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Abstract After extending the theory of Rankin-Selberg local factors to pairs
of £-modular representations of Whittaker type, of general linear groups over a non-
Archimedean local field, we study the reduction modulo ¢ of £-adic local factors and
their relation to these £-modular local factors. While the £-modular local y -factor we
associate with such a pair turns out to always coincide with the reduction modulo £ of
the £-adic y-factor of any Whittaker lifts of this pair, the local L-factor exhibits a more
interesting behaviour, always dividing the reduction modulo-¢ of the ¢-adic L-factor
of any Whittaker lifts, but with the possibility of a strict division occurring. We com-
pletely describe £-modular L-factors in the generic case and obtain two simple-to-state
nice formulae: Let 7, 7’ be generic ¢-modular representations; then, writing 7, 7,
for their banal parts, we have

L(X,m,7") = L(X, 7tp, 70,).

Using this formula, we obtain the inductivity relations for local factors of generic
representations. Secondly, we show that

L(X,n,7") = GCD(r¢(L(X, T, 7)),
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where the divisor is over all integral generic £-adic representations T and t/ which
contain 7 and 7', respectively, as subquotients after reduction modulo £.

Mathematics Subject Classification Primary 11F70 (Representation-theoretic
methods; automorphic representations over local and global fields); Secondary 22E50
(Representations of Lie and linear algebraic groups over local fields)

1 Introduction

Let F be a (locally compact) non-Archimedean local field of residual characteristic p
and residual cardinality ¢, and let R be an algebraically closed field of characteristic £
prime to p or zero. In this article, following Jacquet—Piatetski-Shapiro—Shalika in [9]
for complex representations, we associate local Rankin—Selberg integrals with pairs
of R-representations of Whittaker type p and p’ of GL,, (F) and GL,, (F) and show that
they define L-factors L(X, p, o) and satisfy a functional equation defining local y -
factors. The purpose of this article lies both in the future study of R-representations
by these invariants and in the relationship between £-modular local factors and the
reductions modulo ¢ of ¢-adic local factors (we quote our main theorems towards this
goal at the end of this introduction).

The theory of £-modular representations of GL, (F) was developed by Vignéras
in [20], culminating in her £-modular local Langlands correspondence for GL, (F') in
[23], which is characterised initially on supercuspidal £-modular representations by
compatibility with the £-adic local Langlands correspondence. The possibility of char-
acterising such a correspondence with natural invariants forms part of the motivation
for this work. Indeed, already for GL, (F') this is an interesting question, an answer
given in this special case by Vignéras in [22].

We follow [9] to define local factors for R-representations of Whittaker type, after
understanding the splitting of R-Haar measures required for this approach in Sect. 2.2.
In Sect. 3, we show that an L-factor attached to ¢-adic representations of Whittaker
type is equal to the inverse of a polynomial with coefficients in Zg, allowing for a
natural reduction modulo £ map on the set of £-adic L-factors. Furthermore, for £-
modular representations 7 and 7’ of Whittaker type of GL, (F) and GL,,(F), there
exist £-adic representations T and t/ of Whittaker type of GL,,(F) and GL,, (F) which
stabilise natural Zg-lattices A and A’ in their respective Whittaker models such that
the ¢-modular representations induced on A 7, Fy and A’ 7, Fy are isomorphic

to the Whittaker models of 7 and 7. Our first main result is a comparison between
the L-factors and local y-factors defined by these two reduction modulo ¢ maps.

Theorem 3.13 1. The (-modular L-factor L(X, 7, ') divides the reduction mod-
ulo £ of the £-adic L-factor L(X, T, t'). Moreover; the division of L-factors may
not be an equality.

2. Let0 be an L-adic character of F. The local y -factor associated with w, T’ and with
the reduction modulo £ of 0 is equal to the reduction modulo £ of the local y -factor
associated with t, t/ and 6.
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Due to their nice behaviour with reduction modulo ¢, we obtain the inductivity
relation of ¢-modular y-factors of representations of Whittaker type (Theorem 4.1)
by choosing appropriate lifts and reducing the ¢-adic inductivity relation of y -factors,
and from this we obtain a “division inductivity relation” for £-modular L-factors
(Lemma 4.4). The remainder of the article is concerned with £-modular L-factors and
their relation to £-adic L-factors. Our first main result in this direction is the complete
answer for cuspidal £-modular representations.

Theorem 4.9 Let 7\ and mp be two cuspidal £-modular representations of G,
and Gp,. Then L(X, 1, m2) is equal to 1, except in the following case: | is banal
(hence supercuspidal), and 7wy =~ y 7\’ for some unramified character x of F* (inpar-
ticular ny = ny). When my is banal, and ) ~ anv, let e be the common ramification
index of w1 and w and we have

1
1 — (x(@p)X)"/

L(X,m,m) =

and this factor is the reduction modulo £ of the L-factor of any cuspidal lifts of m;
and .

The proof of this theorem is diverse and uses the main result of [13] on test vectors
for £-adic representations for the banal case, the division inductivity relation of L-
factors for the cuspidal non-supercuspidal case, and a separate examination of the
non-banal supercuspidal case by studying their lifts.

By restricting to pairs of banal generic representations, we obtain the inductivity
relation of L-factors in this setting, and an explicit formula analogous to the £-adic
case (Theorem 4.17). Banal £-modular representations were introduced and studied for
inner forms of GL,, by Minguez and Sécherre in [16]. In our Preliminaries (Sect. 2.5),
we show that a generic representation 7 of GL, (F) can be written as a product of its
nicely behaved banal part 775, and its totally non-banal part 7;,,;. Our third main result
shows that for generic representations the L-factor depends only on the banal parts of
the representations.

Theorem 4.19 Let w1 = mp X 74pp be a generic £-modular representation of GL,, (F),
and v’ = 1, x |, be a generic £-modular representation of GL,, (F), then we have

L(X,m,7n") = L(X, 7tp, 7).

From this theorem and the banal inductivity relation, we obtain the inductivity
relation of L-factors for generic £-modular representations (Corollary 4.20).

Our fourth main result gives an equality between the local L-factor of a pair of
generic £-modular representations we have defined via £-modular Rankin—Selberg
integrals, and the greatest common divisor of the reductions modulo ¢ of certain ¢-
adic L-factors.

Theorem 4.22 Let w and 7’ be two generic £-modular representations of GL, (F)
and GL,,, (F), then

L(X, 7, 7"y = GCD(L(X, 7, T))).
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where the divisor is over all integral generic £-adic representations t of GL,, (F) and
t’ of GL,, (F) which contain 7w and 7', respectively, as subquotients after reduction
modulo L.

As we do not have an £-modular Langlands quotient theorem, which would allow
us to associate with an irreducible representation of G, a unique representation with
an injective Whittaker model lying above it, we restrict our attention in this article to
representations of Whittaker type.

This work further develops the theory of £-modular local L-factors of Minguez
in [15]. In particular, we use his results on Tate L-factors modulo £. Recently, using
our results from Sect. 2.2 on the splitting of Haar measures, Moss in [19] has studied
Rankin—Selberg y-factors in families over more general rings extending his earlier
work on y-factors for GL, x GL| convolutions [18].

2 Preliminaries

Before embarking on the study of local L-factors in positive characteristic, we intro-
duce background on representations of the general linear group and extend the general
theory. In particular, starting with results given in the standard reference [20], we show
how integration behaves with respect to group decompositions. Indeed, this deserves
checking as not all formulae follow from mimicking the proofs in the characteristic
zero setting, due to the presence of compact open subgroups of measure zero. Addi-
tionally, in Sect. 2.5, we review the theory of £-adic and £-modular representations of
Whittaker type and reduction modulo ¢, drawing on results originally in [21], while
our exposition will be influenced by the recent generalisation to inner forms of gen-
eral linear groups in [17]. In Theorem 2.26, we prove a technical result on lattices in
representations of Whittaker type, in preparation for our results in the next section on
the reduction modulo ¢ of ¢-adic local factors. In Sect. 2.6, we specialise to generic
representations, and, in particular, notice that a generic £-modular representation has
a banal part and a totally non-banal part, and prove the commutation of derivatives
with reduction modulo ¢. Finally, in Sect. 2.7, we show that a non-banal supercuspi-
dal £-modular representation has two lifts which are in different inertial classes.

2.1 Notations

Let F be a locally compact non-Archimedean local field of residual characteristic p
with normalised absolute value | |. Let o denote the ring of integers in F, p = wo the
unique maximal ideal of o, and ¢ the cardinality of k = o/p.

Let R be a commutative ring with identity of characteristic £ not equal to p. We
suppose that R contains a square root of ¢, we fix such a choice.

Let

My m =Mat(n,m, F), M, =Mat(n,n, F), G, =GL,(F),
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and 7 be the row vector (0, ..., 0, 1) € M ,. We write vg for the character | | o det :
G, — R*, although we will often more simply write v for vg when the coefficient
ring is clear. For k € Z, let

={geG,:vc(®) =q"),

and more generally X% = X N Gﬁ, for any X C G,. Let B, be the Borel subgroup of
upper triangular matrices, A, the diagonal torus, and N,, the unipotent radical of B,,.
We also set

Zy = {tln’ re F*},

the centre of G,,.
We fix a non-trivial smooth character 6 from (F +) to R* and, by abuse of notation,
we will denote by 6 the character x +— 9(21 1 Mi,i+1) of Ny. Notice thatif R = Qg,

this character in fact takes values in Z;  because F is a union of pro-p subgroups.

If X is an ordered partition of n, we denote by P, the standard parabolic subgroup
of G, attached to it, by M, the standard Levi factor of P,, and by N, its unipotent
radical. If t +r = n, we let

Uy,r = [(Il ;C)) X EMt,rvyeNr}»

and H; , = G,U; ,. By restriction, ¢ defines a character of U; .. We let P, = H,_1 1
denote the mirabolic subgroup of G,,.

We denote by w,, the antidiagonal matrix of G,, with ones on the antidiagonal, and
if n = r + t, we denote by w; , the matrix diag(/;, w,). Notice that our notations are
different from those of [10] for U; ,, H; ,, and wy; .

If ® € C2°(F"), we denote by @ its Fourier transform with respect to the 0-self-
dual R-Haar measure dx on F" satisfying dx(0) = ¢~!/?, where the integer [ satisfies
that 6 |y is trivial, but 6 |1 is non-trivial.

For G a locally profinite group, we let Yig(G) denote the abelian category of
smooth R-representations of G. All R-representations henceforth considered are
assumed to be smooth.

Let Qg be an algebraic closure of the £-adic numbers, Zy its ring of integers, and F,
its residue field, which is an algebraic closure of the finite field of ¢ elements. By
an {-adic representation of G, we mean a representation of G on a @-Vector space,
and by an £-modular representation of G, we mean a representation of G on a Fy-
vector space. Suppose that G has a compact open subgroup of pro-order invertible
in R, then for any closed subgroup K of G, the modulus character §g is defined in
[20, I 2.6] (see also Sect. 2.2, where a different, but equivalent definition is given).
Suppose, moreover, that for H a closed subgroup of G, the modulus characters §y
and §¢ take values in qZ, and then we write Indg for the functor of normalised smooth
induction from Rz (H) to Rz (G) and write indg for the functor of normalised smooth
induction with compact support. By definition, if o is a smooth representation of H,
then Indg (o) is the usual induction applied to 61/ 26 1725 where the square roots
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172 We have a similar

of the modulus characters are determined by the choice of ¢
definition for ind% (o).
We assume that our choice of square roots of ¢ in Fy and Q are compatible in the
sense that the former is the reduction modulo £ of the latter, which is chosen in ZTZ.
Let QO be a parabolic subgroup of G, with Levi factor M. We write ig” for the
functor of normalised parabolic induction from Rg(M) to Re(G,). If 1 = 11 ®

-+ ® 7, is a smooth R-representation of M, ) With >, m; = n, we will use

irreducible R-representation of G, is called cuspidal if it is irreducible, and it does not
appear as a subrepresentation of any parabolically induced representation. It is called
supercuspidal, moreover, if it does not appear as a subquotient of any parabolically
induced representation. For 7 an R-representation with central character, for example
an R-representation of G, parabolically induced from an irreducible R-representation,
we denote its central character by ¢ .

2.2 R-Haar measures

Let R be a commutative ring with identity of characteristic £, and let G be a locally
profinite group which admits a compact open subgroup of pro-order invertible in R.
We let

CX(G,R)={f:G — R: f islocally constant and compactly supported},

(we sometimes write this, more simply, as C2°(G) according to the context). A left
(resp. right) R-Haar measure on G is a nonzero linear form on C2°(G, R) which
is invariant under left (resp. right) translation by G. If u is a left (or right) R-Haar
measure on G and f € CX°(G, R), we write

n(f) = /G f@u.

By [20, I2.4], for each compact open subgroup K of G of pro-order invertible in R
there exists a unique left R-Haar measure y such that i (K) = 1. The volume w(K') =
u(1g) of acompact open subgroup K’ of G is equal to zero if and only if the pro-order
of K’ is equal to zero in R. In the present work, the modulus character of G is the
unique character 8 : G — R* such that, if u is a left R-Haar measure on G, §g i
is a right R-Haar measure on G. More generally, if H is a closed subgroup of G, we
letd = 85" |u 8u, and

CX(H\G,$8, R)

be the space of functions from G to R, fixed on the right by a compact open subgroup
of G, compactly supported modulo H, and which transform by § under H on the left
(we sometimes write this as C2°(H\G, 8)). For f € C2°(G, R), we denote by fH the
function in C2°(H\G, 8, R) defined by
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FH ) = /H Flhg)s™ (W),

for dh a right R-Haar measure on H. It is proved in [20, I 2.8] that the map f —
fH is surjective and that there is a unique, up to an invertible scalar, nonzero linear
form dy\Gg on C°(H\G, 8, R), which is right invariant under G. We call such a
nonzero linear form on C2°(H\G, 8, R) a 8-quasi-invariant quotient measure on H\G
and, for f € C°(H\G, é, R), we write

dmcg(f) = / f(©@dmaceg.
H\G

We can then define dg to be such that, for all f € C2°(G, R), we have

/ flgydg = / FH(@)dmaes.
G H\G

Remark 2.1 Let H be a closed subgroup of G. Let C25,(H) denote the subspace of

functions in C2°(H, Q) which take integral values. Up to a correct normalisation
of the Q,-Haar measure dh on H, for all f € Co,(H), the integral /, y f(h)dh
belongs to Zg. Suppose K is a closed subgroup of H, for which there is a §-quasi-
invariant quotient measure dg\h on K\ H. We write C2%, (K \ H, §) for the subspace
of functions in C2°(K '\ H, §) which take integral values. Similarly, up to correct nor-
malisation of the quotient measure, the value of f K\H f(h)dg\gh belongs to 7y
when f € Cf‘;(K\H, 8). Moreover, for all f in C5,(K\H, §), we have

e (/ f(h)dK\Hh)= / re(f ()i sh.
K\H K\H

We write CZ5,(F") for the subspace of functions in C2°(F") which take values in Zs.

Note that if ® € C2(F"), then & € C2(F").

For the remainder of this section, let G denote a unimodular locally profinite group.
Suppose that B is a closed subgroup of G, and K is a compact open subgroup of G
such that G = BK.

Lemma 2.2 Let dg be an R-Haar measure on G. There exist a right R-Haar mea-
sure db on B and a right K-invariant measure dk on (K N B)\K such that, for
all f € C°(G, R), we have

/ f(g)dg = / / f(bk)sg(b)~'dbdk.
G (KNB)\K J B

Proof We observe first that the map ¢ — ¢ |x is a vector space isomorphism
between C°(B\G,dp, R) and C°((K N B)\K, R). It is injective because G =
BK. To show surjectivity, we recall that the characteristic functions 1xnpyis»
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with U a compact subgroup of K of pro-order invertible in R and k¥ € K,
span C2°((K N B)\K, R). Moreover, the function II?L{ belongs to C2°(B\G, ég, R),
and a computation shows lfu |[k= db(B N kUk_l)l(KmB)ku. Surjectivity follows
as db(B Nkidk~") is invertible in R. In particular, if dk is a right K -invariant measure
on C°((K N B)\K, R), the map u : ¢ — dk(¢ |x) is a right G-invariant measure
on B\G. The result follows from the formula [ f(g)dg = n(f*). o

Remark 2.3 Let K, = GL,(of). By the Iwasawa decomposition, we have G, =
B, K. Let 1, be an R-Haar measure on G,,. If £ = 0, or more generally £ { ¢ — 1,
then, for all f € C2°(G,, R), we have

flg)dg = / £ (bk)dbdk,

Gy B, J K,

for good choices of a left R-Haar measure db on B,, and an R-Haar measure dk on K.
Asnoticed by Minguez in [15], this is no longer true in general. More precisely, it is not
true when £ | g —1 as the restriction of an R-Haar measure on K to C2°((K, N B,)\K,)
is zero. That is why we use a right invariant measure on K N B\ K in Lemma 2.2.

Let O, L and N be closed subgroups of G such that Q = LN and L normalises N.
Suppose that there exists a compact open subgroup ¢ of G of pro-order invertible in R
such that Q NU = (N NU)(M NU). Let dl be an R-Haar measure on L and dn be
an R-Haar measure on N.

Lemma 2.4 Let f € CX°(Q, R). There exists a unique right R-Haar measure dq

on Q such that
/ flq)dg = / / f(nl)dldn.
0 LJN

Proof As L normalises N, we see that [, [\, f(nl)dldn is a right Q-invariant lin-
ear form on C°(Q,R). Butas Q NU = (N NU)M NU), it is easy to see
that [; [y 1onu(nl)dldn is nonzero. ]

Remark 2.5 A typical instance is when G = G,, Q = LN is a standard parabolic
subgroup of G,,.

We have the following corollary to Lemmas 2.2 and 2.4.

Corollary 2.6 Letdg bean R-Haar measure on G. There exist an R-Haar measure da
on Ay, and a right K,-invariant measure dk on (K, N B,)\ K, such that, for all f €
C°(Ny\Gp, R), we have

/ f(@dg = / / f(ak)8p, (a)~'dadk.
Na\Gn (KnNB\Ky J A,
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Proof Let f € C°(N,\Gp, R), then f = h™ for h € C>°(G,, R). By Lemmas 2.2

and 2.4,
/h(g)dg:/ //h(nak)Bgn(a)_ldndadk,
Gn Kntn\Kn n n
However,
/ h(g)dg = / f(@)dg
Gy Nu\Gp
and

/ h(nak)dn = h™N" (ak) = f(ak).
N}l

O

From the Iwasawa decomposition, we also have G, = P, Z, K,. We use the fol-
lowing integration formula, which is proved in a similar fashion.

Corollary 2.7 Letdg be an R-Haar measure on G. There exist an R-Haar measure dz
on Z,, a §-quasi-invariant quotient measure dp on N\ P,, and a right K, -invariant
measure dk on (K, N By)\K,, such that, for all f € C2°(N,\Gp, R),

/ f(g)dg =/ / / f(pzk) det(p)~'dpdzdk.
NV[\Gn (KnﬂP)l)\Kn Z’l Nn\PVl

Henceforth, equalities involving integrals will be true only up to the correct nor-
malisation of measures.

2.3 Derivatives

Henceforth, we suppose that R is an algebraically closed field. Following [2], we
define the following exact functors:

1. U* : Rp(G,_1) — Rgr(P,), extension by the trivial representation twisted
by VI,

2. U™ RR(Py) — Rr(Gy—1), the functor of U,,_-coinvariants twisted by v_%.

O+t Rp(Py—y) > Re(Py), the functor T (X) = ind} (X ® 0).

. d7  Rr(P,) — Rr(P,—1), the functor of (U,_1, 0)-coinvariants twisted

by v™2.
5. . Re(Pue1) = Rr(Py), the functor &;f,(X) =Ind}} , (X ®0).

o

Theorem 2.8 ([1,2] (cf. [20, III 1.3]))

1. We have ¥~ &1 = W~ & = @~WT =0, and V™, resp. @, resp. @, is left
adjoint to W, resp. @, resp. @}
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2. The identity functor 1 : Rr(P,) — Rg(P,) admits a filtration
0=T,cT,_1Cc---CcTp=1

such that Ty = (O (@)K and Ty ) Ty = (@HTwtw—(p)k-1,

Let 7 be an R-representation of P,. Let 7x) = (<I>_)k_1 (7). The kth derivative t®
of T is defined by t® = W™ (t()). From the filtration property above, any smooth
representation of P, has a highest nonzero derivative, we call it the highest derivative
of 7, it is a representation ™ of G,,_j for h > 1. We recall the classification of
irreducible R-representations of P,.

Lemma 2.9 ([1] (cf. [20, III 1.5])) Let Tt be an irreducible R-representation of P,.
There exists a unique nonzero derivative of t. Furthermore, for k in {1,...,n},
if ©® £ 0 then © = (@H*WH (W), Conversely, if p is an irreducible R-
representation of Gn_y, then m1 = (®HXWT(p) is irreducible and p is the kth
derivative of .

Let 7 be an R-representation of G,. The zeroth derivative 1 of 7 is . Let T =
7 |p, and set Ty = T for k = 0, 1, ..., n. Define the kth derivative 7 of
by 7® =7z® fork=1,...,n.
Lemma 2.10 ([1]) Let & be an R-representation of finite length. Then the dimension
of 7™ is finite and equal to the dimension of Homy, (7, 0).

‘We remark once and for all that the functor
7 — Homy, (7, 0)

is exact from Rg(G,,) to the category of R-vector spaces, because the functor 7
7™ is exact and will use this fact a lot without mentioning it. We will also use several
times the following proposition.

Proposition 2.11 ([2, Proposition 3.7]) Let p and p’ be R-representations of G, and t
and t' be R-representations of Py, we have
1. Homp,, (W (p) ® ¥ (o), R) = Homg, (p ® p', R);
2. Homg, (®1(r) ® ®* ('), R) = Homp,(t ® 7/, R);
3. Homg, (¥ (p) ® T (1), R) = {0}.
The derivatives of a product are given by the Leibniz rule.

Lemma 2.12 ([2] (cf. [20, III 1.10])) Suppose m is an R-representation of G,, and p
is an R-representation of G, then (1t x p)® has a filtration with successive quo-
tients 1@ x p(k_i),forO <i <k

It is well known to experts that the derivative functors commute with reduction
modulo £. However, it seems that no proof appears in the literature. We will use this
property in the sequel, but postpone its proof to Sect. 2.6.

Theorem 2.13 Let T be an integral £-adic representation of finite length of G,,, then
for 0 <k < n, one has re(t®) = [re(v)®] (where the square brackets stand for the
semi-simplification again).

Proof See just after Corollary 2.29. O
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2.4 Parabolic induction and restriction, integral structures, and reduction
modulo ¢

Let G be a direct product of the form G,,; X --- X Gy, , withm; € Z. An {-adic
representation (7, V') of G is called integral if it has finite length and if V contains
a G-stable Z—lattice A. Such a lattice is called an integral structure, or lattice, in 7.
A character is integral if and only if it takes values in Z73. By [20, IT 4.12], a cuspidal
representation is integral if and only if its central character is integral.

If 7 is an integral £-adic representation with integral structure A, then 7 defines
an £-modular representation on the space A ®7, IFy. By the Brauer—Nesbitt principle
[24, Theorem 1], the semi-simplification, in the Grothendieck group of finite length ¢-
modular representations, of (i, A ®Z7 E) is independent of the choice of integral
structure in 7 and we call this semisimple representation ry () the modulo £ of m.
We say that an £-modular representation 7 /ifts to an integral ¢-adic representation t
if r¢(t) ~ m, and we will only really use this notion of lift when 7 is irreducible.

Let H be a closed subgroup of G, o be an integral £-adic representation of H, and A
be an integral structure in o. By [20,19.3], indg (A) is an integral structure in indg (0).
Suppose Q is a parabolic subgroup of G with Levi decomposition Q = MN, o is
an integral representation of M, A is an integral structure in o. Then ig(A) is an
integral structure in ig(a). Moreover, we have ig(A ®7, Fy) ~ ig(A) ®7, Fy.
Hence, parabolic induction commutes with reduction modulo £, in the sense that

re(ig(0)) = [i(re(0)],

where the square brackets indicate we take the semi-simplification of i g(l’g (0)).

If m is an R-representation of G, and Q is a parabolic subgroup of G, then we
denote by rg (7r) its normalised Jacquet module. In a similar way, if 7 is an integral £-
adic representation of G of finite length, it is a consequence of [6, Proposition 1.4, (i)]
taking R = Zg, that the image of a G-stable lattice of t via the natural surjection on
the Jacquet module r%(7) is a (Q-stable) lattice. Thanks to the exactness properties
of the Jacquet functor and [20, I 9.3], one then has the isomorphism

re(rg (o) = [rgre(o)].

2.5 Representations of Whittaker type

We now recall facts originally from [21], with our exposition and notation following
[17, Section 7]. First, recall the following definition:

Definition 2.14 An irreducible R-representation of G, satistying Homy, (7, 6) # 0
is called generic.

A segment A = [a, b], is a sequence (v p, v““,o, e, vb,o) with p a cuspidal R-
representation of G, for some m > 1, and a,b € Z with a < b. Its length is, by
definition, b — a + 1. Two segments A = [a, b], and A" = [a’, b'] are said to be
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equivalent if they have the same length, and v¥p =~ e o’. Hence, as noticed in [17,
7.2], the segment [a, b], identifies with the cuspidal pair

rAZ(M(m ..... m)s vap®va+1p®“'®vbp)’

and the equivalence relation on segments is the restriction of the classical isomorphism
equivalence relation on cuspidal pairs. To such a segment A, in [17, Definition 7.5]
the authors associate a certain quotient L(A) of 1(A) = v¥p x vty oo xvlp.,
The representation £(A) in fact determines A, as its normalised Jacquet module with
respect to the opposite of Ny, . ) is equal to ra according to [17, Lemma 7.14].
The conclusion of this is that the objects A, £(A), and ra determine one another, and
hence we call L(A) a segment.

We say that A precedes A if we can extract from the sequence (V9 p, ..., vb 0, v
o, ..., b p’) a subsequence which is a segment of length strictly larger than both the
length of A and the length of A’. We say A and A’ are linked if A precedes A’ or A’
precedes A.

Let p be a cuspidal R-representation of G, we denote by Z, the cuspidal line
of p, that is the set

Z,O = {vrps re Z}v

which when v has finite order in R is perhaps more appropriately thought of as a circle.
We define an element o(p) in N U {400} by the formula

0(p) = |Z,|.

In [17, 5.2], a positive integer e(p) is attached to p,

+00 if R = Qg
e(p) = (v p,r €Z)| if R=TF¢ando(p) > I;
1 if R =F; and 0(p) = 1.

An integer f(p) is also defined in [17, 5.2] via type theory, the definition of which
we will recall later, and following this reference we set g(p) = qf ) If o(p) =1,
then e(p) is the order of g(p). For integers a < b, we denote by St(p, [a, b]) the
generalised Steinberg representation associated with A = [a, b],, i.e. the unique
generic subquotient of

Vo x v p x o x by,

By [17, Remarque 8.14], the representation St (p, [a, b]) is equal to the segment L(A)
if and only if its length b — a + 1 < e(p). In this case, we say that L(A) is a generic
segment. As in [17], we will write St(p, k) for St(p, [0, k — 1]), for k > 1.

By [20, IIT 4.25 & 5.10], if p is a cuspidal £-modular representation of G, then it
is the reduction modulo £ of an integral cuspidal ¢-adic representation o of G,, and
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the reduction modulo-¢ of any integral cuspidal £-adic representation is still cuspidal.

Definition 2.15 We recall from [17, Remarque 8.15] that an irreducible R-
representation w of G, is called banal if no p in the cuspidal support of 7 is such
that Z, is included in this cuspidal support. Let p be a R-cuspidal representation of G,
take ¢ < bin N, and set A = [a, b],. The representation L£(A) is then banal if and
only if the length b — a + 1 of A is strictly less than o(p), in which case we also say
that A is banal.

Let A = [a, b], be a segment. We notice that if the representation L(A) is banal,
then it is generic, and that the generic segment £(A) is non-banal if and only if 0(p) =
1, i.e. if and only if p is non-banal in the sense of [16].

Proposition 2.16 Let L(A) be an £-modular generic segment, with A = [a, b],
and p be a cuspidal representation of G, (hence L(A) is a representation of G,
with n = m(b + 1 — a)). Then its nonzero derivatives are of the form L(A)%™
fork =0,....,b—a+1, and E(A)("’") = L(la + k, bl,). Moreover, if we denote
by o a cuspidal lift of p, and set D = |[a, b],, then L(A) is the reduction modulo ¢
of L(D).

Proof For the first statements, by definition, the /th derivative of a L(A) is a quotient
of its Jacquet module with respect to the (unipotent subgroup of the) standard parabolic
subgroup of type (n — [, [); hence, according to [17, Proposition 7.25], the integer / is
a multiple of m. Moreover, still according to the same proposition, and by definition
of derivatives, we have

L(A)EM = (@) ™ (L([a,a +k —11,)) ® L([a + k, bl,) = L([a + k, b],)

because L([a,a + k — 1],) is still generic. Notice that this results holds for £-adic
segments as well by [25, Proposition 9.6]. Now we move on to the statement concerning
reduction modulo £. First, as reduction modulo £ commutes with derivatives, we know
that r¢ (L(D)) contains a generic component. However, it must be a generic component
of r¢(1 (D)), which is the semi-simplification of 7 (A). As I (A) has a unique generic
subquotient which is L(A), we already know that L(A) C r¢(L(D)). Hence, it suffices
to prove that ry(L(D)) is irreducible. We do this by induction on the length of A. If A
is cuspidal (length 1), then there is nothing to prove. Now we do the induction step.
If r¢(L(D)) was reducible, then it would contain another submodule t (which is
degenerate, but it doesn’t matter), so we would have L(A) & t C r¢(L(D)). Notice
that t has the same cuspidal support as L£(A), in particular the integer / such that its
highest derivative is ™ isa multiple of m (we recall that m > 1). Set h = km, in
particular we have £(A)" @ t™ C ry(£(D))™. Recall once again that derivatives
commute with r¢; hence, L([a + k, b],) & ™ C r(L(D™)), but

re(L(DM)) = ro(L([a + k, bly)) = L(la + k, b,),

the last equality by induction hypothesis. This implies that 7™ = 0, a contradiction.
O
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Definition 2.17 An R-representation 7w of G,, is called of Whittaker type if it is par-
abolically induced from generic segments, i.e. if 1 = L(A1) X --- X L(A;) with A;
generic segments, for 1 <i <.

Let w be a representation of Whittaker type. By Lemmas 2.10 and 2.12, the
space Homy, (77, ) is of dimension 1, and we denote by W (i, 6) the Whittaker model
of 7, i.e. W(mr, ) denotes the image of 7 in Ind " (9) Note that a representation of
Whittaker type may not be irreducible; however, 1t is of finite length. In fact, thanks
to the results of Zelevinsky (cf. [25]) in the £-adic setting, and by [21, Theorem 5.7]
(cf. [17, Theorem 9.10 and Corollary 9.12] for another proof) in the £-modular set-
ting, the irreducible representations of Whittaker type of G, are exactly the generic
representations.

If 7 is a smooth representation of G,, we denote by 7 the representation g +—
n(’g’l) of G,. Let T be an £-adic irreducible representation of G,, then T >~ ", by
[71. Hence, when L£(A) is an ¢-modular generic segm/egt/ of G,,, it lifts to an £-adic
segment £(D) according to Proposition 2.16, and as £(D) >~ L(D)", we deduce by
reduction modulo ¢, cf. [20, 19.7], that L(A) =~ L£(A)".

Remark 2.18 Though we will not use it, it is worth noticing that this equality can
be extended to all irreducible representations of G,: both involutions w +— 7
and 7 +— 7 extend to the Grothendieck groups of £-adic and ¢-modular representa-
tions of finite length of G,,. Moreover, these involutions preserve integrality of £-adic
representations, commute with reduction modulo ¢, and agree on the Grothendieck
group of £-adic integral representations of finite length by [7]. Hence, they agree on
the Grothendieck group of ¢-modular representations of finite length by surjectivity
of the reduction modulo ¢ map on Grothendieck groups [17, Théoréeme 9.40]. They
thus agree on all irreducible £-modular representations.

If 7 = L(A1) x -+ x L(A;) is a representation of G, of Whittaker type, we
have T = L(A;) x -+ x L(A]) = L(A;)Y x --- x L(A}1)Y, and we deduce that
7 is also of Whittaker type. In order to state the functional equation for L-factors
of representations of Whittaker type, we will need the following lemma whose proof
follows from the discussion above and that™ is an involution.

Lemma 2.19 Let 7w be an £-modular representation of Whittaker type of G, then 7t is
of Whittaker type and the map W + W, where W(g) = W (w, ‘g™ "), is an R-vector
space isomorphism between W (wt, 0) and W (7,0~ ]).

For the proofs to come, it will be convenient to choose certain “lifts” of £-modular
representations of Whittaker type. Let us introduce the following notation first.

Definition 2.20 Let t be an integral £-adic representation of Whittaker type. We
denote by W, (z, 6) the subset of all functions in W(z, 8) which take integral values.

Now we define “Whittaker lifts” of representations of Whittaker type. We will soon
see that they exist.

Definition 2.21 Let s be an £-modular representation of Whittaker type. Anintegral £-
adic representation of Whittaker type t is a Whittaker lift of 7 if W,(z, 6) contains a
sublattice WV such that W (r, r¢(0)) = W 7, Fy.
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Remark 2.22 Whittaker lifts are not strictly speaking lifts. However, if 7 is a Whittaker
lift of  then we can lift functions in the Whittaker model of 7 to integral functions
in the Whittaker model of 7.

We will use the following lemma to obtain integrality results on {-adic local
factors.

Lemma 2.23 Let 7t be an {-modular representation of G, and let T be a Whittaker
lift of 7 with associated sublattice VW C W,(z,0), then the Z¢-module VW = {W :
W € W} is a sublattice of W, (T, 9_1) such that W(w, re(0)) =W (g)Z—Z F,.

Proof As W W is a vector space isomorphism between W (t, 6) and W (7, 9’1)
which restricts to a Z¢-module isomorphism between We(z,0) and W,(%,071), the
set W is a sublattice of W,(T, 0~!). Moreover, as W +— W is also a vector space
isomorphism between W (7, r¢(6)) and W (T, ry (6~1)), and because rg(W) =re(W)
forall W € W,(z, 6), we deduce that reOWV) = W(T, re(0~1)). O

We also introduce “standard lifts” of representations of Whittaker type. We will see
in Theorem 2.26 that they are Whittaker lifts.

Definition 2.24 If 7 = L(A]) x --- x L(A;) is an £-modular representation of
Whittaker type, we will call a standard lift of 7w a representation T = L(Dg) X - -+ X
L(Dy), where L(D;) lifts L(A;) as in Proposition 2.16.

Remark 2.25 Again, standard lifts are not strictly speaking lifts. However, as parabolic
induction commutes with reduction modulo £, if 7 is a standard lift of an £-modular
representation 1, then r¢(7) is the semi-simplification of 7.

We now show that standard lifts are Whittaker lifts.

Theorem 2.26 Let 1 = L(A}) X -+ X L(A;) be an £L-modular representation of
Whittaker type, and T = L(D1) X --- X L(D;) be a standard lift of 7, then it is a
Whittaker lift.

Proof 1f T is generic, itis shownin [24, Theorem 2] that W, (7, ) is an integral structure
in W(t, 0), suchthat W(m, r¢(0)) = W,.(t, 0) ®ZE‘ We use this result together with
the properties of parabolic induction with respect to lattices, and a result from [4] about
the explicit description of Whittaker functionals on induced representations.

For each 1 < i < 1, each £(D;) is generic and hence W,(L(D;), 0) is an integral
structure in W (L(D;), 6). By [20, 1 9.3], the lattice £ = W.(L(D1),0) x --- X
W.(L(Dy), 0) is an integral structure in t. The space £ consists of all smooth functions
fromGto L = W,(L(D1),0)®---& W.(L(D;), 0), with the tensor product over Ze,
which transform on the left by £(D1) ® - - - ® L(D;). We recall that W (L(D), 0) =
W(L(D1),0)®---Q W(L(D,),0),as wellas W(L(A),0) = W(L(A]),) R - ®
W(L(A,), 0), is a representation of a standard parabolic subgroup Q = MU of G,;,
trivial on U.

A function fint = W(L(Dy),60) x---x W(L(Dy;), 6), by definition of parabolic
induction, is a map from G, to W(L(D), 0), i.e. for g € G,, f(g) € W(L(D), 0)
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identifies with a map from M to Q, so we can view f as a map of two variables
from G, x M to @, and similarly, we can view the elements in 7 = W(L(A1), 0) x

- x W(L(A;), 0) as maps from G, x M to F,. In [4, Corollary 2.3], it is shown
(for minimal parabolics, but their method works for general parabolics), that there
is a Weyl element w in G, such that if one takes f € t, then there is a compact
open subgroup Uy of U which satisfies that for any compact subgroup U’ of U
containing U , the integral fu/ f(wu, 137)0~  (u)du is independent from U’. We will
write L(f) = fU f(wu, 130)0 1 (u)du. This assertion is also true for 77 with the same
proof, for the same choice of w, we write w(h) = fU h(wu, 131)re(@) " (u)du forh
. Both A and p are nonzero Whittaker functionals on t and m, respectively, and A
sends £ to Z; for a correct normalisation of du. We can, moreover, suppose, for correct
normalisations of the ¢-adic and the £-modular Haar measures du, that u = rg(}X).
The surjective map w : T + W(t, ) which takes f to Wy, defined by W¢(g) =
A(t(g)f), sends £ into W,(z, 0). Similarly, for & € m, if we set Wy, (g) = u(w(g)h),
then the map 7 +— W (mr, r¢(0)), taking & to Wp,, is surjective, and we have r((Wy) =
Wi, (). From this, we obtain that YW = w(£) is a sublattice of W, (7, 8) (see [20, I
9.3]), and r¢e(W) = W(m, 9). O

2.6 Generic representations

It is stated (in different terms) in [23, 1.8.4] that if 7 is an integral generic £-adic
representation of G,,, then r¢(7) has a unique generic component Jy(t), and that the
map 7 — Jy(7) is a surjection from the set of classes of £-adic generic representations
of G, to the set of classes of £-modular generic representations of G,,. We recall why
this is true (it also follows at once from the fact that the derivatives commute with
reduction modulo ¢, but we shall go in the other direction and use this result to prove
that derivatives commute with reduction modulo £).

Lemma 2.27 Let t be an {-adic integral generic representation of G, then ry(7)
contains (with multiplicity one) a unique generic component Jy(t). Moreover, if ri X
- -« X1y is a product of integral cuspidal £-adic representations such thatry X - - - Xr; —»
T, then setting p; = r¢(r;), the representation Jy(t) is the unique generic subquotient
of p1 X -+ X py.

Proof To prove that r¢(t) contains a unique generic component, as in the start of the
proof of Theorem 2.26 we call upon [24, Theorem 2], which tells us that W,(z, 0)
is an integral structure in t. The representation W,(z, 6) ®ZT IBTZ is a nonzero G, -
submodule of C*°(N,\G,, r¢(0)), and this implies that r;(7) contains at least one
generic subquotient Jy(w). Let p : 0 = r; X --- X r; — T be a surjection as in the
statement (provided by considering the cuspidal support of 7), then by multiplicity
one of Whittaker functionals, p factors through a surjection s : W(o,6) — T as 7 is
generic. By Theorem 2.26, there is a lattice W, C W,(o, 6) such that if we set p; =
re(ri), the Fy-module & = W, ® Fy is equal to W(p; x --- x ps,re(0)). By [20, 1
9.3 (vi)], the Z-module £ =5W,) C tisalattice in 7, and £ ® E is a quotient
of A. By hypothesis J; () is an irreducible subquotient of £ ® Fy, hence of A, i.e.
of W(p1 x -+ X p;, r¢(9)), and hence of p; X --- x p;. In particular J; () is the
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unique generic subquotient of p; X --- X p;, and this implies that r,(t) contains a
unique generic subquotient. O

We now prove that derivatives commute with reduction modulo £. Just as for Jacquet
modules, this fact is not obvious, because it is not clear that the derivative of an integral
structure is still free as a Z-module. First we recall some basic facts. Let (z, V') be an
integral £-adic representation of finite length, with filtrationO0 C Vi C --- C V,, = V.
Then it is a consequence of [20, I 9.3], that the subquotients V;y1/V; are integral,

and re(V) = @; re(Vig1/ Vi).

Proposition 2.28 Let © be an £-adic integral representation of G, of finite length,
then we have (®7)"re(t) = re((®7)"1).

Proof As &~ is an exact functor, we can assume that 7 is irreducible. In this
case, our assertion amounts, by multiplicity one of Whittaker functionals, to show
that (& )"rp(z) ~ Fy, if 7 is generic, and (®7)"r¢(r) = {0} otherwise. If t is
generic, this follows from Lemma 2.27. If not, then, considering cuspidal supports
again, one has t < u X --- X u,, where the u; are cuspidal. We also have a sur-
jection s : fug X -+ X pp —» W(y X -+ x iy, 0), and denoting by t’ its kernel, we
have that t is contained in t’. In particular, r¢(t) is contained in r¢(z"). Moreover,
we have rp(uy X -+ X ) =re(t) @ re(W(y X -+ X iy, 0)). On the other hand,
setting p; = rp(u;i), thenrg(py X - - - X ;) is the semi-simplification of p; X - - - X oy,
in particular, it contains a unique generic component. But, according to Theorem
2.26,rg(W (1 X - -+ X Wy, 0)) contains the semi-simplification of W (p1 X - - - X p;, 9),
and in particular it contains a generic component, namely the unique generic com-
ponent of rg(;; X -+ X ), so that rg(z’), hence r¢(z), does not. Finally, we
have (®7)"(r¢(t)) = {0}. O

As an immediate corollary, we obtain the following.

Corollary 2.29 Let w be an integral £-adic representation of G,, x G, of finite
length. Then (Id @(P7)"2)ry(w) = re(Id (P ™)) 7).

From this corollary follows the proof of Theorem 2.13. Indeed, if we set G = G,
and P = Pk, and 7 as in the statement of Theorem 2.13, we have 0 =
(Id (D)) o rg(r) (cf. for example the proof of [14, Proposition 2.5]). But r¢
commutes with reduction modulo ¢, as we recalled in Sect. 2.4, and so does Id (X)(QD_)]f R
according to Corollary 2.29, and this completes the proof of Theorem 2.13.

We now recall [21, Theorem V.7] (cf. also [17, Theorem 9.10], and [25, Theorem

9.7] for the original proof when R = C), which classifies generic representations.

Theorem 2.30 Let m = L(A]) X -+ - X L(A;) be an £-modular (or L-adic) represen-
tation of Whittaker type of G, then 1 is irreducible if and only if the segments A;
and A are unlinked, for all i, j € {1, ..., t} withi # j. In this case, the product is
commutative and the set {A1, ..., A} is determined by 7.

First, we notice the following consequence.

Remark 2.31 1f 7 is an £-modular generic representation of G, as parabolic induction
commutes with reduction modulo ¢, it is easy to see that it admits standard lifts which
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are generic (i.e. irreducible). In this case, one has r¢(t) = 7 (because r is irreducible),
and 7 is a true lift, which is generic. Any generic lift T is such that ry(t) = Jo(7) = 7.
In fact, thanks to Theorem 2.13, any lift of 7 (which is necessarily irreducible), is
generic.

It can be shown that any irreducible £-modular representation wr of G, can be written
uniquely as a product 7, X 74,5, Where 7, has a banal cuspidal support, whereas 7,
has a non-banal cuspidal support. Notice that in general, the representation 7t does not
need to be banal (for example a segment with banal cuspidal support, but the length of
which is too large). However, as a consequence of Theorem 2.30, we observe that for
a generic representation  of G, the representation 7, is a product of banal segments
(and 4, is obviously a product of non-banal segments). We claim that m;, is a banal
representation in the sense of Definition 2.15. It is in fact the largest banal subproduct
of m, this claim following at once from the next proposition. Similarly 7, is non-
banal, and has no non-trivial banal subproduct. For this reason we will call m; the
banal part of w, and we will call m;y,, the fotally non-banal part of m when m is
generic.

Proposition 2.32 Let p be a cuspidal £-modular representation of G,, and 7 be a
generic representation of G, whose cuspidal support is contained in Z,. Then m is
banal if and only if p is banal.

Proof If o(p) = 1, then both 7 and p are non-banal, so we suppose that o(p) # 1,
in which case e(p) = |Z,| > 2. It is convenient to think of Z, as a circle, with e(p)
vertices drawn on it. If p is non-banal, then it is obvious that 7 is non-banal. Conversely
suppose that 7 is non-banal, but p is banal. As 7 is generic, it is a product of unlinked
generic segments. By hypothesis, the cuspidal support of 7 is a subset of Z,, this
means that if one takes two segments occurring in 7, they are either included in one
another, or disjoint and not juxtaposed. As 7 is non-banal, all the vertices on the
circle Z, must be covered by the union of all segments occurring in 7. This implies
that either one segment is of length > e(p), or that two segments are linked. Both
cases are impossible since 7 is generic, a contradiction. O

2.7 Lifting supercuspidal representations

The aim of this subsection is to show that a non-banal supercuspidal £-modular rep-
resentation has two lifts which are not isomorphic after twisting by an unramified
character. A fact that we will use to compute L-factors of non-banal supercuspidal £-
modular representations. To prove this, we use the Bushnell-Kutzko construction to
reduce the problem to finite group theory.

We first recall the Green classification of all cuspidal ¢-adic representations
of GL,, (kr), where k is a finite field of characteristic p, and the associated results
of James on reduction modulo ¢. Let kg be a finite extension of kr of degree m. The
group Hom(k 3, @X) is cyclic of order |k |, and is the direct product of its £-singular

part Hom(k 5, @X )s and its £-regular part Hom (k ., @X ). The map ry is a surjective
morphism
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Hom(k}, Q¢ ) — Hom(k}, ™)

with kernel Hom(kf,@>< )s. Let R = Qg or Fy, a character x € Hom(k}, R®) is
called (kg/kFp)-regular if its Gal(kg/kF)-orbit is of cardinality | Gal(kg/kF)|, i.e.
if x does not factor through the norm of any proper intermediate extension. If we
write G, for the fixator of x in Gal(kg/kF), it is equivalent to say that G, = {1}.

Theorem 2.33 ([8,12]) Let kr be a finite field, and kg be an extension of kr of
degree m.

1. There is a surjective map

u = o)

from the set of (kg / kr)-regular characters of kj; to the set isomorphism classes
of cuspidal £-adic representations of GL,, (kF), such that the preimage of o (i) is
the Gal(kg / k)-orbit of 1.

2. The reduction r¢(o (1)) is cuspidal, and r¢(o(n)) = re(o(n)) if and only if
the L-regular parts of w and w', as elements of the group Hom(kg,@>< ), are
conjugate under Gal(kg/kr). Moreover, r¢(o (1)) is supercuspidal if and only
if the £-regular part of u is (kg/kp)-regular. Finally, any cuspidal £-modular
representation of GL,, (kF) lifts to a cuspidal £-adic representation o (|1).

Let x € Hom(k*, Q¢), x, be the £-regular part of x, and y; be the singular part
which has order a power of £, so that we can write x = x,x, uniquely. As G, =
G, N Gy,, we notice the following obvious fact:

Lemma 2.34 The x character is (kg / kr)-regular if and only if G,, N G, = {1}.

We now make a first step towards computing the L-factors of non-banal supercus-
pidal representations. We continue with the notations of Theorem 2.33.

Proposition 2.35 Let o be a cuspidal ¢-modular representation of GL,, (kF),
and o(x) be a cuspidal lift of o. Then if the generators of the cyclic (-
group Hom(k ;, @X )s are not in the same Gy, -orbit, then & has two non-isomorphic
cuspidal lifts. This implies that if £ divides |k | and & is supercuspidal, then it has
two non-isomorphic lifts.

Proof Let o (x) be a cuspidal representation lifting & and write x = xsxr. As x
is regular, one has G,;, N G,, = {1}. Butif u is any generator of Hom(kg,@X )s»
one has G, C Gy, so that ux, is regular as well. Moreover, o (1 x,) lifts . But
if two generators u and u’ of Hom(kx,@x)s are in different G,, -orbits, then
clearly x; = ux, and x2 = 'y, are in different Gal(kg/kp)-orbits, and o (x1)
and o(x2) are two non-isomorphic lifts of o. Now if & is supercuspidal, then the
character y, is (kg / kr)-regular, hence G, is trivial. Hence, our second assertion fol-

lows when | Hom(k @X )s| = 3, because in this case Hom(k :, @X )¢ has at least 2

generators. Now when | Hom(k ;;, @X) s| = 2, the generator p of Hom(kg , @X )s 18
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the only element of order 2 in Hom(kg , @X); hence, it is fixed by Gal(kg/kFr). In
particular w y, is regular as well, but in a different Gal(kg / k g )-orbit, and we conclude
as before. O

Remark 2.36 Notice that in contrast to Proposition 2.35 a non-banal cuspidal non-
supercuspidal representation may only have one lift, for example for any ¢ # 2,
GL; (IF») has only one isomorphism class of cuspidal £-adic representation o, which
corresponds to unique Gal(F4/F)-orbit any non-trivial characters of F; ~ Z/3Z.
Hence, any cuspidal ¢-modular representation of GL;(IF>) has exactly one lift. The
only ¢ which divides IFI is 3, in which case r3 (o) is cuspidal non-supercuspidal.

In [20, Chapitre I11], the Bushnell-Kutzko construction of all cuspidal £-adic repre-
sentations of G, is extended to £-modular representations. Let R = Q; or Fy, and
be a cuspidal R-representation of G,,.

1. By [3, Chapter 6], [20, Chapitre III], the representation m contains a maxi-
mal extended simple type (J, A), (J is a compact mod-centre open subgroup
of G, and A is an irreducible R-representation of J of finite dimension) and we
have m =~ indf” (A). Moreover, any representation compactly induced from an
extended maximal simple type is cuspidal and a cuspidal representation determines
a maximal simple type (J, A) up to conjugation in G,, (the so-called intertwining
implies conjugacy property).

2. Let (J, A) be an extended maximal simple type for 7. The group J is defined via a
field extension E = F[B] of F in M, such that J = E* x J with J the maximal
compact subgroup of J. The restriction A of A to J decomposes (non-uniquely)
as A = k ®o, with k a B-extension, and o an irreducible cuspidal R-representation
of J/Jl >~ G (kg). The pair (J, A) is called a maximal simple type. By [17,
Lemmas 6.1 and 6.8], the representation m is supercuspidal if and only if o is
supercuspidal.

3. The ramification index e of m, is the ramification index of the extension E/F
above, which is well defined as intertwining of extended maximal simple types
implies conjugacy.

4. Let w be a cuspidal £-modular representation and e be the ramification index
of w. By [17, Lemme 5.3 and Section 6], the representation 7 is banal if and
only if ¢"/¢ # 1[¢] and, a banal cuspidal £-modular representation is necessarily
supercuspidal.

5. Let r be a cuspidal £-modular representation. If 7 contains an extended maximal
simple type (J, A), then one can lift (J, A) to an integral £-adic maximal extended
type (J, A), so that the representation T = ind?" Aisa cuspidal lift of 7 and all
lifts are of this form. Moreover, if A = A |j= k ® o, then « lifts to a S-extension K
and o lifts to a cuspidal representation &, so that (J, ¥ ® &) is a maximal simple
type in (J, A)

Remark 2.37 For acuspidal R-representation 7w of G, the integer f () we mentioned
in Sect. 2.5, is defined by f(;r) = n/e where e is the ramification index of 7.

We can now prove the result on lifting supercuspidal £-modular representations
of G,, we need later:
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Proposition 2.38 Let m be a non-banal supercuspidal {-modular representation
of G,. There exists two lifts of m which are not isomorphic by twisting by unram-
ified characters.

Proof Let (J, k ® o) be a simple type contained i, then o is a supercuspidal represen-
tation of J/J!' =~ GL,, (kg). By Proposition 2.35, it has two non-isomorphic cuspidal
lifts 7 and 7’. Let k be a B-extension lifting « such that (J,k ® 7) and (J, kK ® ') are
simple types for two cuspidal lifts of 7 which we write as p and p’. It follows from [17,
Corollaire 5.5], that p and p’ are not isomorphic by twisting by unramified characters,
as [ibid.] gives an equivalent condition for cuspidal representations such as these to
be isomorphic after twisting by an unramified character: that K(p) = Hom 1 (k, p)
and K(p") = Hom 1 (k, p’) are isomorphic as representations of G, (kg); and by [17,
Lemme 5.3] we have K(p) = t and K(p') = /. O

3 Rankin—-Selberg local factors for representations of Whittaker type

The theory of derivatives [1,2] being valid in positive characteristic (see Sect. 2.3) and
equipped with the theory of R-Haar measures (see Sect. 2.2), means we can now safely
follow [9] to define L-factors and y -factors. However, as mentioned in the introduction
as we do not have a Langlands quotient theorem at our disposal, we restrict our attention
to representations of Whittaker type (see Sect. 2.5). Of independent interest, we give
a different shorter proof than [ibid.] on multiplicity one of y-factors in Proposition
3.7, relying on derivatives rather than invariant distributions. In the main result of the
section, Theorem 3.13, we show that the £-modular y -factor of a pair of representations
always equals the reduction modulo ¢ of the ¢-adic y-factor of any Whittaker lifts,
and that the L-factor of this pair divides the reduction modulo ¢ of the ¢-adic L-factor
of any Whittaker lifts.

3.1 Definition of the L-factors

We first recall the asymptotics of Whittaker functions obtained in [10, Proposition
2.2]. For 1 < i < n, we write Z; for subgroup {diag(tI;, I,,—;),t € F*} of G,. The
diagonal torus A, of G, is the direct product Z; x --- x Z,.

Lemma 3.1 Let w be an R-representation of Whittaker type of G,. For each 1 <i <
n — 1, there is a finite family X;(7w) of characters of Z;, such that if W is a Whittaker
function in W (t, 0), then its restriction W (21, ..., Zn—1) t0 Ap_1 = Z1 X -+ - X Zy_1
is a sum of functions of the form

n—1
@) [ | xiove)™
i=1
for x;i € X;(w), integers m; > 0, and ® € CSO(F”_I).

The proof of Jacquet—Piatetski-Shapiro—Shalika in [ibid.] applies mutatis mutandis
for £-modular representations.
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Remark 3.2 For 1 < i < n — 1, we can take X; () to be the family of central
characters (restricted to Z;) of the irreducible components of the (non-normalised)
Jacquet module y; ,,_,. We denote by X, () the singleton {w }. We denote by E; (),
the family of central characters (restricted to Z;) of the irreducible components of the
normalised Jacquet module TTNjp_i» for1 <i<n-—1,andlet E, (7)) = X,,(;r). The
family E; () is obtained from X;(7r) by multiplication by an unramified character
of Z;, in particular, if R = @, the characters in E; (;r) are integral if and only if those

in X; (r) are integral.

Proposition 3.3 Let w be an R-representation of Whittaker type of G, and &’ an R-
representation of Whittaker type of G, for m < n.

o Thecasen =m.Let W € W(r,0), W € W(x',0™"), and ® e C°(F™). Then,
for every k € Z, the coefficient

e (W, W', &) = / WW (o 0r)dg

N \Gy

is well defined, and vanishes for k << Q.
o Thecase m < n—1.ForO< j<n—-m-—1,let W € W(r,0), and W €
W(r’,07"). Then for every k € Z, the coefficient

8
awwip=[ [ wlig W (g)dgdx
M m I Nu\GE, )i

n—m—j

is well defined, and vanishes for k << 0. When m = n — 1, we will simply
write ¢, (W, W') for c, (W, W’; 0).

Proof The only thing to check is that the coefficients in the statement are well defined,
i.e. finite sums, and zero for k negative enough. This is a consequence of Iwasawa
decomposition together with Corollary 2.6, and Lemma 3.1 for the case m > n — 1,

g
and, in the case m < n — 2, that the map W{ x [; ) has compact support with
Infmfj
respect to x, independently of g, by [9, Lemma 6.2]. O

Following Proposition 3.3, we now can define our Rankin—Selberg formal series.

Definition 3.4 e The case n = m. Under the same notation as Proposition 3.3, we
define the following formal Laurent series

I(X, W, W, &)= ZCk(W, W', &)X € R((X)).
keZ

e The case m < n — 1. Under the same notation as Proposition 3.3, we define the
following formal Laurent series

[X, W W5 ) =D cn(W, W gt =X e R((X)).
keZ
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When m = n — 1, we will simply write I (X, W, W') for I(X, W, W’; 0).
The L-factors we study are defined by the following theorem.

Theorem 3.5 Let m be an R-representation of Whittaker type of G,, and ' an R-
representation of Whittaker type of Gy, for 1 <m < n.

e Ifn = m, the R-submodule spanned by the Laurent series [ (X, W, W', ®) as W
varies in W(w,0), W’ varies in W(x',0™Y), and ® varies in CO(F™), is a
fractional ideal I(w, ') of RIX*'], and it has a unique generator which is an
Euler factor L(X, , ).

o If1 <m < n—1,fix j between 0 and n —m — 1. The R-submodule spanned by the
Laurent series [ (X, W, W’; j) as W varies in W (r, 0), W' varies in W(x’, 6~ 1),
is a fractional ideal I (r, w') of R[IX*'), is independent of j, and it has a unique
generator which is an Euler factor L(X, 7, 7’).

Proof We treat the case m < n — 2, the case m > n — 1 is totally similar. First
we want to prove that our formal series in fact belong to R(X). In this case, the
coefficient cp (W, W’; j) is equal to

ask
/ / / Wil x I W' (ask)8p, ()~ dxdadk,
(KmﬂBm)\Km A{'{n M_j,m I

n—m—j

which, by smoothness of W and W', we can write as a finite sum

Z/Ak Wi (“ In_m) W/ (a)83, (a)"'da,

with functions W; € W (xr, 0) and W € W (', 6~1). For W and W’ in W (r, 0), let

b (W, W'y = /

w (“ ) W ()85, (a) 'da,
A]r(n In—m

it is thus enough to check that

J(W, W) = Zbk(W, W')q—m12 xk
keZ

belongs to R(X). Following the proof of [9] we see that, by Lemma 3.1, they belong
to ﬁ R[X*!], where P(X ) is a suitable power of the product over the unramified
characters x; in E;(7r) for 1 < i < n and the unramified characters 1 ; in E; (1)
for 1 < j < m of the Tate L-factors L(X, x;u ;). By [15], this factor is equal to 1
if R = Fy, and ¢ = 1[¢], and is equal to 1/(1 — Xiij(zw)X) otherwise. The other
properties follow immediately from [9]. O

The proof of Theorem 3.5 implies the following corollary.
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Corollary 3.6 e If w and 7' are L-adic representations of Whittaker type of G,
and G, then 1/L(X, 7, ') € Z[X].
o If w and n' are {-modular representations of Whittaker type of G, and Gy,
and g = 1[{], then L(X, 7, ") = 1.

Proof By our assertion at the end of the proof of Theorem 3.5, the polynomial Q =
1/L(X, 7, ') divides (in R[X*'], hence in R[X]) a power of the product P of
the polynomials 1/L(X, x;u;) over the set of unramified characters y; in E; ()
for 1 < i < n and unramified characters 1 in E; (') for 1 < j < m. We already
noticed that P must be 1 if R = F, and ¢ = 1[¢], which proves our assertion in this
case. In general, P belongs to Z[X ], with constant term 1, as so do the polynomi-
als 1/L(X, xip;). Let A be the quotient P/Q in R[X]. We have P = AQ in R[X],
with P(0) = Q(0) = 1 (notice that the constant term of Q is 1 by definition of an
Euler factor), and P € Z¢[X]. This equality in fact takes place in K[X], for K a finite
extension (spanned by the coefficients of P, A, and Q) of Q; such that P € og[X]
(where 0g = Z; N K is the ring of integers of K). As ox [X] is a unique factorisation
domain, the fact that P(0) = Q(0) = A(0) = 1 implies that A and Q are in fact
in Ze[X]. u]

3.2 The functional equation

We have defined Rankin—Selberg L-factors of pairs of representations of Whittaker
type, we now need to show that these satisfy a local functional equation. By iden-
tifying F”* with M ,, the space C2°(F") provides a smooth representation G, by
right translation, which we denote by p. We also denote by p the action by right
translation of G, on any space of functions. For a € R[X =11 we denote by x4 the
character in Hom(G,, R[X*']*) defined by yx, : g > avdet(®) 1n particular, we
have v = x, 12 is the absolute value of the determinant.

Let 7 be an R-representation of Whittaker type of G,, and 7w’ be an R-representation
of Whittaker type of G,. If m = n, we write

D(x, 7', C°(F")) = Homg, (m @ 7' ® C°(F"), xx),
for the space of R-linear maps, £ : w X 7’ x C°(F") — R[X*!], satisfying
LpWW, p(W', p(h)®) = X LW, W', @)

forall W € W(r,0), W € W(r’,0~!), ® € C°(F"),and h € G’,‘l. Ifm<n-—1,
we write

D(T[, 7[/) = HomeUWH»l,nfmfl (7T ® 7[/, Xq(n—m)/ZX ® 9),
for the space of R-linear maps, £ : w7 x 7 — R[X*!], satisfying

LMW, p(WW') = gk=m2xke(w, W', @), L)W, W)=60u)L(W, W)
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forall W € W(r,0), W e W', 0~ 1), h e G’n‘1, and u € Up11n—m—1. We denote
by C%(F ") the subspace of C2°(F™) which is the kernel of the evaluation map Evy :
D — D(0).

Proposition 3.7 The spaces D(m,n’,C®(F")) and D(rw,n') are free R[X*']-
modules of rank 1.

The proof in the complex case of Jacquet—Piatetski-Shapiro—Shalika in [9] is long.
Some results obtained in the complex case [ibid.] using invariant distributions can be
obtained quicker using derivatives which is how we proceed.

Proof We start with the case n = m. The map
W, W, &)~ I(X,W,W, ®)/L(X,7,7)

is anonzero element of D(7, 7/, CZ°(F")); hence, we only need to show that D (r, 7/,
CX(F™)) is afree R[X*']-module of rank at most 1. O

We have an exact sequence of representations of G,,
0 — CXH(F") — CE(F") - 1— 0.

We tensor this sequence by 7 ® 7’ and, as 7 ® 7’ is flat as an R-vector space, we
obtain

0->71Qn' @CHIF") »n@n @CFP(F') - n@n' — 0.

By considering central characters, it is clear that the space Homg, (7 ® '/, xx) =
0. Applying Homg, ( , xx) which is left exact, we obtain that Homg, (7 ® 7’ ®
CP(F™), xx)isa R[X*!]-submodule of Homg, (m @ 7’ ® ij)(F"), xx). Hence, it
is sufficient to check that Homg, (7t @ 7’ ® Cg%(F"), xx) is of rank at most 1.

Now, we have anisomorphism between C.5 (F"') with G, acting viaright translation
1/2

and indgn” ) P, ); hence, we have
Homg, (7 ® ' ® C25(F"), xx) ~ Homg, (x ® 7', xx Ind3 (55,"%)),
~ Homp, (7 @ 7/, XxS;nl)
by Frobenius reciprocity. Now, by the theory of derivatives (see Sect. 2.3), &
and 7/, as P,-modules, are of finite length, with irreducible subquotients of the form
(<I>+)k Wt (p), for p anirreducible representation of G,,_;_1 and k between O and n—1.

Moreover, (®F)" =W+ (1) appears with multiplicity 1, as a submodule. By Proposi-
tion 2.11, the space

Homp, (@) W (p) @ (@F)/WH (o). xx87)
= Homp, (@) ¥ (0) @ (@)W (xx'8p,0), 1)
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is zero, except when j = k, in which case it is isomorphic to Homg, (0 ® o', xx v~1y).
If p and p’ are irreducible and k > 1, by considering central characters, the
space Homg, (p ® o, Xxv_l) is zero. Thus Homp, (7 ® 7', XX(S;:) isa R[X*']-
submodule of Homg,(1® 1, xx) =~ R[X*!]. This ends the proof in the case n = m,
as R[X*!]is principal.

We now consider the case m < n — 1. Again, the space D(sr, 7’) is nonzero as it
contains the map (W, W) — I[(X, W, W')/L(X, , =), we will show that it injects
into R[X*!], which will prove the statement. Let L be in D(rr, '), by definition, the
map L-factors through 7 x 7/, where 7 is the quotient of 7 by its subspace spanned
by n(u)W — 0w)W foru € Uyyip—m—1 and W € W(m, 6). Hence, 7 is nothing
other than the space of (dHr—m=1 (). Taking into account the normalisation in the
definition of the derivatives, we obtain the following injection:

Homg,, 41 pm_1 (T @ 7, Xqn-mpryx & 0) — Homg,, (&))" "™ (1)@ ', Xq12x)-

We next prove the following lemma.

Lemma 3.8 [f o is an irreducible R-representation of P, then
Homg,, (®* (o) ® ', x,12x) =~ Homp, (0 @ 7', xx).
If o is an irreducible R-representation of G, then
Homg, (V1 (o) ® 7/, Xg12x) =~ Homg,, (o0 ® 7', xx) = {0}.

Proof of the Lemma We first prove the second assertion. By definition of W,
the R[X*']-module Homg,, (Wt (o) @ 7', x,12x) is equal to Homp, , (¥ (0) ®
Wt ("), xx)), which is itself isomorphic to Homg, (0 ® 7, xx) by Proposition
2.11. As o is irreducible, it has a central character, and thus Homg,, (o, xx) = {0}.

For the first assertion, as Py, 11 = G, (P Uy+1), we have an isomorphism & (o)
1G> indgm’" (o) by Mackey theory (cf. [2, Theorem 5.2]). Hence, we obtain

Homg,, (W (0) @ 7', x,12x)

~ Homg,, (ind" (0) ® 7', x,112x) =~ Homp, (o @ 7', xx).
the last isomorphism by Frobenius reciprocity. O

Now, (®7)*™~1(x) is a P,,,1-module of finite length, and as 7 is of Whittaker
type, it contains (&)~ 1w+ (1) as a submodule, the latter’s multiplicity being 1
as a composition factor. By the theory of derivatives, all of the other irreducible
subquotients are either of the form W (o), with o an irreducible representation
of G,,, or of the form ®* (o), with o an irreducible representation of P,, of the
form (& +)"~/=!W+(0”), with o’ a representation of G ;, for some j > 1. By Lemma
3.8, Homg,, (T (o) ® ', xx) is zero. For all subquotients of the form ®+ (o), we
have Homg,, (dT (o) @', qu/ZX) ~ Homp, (c ® 7/, xx) by Lemma 3.8.
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Lemma 3.9 The R[X*!]-module Homp, (q ®n', xx) iszeroif o is anirreducible R-
representation of Py, of the form (®1)"~I=W+(¢"), with ¢’ an R-representation
of Gj, for some j > 1, whereas Homp, (@' wt1) @ 7/, xx) — R[XT!].

Proof of the Lemma As 7’ is of Whittaker type, its restriction to P, is of finite
length, with irreducible subquotients of the form (®1)"*=1w+(u), for u an
irreducible representation of Gi. Moreover, the representation (dH)m—k=Ly+(1)
occurs with multiplicity 1, and is a submodule. If o is an irreducible representa-
tion of P, of the form (®+)"—/~!w+(s’), with o’ a representation of G, for
some j > 1, then Homp, (®F)" "~ 1w+ (") @ ()" *~1w+(u), xx) is zero
by Proposition 2.11 if j # k (in particular if k = 1). Moreover, if k = j, by the
same Proposition, we have Hom p, (&)1~ 10+ (o) @ ()" * 1wt (), xx) is
isomorphic to Hom(;_ ; (6’ ® u, xx), which is zero, by considering central characters.
Hence, we have proved the first part of the lemma. If ¢ = (®H)" W+ (1), rea-
soning as above, we see at once that Homp,, (@H"yta) @ 7/, Xx) injects into
Homp, (1) 1w+ (1) ® (@)~ 'w+ (1), xx) =~ Homg,(1 ® 1, xx), the latter
space being isomorphic to R[X*!], and this completes the proof of the lemma. O

Allin all, we deduce that Homg,, (@) "Y', Xq'2x) injectsasa R[X*!]-
submodule into Homp,, ((<I>+)’”’1 Ut (1) ®n’, xx), which itself injects into R[XE,
and this ends the proof of the proposition. O

Remark 3.10 Notice that all the injections defined in the proof of Proposition 3.7 are
in fact isomorphisms. This could be viewed directly, or we can simply see that after
composing all of them we obtain an isomorphism.

We are now in a position to state the local functional equation and define the
Rankin—Selberg e-factor of a pair of representations of Whittaker type. We recall that
an invertible element of R[X*!] is an element of the form ¢ X k for ¢ in R, and k
in Z.

Corollary 3.11 Let w be an R-representation of Whittaker type of G, and ' be a
representation of Whittaker type of G,.

1. If m = n, there is an invertible element (X, , 7', 0) of the ring R[Xil] such
that for any W € W (x,0), any W € W(n',07"), and any ® in CO(F™), we
have:

Ig ' X"\, W, W, & I(X, W, W, &
(g WD) iyl ) LW WL D)
L 'X-1, 7, 7) L(X, 7, 7')

2. Ifm < n—1, there is an invertible element ¢(X, w, ©', 0) of the ring R[Xil] such
that, for any W € W (i, 0), any W € W(x',0~Y), andany 0 < j <n —m — 1,
we have:

g™ ' X", o)W, Win —m—1- j)
Lig~'Xx-1, %, 7")
(X, W, W j)
L(X,m, ")

= o (=D)"e(X, 7,7, 0)
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Proof 1Ttis aconsequence of Proposition 3.7 ifn = m,andif m < n—1with j =0, as
the functionals on both sides of the equality belong, respectively, to D (r, 7/, Cf?o (F™))
and D(r, r’). For j # 0, it follows from the case j = 0 as in the complex setting, cf.
[10]. O

We call e(X, mr, 7/, 0) the local e-factor associated with 7, 7w/, and 6, and we write

eX,m, ', 0)Lig ' X"\, %, 1)
L(X,m, 7))

y(X,m, 7', 0) =

)

for the localy -factor associated with 7, 7/, and 6.

3.3 Compatibility with reduction modulo ¢

Let 7 and 7’ are integral ¢-adic representations of Whittaker type of G, and G,,.
By Corollary 3.6, we already know that L(X, 7, /) is the inverse of a polynomial
with integral coefficients, even without the integrality assumption. With the integrality
assumption, we now consider the associated e-factor.

Lemma 3.12 The factor ¢ (X, 7, 7', 0) is of the form cXx*, for ¢ a unit in E

Proof We only do the case n = m, the case m < n — 1 follows mutatis mutan-
dis. By Remark 2.1, whenever W, W’ and @ have integral values, the Laurent
series 1(X, W, W/, ®) and I(q"X’l, V~V, w’, <i>) belong, respgctively, to Z((X))
and Z;((X~1)). As the factors L(X, 7, 7') and L(¢~' X', 7, ) are the inverse of
polynomials in Z¢[X*'] with constant term 1, the quotient

Iq'x L, W, W, &)/Lg 'x 7,7

which belongs to R[X*1], in fact belongs to R[XE! N Z_g((X_l)) = Z¢[X*!], and
similarly for the quotient I (X, W, W/, ®)/L(X, wr, x’). The functional equation then
implies that the scalar c is in Zg, and applying it twice shows that it is in ZX . O

If P is an element of Z,[X] with nonzero reduction modulo £, we write rg(P’l)
for (r¢(P))~'. We now prove our first main result.

Let 7 and 7/ be £-modular representations of Whittaker type of G, and G,,. Let T
and 7/ be Whittaker lifts of 7 and 7/ (respectively).

Theorem 3.13 We have
LX,w,7") | re(L(X, T, 7)),

and
y(X,m, 71", re0) = re(y(X, 7,7, 0)).

Proof We give the proof for m < n — 1, and j = 0, the other cases being sim-
ilar. By definition, one can write L(X,7,7’) as a finite sum >, I (X, W;, W)),
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for W; € W(r,0) and W/ € W(x',6~!). By Lemma 2.23, there are Whittaker

l
functions W;, € W,(t, u) and Wi”e € Wo(r', u=") such that W;, € W,.(7, u™ 1)
and Wi”e 1S We(;’, w) , and such that W; = r¢(W;,), and W/ = rg(Wi”e). By Remark
2.1, wehave L(X, 7, ") = re (3, I (X, Wi, W[ ). Asthesum - 1(X, Wi, W)
belongs to

L(X, 7, HQUXENNZ (X)) = L(X, T, ) Z [ XE1],

we obtain that L(X, 77, ) belongs to r¢(L(X, T, T/))F¢[X*']. This proves the first
assertion. The equality for y-factors follows the functional equation, and Remark 2.1.
O

As an immediate corollary of Theorem 3.13, of [9, Proposition 2.13] and of [11,
Proposition 4.1, Remark 5.2], we obtain the stability of the local factors. We recall
that the level /() of a character x of F* is either zero if it is trivial on 0™, or the
smallest integer n > 1 such that x trivial on 1 + p”.

Corollary 3.14 Let w and ' be a pair of €-modular representations of Whittaker
type of G, and G, respectively, then there exists l; o+ € N such that

LX,7n®x,7)=1,

wheneverl(x) = Ly . Moreover, if w1, ma are £-modular representations of Whittaker
type of G, with equal central characters, there exists I, € N such that

yX,m@x, 7,0 =yX,m®x, 7, 0),

whenever [(x) > .

Remark 3.15 As for the Godement—Jacquet L-functions (see [15]), we do not always
have an equality between r¢(L(X, 7, t’)) and L(X, 7, =’). For instance when ¢ =
1[£], we always have L(X, 7, #') = 1. But already, for unramified £-adic characters t
and t’ of G1, we have

re(L(X,7,7)) = 1/(1 — X).

This will become completely transparent in the generic case by the end of the next
section.

4 The inductivity relation and explicit computations

In Sect. 4.1, we obtain the inductivity relation of y-factors of representations of
Whittaker type by reduction modulo £. For L-factors, we restrict to pairs of generic
representations and obtain again the inductivity relation, and an explicit formula, dif-
fering from the £-adic case due to the presence of non-banal representations. In fact, for
generic representations we show that the L-factor only depends on the banal parts of the
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representations in Theorem 4.19. We also discuss precisely the relation with reduction
modulo ¢, and obtain in Theorem 4.22 a nice interpretation of the £-modular L-factor
of a pair of generic representations as the greatest common divisor of the L-factors of
the pairs of generic £-adic representations containing our generic pair as subquotients
on reduction modulo €. This also provides a coherent way of defining L-factors of
pairs of irreducible £-modular representations.

4.1 Gamma factors of representations of Whittaker type
Let R be either Qg or Fy. Let 7y, 72 be £-modular representations of Whittaker type

and 11, 77 be standard lifts of 1, 7, respectively. Fori = 1, 2, let rl.’ be a subquotient
of 7; of Whittaker type, and 7z/ be a subquotient of 77; of Whittaker type. As the functor

7 +— Homy, (7, 0)
is exact from R (G,) to the category of R-vector spaces, by multiplicity one of the
Whittaker functional for Whittaker representations, we deduce that the (unique up to
scaling) Whittaker functional on 7r{ is the restriction of that on 77y (and similarly for
the pairs (5, m2), (7], 71), and (75, ©2)).

This implies immediately the following inclusions of Whittaker models:

W(t],0) € W(z1,6), W(z3,67) € W(, 07D,
Wi, re(0) S W, re©), Wy re(@ ) € Wz, re0).
These inclusions being equalities whenever the respective subquotients are actually
quotients. B
Applying W +— W (in C*°(N,,\Gy,)) to the above inclusions, we obtain the

inclusions:

W@, e h cw, e, W(%',60) C W(5,6),
W@/, re(0™) € W(m, re(071)), W (), re(8)) € W (72, 70(0)).

Thanks to all of the above inclusions of Whittaker models, the functional equation
gives the equalities of gamma factors:

y(X, 7y, w5) = y (X, 71, m2), y(X, 1, 1) = y(X, 71, 02).
Now, by Theorem 3.13, we have
re(y (X, 71, ©)) = y(X, w1, m2),
hence

re(y (X, 11, 1) = y (X, 7t{, 7}).
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In particular, we can take 7/ (resp. 7r/) to be the unique generic subquotient of z;
(resp. m;) fori =1, 2.

The following theorem follows by reduction modulo £ (Theorem 3.13) of the induc-
tivity relation of £-adic gamma factors in [9, 3.1].

Theorem 4.1 Let 71 and my and w3 be £-modular representations of Whittaker type,
of Gy, Gy, and Gp,, respectively. Then

y(X, my, m x m3) = y(X, 71, )y (X, 71, 7w3).

Together with the discussion above, it has the following corollary:

Corollary 4.2 Let p and p’ be cuspidal £-modular representations of G, and G,
respectively, and a < b and ¢ < d in Z. Then one has

b d
y (X, St(p, [a, b)), St(0, [e,d) = [ T[]y X, v'p, v/ ).

i=a j=c

Proof As St(p, [a,b]) and St(p, [c,d]) are the unique generic quotients of the
induced representations 1v9p x --- x vPp and v¢p’ x --- x v?p/, respectively, the
assertion follows from Theorem 4.1 and the discussion preceding it. O

4.2 Divisibility relations between L-factors of induced representations

In this subsection R can be @ or E We first start with a simple observation, which
follows from the inclusions between Whittaker models discussed in the beginning of
Sect. 4.1.

Lemma 4.3 Let 7w (resp. T) be an R-representation of Whittaker type of G, (resp. G, ),
and v’ (resp. T') be a subquotient of Whittaker type (for example the unique generic
subquotient) of T (resp. T), then L(X, 7', ©) divides L(X, 7, T), and it is equal to it
if both ' and t' are quotients of w and .

We also observe, as in [9, Section 7] (their proof being valid for R = HT@), thanks
to the stability of L-factors under highly ramified twists (Corollary 3.14), that the
inductivity relation of y-factors (Theorem 4.1) implies the following result.

Lemma 4.4 Let 7, mp and 73 be R-representations of Whittaker type of G, G,
and G ,, respectively, then L(X, w1 X mp, w3) divides L(X, 7y, m3)L(X, 72, 73).

We now recall [9, Proposition 9.1]. A small part of the proof of [ibid.] is given in
a particular (but in fact very general) case, we give the very slight changes here, to
obtain the general proof. We shall also give some useful corollaries.

Lemma 4.5 Let | and  be two R-representations of Whittaker type of G, and G p,,
respectively, and let 1 = m X mwy. Then for any pair (W, ®) € W(m,0) X
CX°(F", R), there is W € W (m, 6) such that for g € G,,, we have

W (diag(g, I,)) = Wa(g)® (ng)v(g)"/>.
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Proof Because W (rr1 x 2, 0) isequal to W(W (i1, 0) x W (2, 6), 6), we can replace
abyn’ = W(ry, 6) x W(m, 6) to prove the statement. We write P for Py, ,,), and U
for its unipotent radical. The group U is isomorphic to M = M(ny, ns, F) via the

map
U:x e In, x).
1y,

We can consider W (ir1, 8) @ W (12, 6) as a P-module (with U acting trivially). We
first recall the following standard fact on induced representations of locally profinite
groups: the linear map I : C2°(Gp, R) ® W (1, 0) ® W (w2, 8) — 7', defined by the
formula

1(F & Wy Wa)(g) = /P F(pg)55 (0o (p)~ Wi ® Wadp.

for F € C°(Gp, R), Wi € W(m,6)and W, € W (rp, 0),is a well-defined surjection.
Taking F with support in PwU, of the form F(pwu(x)) = B(p)¥(x) with B the
characteristic function of a small enough compact open subgroup of P (so that this
subgroup has a nonzero volume, and fixes Wi ® W»), and with W any function in
C.(M, R), we obtain the map f = I (F) in 7/, which satisfies, up to nonzero scaling
the relation:

fwu(x)) =Vx)W; @ Wa.
Now the end of the proof is that of [9, Proposition 9.1]. O

The following result also follows from the results of [9].

Lemma 4.6 Let m, n be positive integers, with m < n. If m and ©’ are two R-
representations of G, of Whittaker type, and if W and W' belong, respectively,
to W(r,0) and W(r', 07V, the integral

I(nfmfl)(X, W, W/)

= Z(/ o W (diag(g, I,—m)) W' (diag(g, I,,m))dg) gke=m xk
Np\GE

keZ

belongs to the fractional ideal I (7, ") (see Theorem 3.5).

Proof Thanks to [9, Lemma 9.2], the proof of which is valid over R, we see that
there are Wy € W(xr,0) and W € W(x’,6~") such that I(,_p—1)(X, W, W) =
T0)(X, Wo, Wy). Hence, it suffices to prove the lemma when m = n — 1. In this case,
for any & in C°(F"), we denote by fg the function on F defined as fo : t

®(0,...,0,1r). Using the integration formula of Corollary 2.7, we can write
I(X, W, W, &)= / Loy(X, p()W, p()W) (X", cx, car, fooo)dk,
(Knmpn)\[(n

where p denotes right translation. Writing K, , = 1 + @" M(n, 0), and taking & =
1k, , for r large enough for W and W’ to be invariant under K, -, our integral reduces
to a nonzero multiple of /(o) (X, W, W’), and the result follows. |
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We now deduce from Lemmas 4.5 and 4.6, the following proposition, for the proof
of which we refer to [5, Proposition 4.4].

Proposition 4.7 Let 7\ and 7wy be two R-representations of Whittaker type of G,
and G,, respectively, let 1 = 71 x 7, and putn = ny+ny. Let ©' be a representation
of Whittaker type of G,. Then L(X, 2, w')~! divides L(X,m, 7")~" in R[X].

It has the following corollary, which we will use several times.

Corollary 4.8 Let p be a cuspidal R-representation of G, (m > 1), anda < b < ¢
two positive integers such that c —a+1 < e(p), so that St(p, [a, b—1]), St(p, [b, c])
and St(p, [a, c]) are generic segments. Then, for any £-modular representations
and ' of Whittaker type of G, and G, respectively, we have

L(X,St(p,[b,c]) xm, ") | L(X, St(p, [a,c]) x 7, 7).

Proof Because St(p, [a, c]) x 7 is the generic quotient (remember thatc —a + 1 <
e(p)) of St(p, [a, b —1]) x St(p, [b, c]) x m, Lemma 4.3 gives us the relation

L(X,St(p,la,c]) xw, 7"y = L(X, St(p, [a,b—1]) x St(p, [b,c]) x 7, 7).

The result now follows from Proposition 4.7. O

4.3 L-factors of cuspidal representations

We are now going to give the classification of all cuspidal ¢-modular L-factors. We
thus recall that according to [17, Theorem 6.14] (cf. [20, III 5.14]), any cuspidal
representation = of G, is of the form # = St.(p) = St(p, e(p)l") for p a super-
cuspidal representation. In particular a banal cuspidal representation of G, is always
supercuspidal.

Theorem 4.9 Let 7\ and wy be two cuspidal €-modular (or £-adic) representations
of Gy, and G,. Then L(X, 1, m2) is equal to 1, except in the following case: my is
banal (hence supercuspidal), and wy >~ x 7\’ for some unramified character x of F*
(in particular n1 = ny). When 1 is banal, and 7y =~ XjTlv, let f = f(m) = f(m),
we have

1

LY mm) = X7

and this factor is the reduction modulo £ of the L-factor of any cuspidal lifts of
and .

Proof The case when 7 banal and 7 >~ x )" for some unramified character x of F*
is a consequence of [13, Corollary 6.1]. Thus, it remains to consider the case where
one of the representations is non-banal. By choosing lifts of 1 and m», by Theorem
3.13, we are done if 7 % x ), for some unramified character x of F*. Assume first
that 7 is non-banal and supercuspidal. Thus, by Proposition 2.38 there are cuspidal
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lifts p2, p of 7 which are not isomorphic by twisting by an unramified character.
In particular, if we let p; be a cuspidal lift of 71, one of the L-factors L(X, p1, p2)
or L(X, p1, ,oé) is trivial. But as L(X, 71, mp) divides the reduction of both of these
factors, the result follows.

Thus we can assume that 775 is cuspidal non-supercuspidal and, as wp >~ x,” for
some unramified character x of F*, both of 77 and 7, are cuspidal non-supercuspidal.
We write w1 = St,,(p1) and mo = St,,(p2). We assume that n1 = mie(p1)¢"" >
ny = moe(p2)¢", where p; is a supercuspidal representation of G,,, and p; is a
supercuspidal representation of G,,,. Moreover, as neither of St,, (p1) or St,,(p2) is
supercuspidal, we have e(p1)¢"" > 1 and e(p2)€™? > 1 (and, in fact, we only really
need to assume one of the two for the remainder of the proof). In this case, we have

L(X, Sty (p1), Stry (p2)) | L(X, Sty (p1), p2 X -+ x P2 )
because St,, (p2) is the generic subquotient of
pa x - x vy
by Lemmas 4.3 and 4.4, we deduce that

e(p2)l"2—1

L(X. Sty (o). Stry(o2) | ] LCX. Sty (o). v 02).
i=0

But each factor L(X, St (p1), vipz)) is equal to 1 because n; > my, hence the
result. O

4.4 L-factors of generic segments

By the definition of the ramification index and the lifting of cuspidal £-modular rep-
resentations recalled in Sect. 2.7 we have the following proposition, which will allow
us to study reduction modulo ¢ of banal L-factors of cuspidal representations.

Proposition 4.10 Let t be an {-adic cuspidal representation of G, and p be the
reduction modulo £ of T, then q(t) = q(p) and f(t) = f(p).

We now move on to the case of generic segments. We notice that if p is a cuspidal
representation of G, the condition k < e(p) implies that St (p, k) is non-banal if and
only if p is non-banal. Let D| = St(ty, k1) and D> = St (12, k2) be generic segments
of G, and G,,, with n; > ny. When R = @, the following formula was proved in
[9, Theorem 8.2]:

ko—1
L(X, Dy, Dy = [ ] L&X, VN7 e, v/ ). ey
j=0

As a consequence, we obtain the following useful Lemma.
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Lemma 4.11 Let p be a cuspidal £-modular representation, and St (p, k1) and St (p",
ko) be generic segments, with k1 > ky. Write P the set of poles of L(X, St(p, k1), St
(0, k2)). Then PP = {xT®) x e P}isasubsetof {g(p)171, ..., q(p)litke=2),

Proof Let t be a cuspidal £-adic lift of p, so in particular f(p) = f(r) and g(7) =
q(p) according to Proposition 4.10. We recall that L(X, St(p, k1), St(p", k2))
divides r¢(L(X, St(z, k1), St(t", k2))) according to Theorem 3.13, and this last fac-
tor is equal to H]]Q:_Ol re(L(g~F1=7=1X, 1, tV)), according to Eq. (1). Now, thanks to
Theorem 4.9, we have

1
= gq(p) B TxS"

re(L(g M =71X, 7, V) =

and the result follows. O

We now completely describe the £-modular L-factors for generic segments.

Theorem 4.12 Let L(A1) = St(p1, k1) and L(Ay) = St(p2, kp) be two £-modular
generic segments of G, and G,, respectively, with n1 > ny, then:

1. If L(A1) or L(A2) is non-banal, then
L(X, L(A1), L(A2) = L.

2. If L(A1) and L(A3) are both banal, then

ko—1
L(X, L(AD), L(A) = [] L& 1,0 p2).
i=0

In this case, if 1| and ) are cuspidal lifts of p1 and py, so that L(Dy) = St(ty, k1)
and L(D») = St(12, kp) are generic segments lifting L(A1) and L(A3), then

L(X, L(A1), L(A2)) = re(L(X, L(D1), L(D2)).

Proof First we notice that the last formula concerning reduction modulo £ follows
from Part 2, Eq. (1) and the last part of Theorem 4.9. We also notice that according to
Proposition 2.32, the segment £(A;) is banal if and only if p; is banal, fori = 1, 2.
In either case, according to Lemmas 4.3 and 4.4, we have

L(X, LAD, LAY | [TLV o1, 07 p2).
iJ

If either segment is non-banal, each factor L(X, v py, v/ py) is equal to 1 according
to Theorem 4.9, and the first assertion follows. In fact, the same argument in the non-
banal case shows that if p,” and p, are not isomorphic up to twisting by an unramified
character, then L(X, A1, Ay) = 1.
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Hence, we are left with Part 2, and moreover, we can assume p; = )(,01v
for some unramified character x of F*. Thanks to the relation L(X,w, x7') =
L(x(wp)X, m, ") for any representations 7 and 7’ of Whittaker type, it is enough
to prove the result when p, = p,". We thus set p = p; and p¥ = p = p,’. From
now on, as we are dealing with banal representations, it is possible to follow the main
idea of the proof of [9, Theorem 8.2] up to necessary adjustments (as some of the
arguments in this reference depend on poles being in right and left half planes of C).
In particular we proceed by induction on k. We recall that because L(A1) and L(A»)
are generic, we have the inequalities k; < e(p) for i = 1,2, and because they are
banal, we have e(p) = o(p) = 2.

If ko, = 1, then k; > 1. In this case, we proceed by induction on k. If k; = 1, our
assertion follows from Theorem 4.9. If k1 > 1, as St(p, k1) is the generic subquotient
of p x St(vp, k; — 1), we have

L(X, St(p, k1), p") | L(X, St(vp, ki — 1), p")L(X, p, p")
by Lemmas 4.3 and Proposition 4.4. Hence, there is R € F,[X*"], such that
L(X, St(p, k1), p") = RX)L(X, St(vp, ki — 1), p")L(X, p, p"). ()

Welete = e(p) = o(p), f = f(p), Py bethesetof polesof L(X, p, pV),and P, be
the set of poles of L(X, St(p, k1), p¥). By Lemma 4.11, one has Plf C {1}, whereas

Py < g} S lgo),....q(p)*7 "},

and, in particular, Plf N sz , hence P; N Py, is empty. Thus if we set P(X) =
R(X)L(X, p, pV), then P must belong to F,[X*']. By our induction hypothesis,
we have

L(X, St(vp. ki — 1), p¥) = L(X, v\ 71 p, p¥),
and we record the equation
L(X, St(p. k1), p¥) = P(X)L(g" "X, p, p"). 3)
For the same reason, there is Q € HT@[X *17 such that
Lg ' X7 St(p¥. [1 —k1,0]). p) = Q(X)L(g ' X' p". p). @)

Now, the relation

ki—1

y(X, St(p, k), p*) =[] v@™ X, p,0")
i=0
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implies that, up to units in E[X =17, we have

k1—1 P _
1 L@ 'X71 Y, p)

L(Gg™'X,p,pY)

L(g™'Xx71, 8t(p", [1 — k1, 0]), p)) _
L(X, St(p, ki), pY)

(5
i=0

But, up to units in Fox*" again, we have
Lg"™ "X pY.p)=L(q" "X, p". p).
hence, up to units, Eq. (5) becomes

L@ 'X7,St(pY, [1 —k1,0D), p))  L(gX.p".p) L@ 'X7',pY, p)

L(X, St(p. k1), p¥) CL@"MX p.pY) T L@'TM X p.pY)
(6)
Comparing with Egs. (3) and (4), we deduce that P = Q up to units, and thus that
P divides both polynomials

L@ 'x 0" o) =q(0)' X — 1, and L(¢" ™M X, 0", p) " = q(p)' T X — 1.

Hence, P divides g(p)X/ — 1 and ¢(p)X/ — g(p)*' in Fe[X*!]. As g(p)ft # 1,
because k; < e(p), the polynomials g(p) X/ — 1 and g(p) X/ — g(p)*' are coprime;
hence, P is a unit in F,[X*!'] which must be equal to 1 as it is the quotient of two
Euler factors, and the equality

L(X, St(p, k1), p¥) = Lg" ™™ X, p, p%) (7

follows from Eq. (3).
Now we do the induction step, and suppose that k; > 1. By Lemmas 4.3 and 4.4
again, we know that there is P € F¢[X £19 such that

kp—1
L(X, L(A), £L(A2) = P(X) [] LX, LAD, v pY),
i=0

which by the previous case, gives the relation
ky—1
L(X, L(AD. L(A2) = P(X) [] L&X. v~ Tp v pY) (8)
i=0
By the same argument, we obtain the existence of Q € E[X 1 such that

ko—1

Lg ' X7 canY, Lany = o) [T L@ 'x 0" v 9
i=0
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Up to units in E[Xil], we have:

ky—1 kp—1 —1y-1 Vo —i
; L@ X ', L(ADY, v p)
y £, £ = [T vex can.'o = [T = 57250
i=0 i=0 ’ 1),V p
ky—1 _ _ _;
_ i—[ Lg~'Xx7", p¥,v7ip) (10)
C oy LXwkiTlp wipy)

By Egs. (8) and (9), we deduce that P = Q up to unitsin F/[X*!],andinfact P = Q
as both must belong to IF¢[ X ] with constant term 1. On the other hand, by Lemma 4.8,
we know that L(X, L(A1), St(p, ko — 1)) divides L(X, L(A1), L(A»)), and

ky—1

L(X, L(AD), St(p, [k — 1) = [] L&, 017", 07pY)
i=1

by our induction hypothesis. This implies, by Eq. (8), that P divides L(X, v¥1~1p,
oY)~ L. Similarly, we find that P divides L(g~' X', p¥, p)~!. As we have already
proved in the case k; = 1 that L(X,v¥1=1p, p¥)"! and L(g7' X", pV, p)~! are
coprime, we deduce that P = 1, and Eq. (8) gives the desired equality. O

4.5 L-factors of banal generic representations

We recall the following fact. If p is an £-adic cuspidal representation of G,,, with f =
f(p), then by [3, 6.2.5], the integer f is the order of the cyclic group of unramified
characters of F* fixing p. Notice that there is then only one subgroup of the group of
unramified characters of F* which has order f; hence, the condition ,u-f "=1foran
unramified character u of F* exactly means that u fixes p.

Proposition 4.13 Ler R be Qy or Fy, and let p, p' and p” be cuspidal R-
representations of G, such that L(X, p, p") and L(X, p, p"") have a common pole,
then p’ >~ p".

Proof First, this implies that there are unramified characters x’ and x” of F* such
that p’ >~ x'p¥ and p” >~ x"pY,s0 f(p) = f(p") = f(p”) = f.Now if x is this
common pole, which is necessarily in R*, we have 1 = x/ x" (@) = x/ ' (w)/,
ie. x"(w) = x'(w)/. Calling u the character x”x’~', this implies that u/ = 1,
hence pup’ >~ p’ and the result follows. O

Corollary 4.14 Let p be a cuspidal R-representation of G, and w1 and 7 two R-
representations of Whittaker type supported on two different cuspidal lines Z,,
and Zp,. Then L(X, p, 1) and L(X, p, w2) have no common pole.

Proof It follows at once from Proposition 4.13 and Lemma 4.4. O

Corollary 4.15 Let p be a cuspidal R-representation of G,, and 7wy and w5 two R-
representations of Whittaker type supported on two different cuspidal lines Z,,
and Z,,. Then L(X, p, 1) and Lg~'x~1 pY, 7y') have no common pole.
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Proof If L(g~'X~!, p¥, 7)) has a pole, by Lemma 4.4, it occurs as a pole of
Lg~'x~1 pV, vkpzv) for some k € Z. But, up to a unit of R[X*!], the rational
map L(g~'X7!, pY, vk,ozv) is equal to L(g X, p, v %) = L(X, p,v "% p,). The
result now follows from Corollary 4.14. O

Lemma 4.16 Let p be a cuspidal £-modular representation of G, and let 1 =
L(A]) x L(Ay) be a banal generic £-modular representation of G,. If Ay =
lai, bilp, and Ay = laz, b2y, then if 0 < k < min(by — ay, by — az), the fac-
tors L(X, p, L(A1)) and L(g~' X', v pY, L(A2)Y) have no common pole.

Proof Suppose there is a common pole x. First by Corollary 4.15, p> and p; are on
the same cuspidal line, in particular we can take p; = po = 7. If 7 is not equal to p¥
up to twisting by an unramified character or p is non-banal, then both factors would be
equal to 1 and we are done. Hence, p is banal, T = xp" for x an unramified character
of F*,and we set f = f(p). Now

L(X,p. L(A)) = 1/(1 = (" x (@) X))
and
Lq~' X7 pY v L(a)") = 1/ = @ @)X,
setting y = x (z)x, we get the relation y/ = g/ @+k=D = 4bif e,

q(p)™ = q(p)" 17k, (11)

As m is banal, we can always choose a; < by and ap < by such that, if ¢ =
max(by, by):eithera; < arand0 < c—aj <e—1l,orap <ajand0 < c—apy < e—1.
In the first case, Eq. (11) implies g(p)?~% = q(p)bl_”1+1_k, butas 0 < ay —a; <
e —1and

1<h—a+1—-k<b—a1+1<e,

we deduce thata) —a; = by —ay1 + 1 —k,i.e.ap = by + 1 — k. In this case one would
havea; <ay < by+landby =by+1—k+by—ar > by + 1, whichis absurd as A
and A, would then be linked. In the second case, Eq. (11) implies g (,0)1_]“*‘17 1= 1,
As1 < 14+[(by —a)) =kl <14+by —ar —k <14 b —ay < e, we deduce the
equality by — ap = k — 1, which is absurd as k < by — a; < b; — a». This ends the
proof. O

We now prove the inductivity relation for banal generic representations.
Theorem 4.17 Let m = L(A1) X --- X L(A;) and " = L(A]) x --- x L(A])) be

two banal generic £-modular representations of G,, and G, respectively, then

LX) = [[LX. L), £(A))).
inj



806 R. Kurinczuk, N. Matringe

Proof We proceed by induction onn+n'. If n+n’ = 0, then both sides of the equality
are equal to 1. We now do the induction step. Thanks to Lemma 4.4, there is P and Q
in R[X], with P(0) = Q(0) = 1, such that

L(X. w7y = P[TLX LA, LA, (12)
i,J
and
Lg'x ' a¥,a™")y = o[ L' X7 LAY, LayY). (13)
ij
The inductivity relation of y-factors (Theorem 4.1) gives, up to units of R[X*'],
the relation:

L' x 7V, 7y Tl L' X7 LAY, L))
L(X, 7, ') - Mg L(X, L(AR). L(A))

(14)

In particular, Eqs. (12), (13) and (14) give P = Q uptounitsof R[X*!],i.e. P = Q
(as they are in R[X] with constant term equal to 1). It thus suffices to prove that they
are equal to 1, which will follow from the fact that they have no common root. Notice
that if r = r/ = 1 there is nothing to prove and P and Q are obviously equal to 1. If
not, we can always assume that » > 2 as the L-function is by definition symmetric
with respect to its two last variables. So we suppose that » > 2. In this case, we
order the segments Ap, ..., A, and A/, ..., A/, so that A| has minimal length (the
length being that of segments, not modules) amongst the A; and, similarly, A has
minimal length amongst the A} , which is possible as 7 and 7’ are generic. We
have L(A1) = St(p, k), where p is a cuspidal representation of G; for some positive
integer /. We set L(A1)? = St(p, [1, k—1]) (this is indeed the /th derivative of L(A[)
by Proposition 2.16). Thanks to our ordering, the representation £L(A DO x L(A) x
-+ X L(A}) is still generic. By induction hypothesis, we have

LX, LADD x L(A2) x -+ x LIAS), LIA}) x -+ x L(AL))

’

=L cean®, caap) [T L. £y, Laap). (15)

i=1 j=2k=1

Now by Corollary 4.8, we also know that L(X,L(A))D x L(Ay) x - - x
L(A), LA} x -+ x L(AL)) ™" divides L(X, 7, 7')~!. Hence, Egs. (12) and (15)
together imply that P divides

TOL(X, L(ADD, £(A])

E L(X, L(A1), L(A])

Write L(A}) = St(p], k;), and let ¢; € {0, 1}, be equal to 1 if and only if p; is
equal to p" up to unramified twist and k < k;. The above product, by Theorem 4.12,
is equal to
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[Trx.p.ceapy—e.

i=1

Similarly, we show that Q divides
r/
[Tz %7 v o, Lap™.
i=1

In particular, if P and Q have a common root, there would be i and j in {1, ..., r’},
with k; and k; both > k, such that L(X, p, L(A})) and L(g~' X1, v™*p, L(A%)
would have a common pole x. This is absurd according to Lemma 4.16. This ends the
proof. O

We obtain the following corollary.

Theorem 4.18 Let w and ' be two £-modular banal generic representations of Gy,
then w and 7’ admit generic lifts T and T/, such that

LX, 7,7y =r(L(X,1,1))).

Proof Take t and T’ two standard lifts which are generic, and apply Theorems 4.17
and 4.12. O

4.6 L-factors of generic representations

We now obtain the inductivity relation for all generic representations. It follows at
once from the results of the previous subsection and the following equality.

Theorem 4.19 Let 1 = mp X wp be a generic £-modular representation of Gy,

and i’ = 7, x 7/, be a generic L-modular representation of G, then we have

L(X, 7, 7") = L(X, 7p, 7).

Proof From Proposition 4.7, we know that L(X, mp, rré) divides L(X, r, w"). Now
from Lemma 4.4 we know that L(X, 7, ) divides L(X, 7y, ;) L(X, wynpp, 70, ) L(X,
7y, 70, ) L(X, inp, 7],,). Hence, we only need to see that each factor L(X, wiup, 1),
L(X, mp, 7tt’n ) and L(X, Tinp, nt’n ») is equal to one. This follows easily from Lemma
4.4 and Theorem 4.12. O

An immediate corollary, which follows from the inductivity relation for L factors
of £-modular banal generic representations (Theorem 4.17), is the inductivity relation
for L factors of £-modular generic representations.

Corollary 4.20 Let 1 = L(A1) x --- X L(Ay) and " = L(A)) x -+ x L(A]) be
two £-modular generic representations, then

LX) = [[LX. L), £(A))).
inj
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As a consequence, we get a nice result on congruences of £-adic L-factors. We start
with the particular case of segments.

Proposition 4.21 Let L(A) and L(A") be two £-modular generic segments of G
and G, respectively. Then there are {-adic generic representations ti, ..., Ty,
andti, ..., t, (withu and v at most 2) such that Jo(t;) = L(A) and Jo(t]) = L(A"),
such that

L(X, L(A), L(A") = GCD(L(X, 7, T))).
L)

Proof We write A = [a,b], and A" = [a’,b],. In this case we already know
the result if both segments are banal by Theorem 4.12 (one only needs one lift). If
one segment is non-banal, for instance A, then p is non-banal as well (Proposition
2.32). We let L(D’) be a segment lifting £(A) in any case. If p is supercuspi-
dal, according to Proposition 2.38, p has two cuspidal lifts o1 and o, which are
in different orbits under unramified twists. In particular, as the L factor of a pair of
cuspidal representations which are not contragredient of one another up to unram-
ified twist is equal to 1, using Lemmas 4.3 and 4.4 for L(X, L([a, bls,), L(D"))
and L(X, L([a, bls,), L(D’)), this implies that one of the factors is equal to 1, and
we are done in this case (with 7; = L([a, bl,,), and t{ = L(D"). If p is not
supercuspidal, we can write it under the form St,.(u) for » > 2 and some super-
cuspidal representation w. Let ¢ be the positive integer such that p is a representation
of Gy, then p is a representation of G4 for d = t/r < t, the important point here
being d < t. Then p can be lifted to a cuspidal representation o of G,, but we also
have p = J;(St.(v)), for v a cuspidal lift of u. We let 1 = L([a, bls,), and
be the generic subquotient of v¥S7,(v) x --- X v2 St (v), then Lemma 2.27 implies
that A = Jy(12) = Je(t1). As the L factor of a pair of cuspidal representations which
are representations of different linear groups is equal to 1, by Lemmas 4.3 and 4.4
again, one of the factors L(X, 71, £(D’)) and L(X, 12, £L(D’)) is equal to 1 and this
ends the proof (with 7{ = £(D")). O

Theorem 4.22 Let w and 7w’ be two generic £-modular representations of G, and G,
then:

L(X,m,7") = GCD(r¢(L(X, T, 7'))).

where the divisor is over all integral generic {-adic representations T of G, and ©’
of G, which contain v and t’, respectively, as subquotients after reduction modulo ¢.

Proof We use notations of Lemma 2.27. Let 7 and t/ be two £-adic generic represen-
tations of G, and let 7 = Jy(t) and n’ = J¢(t'). We have a surjection p : 0 — T
(resp. p’ : 0’ — t'), where 0 = r{ X --- X r; (resp. r{ X --- X r{) is a product of
cuspidal representations, hence a representation of Whittaker type. By Lemma 4.3, we
have L(X, 7,7") = L(X, 0,0"). We set p; = r¢(r;) and p; = r(r]), so that Lemma
2.27 tells us that the representation 7 (resp. ') is the unique generic subquotient of
p1 X+ X py (resp. pj X - - - x p;). By Lemma 4.3 again, the factor L(X, 7, 7’) divides
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L(X, p1 X === X pr, p] X ==+ X py),

which in turn divides r¢(L(X, 0, 0")) = r¢(L(X, 7, t')) according to Theorem 3.13.
This proves that L(X, 7, ') divides the greatest common divisor considered in the
statement.

We now have to show that this greatest common divisor divides L(X, 7, ’). We will
thus find a finite number of ¢-adic generic representations 71, ..., 7, and rl’ e, r,g,
withm = Jy(t;) foralli and 7’ = J, (r]/.) forall j, such that GCD; ; (r¢(L(X, 7;, r]/.)))
divides L(X, r, #"). We already know that this is true when 7 and 7" are generic
segments according to Proposition 4.21. In general, we write

=LA X x LAy, 7 =LA} % x LIAL).

According to Proposition 4.21, for each k between 1 and r (resp. each / between 1
and s) we can choose a finite number of generic representations rl.]; (resp. r]l.l) such

that J(t}) = L(A) (resp. Jo(t")) = L(A})), and

L(X, L(AR), L(A))) = GCDe(L (X, o 7).

We denote by 7;, ;. the unique generic subquotient of t.l XX r ,and T/ e s
the unique generic subquotlent of 7/ /1 X oo x T jy» SO that Jg(l',l ,,,,, i) = T,
and Jg(r[1 ) = n/. By Lemmas 4.3 and 4.4, we know that L(X, t;,,.__,, r;l /'s)
divides the factor [12) - L(X, tl.k, ,-l). Hence

rs
/1
GCD (L(x, Ty T .)) | GCD re(L(X, 75, 7))
(1o ) o) e A TS N 8 [l fie T

k=1,l=1

This latter GCD is equal to

H GCD (re(L(X, 7}, ) = [T 0% L0, L)) = L, 7,7,

k=ti=1 " k=1,I=1

the last equality according to Corollary 4.20. This ends the proof. O

Remark 4.23 Taking the unique generic subquotient in the reduction modulo ¢ of an
integral generic £-adic representation is an instance of Vignéras’ Jy map (cf. [23,
1.8.4]). As this map is defined on all integral irreducible £-adic representations of G,
and is surjective onto all irreducible £-modular representations of G, [ibid.], it is
tempting to define the L-factor L(X, i, '), of pairs of irreducible (not necessarily
generic) £-modular representations 7, 7', by a GCD of the reductions modulo £ of
the £-adic L-factors L(X, 7, t’) where t, T’ vary over all integral £-adic represen-
tations such that Jy(t) = 7 and Jy(z') = /. Interesting future questions revolve
around determining whether this is a natural definition, perhaps, by finding an integral
representation for this £-modular L-factor.
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