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Asymptotic behavior of solutions to the extension problem for the
fractional Laplacian on noncompact symmetric spaces

EFFIE PAPAGEORGIOU

Abstract. This work deals with the extension problem for the fractional Laplacian on Riemannian symmetric
spaces G /K of noncompact type and of general rank, which gives rise to a family of convolution operators,
including the Poisson operator. More precisely, motivated by Euclidean results for the Poisson semigroup,
we study the long-time asymptotic behavior of solutions to the extension problem for L' initial data. In
the case of the Laplace—Beltrami operator, we show that if the initial data are bi-K-invariant, then the
solution to the extension problem behaves asymptotically as the mass times the fundamental solution, but
this convergence may break down in the non-bi- K -invariant case. In the second part, we investigate the long-
time asymptotic behavior of the extension problem associated with the so-called distinguished Laplacian
on G/K. In this case, we observe phenomena which are similar to the Euclidean setting for the Poisson
semigroup, such as L! asymptotic convergence without the assumption of bi-K -invariance.
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1. Introduction

Let M be a complete, noncompact Riemannian manifold and A be its Laplace—
Beltrami operator. It is well understood that the long-time behavior of solutions to the
heat equation

Ou(t,x) = Au(t,x), t>0, xeM,

1.1
u(0, x) = ugp(x), (1)

is strongly related to the global geometry of M. This applies also to the heat kernel
h: (x,y), that is, the minimal positive fundamental solution of the heat equation or,
equivalently, the integral kernel of the heat semigroup exp (tA) (see, for instance,
[18]).

The connection between the long-time behavior of the solution u(z, x) of (1.1) for
initial data ug € L' (M, ) (where w is the Riemannian measure on M) and that of
the heat kernel 4;(x, y) has recently been the subject of extensive studies, see, for
example, [7,19,30] or see [1,2,7,23] for variants and related questions. Denote by
M = f g die(x) uo(x) the mass of the initial data. In the case when M = R" with
the Euclidean metric, the heat kernel is given by

2

hi(x,y) = (dmr)~2e= T
and the solution to (1.1) satisfies as t — +00
ez, ), o M Iy x0) 1 gy — O (1.2)
and
12 |u(t, ) — M hy (., x0) |l ooy —> O. (1.3)

By interpolation, a similar convergence holds with respect to any L?” norm when
l <p<oo:

127 lu(t, ) = M hy (., x0) [l Lrgny —> O
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where p’ is the Holder conjugate of p.

The situation is drastically different in hyperbolic spaces: it was shown by Vazquez [30]
that (1.2) fails for a general initial function f € L' but is still true if f is spherically
symmetric around xg. Similar results were obtained in [7] in a more general setting of
symmetric spaces of noncompact type by using tools of harmonic analysis. In [19], it
was shown that (1.3) fails on connected sums R"#R", n > 3.

The fractional Laplacian is the operator (—A)?, o € (0, 1), defined as the spectral
o -th power of the Laplace—Beltrami operator, with Dom(—A) C Dom((—A)?). Itis
connected to anomalous diffusion, which accounts for much of the interest in mod-
eling with fractional equations (quasi-geostrophic flows, turbulence and water waves,
molecular dynamics, and relativistic quantum mechanics of stars). It also has vari-
ous applications in probability and finance. One can obtain the fractional Laplacian
through a Dirichlet-to-Neumann map extension problem, introduced by Caffarelli and
Silvestre [13] on R”. This extension problem was considered for fractional powers
of more general self-adjoint operators by Stinga and Torrea [27], where the authors
adopted a rather general spectral/semigroup approach; also, in the same work [27],
a Poisson/subordination formula was given, as well as conditions for the existence
of a fundamental solution. On certain “good” noncompact Riemannian manifolds M
(e.g., Cartan—-Hadamard manifolds or manifolds with nonnegative Ricci curvature),
the problem was studied in [9]. More precisely, let H? (M) denote the usual Sobolev
space on M. Then, for any given vy € H (M) there exists a unique solution of the
extension problem

2
- (1 —20) @ 0°v

— =0, 0 1, 1.4
t 8t+8t2 == (1.4

with v(0, x) = vg(x) where r > 0, x € M, and the fractional Laplacian, can be
recovered through

A

L@ .-

—A) — _220—1—
(=A)vo(x) Ti—o) Jim

av
20

—(x, 7).

5y X0
The extension problem has drawn much attention. Since the associated literature is
enormous, we shall refer indicatively to [3,9,10,12,16,24,25,27] and the references
therein. From a probabilistic point of view, the extension problem corresponds to the
property that all symmetric stable processes can be obtained as traces of degenerate
Bessel diffusion processes, see [26].

Observe that for o = 1/2 we get the Poisson semigroup e /¥ =% In the Euclidean
case M = R", the Poisson kernel is given by

r t

Qi (x,y) = —= —, x,yeR", 1>0. (1.5)
T (P4 -y T

Then, for vy € L (R") as t — o0, it holds [28]
—tJ/=A

lle vo — M Q. xo) gy —> O (1.6)
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and
" e "% — M Qi (., x0) |l Loy —> 0. (1.7)

Motivated by this, we examine the long-time behavior of solutions to the extension
problem with L' initial data on noncompact symmetric spaces X = G/K, for all
0 < o < 1. More precisely, let Q7 be the fundamental solution to the extension
problem (1.4), which will be called the fractional Poisson kernel from now on. Then
our main result is the following.

Theorem 1.1. Ler vg € LY(X) be bi-K -invariant and consider the solution v to the
extension problem (1.4) with initial data vy. Set M = fx vo. Then

v, -) —M Q;T||L1(X) —> 0 as t— 4oo0. (1.8)
Moreover, this convergence fails in general without the bi-K -invariance assumption.

It is worth mentioning that for the Euclidean case, in fact for manifolds of non-
negative Ricci curvature and certain generalizations of them, the problem was treated
recently in [24]: the convergence there is true for all absolutely integrable data, with-
out any further symmetry assumptions. To the best of our knowledge, the present
work is the first approach to examine this property on (essentially) negatively curved
manifolds. The result is new even for the case of real hyperbolic space.

Remark 1.2. If the bi- K -invariant initial data are in addition compactly supported, we
obtain the better estimate

lo@, -)—M Q?HLI(X) < Ct ™", p=minfo, 1/2} Vit >1,

where C > 0 is a constant and ¢ is any positive constant such that ¢ < 2/(v + 20),
see Sects. 4.1 and 4.2. Here, v denotes the so-called dimension at infinity of X, see
Sect. 2.

Remark 1.3. We also provide the following sup norm (for which no bi-K -invariance
is needed) and L? (1 < p < o0) norm estimates:

vyl

v, -) — M Q|| ) = o(; (3+3 ")e—lp"> (1.9)
_d(vy1 ) _lelt

v, -) = M Q7 llLrx) = O(t P’<2+2 J)e P ) (1.10)

ast — +o0. Here, p’ denotes the dual exponent of p, defined by the formula % + ﬁ =
1. However, the sup norm estimate (1.9) in the present context is relatively weaker
compared to (1.7) in the Euclidean setting, while the L? norm estimate is similar. Here,
p is the half sum of positive roots with multiplicities, see Sect. 2. This is reminiscent
of the weak L* convergence for the heat equation on X, observed first on the three-
dimensional real hyperbolic space [30] and generalized to arbitrary rank noncompact
symmetric spaces [7].
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Let S = N(expa) = (expa)N be the solvable group occurring in the Iwasawa
decomposition G = N (exp a)K. Then S is identifiable, as a manifold, with the sym-
metric space X = G/K. Our second main contribution is to study the asymptotic
convergence for solutions to the extension associated with the so-called distinguished
Laplacian AonS.

In order to state the results, let us introduce some indispensable notation, which will
be clarified in Sects. 2 and 5. Denote by ¢q the ground spherical function, by § the
modular function on S, and by Q;’ the fundamental solution to the extension problem

~~ (1=20)_ . 5o ~ ~
AV — ——0v—09;v=0, v(-,0)=7v9, t>0. (1.11)
Let gy = st/ 2(,00 be the modified ground spherical function and denote by M= @EO‘Z—O

the mass function on S which generalizes the mass in the Euclidean case (see Sect. 5.2).
Then, we show the following long-time asymptotic convergence results.

Theorem 1.4. Let Uy belong to the class of continuous and compactly supported
functions on S. Then, the solution to the extension problem (1.11) with initial data
satisfies

15, ) = M OF |l 15y —> O (1.12)
and
+1 o~ ~ ~
HENS(@, ) — M QY o) — 0 (1.13)

ast — +oo. Here £ denotes the rank of G/K and T} the set of positive reduced
roots. Analogous LP (1 < p < 00) norm estimates follow by interpolation.

Remark 1.5. Let us comment on (1.12) and (1.13). Firstly, notice that the L' con-
vergence (1.12) holds without the restriction of bi- K -invariance, in contrast to Theo-
rem 1.1, and that the sup norm estimate (1.13) is stronger than (1.9), as in the Euclidean
setting for the Poisson semigroup. Secondly, the mass M is a bounded function and
not necessarily a constant.

Thirdly, the power £ + | ZF| which occurs in time factor never coincides with the
dimension at infinity v = ¢ + 2|X;7| and it is equal to the topological dimension
n=~0+7Y .5+ Mg if and only if the following equivalent conditions hold:

e the root system X is reduced and all roots have multiplicity m, = 1.
e G is anormal real form.

This paper is organized as follows. After the present introduction in Sect. 1 and pre-
liminaries in Sect.2, we discuss the extension problem associated with the Laplace—
Beltrami operator on symmetric spaces in Sect. 3. In Sect. 4 we deal with the long-time
asymptotic behavior of solutions to the extension problem associated with the Laplace—
Beltrami operator on symmetric spaces. We first determine the critical region where
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the fractional Poisson kernel concentrates. Next, on the one hand, for continuous com-
pactly supported initial data, we show that both the solution and the fractional Poisson
kernel vanish asymptotically outside that critical region. On the other hand, inside the
critical region we discuss the role of the additional assumption of the bi- K -invariance
of the initial data. The rest of this section deals with problems for more general initial
data in the L? (p > 1) setting. In Sect.5, we investigate the asymptotic behavior of
solutions to the extension problem associated with the distinguished Laplacian. Af-
ter specifying the critical region in this context, we study the long-time convergence
in L' and in L> with compactly supported initial data and address some questions
associated with other initial data at the end of the paper.

Throughout this paper, the notation A < B between two positive expressions means
that there is a constant C > 0 such that A < CB. The notation A < B means that
A < Band B < A. Also, A(t) ~ B(t) means that A(¢)/B(t) — 1 ast — +o0.

2. Preliminaries

In this section, we review spherical Fourier analysis on Riemannian symmetric
spaces of noncompact type. The notation is standard and follows [17,20,21]. Next,
we recall bounds and asymptotics of the heat kernel, for which we refer to [5,6] for
more details in this setting.

2.1. Noncompact Riemannian symmetric spaces

Let G be a semi-simple Lie group, connected, noncompact, with finite center, and
K be a maximal compact subgroup of G. The homogeneous space X = G/K is a
Riemannian symmetric space of noncompact type.

Let g = €@ p be the Cartan decomposition of the Lie algebra of G. The Killing form
of g induces a K-invariant inner product (., .) on p, hence a G-invariant Riemannian
metric on G/ K. We denote by d(., . ) the Riemannian distance on X.

Fix a maximal abelian subspace a in p. The rank of X is the dimension £ of a. We
identify a with its dual a* by means of the inner product inherited from .

Let ¥ C a be the root system of (g, a) and denote by W the Weyl group associated
with 3.

Once a positive Weyl chamber a™ C a has been selected, T (resp. £, or T;)
denotes the corresponding set of positive roots (resp. positive reduced, i.e., indivisible
roots or simple roots).

Let n be the dimension and v be the pseudo-dimension (or dimension at infinity) of
X:

n=4L0+Y 5+ Mg and v = £+2|5F 2.1
where m,, denotes the dimension of the positive root subspace

g = (X €g|[H,X]= (a0, H)X, VH €a}.
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Denote by p € a™ the half sum of all positive roots « € X1 counted with their
multiplicities m:

Sometimes we shall use coordinates on a. When we do, we always refer to the coor-
dinates associated to the orthonormal basis 81, ..., §¢—1, o/|pl|, where 81, ..., 8¢—1, 18
any orthonormal basis of pL.

Let n be the nilpotent Lie subalgebra of g associated with ¥+, and let N = expn
be the corresponding Lie subgroup of G. We have the decompositions

G =N (expa) K  (Iwasawa),
G = K (expat) K (Cartan).

Denote by A(x) € aand xT € a* the middle components of x € G in these

two decompositions, respectively, and by |x| = |x ™| the distance to the origin. In the
Cartan decomposition, the Haar measure on G writes

/dx fx) = |K/M] /dk1/ dx+5(x+)fdsz(kl(expx+)k2),
G K at K
with density

sty =[] (sinh(e, x*))m

aext
o, xt)  \ma _
= 1_[ (ﬁ) ez(p’xﬂ Vx+€a+. (22)
aext ’

Here K is equipped with its normalized Haar measure, M denotes the centralizer of
expain K, and the volume of K /M can be computed explicitly, see [5, Eq. (2.2.4)].
Finally, let us recall that

Ixt =T <dxK, yK), |0t =yt JaenT —yTI <d(xK,eK), (23)
see [5, Lemma 2.1.2] or [22, Lemma 2.1].

2.2. Spherical Fourier analysis

For this subsection, our main references are [17, Chap. 4] and [21, Chap. IV].

For every A € a, the spherical function ¢; is a smooth bi- K -invariant eigenfunction
of all G-invariant differential operators on X, in particular of the Laplace—Beltrami
operator:

—A@; (x) = (A +1p%) g (x).
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It is symmetric in the sense that ¢; (x ') = ¢_; (x), and is given by the integral
representation

@ (x) = / dk \irtp, Alkx)) (2.4)
K

All the elementary spherical functions ¢; with parameter A € a are controlled by
the ground spherical function ¢g, which satisfies the global estimate

golexpx®™) = 1 [] 1+ @xf)t e vat eat, 2.5)

aEEf

Let S(K\G/K) be the Schwartz space of bi- K -invariant functions on G. The spher-
ical Fourier transform (Harish—Chandra transform) H is defined by

HEO) = / drg_,(x) f(x) Yrea, VfeSK\G/K), (2.6)
G

where ¢, € C*°(K\G/K) is the spherical function of index A € a.

Denote by S(a)" the subspace of W-invariant functions in the Schwartz space S(a).
Then H is an isomorphism between S(K\G/K) and S(a)". The inverse spherical
Fourier transform is given by

Co

fx) = —

A
Wi | e AR/ YreG, VieS@Y, @D

where the constant Co = 2"~¢/(27)¢| K /M| depends only on the geometry of X, and
|e(A)| =2 is the so-called Plancherel density, given by an explicit formula by Gindikin—
Karpelevic.

Finally, if f is a Schwartz function on X, the Helgason—Fourier transform is defined
by

FO, kM) = / dg f(gK)el=Htr AGT ), (2.8)
G

which, in view of (2.4), boils down to the transform (2.6) when f is bi-K -invariant.

2.3. Heat kernel on symmetric spaces

The heat kernel on X is a positive bi-K-invariant right convolution kernel, i.e.,
h/(xK,yK) = h;(y~'x) > 0, which is thus determined by its restriction to the
positive Weyl chamber. In fact, it symmetric, i.e., i;(x) = h (. According to the
inversion formula (2.7) of the spherical Fourier transform, the heat kernel is given by

Co [_dr AP+ P)

h(xK) = — —|2¢A(X)e

2.9
(W[ Ja le(h) @9
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and satisfies the global estimate

a+m2a 1

hiexpH) =< t72 § [ 41+ (e HY) o(exp Hye PP 1="%

aeE+

(2.10)

forallt > Oand H € a_+, see [5,6]. Recall that fX h; = 1.

Finally, in order to describe more accurately the asymptotic behavior of the ground
spherical function and of the heat kernel on certain regions, let us introduce the fol-
lowing functions: consider

w2y =[] (n .11
aeEf
and
bG) = [ be ( )
a62+ a a>
where
by (2) = |of? P(&8 +img) T(y &L+ ma+2mza) Fiz41) T(z+ima)
“ r<§g,§§> ety img)  Tlztime) Thztimatimo)’

The function b(—1)~! is holomorphic for A € a + ia* and positive for A € iat. We
recall that it has the following behavior

Mo +mpy 1
2

b—n"" < ] A+ K2 2.12)
aexn’
and that its derivatives can be estimated by
pb(=0)"" = O(Ib(—=n)| ), (2.13)

where p(%) is any differential polynomial, [5, pp. 1041-1042].

We are now ready to describe the asymptotic behavior of the ground spherical
function away from the walls. More precisely, as (H) := mingex+ (o, H) — 00,
we have

golexpH) ~ Cym(H)e \PH) (2.14)

Here, C; = n(5)~'b(0) and § = % Zaezj’ «a, see [5, Proposition 2.2.12(ii)].
As for the heat kernel, we have the following asymptotics [5, Theorem 5.1.1]:

he(exp H) ~ Cor3b(— i )" go(exp H) e P 2.15)

ast — oo,provided u(H) — ooor|H| = O(t).Here C, = C02’|Er+|71%7t(ﬁ)b(0)’1.
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3. The fractional Laplacian and the extension problem

This section deals with the notion of the fractional Laplacian and the extension
problem which gives rise to a family of operators, containing the Poisson operator.

In recent years, there has been intensive research on various kinds of fractional order
operators. Being nonlocal objects, local PDE techniques to treat nonlinear problems
for the fractional operators do not apply. To overcome this difficulty, in the Euclidean
case, Caffarelli and Silvestre [13] studied the extension problem associated with the
Laplacian and realized the fractional power as the map taking Dirichlet data to Neu-
mann data. In [27] Stinga and Torrea related the extension problem for the fractional
Laplacian to the heat semigroup, via a flexible approach of functional calculus. On
certain classes of noncompact manifolds, which include symmetric spaces of noncom-
pact type, the extension problem has been studied by Banica, Gonzdlez and Séez [9].
Interestingly, in the noncompact setting one needs to have a precise control of the
behavior of the metric at infinity and geometry plays a crucial role.

From now on, we strictly work on symmetric spaces of noncompacttype X = G/K.
To begin with, using the spectral theorem, one can define fractional powers of the
Laplacian via the heat semigroup,

(=A)vy(x) = /‘00 tldja (e’Avo(x) —vp(x)) in Lz(X), vo € Dom(—A).
0

see [31, (5), p. 260], [9], or [27].
Then, by [27, Theorems 1.1 and 2.1] (see also [9, Theorem 1.1]) the relation between
the fractional Laplacian and the extension problem (1.4) is the following.

Theorem 3.1. [27] Let o € (0, 1). Then for vgp € Dom((—A)?), a solution to the
extension problem

1—20)dv 8%
LU=20)

A -
v t ot or?

=0, v0,x) = vyx), t>0, x eX,
is given by

v(t, x) = v(t, gK) = vo * 07 (gK) = dey 07(y '), geq,

where

t2<7 +oo  qu 2
1) = hu(g)e (3.1
Ql‘ (g) 220F(O') 0 M1+G u g ’ .
Moreover, the fractional Laplacian on X can be recovered through

(=A)vo(x) = —225—1& m tl_z"z—?(x, 1).

Tl — o) rooe
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It is worth mentioning that the existence of an integral (in fact, a right convolution)
kernel on symmetric spaces for the extension problem follows from [27, pp. 2099—
2101] (see also [9, Theorem 3.2]), since the heat kernel &, for t > 0 and all xK € X
satisfies

lhe(xK, Hl2g S8 +19), 19K, Dl 2
<pmE (4 rat, (3.2)

Indeed, recall that by [5, Proposition 4.1.1.], it holds

Al 0<rt<l,

_ ! -
e (x K, -K) | 26 /x) = ()7 0126y = Lp%tu/{ f> 1

As for the time derivative, one can employ the pointwise estimate [4, Eq. (3.1)] and
then estimate the L?(X) norm using the Cartan decomposition and (2.2).

Observe that due to the subordination (3.1) to the heat kernel, Qf is a positive,
bi-K -invariant and symmetric (in the sense that Q7 (g) = Qt“(g_l) forall g € G)
function on G.

We next recall some large-time upper and lower bounds for the kernel Qf proved
in [10].

Theorem 3.2. [10, Theorem 3.2] The fractional Poisson kernel Qf onX, 0 < o < 1,
satisfies the following upper and lower bounds

20 o—i_t_|
49 T'(0)

o~ IPIN/PHIHP (3.3)

DAY
Q7 (exp H) = @o(exp H)
ift* + |H|* > 1.
For large-time sup norm estimates, we have the following result.

Proposition 3.3. Fort > 1, it holds

1 ¢ +
77777 E —
”Q?”LOO(X) = tU ) | r ‘e |,0\t_

Proof. The lower bound follows immediately by the fact that || Q7 || 100 (x) = QY (eK),
(3.3) and the fact that ¢g(eK) = 1. For the upper bound, we use that

1 ¢ +
o= it st o /RHHE -
(/—,2+|H|2> <7035 IS eI HHE < ol

and the fact that gg(exp H) < 1, forall H € at. O
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~ -~ wall

|H| =2+ "~ ~s

Figure 1. Flat part €2, of critical region

3.1. Large time behavior of the fractional Poisson kernel

Recall first that f G dx hi(x) = 1, V& > 0. This implies that

/def(x):l, vVt >0, Vo e(0,1),
G

by the subordination formula (3.1), the definition of the Gamma function and a Fubini
argument. Motivated by this, let us introduce the notion of the critical region for the
kernel Q7 (Fig. 1).

Proposition 3.4. Let 0 < ¢ < 1. Consider in a the annulus
27 < |H| < 12+ (3.4)
and the solid cone T (t) with angle
y() =171

around the p-axis, and denote by 2, their intersection. Then, the critical region for
the fractional Poisson kernel is K (exp 2;)K, in the sense that

/ dx Q7 (x) — 0, as t — +4oc.
G~ K (exp2)K

Proof. Let the rank £ be greater or equal to 2 (the rank one case is simpler, thus
omitted). Let 0 < a < b. Using the bounds (3.3) and the fact that

oo(exp H) < (1 + [H|)E (o)
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we have, by the Cartan decomposition and (2.2),

—3—5-0—%|
/ dx 07(x) < 12“/ _ dH (\/t2+ |H|2) 22
a<|x|<b {a<|H|<b}Nat
A+ |H|)\2r+| o\ H) p=lpIN/ 12+ HI2 (3.5)

Take ¢ large enough so that I'(¢) is contained inside a small cone 'y with fixed angle
yo around the p-axis and consider the regions

Ri={xeG: |x| <>},

Ry={xeG: |x|>1t>% x¢&K(explyK},

Ry={xeG:t> % <|x| <’ x e K(explo)K ~ K(expT'(1))K},
Ry={xeG: |x|>t*" x e K(explyK}.

First of all, we have

2—¢

bl 1
f dx 07 (x) S 127 5 / dr (14 0=l < p=Neyy S,
Ry 0

using (3.5) and that if |H| < 27¢ then for ¢ large enough,

olP H) p=lpI/ 1P+ HI? <exp {

2
t
—lpl Sexp{—ﬂts}.
VI2+HE? + |H| 3
Next, observe that if H ¢ I'g, it holds

o0 H) p=lpl/ P +IH 2 < e~ IPIHI(I=cosyo)
which yields from (3.5) that

/ dx Q;’(x) < IZG/ dH (1 + |Hl)\zj\e*\ﬁ\\Hl(lfcosyo)
Ry {H¢lo: \H|>t276}

< tZUe—l%‘tz_E(l—cosyo) < t—NE VN > 0.
We next pass to the region R3. Recall first the trivial inequality
. 2
sinf > —0, 60 €[0,7/2].
b4
Then, for some positive constant ¢ = c(|p|) > 0, we have that
o0 H) p=lpl/ P +IH 2 < e~ IPIHI(I—cosy (1)

— o 2IplIHsin’ (v (1)/2)

< o 2Pl HIy @) /7

_Ct272£

= ’
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since |H| > 2% and y(t) = t7%.Since 0 < & < 1, passing to polar coordinates, we
get by (3.5)

12+ 1 +

—5—3-0—IZ]] o
[acoresen [ ar () T g et
R3 —e

12
<tN¢ YN > 0.

To treat the integral in the remaining region Ry, in view of (3.5), let us write in polar
coordinates:

+

2w [T —3—3-0-I%]| oH -1
f de;’(x)gt"f ar (V2 +r2) (1 + )=t
Ry

12+e

2 sin2 Y

2
v =lpl : =lpl
X / d]/ e ViZ4r24rcosy e V2424 cosy Sil’le_z Y. (36)
0

Observe that

2 g 2,2 2
Yo —|pl rosmvy Y0 —Ipl reyc4/n
/ d)/ e V12 4r2rcosy Sinl_2 y < / d,}/ e 2424y yZ—Z
0 0

,,2 2
S <—> . (3.7)
NEET=I
Thus, in R4, where r? + 12 < r2, (3.6) and (3.7) yield
+00
/ dx 07 (x) <o IZU/ dr r_g_%_“_lxrﬂ(l + )= Pl
R4 12+e
+00
<% / drr—o!
~ t2+e
< t—O‘S‘
This completes the proof. 0

Remark 3.5. The corresponding critical region for the Poisson kernel Q; in the Eu-
clidean case would be B(0, t'1¢)~ B(0, t!7¢), as one can easily check using (1.5). On
the other hand, the heat kernel /2, on a Riemannian symmetric space of the noncompact
type is asymptotically concentrated along the (K -orbit) of the p-axis and an annulus
centered at the origin, however, moving to infinity with finite speed 2|p|, [8].

We now obtain precise long-time asymptotics of the kernel Qf which are crucial
for our proof, by a slightly more general result.

Theorem 3.6. Let o € (0, 1). Then, ast + |H| — 00, we have

—1
_H (\/z2 n |H|2)_§_"_'2’+ =
V2 HP?
x go(exp H) e 1PV EHHE (3.8)

Q7 (exp H) ~ C(0) 1*° b (—i|p|
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where the constant is

Clo) = Co 2593 752 (F) b(0) " [p| T+ HE -3,

49T (o)

with =335+ o and Co = 2" /(2)*| K /M.

Proof. The proof follows arguments for the asymptotics of the Poisson kernel (o =
1/2) in [5, Section 5].

Consider a constant k > 4. In view of the subordination formula (3.1), let us split

07 (x) s /m d”h()*ffz
X) = xX)e 4u,
! 4°T(0) Jo  ulte ™"

20

= ——{(/1 + 1+ J3},
4‘7F(0){1+ > + J3}

where the quantities Ji, J and J3 are defined by the integration over the intervals

[0. k7). [k~'b, kb) and [«b, 00), respectively. Here, b = '22‘:::”2.

We claim that the main contribution comes from the middle integral J,. Indeed, for
the first integral J1, we get that for some § > 0 and some constants d, d, > 0, we
have

IS A+ DB 4 kP70 g (x) e POV EHRE,

[10, p. 19]. For the third integral J3, we get again by [10, p. 18] that

3—I1ZH

_L_ _1
1 (TR T e,

where n = |plk/4 — |p| > 0.

We now consider J,. Define

2
h(t, Hy = 15715 (= i ) g (exp H) ™ P75 b, (exp H). (3.9)
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Then, by a change of variables and (3.9), we have

N2+ x|

J K= 27p] du () _zj
= _— XxX)e 4u
? 1 ulte "

P

_ (x/t2+|H|2)a f” du 211/ (2u/P+HP)

2lp] 1wt e ) €XP HD €

_t s nt
/t2+|H|2> s—o—|Z]|

= @o(exp H) ( 2]

/" du (i lo|H

X —1

o ST e uy/t2 + |H|?

o~ Slun/PHHP =YL/ H? ) (u—‘ 2+IHP H)

2|pl

e B DR -1
\/r2+|H|2> ’ b(_i lo|H )

= @o(exp H) ——
2|p| V2 + |H|?

b(_ileln )
/" du u\/12+|H2
X
K

¢ + —1
-1 ,,5+E |+1+0
u?2 r .
b (—l |p|H >

N
_ 2 2
o oI/ '>h<uvf + 1A ,H>.

2|pl

By the Laplace method we get that the last integral tends to
27'[ 2 2 I R 24 1HI2
Ca [ (@ + [HIP) 2T PVEHAE,
o

—1
i b (—i p—H) is bounded above and below, uniformly in u and ¢, H;
u

due to the facts that

—1 ~1
(i) b (—iﬁ) ~b (—i\/%) as u — 1, uniformly in ¢ and H;
/12 2
(iii) A (u%, H) —> Cyast 4 |H| — 400, uniformly in u«, by the asymp-

totics in (2.15) and contradiction (see [5, pp. 1085-1086]).

For the exact value of the constant C;, we refer again to (2.15).
Since Jp, J3 are very small compared to J; for ¢ large, substituting the value of C;
we finally get the claimed asymptotics. 0
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3.2. Asymptotics in the critical region

In this subsection we prove asymptotlcs for some quantities that will be later used
in the proof. We introduce the notation (xJr p) to denote the angle between x™ € at
and p.

The first two lemmas describe the effect of a small translation on the critical region.

Lemma 3.7. For all x in the critical region K (exp ;) K, and for all y € G bounded,
the following asymptotic behaviors hold as t — +oo:

(i) |(}| fl) L and ‘( |_1 |)+| are both equal to 1 + O(t~>+¢).

(ii) |x+‘ and Y- are both equal to | P+ O(t 2)

\(y’l )*I
(iii) Foreverya € 7T, %f;ﬂ =1+ O(t_f)
(iv) d(xK,eK)—d(xK, yK) = (Ipl ,Ak™ 1y))+0(t 2) Here, k is the left compo-

nent of x in the Cartan decomposition and exp A(k~'y) is the middle component

of k= 'y in the Iwasawa decomposition.

Proof. Assume that 1% < d(xK, eK) < 1> and d(yK, eK) < &, which implies
by the triangle inequality that % 1?78 <d(xK,yK) <2124, for t large enough.
We deduce first (i) by using

070" dG6K, yK)
[x ] d(xK, eK)

= 1+0(t**).

The second assertion follows similarly.

Next, for (ii), since the angle of xT with the p-axis is O(t_%), we first have

2
(p,x+>> e
( ol ¢

For the second asymptotics in (ii), we work similarly, observing that since (y~'x)* =
T 4+ 0O(1), we have

<£ (y—1x>+> x| <£ £> o(x|™Y
ol 1o [ 1o * el Ixt]

+
=<|f>| |x+|>+0( Y

=14+0@79), (3.10)

xT P

Xt ol

using (i) and that cos(m) =1+4+0(@7%).
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Let us next deduce (iii) from (i) and (ii). For every positive root «,

[CEI N
(@, ') (O" |<y—1x)+\> Iy~ to)F

(o, xT) fwig) B
(o &)+ 0679

o o t

It remains to prove (iv). For that, we follow [7, Lemma 3.8]. Let x = k(expx ™)k’ in
the Cartan decomposition and consider the Iwasawa decomposition k~!y = n(k~'y)
(exp A(k~'y))k” for some k” € K. Then

o

d(xK,yK) = d(k(expx+)K,kn(k_ly)(epr(k_ly))K)
= d(exp (—x+)[n(k_1y)]_1(expx+)K, exp (A(k_ly) — x+)K),

and we write
1
d(xK,eK) —d(xK,yK) = d(xK,eK) —d(exp (Ak™'y) —xT)K, eK)
+ d(exp(A(k™'y) —x DK, eK) —d(xK, yK) .

11

On the one hand, |//] tends exponentially fast to 0, see [7]. On the other hand, we
have

2, Ak Ly)) — AT y)
x|+ [A(k~ly) — x|

- 01019) +0(c)

- (g atn) w0 (i)

=T —JAG " y) —xT| =

by using (ii), the fact that {A(k~'y) |k € K} is a compact subset of a and that
O(‘xl—ﬂ) = O(z‘_”‘E ) This concludes the proof. 0

Lemma 3.8. Let x € K(exp 2;)K and let y be bounded. Then
(0, xT) = (o, ") = Ipllx T = ol 0T+ 0¢72).

Proof. Since the rank one case is trivial, let us consider £ > 2. Observe first that the
claim follows by

cos ((y—lx)+,p) = cos ()c/+\,0) +o(t*%|x+|*‘). (.11
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Indeed, by (3.11) and taking into account that cos(x/+7)) =1+0(7%), we get
(0. x*) = (p, ("L0h) = IplirFleos(x*, ) — IlI ") Fleos( 10, )
= ol [x*| cos(x ™, p)
— 1Pl 16 0 F | (cos(xr, p) + O3 x| 71))
= lpllx 1 = lpll "' )T+ 0(™2).
Therefore, it remains to prove (3.11). Observe that by (3.10), we have

j\ —_—
sinz(((y a;)ﬂp)) :sin2<<x+2, p)) O,

thus ((y~'x)*t, p) = O(t_%). Next, recall the coordinates on a with respect to the
basis 81, ..., 8¢—1, p/|p| introduced in Sect. 2, and write

F=E g, 6T = .
Since (x, p) = & |pl, we get
g = |xFlcos(xt, p), |E] = [xT|sin(x+, p).
Similarly,

g =10 eos(r ) . ). [2] = 1 0 sin(( ) T p).

Therefore,
g = tan(x+,p) =09, x| =& (3.12)

and

'5—2 = an(( 07, p) = 06 Y), [t = 0. G.13)
Thus, we have

cos((y T, p) — cosF 1] = 1% |x+:(;_gf ,gﬂlwu
W e i e
- e

|c2 1€ — €2 1217

25 (J@g_;y (8 4)
_ [Ce 18] — &e 1SS 151 + & 1]
¢t} &

, (3.14)
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due to (3.12) and (3.13). The fact that (y~'x)* = x+ 4+ O(1) implies ¢ = & + O(1)
and [¢| = |&| + O(1); therefore,

el — &gl — o). g |§|+2§z|§| :O(E
& ¢ Se

Altogether, we conclude by (3.14) and (3.15) that

) —0(™5).  (.15)

cos((y~ 1) F, p) — cos(xt, p) = O~ x| 7).

The next lemma is the heart of the proof.

Lemma 3.9. Assume that x = kexp(xT)k’ is in the critical region K (exp Q,)K and
that y is bounded. Then,

07 (xK,yK) 20 Ay

07 (xK, eK) +06),

for0 <e <2/(v+20). Here, v = { + 2|E;"| is the dimension at infinity.
Proof. By Theorem 3.6, we get

07 (y~x)

07 (x)
-1 [/ +)_1
—1 .+ —o—tzf-1 —
b(—i|p|%> /12 + |y~ Tx)t2 o—3~I%| 2 ,—lel 24y~ To)t 2 (po(y_lx)

24y~ Tt 2

~

-1 o nF_
. + R
b(—ilol s ) VR T2 T e g )
V2t 2

Our aim is to show that for x inside the critical region and y bounded, the following
asymptotics hold;
oot

1
b<—l'|/0|7_> .
(i) 2+ nt2 -1 +O(l‘_7);

bl i ot -1
—ilpl N/

.. 2+ +2 k _ 1 N
(i1) (ﬂ_’t_‘(yl+x‘)+|2) =140 ([ 2+8(U+2CT))’ where k = ! (U + % n E)7

Gii) exp {~1p] (VZHI0T0P = V2 +RTP) | = (p, A~ »)+OG 2 2);

. 1 - 3
(i) 8O — (5 Ak~ y) +O(r5);

thus, the claim for QY " x)/ Q7 (x) follows, choosing e small enough.
We start the proof of (i)—(iv) by some preliminary observations. Write

r=xt|=dxK,eK), s=|0"'"x)T|=dxK, yK),

and let d(yK, eK) < &, for some & > 0. Then, for x inside the critical region, and ¢
large enough we have

_ 1,
127 < < 7tE, §t285552t2+8, Ir—s| <&.
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Also, we have 12 4+ r? < r? and > 4+ s =< 5. Finally, in the proof of Lemma 3.8 it
was shown that the angle of (y_l)c)+ with the p-axis is O(t_%).
Proof of (i). Observe first that owing to (2.12), for all g € G such that 2+ gtP? =

lgT |2, we have

—1
b —i|p|L ~1. (3.16)
Vit +gl?

Therefore, for x € K (exp €2;) K and y bounded, by the mean value theorem we get

+ 1+
p(_j_ 1P 1P )
- x+ (yilx)+
TIVE+ TR 2T

where we have used the derivative bound (2.13) and (3.16). Next, owing to Lemma
3.7(ii), we obtain

3

i () = (o)
= 14+ —— =(=40(2)) (1402
24+ x 2 xT Ix*|2 ol (2) ( )
=£+O(f%),
o]

since 0 < ¢ < 2/(v + 20) < 2/3. Working likewise for &, the claim
AP ()2
follows using (3.16).
Proof of (ii). We use a similar mean value argument applied to 2+ OH* k> 1,
so that for some rg between r and s we have
(12 4 r)k ' S+t

@ 2+ 32 G17

Given that rg < 1716, 5 > 1>~ and k = % (c+5+ %) we get the desired result.
Proof of (iii). We first claim that

ro—s —242¢
=1+0 (r ) (3.18)
\/t2+}’2+\/t2+52

Indeed, consider the function f(t) = /72 + r2 ++/72 + 52, t > 0, and observe that
the left-hand side of (3.18) is equal to f(0)/f (¢). Then, the mean value theorem for
f in [0, 7] together with the fact that

@SS+ fo 2T veelon,
roos
yields the claimed asymptotics (3.18). Finally, in Lemma 3.7(iv) it was shown that

r—s=dxK,eK)—d(xK,yK) = <|%|, A(k—ly)> +0(r72%). (3.19)
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Therefore, by (3.18) and (3.19), we get

r+s
exp{—|,0| (\/l‘2+s2—\/t2+r2)} =exp{|,o|(r—s)\/t2+ T 2}

r S
(P AKT ) +O(=212)

— P AKTIY) L o2+,

which proves (iii).

Proof of (iv). Since the angles of both x* and (y~'x)* with the p-axis are O(r~2),
we may use the ground spherical asymptotics (2.14). On the one hand, by Lemma
3.7(iii), we have

(0" I oot

ppa— wan - 1+0(72). (3.20)

aEEf
On the other hand, using Lemma 3.8 and Lemma 3.7(iv), we have

e )= 07I0T) o ARTINIFOUTH) _ (0 AT (24,

with which the proof of (iv) is complete.
Altogether, we have

QTR yK) _ jen.at ) 1 o5y,
07 (xK, eK)

4. Asymptotic convergence associated with the extension problem for the
Laplace-Beltrami operator

We first consider continuous compactly supported initial data vo. We work sepa-
rately outside and inside the critical region: we will show that

llvo * Q7 — M Q7 L1 (G k(expank) = 0

but inside K (exp 2;) K, unless vy is bi- K -invariant, the convergence to the fundamen-
tal solution may break down.

4.1. Estimates outside the critical region

In this subsection, we show that the solution v(z, x) to the extension problem van-
ishes asymptotically in L' (G ~. K (exp ©;)K) as t — 4o00. Then the desired conver-
gence follows by the triangle inequality.
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Lemma 4.1. Letx € G ~ K(exp 2,)K and Y € K (exp B(0, £))K. Denote by I'"'(t)
the solid cone around the p-axis ofangle 1175 Consider in a the set

Q= <B(O, 21748 B (o, %t“)) NI’ ).
Then,
ylx e G~ K(expQ))K.
Proof. Letx € G ~\ K(exp€2;)K and |y| < &. Recall that by (2.3)
070" —xF] < dOK. eK) = |yl < &,
which implies that

70T < xF+6 < 27 +E < 2278,
70 > x| —& > 2t —g > L2t

IA

\%

for ¢ large enough. In other words,
x € G~ K(exp{B(0,”*%) < B0, > DK

implies

1
= y'x e G K (exp {B(O, 5t”f) < B(0, 2;“)}) K

—

We finally turn to the angles. Write ¢ = (m) and o = ((y~lx)*, p), and
observe that by (3.10), we have

sin? (%) = sin? (9) + O, @.1)
2 2
Using that
.2 [0} 1 2 1 e WAL 1 2
sin <§> Z;d) z?t , sin <5) §Zw ,
we get that w > % =3, fort large enough. This completes the proof. O

Proposition 4.2. The solution to the extension problem satisfies

o, i kexponk) St °° 4.2)

fort > 0 large enough.
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Proof. Let & > 0 be a constant such that the compact support of vy belongs to
K (exp B(0, £))K. Then,

/ a0l 5 [ dy [vo(y)| dx 07 (v ')
G~ K(expQ)K K (exp B(0,£))K G~ K(expQ)K

< f dy [vo(y)] dz 07 (2)
K (exp B(0,£)K G~ K(expQ))K

where Q2 C ais the region described in Lemma 4.1. Thus, working as in Proposition
3.4, one can show that the right-hand side of the inequality above is O(r~?¢). In
conclusion,

/ dx |v(r, x)| < 7%,
G~ K(exp2;)K

4.2. Long-time behavior inside the critical region

Let now x € K (exp Q;)K. By Lemma 3.9, the right-K -invariance of A(k~!.) and
vo, and the definition (2.8) of the Helgason—Fourier transform we have that

vo * Q7 (x) — M Q7 (x) = /Gdy (07 (y~'x) — Q7 (x))wo(y)

07 (y~'x)
= Q"(X)/ dy <— — 1) vo(y)
e Q7 (x)
=07 (%) { / dy (@467 1 0G7H)) Uo(y)}
G
= 07 (x) (T (ip, kM) — To(—ip, kM) + O(r~7)).
4.3)
Notice that vg(ip, kM) = Huvg(+ip) = M when vy is bi-K -invariant. Then we
deduce the desired convergence by integrating (4.3) over the critical region:
f dx lvp* Q7 (x) — M Q7 (x)| = o~ 2). 4.4
K (exp 2;)K

On the other hand, using again the Cartan decomposition we have

/ dx |vo * OF (x) — M Q7 (x)]
K (exp Q) K

_>f dk‘/ dy vo(y)(ePPAKY) _ 1)‘
K G

as t — 4o00. The last integral is not constantly zero when vy is not bi-K -invariant.
For example, consider vy to be a Dirac measure supported on some point yK other
than the origin, thus for y ¢ K. In other words, the solution now coincides with
0:(., yK) and the mass is equal to 1. In this case, however, the last integral is equal
to [; dk )e(ZP’A(kfly» — 1|, and thus does not vanish identically.
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4.3. Long-time convergence for general bi- K -invariant data

In this subsection, using the results of the previous two ones and a standard density
argument, we prove Theorem 1.1 for the whole class of L!(X) functions that are bi-
K -invariant. The argument is identical to that of [7, Section 3.3] but we include it for
the reader’s convenience.

Proof of Theorem 1.1. Lete > 0,v9 € L'(K\G/K)and V; € CX(K\G/K) be such
that ”U() - VO”LI(X) < %
Denote by M = [ vo and My = [ Vo the masses of vg and V, respectively, then

IM — My| < |lvo—Vollpix) < 5

Let V (¢, x) = Vp* Qf (x) be the solution to the extension problem with initial data
Vo. We deduce from (4.4), (4.2) and Proposition 3.3 that, there exists 7 > 0 such that

”V(tv ) - MV Q?”LI(X) = ”V(ta ) - MV Q?”Ll([((expfl,)[()
+ IV, L6k exponk)

+ |[My| ”Q?”LI(G\K(epr,)K)
<

wIn

forall t+ > T. In conclusion,
<llvo—=Voll 1 1971l 1 <IM-My|07 1
v, ) =M Q7 lpix) < @, ) = V&, Dl + 1My QF =M 07 Il x)
+1IV(t, ) =My Q7 Il (x)
<5+5+5=¢

for all ¢ > 0 and ¢ large enough. 0

Let us turn to the long-time convergence in L? (X) with p > 1. We first deal with
the case p = oo and conclude for all 1 < p < oo by convexity. Proposition 3.3 gives
us the sup norm estimate:

v, -) =M Of o) < llvollpix) 197 ey + IMIIQT L)
< 19T E el 4.5)
for ¢ large and for all f € L' (X). Notice that such an estimate holds without the

bi-K -invariance assumption. By convexity, we obtain the following estimates in the
L?(X) setting.

Corollary 4.3. Under the assumptions of Theorem 1.1, we have

_ 1l _salit +1y el
v, ) =M Q7 lLrexy = oft CARAEAE A ") as t— 400  (4.6)

foralll < p < oo.
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Remark 4.4. The sup norm estimate (4.5) is weaker compared to the results in the
Euclidean setting. More precisely, on R", the Poisson semigroup (o = 1/2) satisfies
the strong convergence (1.7) (recall that || Q; || Lo (rn) =< t~""). However, this is not true
on noncompact symmetric spaces. Indeed, in the lines of [7, Remark 3.6], consider
the Poisson kernel Q,1 /2 as well as a “delayed” Poisson kernel Qtlft/ for some t’ > 0
to be determined later. Recall that v = £ + 2|X,;7|. Then

1/2 12

Qiyr — @

1/2

> 11 (0} (k) — 0} (eK))

t3elPlt

|ico

since Qtl /2 (eK) is decreasing in ¢, as seen by the subordination formula.
According to (3.3), there exists a constant C > 1 such that

1/2

13 et (/7 (eK) — 0} (k)

v

N Y P S R

S t\z —lolt o L
=C C(r+t/) ¢ z 2C >

provided that ¢’ > %. Hence

v 1/2 1/2
12102 — 0 iy > 0 as 1 — oo,

4.3.1. Final remarks on the rate of convergence

For bi- K -invariant compactly supported initial data vo, (4.2) and (4.4) imply that
lvo* QF —M O L1 xy = O(t™"), = minfo, 1/2}.

In the case of Euclidean space, and more generally, of manifolds M of nonnegative
Ricci curvature and certain generalizations of those, following some ideas from the
Euclidean setting in [28,29], it was shown in [24] that one can prescribe any rate of
convergence to solutions of the extension problem by choosing appropriate initial data.
More precisely, it was shown that given any decreasing and positive function ¢ (¢) such
that ¢ (r) — 0 ast — 400, there is a solution u with mass M = 1 satisfying

Iu(t,.) = QF (.x0)| V(. DLy 2 ko (1), 4.7

for a sequence of times #;, — +oo that can be chosen (here, x( is an arbitrary base
point on the manifold and V (x, ¢) denotes the volume of a geodesic ball centered at
x € M and of radius ¢t > 0). This solution u corresponds to initial data being an
infinite sum of weighted Dirac masses. However, this approach breaks down immedi-
ately for symmetric spaces of noncompact type: we proved in Sect. 4.2 that solutions
corresponding to initial data being a Dirac mass supported on any point other that the
origin fail to converge to the fundamental solution.

To demonstrate, however, the effect of different initial data on the rate of conver-

gence, we give a specific example: for 0 = 1/2, let us consider the solution Q tl fl,
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where ¢’ is fixed (for the standard heat equation on the three-dimensional real hy-
perbolic space, a “delayed” heat kernel s, was considered in [30] as an attempt
to discuss different rates of convergence on (real) hyperbolic space. However, on the
one hand, no explicit calculations/rates were given in [30], and on the other hand,
the result was limited to H3 (R).). Clearly, this solution is bi- K -invariant, nonnegative
everywhere on X, and with total mass 1. Now, since the annuli {H € a: (t+1 )2_‘9 <
|H| < (t +1)**}and {H € a : 7% < |H| < t**¢} are comparable for 7 large
enough, it is not hard to show that, if 2, < a is the flat part of the critical region
described in Proposition 3.4, then

1/2 1/2
HQ/ /

1/2
< 1
4! t HLI(G\K(CXPQ[)K) =195k expank)

12
+ 10" L1 G~k expanK)
St

(SR

(4.8)
Next, for x = k(exp H)k' € K (exp 2;)K, using Theorem 3.6, we have

-1
1/2 b(—ilp|—ZL— LI+
Qtit/(epo) t+t < flel (t+t/)2+|H2> SR

1/2 -1 LzF+1
i (exp H) b<—i|p|—H ) Ja+ oy Ep
N/EZTTIE

x exp |~ 1ol (V@ + )2+ [HE = V2 + [HP)}
Clearly,

t+t

=14+00¢").

Next, since 1> + |H|? =< |H|? for H € Q;, working similarly to Lemma 3.9, one can

show that
-1
bl —ilpl—H
< o] (t+t/)2+|H|2>

-1

— 1 +O(t_3+28),
—ilol—H
b( ilpl TIHZ)
f |[_I|2§+|>:,+|+1
CEY T T |H|2§+|>:f|+1

where as usual, v = £ + 2|Z "] is the dimension at infinity. Finally,

=14 O(t73+28),

exp [~ 1ol (/@ + )2+ [HP — 2+ [HP)|

211 417
V+1) +HP+ 2+ |H]? }
— exp {O(f”g)} =140 1+).

= exp !—Ipl
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Therefore,
1/2
0,/ (exp H)

1% (exp H)

=140¢"'""%), HeQ,

which in turn implies that

< gl (4.9)
LY(K(exp2)K) ™

Thus, foro = 1/2, we conclude by (4.8) and (4.9) choosing ¢ = 2/3 thata “delayed”
Poisson kernel converges to the fundamental solution in L (X) in the following rate:

172 1/2

H Qt+t’ - Xt St

~

luvco

5. Asymptotic convergence associated with the extension problem for the
distinguished Laplacian

Let § = N(expa) = (expa)N be the solvable group occurring in the Iwasawa de-
composition G = N (exp a) K. Then S is identifiable, as a manifold, with the symmet-
ric space X = G/K. The distinguished Laplacian AonSis given by the conjugation
of the shifted Laplace—Beltrami operator A + |p|? on X:

A=320(A+]|p})od 2 (5.1)
where the modular function 8 of S is defined by

5(g) =d(n(expA)) = ¢ P4 vges.

Here n = n(g) and A = A(g) denote, respectively, the N-component and the a-
component of g in the Iwasawa decomposition.

The distinguished Laplacian A is left-S-invariant and self-adjoint with respect to
the right-invariant Haar measure on S:

/d,g f(g) = / dn/dA f(nexp A)) = /dAe2<"’A>/ dnf ((exp A)n).
S N a a N

The connection between the measures on S and the unimodular Haar measure on
G is given as follows,

[aer@ = [ dwee i@ s aa [dgre = [ wre. 62
N G S G
Recall the heat equation associated with the distinguished Laplacian:

d(t, g) = Agd(t, g), V(0,8 = f(g), (5.3)
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. . . ~ o 2 .
where the corresponding heat kernel is given by h; = §1/2 e!?I"' b, in the sense that

@2 F)g) = (fxT)(g) = fs doy FO)V T (g) = fs dry Fey ) ().

Here, we still denote by * the convolution product on S or on G. We refer to [11,14]
for more details about the distinguished Laplacian.

We now pass to fractional powers of the distinguished Laplacian as well to the
associated extension problem, and for that we follow the approach by Stinga and
Torrea [27], in terms of functional calculus. It is well-known that —Ais non-negative
and (essentially) self-adjoint with respect to the right-invariant Haar measure, which
will be our reference measure henceforth, [15]. Using the spectral resolution

—Z=/0 EdE(£),

where the E (£) are self-adjoint projections, the spectral theorem implies that given a
real measurable function m on [0, 00), the operator m (—A) can be given formally by

m(—A) = fo m(&)dE(&).

We can then define the fractional operators (—Z)", 0 < o < 1 with domain
Dom((—A)?) € Dom(—A) by

N\O > o < du ul iy
(—R) =f £ dE(g):f o (@A —Id) e
0 0o Uu

The general approach of [27, Theorem 1.1] thus applies and shows that if for Ty €
Dom(—A)? one considers the boundary problem

AV - U=2955 825 =0, >0,
(5.4)

u(-, 0) = 7o,

then up to a multiplicative constant, depending only on o, one can recover the fractional
powers of the Laplacian:

— lim t'728,3(t, x) = (=A)°Tp(x), x €.
=0t
In order to pass to a fractional Poisson kernel related to the extension problem for
the distinguished Laplacian, we again follow the approach of [27, Theorem 2.1], based
on subordination to the heat semigroup and certain properties that the latter should
possess, [27, p. 2100]. To this end, recall that the heat diffusion semigroup on § acts
as follows:

@2 1)) = (f % hy)(g) = fS dey fFO) (") = /S Ay F S b (v~ 'x),
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where we used (5.2) to switch to the right-invariant Haar measure. Set
H(x.y) =30 I (v'x) = PP 520 5120 (v 1), x.y €S

Clearly, ﬁ,(-, -) serves as an integral kernel for the action of e’ A and it is symmetric,
since h;(g) = h;(g~") forall g € G).
It follows that

~ 2 ~ ~ _
1775 s g = [ 3B 50 2O 0)

_ ezlplzt S(X)/; dyh,z(y_IX)
2, ~
= APPIS(x) |1y (x K, 'Kx)”iz(G/K)

(notice that we used again (5.2)) which implies that by (3.2),
IH ()2 5.0 S 8720 741+ "% VxeS, Vi>o0.

Furthermore, by the L*(G /K) upper bound for the time derivative in (3.2) and the
simple computation

~ 2, ~ ~
O Hy(x, ) = P82 (x) 812 (v) (IpPhe (™ %) + 8k (%)),
we obtain as before that
18, Hy (x, I 25,00 S 872 ™4 A+ 4 vxe S, Ve >0.

Finally, observe that ﬁ, satisfies the “distinguished” heat equation:

~

O H, (x, y) = 8() 8k (y"'x) = 8(3) Ak (y™'x) = A (3(y) e (y~'x))

y
A H(x,y).

Next, define the function 73;’ 1S x § — (0,+00) by

2

~ t2(r * du ~ t
Po(x,y) = H,(x,y)e w, t>0, 0<o <1
t ’ Zzgr(o') 0 u1+a u ’ ’ ’ ’

which is clearly well-defined, positive and symmetric, and define also the function
Q7 : S — (0, 4+00) by

_ t2c7 +o0 du ~ 2
07 ) = 3rr sy /0 (g e 5.5)
t20 +00 du

~1 2, _ﬁ "“l o,
=S @5ty ) e e h(g) e =:152(2)Q7"(g).  (5.6)
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Observe then that
7?f@%=f*§ﬂm=iﬁ@yQHYJMf@)
= /S d-y3(y) 07 (') £ ()
=i£¢y§”uﬁ”%wQ7%Y”ﬂf@)

=/Sdry73§’(x,y)f(y),

where we used (5.2) for the first change of measures. Therefore, ﬁ," (-, -) serves as an
integral kernel for the action of 7~",".

Having all the ingredients above, one can follow the approach of [27, Theorem 2.1]
to show that (-, t) := i"'ﬁo solves on S the boundary problem (5.4).

Remark 5.1. Notice that é;’ (g)d, g is a probability measure on S. Indeed, this follows
from the subordination formula (5.5) and the fact that f sdrghi(g) =1

The first subsection is devoted to determine the critical region where the kernel éf
concentrates. In the next two subsections, we study, respectively, the L' and the L>®
asymptotic convergences of solutions to (5.3) with compactly supported initial data
(no bi-K -invariance required). We discuss the same questions for other initial data in
the last subsection.

5.1. Asymptotic concentration of the fractional Poisson kernel associated to the
distinguished Laplacian

We first give large-time asymptotics for the distinguished extension kernel. More
precisely, we prove the following upper and lower bounds.

Proposition 5.2. The fractional Poisson kernel é;’ on S, 0 < o < 1, associated with
the distinguished Laplacian, satisfies the upper and lower bounds

~ ~1 st

07(8) = 82(8) po(g) 1™ (1 + g~ 2= 172, (5.7)
ift2 +1gt* > 1.
Proof. Recall that by the subordination formula (5.6), we may write

22T(0) w1~ 2+l qu N
t2(r 8 Z(g) Q?(g) ZL u1+(7 hu(g) e|,0| U o~

oo du 2 2
+/ (@) el e,
gl U
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and observe that due to (2.10) we have

2 2 n
u T R (g) e e T < pp(g)u 3O

‘”41+’"2a_
[T +ut (@ gty s
aex
_ 24t
e o, u>0.

Let 1> + |g*|? > 1. As far as upper bounds are concerned, the claim follows in
the first interval (0, r2 + |g+|?] by estimating 1 + u + («, g*) < 1% + |g*|?. For the
second interval (2 4 |gt|?, +00) we estimate 1 + u + (o, g*) < u, and take into
account that Zaezﬁr (Mg +may) =n — L.

The lower bound follows writing

T4 u+ (o, gt)>u

and integrating over (2 4 |g|?, +00). We omit the details. O

Recall that the extension kernel Qf associated with the Laplace—Beltrami operator
concentrates in K (exp €2;) K, where €2; is described in Proposition 3.4.

The following proposition shows that the kernel éf (associated with the extension
problem for the distinguished Laplacian) concentrates in a different region.

Proposition 5.3. Let 0 < ¢ < 1. Consider in a the annulus
Q, = B(0,1'1%) ~_B(0, t'7°). (5.8)

Then, the fractional Poisson kernel associated with the distinguished Laplacian on S
concentrates asymptotically in K (exp ;) K. In other words,

lim _d,g07(g) =0

1=>+00 JoeSs.t gteat &,
where g denotes the middle component of g in the Cartan decomposition.

Proof. By using (5.2) and (5.6), write

1) = / 4807 = f  dgelr A gr0(g).
geS sit.gteat~\Q; G~ K (exp$2)K

Since Qf’o is bi-K -invariant on G, writing dk for the normalized Haar measure on
the compact group K, and using Proposition 5.2 we have

14) = 1% /  dggo(g) (1 + g A = / dk P AGS)
G~ K (expQ)K K

_p_ +_
xrz"/ _ dgeo(g) (t+ gl BT
G~ K(expQ)K
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According to the Cartan decomposition, and to the estimates (2.2) and (2.5), we obtain

—f— +—
I(t) = 1> / g™ 8(g™) (t 417D I gy exp g™)?

t

N

—0— — +
t2(7 /g;zcdg+ (f+|g+|) 14 2|Zr| 20 (l+|g+|)2|2,| (59)

Next, let us study the right-hand side of (5.9) outside S~2,. On the one hand, if
lgT| <t!=¢thenr + |gt| <1, 50

_ + +
t20 / dg+ (t + |g+|) =227 20(1 + |g+|)2\2, |
lg+l<rl=e

tl
1 —p— +_ +
51‘20/ dr pE 10220 () 4 25T
0

< pmeWH2IE)
On the other hand, if |[g7| > #!*¢ then r 4 |g*| =< |gT|, so we have
o—int|— +
t20f dg+ (t + |g+|) £=2|Z,7| 20(1 + |g+|)2\2r|
|g+\>tl+5

2w [T i ezt 22|
<t drr®r r (1 + r)2>

In other words, we have proved that 7(t) = O(t~%?); therefore, the Poisson kernel
Q7 associated with the distinguished Laplacian on S concentrates asymptotically in
K(exp 2)K. [l

Remark 5.4. The critical region for the fractional Poisson kernel associated with the
distinguished Laplacian is similar to that of its Euclidean counterpart.

We now obtain precise long-time asymptotics of the kernel

20 +00 2
0 t du 2 ot
o7 (g)=m/0 T e by (g) e,

which are crucial for our proof, by a slightly more general result.

Theorem 5.5. Leto € (0, 1)and g € Ssuchthatg™ € 57, Then, ast+|g*| — 400,
we have

L
3= 15 o

07°(g) ~ C(@) ™ po(expg™) (12 +1g72) : (5.10)

where the constant is
1

- ¢
C(o) = ——Co2 1= Izar (— +1ZH + a> T (P)b(0) 72,
I'(o) 2

with p =5 yex+ o and Co = 2"~ /(27)*| K /M.
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Proof. The proof follows arguments for the asymptotics of the Poisson kernel (o =
1/2) in [5, Theorem 5.3.1].

LetO < 5 < land 2 + |gt|? > 1. In view of the subordination formula (5.6), let
us split

20 +o00 2
0,0 _ t du [ |2 _ 1z
07(g) = 22"F(cr)/0 S P () e

t20
= 2297(0)

{J1 + o+ J3},

where the quantities Ji, Jo» and J3 are defined by the integration over the intervals
[0, (% +1g1P)'7), [(* + 1), (72 +1g*) ') and [ (12 + [g]*)!*7, 00), respec-
tively.

We claim that the main contribution comes from the middle integral J,. Indeed, for
the first integral J;, working as in Proposition 5.2, we get J; = O((t>+|g1*) ™ ¢o(g))
while, similarly, for the third integral we get J3 = O((t2+Ig|2)_(1+'7)(%+|E'+H'U)tpo(g)).

We now consider J,. Define

Wt g) = Lz +y-1 \p|2z+$ + + e ot

.8 ) =t wolexpg™) e hi(expg™), t>0, g7 eat.
(5.11)

Then, by (5.11) we have

@+ gy s 2
2= /(t2+|g|2)1n ulto Py (exp gy

(2 +|g|HHn

= go(expg™) du u
(2+]g)1

_ 2@+2|2#|+20(t2 + |g+|2)—§—|>:,+|—a

1042 2
3 +1glD)" 2 +2
4 £ -1 — -+
/ dy w3 = o1, uh/< g™ ’g+>'
L) 4u

2 ,+12
Ly g _IteT
R D2 le du h/(u’ g+)

Since

2 +12

t

W <—+4'g | ,g+) — G b)),
U

uniformly as 2 4+ |g+|2 — 400, by (2.15) and contradiction (see [5, p. 1086]), the
Laplace method we obtain that the last integral tends to

¢
C2b(0)7'T (5 + 127 +0> :

Since Jp, J3 are very small compared to J; for ¢ large, substituting the value of C;
(see (2.15)) we finally get the claimed asymptotics. 0
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5.2. Heat asymptotics in L' for compactly supported initial data

In this subsection, we investigate the long-time asymptotic convergence in L' () of
solutions to the Cauchy problem (5.3), where the initial data vy is assumed continuous
and compactly supportedin B(eK, &).Letgg = 52 ¢o be the modified ground spherical
function. The mass function is defined by

(V0 * @0) ()

M(g) = ——
@) 70(2)

Vges. (5.12)

By using the fact that the modular function 8 is a character on S, we can also write
the mass as

v ARG L R I | _ (vo * @0)(g)
M(g) = ~+ /d@yvo(gl() 3(y)26(y 1g)2 0o (y lg) — Vo *%0)8)
592 po(g) Js —_— ®o(g)
592
(5.13)

where vy(gK) = E(g)’%ﬁo(g) is a right K-invariant function on G, with compact
support (supp v9) K .

The following properties of the mass function were already observed in [7, Re-
marks 4.5 and 4.6]:

Remark 5.6. 1. If vy € C.(S), then the mass function M is bounded. This follows
from the fact that

oy~ 'g)

<C(¢) if |yl <§. (5.14)
wo(g)

L~ . C . ~ =l
2. The mass function M is a constant if vy is bi- K -invariant and vy = §2 vg belongs
to L1(S):

M = /G dy vo(y) @o(y) = Huvp(0).

The following lemma plays a key role in the proof of Theorem 1.4.

Lemma 5.7. For bounded y € G and for all g in the critical region K (exp Q)K, the
following asymptotic behavior holds:

0,0, —1 -1
0; (g 8 _wOh~ 8 _ O(t—l+€(v+2cr—1)) as 1 — +oo,
077(9) ¢o(g)

for0 <e <1/(v+20 —1). Here, v =€ +2|ZF].

Proof. Assume that |y| < & for some positive constant &. Recall that forevery H € Q.
we have 117¢ < |H| < ¢'*%. Notice also that

07 't —gtl < Iyl < &
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according to (2.3). Then, for ¢ large enough, we deduce the following estimates:

A

')t < gt +& < 1"+ <21t
't = gt —€ > 11 F —g > Ll
In other words, we obtain
y'g € KexpQ)K VgeKexpQ)K, Viy| <&,
where

~ 1
Q= {geS: Et“5 <lg™l 52t1+8}-

Thus, the asymptotics of Theorem 5.5 yield

S0y - - SHIZHI+
07079 b ' el 'e) [ (P +I1gtP)? ’

07 (g) v0(g) w© \ (124 |y 1gyrR) T

On the one hand, the quotient of the ground spherical functions is bounded by the local
Harnack inequality (5.14). On the other hand, using (3.17) forr = |gT|,s = |[(y~ To)F
and k = % +|ZF|+0 = §+0 > 1 (in the notation of (3.17), we now have rg < t'+%)
and the trivial inequality 2 + 5% > 12, we get altogether

0707 ') @O 'e)
07°(9) 0(8)

- o<t—1+£<”+20—1)) Vee KexpO)K, Yyl <E.

O

Now, let us prove the first part of Theorem 1.4. The arguments follow those of [7]
once Lemma 5.7 is at hand, but we include them for the reader’s convenience.

Proof of (1.12) in Theorem 1.4. By using
~ o~ ~ 1~ 1 _ ~ 1
(W0 * o) (8) = / deyvo(yK) 37 8(y"9)2 po(y~'g) = 3(8)7 (vo * 90) (gK),
S —\/_/
5(g)%
and the fact that é;’ =32 Q;”O, let us write the solution v to (5.4) as

Tt. ) = @o* 0)(g) = 3(g)? (vo* O7")(g).

We aim to study the difference

- N~ ~ 07N~y (Vo *90)(g)
g — M - Woxer NE) _
v(t,8) = M(g) 0/ (8) = 0/ (8) 0 2) 0r (8) 20@)
= é?(g)/Gdy vo(yK)

Q?*O(g”g) ) _ (5.15)
Q?’ (2) @o(g)
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According to the previous lemma, we have

Q?’O(y_lg) _ (PO(y_lg) _ O<t—l+g(y+20'—l))
07°(9) o(8)
Vge K(expfz,)K, V'y € supp v,

and therefore, the integral of (¢, -) — M é;’ over the critical region

/ g li.g) — H(9) 37 (g)] < 17102 / drg 07 (g)
SNK (exp 1)K S

— e
1
/ dy [vo(yK)|
G

—
const.
tends asymptotically to 0. Finally, we claim that the integral

[ aeRto-fi@Fe s [ agite
SN K (exp Q2;)K S\ K (exp 2;)K

+ / 4 lF©107 ()
S~ K (exp2;)K

tends also to 0. On the one hand, we know that M is bounded and that the kernel é‘t’
asymptotically concentrates in K (exp €2,) K, hence

/ 41107 () — 0
S\ K(exp2)K

ast — +o00. On the other hand, notice that for all y € supp vp and for all g € G such
that g™ ¢ Q, using the triangle inequality one can show that

079t ¢ Q= {Heat|2¢7° <|H| < Li'TE) (5.16)
Hence,
~ ~, L1 0, —

f gl )l < f dy [vo(yK)| et 000 e)

SN\ K(expQ2;)K G G~ K(expQ)K

< / dyy [To(y) _ dg0%(g).
S S\ K (exp Q2/)K
~—— ——
I%oll, 1 s) —0

This concludes the proof of the extension problem asymptotics in L' for the distin-
guished Laplacian A on S and for initial data vy € C.(S). O
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5.3. Heat asymptotics in L for compactly supported initial data

We first recall the following lemma, which allows us to compare the “logarithms”
of the middle components occurring in the Iwasawa decomposition and in the Cartan
decomposition.

Lemma 5.8. [7, Lemma 4.8] For all g € G, we have

(0, A®) = (p,g") (5.17)

where A(g) denotes the a-component of g in the Iwasawa decomposition and g™+
denotes its at-component in the Cartan decomposition.

In the following two propositions we collect some elementary properties of the
extension problem kernel. The first one clarifies the lower and the upper bounds of
7, while the second one describes its critical region for the L> norm.

Proposition 5.9. The kernel é;’ associated with the extension problem for the distin-
guished Laplacian satisfies

A — (5.18)
for t large enough.
Proof. Using the global estimates (2.5) and (5.2), we have

07 (g) = 120 ¢ 1P A®) =087 (4 4 |g|)~L-2B 1720

{naezr I+ (e, g+>} (5.19)

We obtain first the lower bound in (5.18) by evaluating the right-hand side of (5.19)
at go = exp(—tp) and by observing that

A(go) = —tp and g5 = 1p.
For the upper bound, notice that
e—(P,A(g))e—W,ng) <1 (5.20)
according to (5.17), and that
—IZH { + } < 20 ——|ZF =20 <« —l—|Z]]
+1gh ™= s 1+ gD S 1 27 @+ 1g) St

for ¢ large enough, thus the claim follows from (5.19). g

Proposition 5.10. The fractional Poisson kernel Q‘t’ concentrates asymptotically in
the same critical region for the L norm as for the L' norm. In other words,

L= Ao -
O sk ep gy — O as 1 — +oo.



J. Evol. Equ. Asymptotic behavior of solutions to the extension Page 39 of 42 34

Proof. Let us study the sup norm of éf outside the critical region. From (5.19) and
(5.20) we deduce that

+| o~ + Lg%+ +
1 Q7 (g) S PO g T I 4 gt D (521
Case 1: Assume that |g7| < #!=¢. Thent+ |g*| = t and (1 +|gT|)/= | < tA-oIZ1],
Thus, we deduce from (5.21) that
+) ~ _ +
t€+|):,. | Q;T(g) 5 t 8‘Er|
which tends to 0.
Case 2: Assume that [g7| > 1112 Thenr + |g*| < |g*|; therefore,

+ o~ + g —f—|DF _ +
t£+|2, | Qf(g) 5 t20+€+|2, ||g+| 20—L—|X,"| St e(l+|Z,7|+20)

which tends to 0. This completes the proof. g
Finally, let us prove the remaining part of Theorem 1.4.

Proof of (1.13) in Theorem 1.4. Fix 0 < & < 50— Consider the function

t>e), e@)=¢1Te0+F20-D 0 a5 t - +o0.

In the critical region S N K (exp ?2,)[( , we have

S ~ 07°07'9)  w(h'e)
[v(t, g) — M(2) Q7 (8)| < Q7 (g) dg lvo(yK)| | = 50 -
Ivl<§ 077 (©) ®o(8)
with
o0 e e ') - )
07°(9) w(@ |~

according to (5.15) and to Lemma 5.7. Then we deduce from (5.18) that
(L ) — M) 07 (9)] S €(t) Vg e SNK(expl)K

where the right-hand side tends to 0 as t — +-o00.

Outside the critical region, we estimate separately v(z, g) and M (2) éf (2). On the
one hand, we know that M (g) is a bounded function and that @;’ (g) = O(t—e—m;r h.
Then =13 (g) 07 (g) tends to 0 as 1 — ~+o0.

On the other hand, since g ¢ K(exp$2)K and |y| < & imply that g~ 'y ¢
K (exp 2/)K (see (5.16)), we obtain

0, 9)| < /Gdy|ﬁo(y1<)||é;’(g”y)|

which is o(t’g’m;r Y outside the critical region. In conclusion,
CHIZ ), 7o
1@, ) — M Q7 llre(s) —> 0

ast — +o00. O



34 Page 40 of 42 E. PAPAGEORGIOU J. Evol. Equ.

The result for the L” norm follows by convexity.

Corollary 5.11. The solution v to the Cauchy problem (5.3) with initial data vy €
C.(S) satisfies

e+

t 7T, )= M Q% |rsy —> 0 as 1 — 400, (5.22)

forall 1 < p < oo.

5.4. Asymptotics for other initial data

We have obtained above the long-time asymptotic convergence in L” (1 < p <
oo) for the extension problem with compactly supported initial data. The following
corollaries give some other functional spaces for which the convergence is true, but
the question regarding the full L' (S) class remains open.

Corollary 5.12. The asymptotic convergences (1.12) and (1.13), hence (5.22), still

~L
hold with initial data Ty = 82 vy € L' (S) when vg is bi-K -invariant.

Corollary 5.13. The asymptotic convergences (1.12) and (1.13), hence (5.22), still
hold with no bi-K -invariance condition but under the assumption

/d(gflvo(gK)le“"g+> < o0. (5.23)
G

The proofs of the above corollaries are similar to those of [7, Corollary 4.12] and
[7, Corollary 4.13], respectively, thus omitted.
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