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On the separation property and the global attractor for the nonlocal
Cahn-Hilliard equation in three dimensions

ANDREA GIORGINI

Abstract. We consider the nonlocal Cahn-Hilliard equation with constant mobility and singular potential
in three dimensional bounded and smooth domains. This model describes phase separation in binary fluid
mixtures. Given any global solution (whose existence and uniqueness are already known), we prove the
so-called instantaneous and uniform separation property: any global solution with initial finite energy is
globally confined (in the L® metric) in the interval [—1 + 8, 1 — §] on the time interval [z, 0o) for any
7 > 0, where § only depends on the norms of the initial datum, t and the parameters of the system. We then
exploit such result to improve the regularity of the global attractor for the dynamical system associated to
the problem.
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1. Introduction and main results

We study the nonlocal Cahn-Hilliard equation (see [13,17,18])
¢ =A(F(@)—J*¢) inQx(0,00), (D

where € is a smooth and bounded domain in R3. The state variable ¢ represents the
difference of the concentrations of two fluids. This equation is commonly rewritten
as

hp=Apn, p="F(p)—J*xp inQx(0,00), 2
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which is equipped with the following boundary and initial conditions
Onpe =0 ond2x(0,7), ¢(,0)=d¢o inL, 3

where n is the outward normal vector on d2. The physically relevant form of the
nonlinear function F is given by the convex part of the Flory-Huggins (also known as
Boltzmann-Gibbs entropy) potential

F(s) = §|:(1 +s)In(1 +s) + (1 — ) In(1 —s)j|, se[-1,1]. “)

The function J : R? — Ris a (sufficiently smooth) interaction kernel such that
J(x) = J(—x). The notation (J * ¢)(x) stands for fQ J(x — y)¢p(y)dy. The system
(2-3) is a gradient flow with respect to the metric of H(lo)(Q)/ , namely the dual of
H'(Q) with zero mean value, associated to the free energy

1
Eni(9) = —3 /Q G =P ) drdy + /Q F((x)) dx
1
ZZ/ J(x = »p»y) — ¢(x)*dxdy
QxQ
a(x) 2

+ | F@)———¢*(0dx, 5)

Q

where a(x) = (J % 1)(x) = fQ J(x — y)dy for x € Q. The function p appearing in
(2) is the so-called chemical potential, which corresponds to W.

The analysis of the nonlocal Cahn-Hilliard equation with logarithmic potential (20)
(actually a more general class of singular potentials) has been firstly studied in [13]
(see also [11] for another proof of existence and [15] for the viscous case). In particular,
the authors in [13] proved the existence and uniqueness of global weak solutions and
their propagation of regularity for positive times (see proof of Theorem 1 below for

more details). Such solutions satisfy
¢ € L®(2 x (0, 00)) with |¢(x,1)| < 1 forae. x € Q, Vi > 0. (6)

Such property has an important physical meaning since the solution ¢ takes value
in the significant interval [—1, 1] (cf. definition of ¢). Concerning the regularity of
the global solutions, a main task consists in establishing L? estimates of F”(¢) and
F""(¢), which are needed to prove the existence of classical solutions. This is a difficult
question due to the growth conditions

F"(s) < CeCF'Ol[F"(5)| < CF"(s)?, )

which prevent the possibility to control F”(¢) or F””(¢) in LP spaces in terms of some
LP? norms of F’(¢) (as possible in the case of potential with polynomial growth). How-
ever, although L? estimates of F”(¢) and F"’(¢) can be useful, this is not sufficient
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(in many cases) to prove higher order regularity, and it is necesssary to show the
instanteneous (also called strict) separation property: for any v > 0, there exists
6 =68(t) € (0, 1) such that

lp(x, 1)) <1 —38, forall (x,1) € Q x (t, 00). 8)

We point out that the separation property is expected due to the gradient flow structure
of the Cahn-Hilliard model, which drives the dynamics towards stationary states con-
sisting of separated functional minima of the free energy En 1 (¢). A first proof of (8)
has been established in [13, Theorem 5.2] in the two dimensional case. The argument
hinges upon an iterative Alikakos-Moser argument for the powers of |F’(¢)| com-
bined with Gagliardo-Nirenberg interpolation inequalities and the Trudinger-Moser
inequality. A new proof of such result admitting a more general class of singular po-
tentials has been proposed in [14, Sect. 4]. The latter relies on a De Giorgi’s iterative
argument. This method is usually employed to obtain an L*° estimate of the solution
to a second order PDE, thereby the main achievement in [14] was to recast the method
in order to get a specific bound (cf. (8) with (6)). More recently, the separation property
has been proven in three dimensions in [28], which allowed to show the convergence
to stationary states. The author in [28] improved the method in [14] in two ways: the
truncated functions ¢, (see proof of Theorem 1 below) are shown to be bounded by 2§
(instead of 1 as in [14]), and a Poincaré type inequality for time-dependent functions
is employed to avoid the integrals of ¢, (see term Z; in [14, Sect. 4]). However, a main
drawback of the argument, which is due to the latter ingredient, is that the value of § in
(8) depends on the particular solution. More precisely, § cannot be estimated only in
terms of norm of the initial data and the parameters of the system. The purpose of this
work is to demonstrate that the De Giorgi iterative scheme in [14] and the observation
ldnllLe < 26 are sufficient to achieve (8) with a value § which depends on t, the
initial energy Eyy (¢o) and the parameters of the system (e.g. F, 2, J). Beyond its
intrinsic interest, this allows us to improve the regularity of the global attractor for the
dynamical system associated to the system (2-3).

In order to present the main results of this work, let us formulate the assumptions
for the admissible class of potentials:
(A1) F € C([—1,1]) N C? (=1, 1) such that lim{g—1 F' (s) = £oo and F"(s) >

0 >0foralls € (—1,1).
(A2) There exists &g > 0 such that F” is monotone non-decreasing on [1 — &g, 1) and
non-increasing in (—1, 1 + &o].

(A3) There exist £] € (0, %) and Cp > 1 such that

1 CF 1 CF
< , < , YV0<d <g¢g )
F'(1 —295) | In(5)| F'(—1+26) | In(8)]
and
1 1
CFé, Crs, V0<§<eg. (10)

" _ = "(__ =
F(1 —26) F"(—1+26)
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Remark 1. The assumptions (A1-A3) are satisfied by the convex part of the Flory-
Huggins potential (4).

The main result reads as follows

Theorem 1. Assume that (AI1-A3) hold. Let J be WIL’I(R3) such that J (x) = J(—x)

C

for all x € R3. Assume that ¢g € L°°(Q) such that |¢oll~ < | and |¢o| =

|Q|_1 ’fQ ¢o(x) dx| < L. Then, for any T > 0, there exists 6 € (0, 1) such that the
unique global solution to (2-3) satisfies

lp(x, 1) <1—=26, forae. (x,t) € Q x [, 00). (11)

In addition, there exists three positive constants C1, C2, C3 and o € (0, 1) such that

sup @) i) < C1, sup 10 iall 2 r41:2200) < Co, (12)
t>t t>t

and
91,1 = @2, )] = C3 (v — 22l + 1 — 1)) (13)

for any (x1,t1), (x2,r) € Q; = Q x [t,t + 1], for any t > t. The values of 4,
C1, Ca, C3 and o only depend on 1, 8, the initial energy E 1 (¢o), the initial mean %
and the parameters of the system (i.e. F, J, Q).

Remark 2. A combination of the separation property (11) and the Holder regularity
(13) gives the following stronger result

lp(x, 1) <1—8, V(x,1)eQ x[r,00). (14)

As a direct consequence of Theorem 1, we infer additional features for the longtime
behavior of the solutions to system (2-3). Let us introduce the dynamical system
associated with problem (2-3). For any given m € (0, 1), we define the phase space

Hp ={¢p € L°(Q) : [§llro) <land —14+m <¢ <1—m] (15)
endowed with the metric

d(¢1. ¢2) = llP1 — P2l 12(q)- (16)
The pair (H,,, d) is a complete metric space. Then, we define the map
S@) : Hm — Hpm, SO¢o=¢(), Vi=0,

where ¢ is the global (weak) solution (see [13, Theorem 3.4]) originating from the
initial condition ¢g. It was shown in [13, Sect. 4] that (H,,, S(¢)) is a dissipative
dynamical system and S(7) is a closed semigroup on the phase space H,, (see [27] for
the definition). Furthermore, the existence of the global attractor .4, was proven in
[13, Theorem 4.4]. In particular, it is shown that .4,, is a bounded set in H,,, N H 1 ().
Our next result is concerned with the regularity of the global attractor A,,.
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Theorem 2. Let (AI-A3) hold. Assume that J € W51 (R®) such that J (x) = J (—x)
for all x € R3. Consider the connected global attractor A, associated with the
dynamical system (H, S(t)). Then, A, C Bproq)(0,1 — 8) and is bounded in
C*(Q).

Before proceeding with the proofs of the main results, it worth presenting a wider
picture concerning the validity of the separation property for other Cahn-Hilliard
equations. First, we recall the nonlocal Cahn-Hilliard equation with non-constant
degenerate mobility

3¢ = div ((1 - ¢2)w) L u=F(¢)—Jxd inQx (0,00, (17

which is completed with (3). In this case, the separation property has been previously
proven by [23] in both two and three dimensions (see also [10]). Next, we consider
the (local) Cahn-Hilliard equation [2—4] (see also [9,26]) with constant mobility

¢ =A(—A¢+ W' ($) inQ2x(0,7), (18)
subject to the classical boundary and initial conditions
Onp = 0nAPp =0 ondQ2x (0,7), ¢(,0)=¢o ing, 19)

where W is the Flory-Huggins potential defined by

W(s) = F(s) — 9—20s2

- g[(l +s)In(l +5) + (1 =) In(1 —s)] — %Osz, s € [=1, 1], (20)

with constant parameters 6 and 6 fulfilling the conditions 0 < 6 < 6y. The Cahn-
Hilliard system (18) is the gradient flow with respect to the H(lo)(Q)’ metric of the
total free energy

1
EL(¢)=/;2§|V¢|2+‘IJ(¢(X))dx- 2y

The separation property (8) for (18-19) was first established in [7] and [25] in one
and two dimensions, respectively. The argument has been subsequently simplified in
[19] and [20]. More recently, it was extended to a more general class of potential in
[14]. In three dimensions, the separation property has been shown only in [1] on the
time interval [Tsp, 00), where Tsp cannot be computed explicitly (see also [23] for
a class of singular potentials different from (20)). However, it still remains a major
challenge to demonstrate the separation property for (18—19) for all positive times
in three dimensions. Finally, we mention the recent results regarding the nonlocal-
to-local asymptotics obtained in [5,6,16]. That is, the weak solution to the nonlocal
Cahn-Hillliard equation converges to the weak solution of the local Cahn-Hilliard
equation, under suitable conditions on the data of the problem and a rescaling of the
interaction kernel J.
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2. Separation property and Holder regularity

J. Evol. Equ.

In this section we provide an improved proof of the separation property for the
nonlocal Cahn-Hilliard equation in three dimensional domains. Then, we derive some
consequences on the regularity of the solution.

Let us first recall the following well-known result.

Lemma 1. Let {y,},en, C Ry satisfy the relation

_ 1
for some C > 0, b > 1 and € > 0. Assume that yo < Cféb 2. Then, we have

Yn+1 = Cb"y,%“,

ynfyob_g’ Vnil-

In particular, y, — 0 asn — oo.

Proof of Theorem 1. Let us report the well-posedness results from [13, Theorems 3.4
and 4.1]: there exists a unique weak solution ¢ : Q2 x [0, c0) — R to the system (2-3)

satisfying

such that

¢ € L®(Q2 x (0,00)) : |¢p(x,1)| < lae.in 2, Vi > 0,
¢ € L. (0, 00; H' () N HLL(0, 00; H'(Q))),

loc

pe Ly (0,00, HY(RQ), F'(¢) € Ly (0, 00; H'(RQ)),

loc

(8¢, v) + (Y, Vo) =0 Vv e HY(Q), ae. in (0, 00),
w=F(p)—Jx*¢ ae.in Q x (0,00),

and ¢ (-, 0) = ¢o(-) in Q. Furthermore, for any 7 € (0, 1),

Co
ess sup [|0:¢ () [l g1 (@)y +sup 10Dl 21 41:22(0) = —7=»
1>7 1>7 JT

Co
esssup (|l gi(qy +supll@D g1 < —>
. p HY(Q) IZII) HY(Q) NG

Co
esssup | F' (@)l g1 () + sup 1l 12 p41: 2002 < —=»
>t t>7 ﬁ

sup |Veellzag,i+1:00@) + IV@IlLa@,r+1:L0 ) < C1(T),
>t

3p—6
2p

with

2
= ), Vp S [256]7
q

(22)

(23)
(24)

(25)

(26)

27

where the positive constant Cy only depends on E 7 (¢p), ¢o, 2 and the parameters
of the system. The positive constant C;(7) also depends on the same quantities as Cy,
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in addition to t. Furthermore, the constants Cy and C are uniformly bounded in %
if ¢ lies in a compact set of (—1, 1).

In the first part of the proof, we show the separation property (11). To this end, we
now introduce the iteration scheme a la De Giorgi devised in [14, Sect. 4]. Let t > 0
be fixed. We consider three positive parameters 7, T and § such that (cf. assumption
(A2)-(A3))

~_ T . (€0
T -3t > 3 and 6 € (0, mm{?,a}).

The precise value of T and § will be chosen afterwards. We define two sequences

P
c Ynz0 and ky=1-8——. ¥nz0. (28

t_1 =T -37
ln:tn—1+2Ln

Notice that

ty <ty <thr1 <T -7, Vn>0, t, >t 1+2T=T -7 asn — o0,

(29)
and
1-28<kp<kyy1<1-68, Vn>0, k, > 1—-6§ asn — oo.
(30)
For n > 0, we introduce n,, € C L(R) such that
(1) = b= and [, ()] 522. (€20)
0, t <t T
Next, for n > 0, we consider the function
Gn(x, 1) = max{o(x, 1) —ky, 0} = (¢ — kn)+.
Consequently, we introduce the sets
I, =[ty—1,T] and A,(t) ={x € QL:¢p(x,t)—k, >0}, Vtel,.
Ifr € [0, 1,_1), we set A,,(t) = . We observe that we have
ILiyi <1, YVn>0, I, - [T —7,T] asn — o0, (32)
and
Apt1(1) S An(1), VYn=0,1¢€ Iy (33)

The last ingredient is

yn:// ldxds, Vn=>0.
Iy JAy(s)
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For any n > 0, we choose as test function v = ¢, n,% in (23). Integrating over [#,_1, t],
where t, <t < T, we obtain the relation

[ (o0} as +

t
= / / (VJ %) - Ve, > dx ds. 34)
th—1 J An(s)

t

/ VF'(¢) - Vo n> dx ds
n(s)

tn—1

Since F'(¢) € L*®(z, 00; H'(Q)) and H{x € Q:|¢p(x,t)| =1} =0forallt > 7,
we deduce from [24] that hy (F'(¢)) € L™®(t, oo; H'(€2) N L*°(R)), where

k, s>k,
hy :R—> R, hi(s)=1s, se(—k k), VkeN.
k, s <-—k,

Then, it follows that i, (F’(¢p)) — F’(¢) almost everywhere in 2 and forall7 > t,and
V(hi(F'(9))) = F"(@)V 1 F1 )<k} (-) = F"(¢)V¢ almost everywhere in € and
forallz > 7. Thus, by the monotone convergence theorem, [o, | F” (¢ (1)) V¢ (")) dx <
limg— 00 ||hk(F’(¢(z)))||§]l(Q) = ||F’(¢(t))||§_11(9) < o0, for all t > 7. As conse-
quence, it is easily seen that VF’(¢) = F"(¢)V¢ in distributional sense. Thanks to
this, we rewrite (34) as

[ (o0t} as+

t
:/ / (VJ % @) - Vo, n2 dx ds.
th—1 Y Au(s)

t

/ F"(@)V¢ - Ve, n dx ds
Ay (s)

-1

Notice that

t

! 1
2 _ 2 2
A (o gmt) a5 = 51000020, - / 10O gy e .

Also, by the choice of §, the assumption (A2) and the fact A, (t) C Ag(t) fort > t,,_1,
we have

t

t
/ / F'(@)Ve - Véun,dxds = F" (1-28) [ IVeull}s g, 1p ds.
th—1 J Au(s)

-1

Thus, we end up with
1 2 " ! 2 2
th—1

t
5/ / (VJ @) - Vo> dx ds
th—1 JAu(s)

I
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t
[ WO s gymitin ds, ¥t €l )
n—1

I
We now observe that

sup [(VJ % ¢)(x)| = sup

xe xe

= SUP/ IVJ(2)|dz.
x—Q

x€Q

[QVJ(x - Ve (y)dy

< SHP/ IVJ(x — y)ldy

xeQJQ

Since 2 is bounded, there exists M > 0 such that 2 C By;(0). Also, diam(2) < oo.
Then, there exists M1 such that the set x — Q2 C By, (0) for any x € €. It follows that

IV s dlim@ = [ IVI@1dE = 1910 (35)

By, (0)

For simplicity of notation, we will use By, to denote By, (0). A similar argument
applies for ||J * ¢|| 1= (q). Concerning the first term /;, we obtain as in [14, Sect. 4]
that

'
11:/ / (VI x¢)n, - Vo n, dxds
n(s)

F”(l 25)/ 1V¢ull?s 0 02 ds + = 7/ / IVJ % ¢|* n? dx ds
LA T 2F" (1 =28) Ji,_y Jay "

=3
e za)/ Vol s+t [ va o} [
~lp nds 4+ -— % o xds
> nllip2Q) 'In 2 F'(1 —28) tai L=@ Ap(s)
<Lpa- 23)/ IVénll72.q) 1 ds+1|W”L'(BM)f / 1dx ds
=3 nlip2(Q) n 2 F'(1=28) Ji, Ja,
| v JIILI(BM)
EFN(I 28)/ |V¢HI|L2(Q) nn ds + 2Wyn'

This is actually a correction of the argument in [13] and [28] where ||V J || 11 (g, appears
in the estimate analogous to the one above, instead of [VJ |1 g ) In order to handle
the term I», we recall the main observation in [28]:

0<¢p,<28 ae.inQ, Vtel[l —27, T (36)

By exploiting (31) and (36), we simply have

on+l t on+l1 2n+3
== / f ¢r21 drds < — / / (28)* dx ds = =
T th—1 J An(s) T In J Ay (s)

Collecting the above estimates together, we infer that

t

0 D172y + F" (1 =28) [ 1IVnll72 g i ds

In—1
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2
IVI13 15,

2”
< a2 +24?82y,,, Vit ety T (37)

Asa consequence,

max 1601720y < Xns F'(1=28) | IVullzoiq ds < Xu,  (38)
n+

Int1

where

2
1971315, 2452

X, := 2" max , —= . 39
n F7 (1 —26) 7 Yn (39)
o V11, R
Now, in light of (A3), we observe that T—ZS)I < Cp8||VJ||L1(BM1), thereby
2
. IIVJIIL.(BMI) . _ o4
X, =2 — T A I provided that 7 > s (40)
F7 (1= 26) CrIV 11,

The latter constraint will be verified later on.

Next, for ¢ € I, and for almost every x € A,41(t), following [14, Sect. 4], we
observe that

¢I‘l(-x’t) =¢(xat) - [1 —-8— 28_,1}

) 1 1 )
=¢x,1)— 1—5—W +4 S0 T ol 22n+1,

:¢,,+1(x,t)30

which implies that

10 10
/ f|¢>n|dedsz/ / 6l dx ds
In+l Q In+1 AVH»I(S)
10
s \3
2" it JAni1(5)
g

S 3
= (W) Yn+1- 4D

In order to proceed with the next step, we recall the following Gagliardo-Nirenberg
inequality in three dimensions

2
3 5 1
lull 10 o = Callullfa g Il g, Vu e H' (. “2)

(Q
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Exploiting the definition of y,, (32) and (42), we have

10
3
yn+1( ) // (al® dx ds
2ntl Tiv1 JAn(s)

< Cq /[ | 1901 0 (1011220 + 16011325, ) s
n+

<Ca [ 16ulag) 191 gy 4
Iny1

A

+Ca [0l 01y 05
In+l

B

As in [14], we infer from (38) that
A< ; X | (f)ll F"(1—-28) IVl o ds < ;X%
= (1 — 25 1n+ n L2(Q) - nlip2) @5 = F”(l — 25) n-

On the other hand, by using (32) and (36), we notice that

B = max ||¢n(t)||Lz(Q)/ ||¢n||Lz(Q) s < (28X, / / Ldx ds = (26)° Xn Yn-
In n(s)

telp
The above estimate of B is a major change compared to the argument in [28] which is
based on a Poincareé-type inequality. Thus, thanks to (40), and making use of (A3),

we find
2
s\ [Col VI, . 4Cgs V91 s
Yn+1\ 551 =< —23 + 23% | yn
2 (F"(1 — 28))3 (F"(1 — 28))3
5 $ 50 3
§4CQCFmaX “VJ”LI(B ”VJ”LI(B ) 8323 Yn»
Cy
which is equivalent to
2% cqcic s
Q J 3
Ynp1 £ —— =0y 5
53
An application of Lemma 1 with
2 eqcic 2
— # h=25, e==
83 3
entails that y, — 0 provided that
8 1 8
= —7. (43)

VS5 35 = 3 3
BCICECE2Y 23 CECHCE
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s

We conclude from y, — 0 and y, — H(x,t) €eQx[T—-7,T]: p(x,1) > 1—8}
as n — 0o, that

(¢ — A —=8))+llre@xT—7.1) =0. (44)

We are left to show that (43) is satisfied. Recalling (A3), (26) and yy = fTT_ﬁ fAO(S) 1dx
ds, we notice that (cf. [14,28])

T
/T / Ldeds < Jr_3z IF (@)l 1) ds
7-3% J 4¢(s) - [F'(1 —25)|

~ Cp
= 3T||F/(¢)||Lw(%,oo;L1(Q))m

_ 3Cr C(ENL($0), )T

- [In(8)]
(45)
Thus, we impose that
3Cr C(E ,T)T 8
- (| h]lv(lé;(f()) o = 7 3 E (46)
27CLCHC;

Inlight of (40) and (46), we choose § sufficiently small such that T satisfies the relations

245 ~ §|1n(3)]
oz St 3 3 @7
CrIVIR g,y 327 CAC3CHClENL @0, )

Now, setT = 7+ % Up to eventually reducing § to get T even smaller, we clearly have
T — 57? > 5. Therefore, by (44), we deduce that | (¢ — (1 —8))+ ||L0°(Qx(z—§,r+§)) =
0. We point out that the value of T is independent of the choice of T. Thus, re-
peating the same argument on intervals of size T, we conclude that ||(¢ — (1 —
&)+ ”LOO(Qx(r—%,oo) = 0. Finally, repeating the same argument for (¢ + (—1+6))_,
we arrive at the desired conclusion (11). It is important to highlight that the value of
é only depends on F, J, @, Enp(¢p) and 7.

The rest of the proof is devoted to the additional regularity results (12) and (13).
Firstly, by definition of u in (2), we observe that

I @)l Lo @x[r,00) = <||F/(¢(t))”L°°(Qx[t,oo)) +sup ||/ *¢(l)||L°°(sz)>
t>7
< IF'A =)+ 1Ly, = CI-

Let us observe that

1
o ()= 9'p() (/0 F”(S¢(-+h)+(1—S)¢(-))dS>
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—Jxdp(), 0<t<T—h. (48)

By (11), lls¢ (- +h) + (1 = $)¢ ()l Lx@x(r,00)) < 1 — 8 for all s € (0, 1). Then,
exploiting that ||8f’¢||Lz(0’T_h;Lz(Q)) < 19:®ll12(0.7:12(2))>» We infer from (25) that
Sup; >, ”8thu“”L2(t,t+l;L2(Q)) < C2, where C; > 0 depends on Cp, 7, § and J, but
is independent of &,. This implies that o;u € L%(0, T; L*(R)) for any T > 0, and
sup;>¢ 10l L2 14 1:22) < Co-

Secondly, we study the Holder continuity in both time and space. We notice that
(1) is a quasi-linear equation with principal part in divergence form. Following the
notation in the book [21], we define a;(x, t, u, p) = F”(u)pz — O x (-, 1))(x),
where F is the restriction of F in [—1 48,1 — &]. In light of the convexity of F and
|F"(s)| <|F"(1=2¢)|,foralls € [—1+ 8, 1 — §], we deduce that

v

0, , |1
1P = 551V Tl ay,
larCx, tou, )| < [F"(0L=8)lIpl + IVl L1sy, -

ai(x,t,u, p)p

We also note that the solution ¢ satisfying (22-27) is a bounded generalized solution
in the sense of [21, Chapter V]. Thus, by [21, Theorem 1.1, Chapter V], we deduce
that (13) holds in ' x [¢, ¢ + 1], for any ¢ > 7 and ' C 2 separated from 9$2. In
order to achieve (13) up to the boundary, we make use of [8, Corollary 4.2], which
provides the desired conclusion under the same assumptions. It is worth noticing that
the constant C3 and the parameter o from both [21] and [8] only depends on §, 6,
||VJ||L1(BM1) and Q. This completes the proof. O

3. On the regularity of the global attractor

This section is devoted to some regularity properties of the global attractor A,, for
the dynamical system (H,,, S(¢)) stated in Theorem 2.

Proof of Theorem 2. Let us consider ¢* € A,,. It is clear that [|¢*|| (@) < 1 such
|¢*| <1—m and ¢* 1 1 (@) < N1, where Ny is a universal constant (namely, it does
not depend on ¢*). We observe that |Eyy (¢*)| < N», where N3 is a universal con-
stant depending only on || J || ;.1 (Buy) (cf. (35)) and maxse(—1,17 | F(s)|. Then, applying
Theorem 1, we deduce that

IS@)¢* o) <1 -8, Vi =][l,00). (49)

Here, 6 depends on the constants in (47). In particular, since |¢_*| < 1—m,itis easily
seen that C(Eyp (¢*), 1) < N3, where N3 is a universal constant. This implies that §
is a universal constant. Since ¢* is arbitrary in the above argument, we deduce that

Am = S(1)A;, C Bree)(0, 1 —96).
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Next, by the second part of Theorem 1, we infer from (13) and (14) that
[(S(1)¢*)(x) — (S)™) ()]

lx — y|*

IS0 e = 15O e +
X,yEQ,x#y

1 -6+ C3 =: Ny.

A

Notice that N4 is a universal constant which depends only on N3, §, m and the param-
eters of the system (namely, F, J, ©2). Thus, the constant Ny is independent of ¢*, so
we conclude that A,, = S(1)A,, C B o @ (0, N4). The proof is complete.
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