) K(P) V),
then V C Ta(V), and

(4) m;(kiakz) generates an unbounded subgroup of P;(Q,) for every i € I and for
allky, ko € 1(P),.
Let Z be an irreducible component of (P) k@ (Z) containing V. Since V is a

maximal special subvariety of Z, V is a maximal special subvariety of 7. Therefore,
by Theorem 8.1, either the second conclusion of the theorem holds, and the proof is
finished, or we can eliminate the possibility that Z is contained in Ty (Z).

In the latter case, the irreducible components of ZNTy(Z) are strictly contained
inZ. By (3) above, we also have

VCZNTy(2).

Therefore, let Y den(lte an irreducible component of the Zn Ty (2 ) containing \7, and
let Y := ),k p)(Y). We have
degLK(P) Y < deng(P) Y
< (degy, ) 2)° - [I(P), : I(P), Nl (P)ya']
< pPTE - (degy ) 27,
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where the first inequality follows from the projection formula, the second follows from
Bezout’s theorem, and the third follows from (2) and the projection formula combined
with (1). This finishes the proof. O

Finally, we prove the main theorem.

Proof of Theorem 1.3 We can and do assume the additional assumptions (3) and (4)
from Sect. 9 without loss of generality. In particular, we assume that K is neat and
that there exists some connected component X1 of X such that Z is contained in the
connected component Sk (G, XT) of Shg (G, X).

We fix a faithful representation p : G — GL, and we let ¢ and § denote the
effectively computable, positive constants afforded to us by Theorem 6.1. We let k
and f denote the effectively computable, positive integers afforded to us by Theorem
7.1 and we let d denote the effectively computable constant afforded to us by Lemma
4.2.

Let V denote a non-facteur maximal special subvariety of Z.

Furthermore, let (P, Xp) be a Shimura subdatum of (G, X) and let XIJ{ be a con-
nected component of Xp contained in X such that Z is a Hodge generic subvariety
of the image of Sk p) (P, le ) in Sk (G, X ™) under the induced morphism

tp : Shgp) (P, Xp) — Shg (G, X).

Let Vp denote an irreducible component of ¢p ! (V) contained in Sk p) (P, X ;{ ) and
let Zp be an irreducible component of ! (Z) containing Vp. We can and do assume
that Zp is a proper subvariety of Sk p) (P, XlJ{ ) since, otherwise, there is nothing to
prove (by the maximality of V). As Vp is a non-facteur maximal special subvariety of
Zp, Proposition 10.1 implies that, for any prime p ¢ Xy such that K, = Gz,(Z)),
there exists an irreducible subvariety Yp C Zp containing Vp such that

deg, Yo < PO (deg, @) Zp)”.
By Lemma 4.1, we have
degLK(P) Zp < degLK Z.
Setting Y := (p(Yp) C Z, we obtain a subvariety containing V', which satisfies

deg;, Y <d-degy,, Y <dp** (deg; p) 2)* < dp®/*H (deg,, 2)

by Lemma 4.2, used in the first inequality, and Lemma 4.1, used in the third inequality.
Iterating this procedure at most dim Z — 2 times, we deduce that

deg,, V < [dp@/HP1@mZ=2 (qeg, 7)2""" 77, ©)
On the other hand, by Theorem 6.1,

deg;, V > 1115, (10)
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Let N := N(K) be such that, for all primes p > N, we have K, = Gz, (Zp). Recall
that we are allowed to choose any p not dividing ITy such that p > N. To that end,
fix an € € (0, %). Then, by the Prime Number Theorem, there exists an absolute,
effectively computable, positive constant c(¢) € (0, 1) such that, for any x > 2, there
are more than c(€)x !¢ primes less than x. On the other hand, the number of primes
dividing ITy is at most (log 2)~! log ITy. Therefore, it follows from (10) that there
exists a prime

p €N, c(e) /1" (log(cy " - deg;, V)/810g2) + N + 1]1/179)]

not dividing ITy. Plugging such a prime p into (9) concludes the proof. O
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