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Some aspects of the Floquet theory for the heat equation in a
periodic domain

MARCUS ROSENBERG AND JARI TASKINEN

Abstract. We treat the linear heat equation in a periodic waveguide IT C R4, with a regular enough
boundary, by using the Floquet transform methods. Applying the Floquet transform F to the equation
yields a heat equation with mixed boundary conditions on the periodic cell z of I1, and we analyse the
connection between the solutions of the two problems. The considerations involve a description of the
spectral projections onto subspaces Hg C L2(1) corresponding certain spectral components. We also
show that the translated Wannier functions form an orthonormal basis in H .

1. Introduction

We consider the boundary-initial value problem for the classical linear heat equation
with an unknown function # depending on place x and time ¢,

Qu(x, 1) = Au(x, 1), (x,1)=(x1,...,,xq,1) € 1 x RT :=TT x (0, 00),
(1.1)
u(x,0) =gx), x €Il, (1.2)
dyu(x,r) =0, x € 9ll, (1.3)

in a periodic, regular enough (see below) x-domain IT C RY, d =3,4,5..., which
is contained in a cylinder with a bounded cross-section and axis in the xj-direction.
Here g is the given initial data, on which we assume that

o
Y sup [g(x) < o0 (1.4)
j==e0 ; ¥l

so that there holds g € L*(IT) N LY(I1) < L*(IT). Moreover, 3, = d/at is the
time-derivative, A = V - V and V is the gradient in the x-variable, 9, is the outward
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normal derivative on the surface of a given x-domain and ¢ = 0 or 1 so that in (1.3)
we have the homogeneous Dirichlet or Neumann condition in the x-domain.

The main aim of this paper is to analyse the unique, classical solution u = u(x, t)
of the problem (1.1)—(1.3) by Floquet transform methods and in particular to relate the
spectral representation of the solution with the eigenfunctions of the so called model
problem (3.4)—(3.6) (see below), which is a spectral elliptic problem on the bounded
periodic cell of IT.

We start by recalling some well-known facts on the solution «. First, all partial
derivatives up to the first order in ¢ and second order in x exist and are continuous
functions of all variables. Moreover, u can be written by using the spectral represen-
tation of the elliptic (unbounded, self-adjoint, positive) operator 7, which is defined
in a subdomain of L2(1'I) ([5,40], Theorem VIIIL.6; [41], Theorem 13.30):

u(-, 1) = /e_)"dExg =el'g withT f = /AdEk. (1.5)
o

(o2

Here 0 = o(7) C [0, 00) is the spectrum of 7, (E;)xe[0,00) 18 the resolution of the
identity (see (3.14) of [45]), or the spectral family, associated with the spectral measure
P(2) of 7, where Q2 C o is measurable (see the spectral theorem, e.g. Theorem 3.6.
in [45], or Theorem VIIL.6 of [40]), i.e. E) = P((—o00, A]). Formula (1.5) shows,
among other things that we have

lim u(,-t) = g in the space LZ(H). (1.6)
t—07F

The elliptic problem related to (1.1)—(1.3) is the Laplace-Dirichlet or Neumann
spectral problem (2.6)—(2.7) (see below) which is a standard spectral problem for the
operator 7 in L>(IT). Our assumptions will include that the spectrum o coincides with
the essential oess = 0ess(7) or continuous spectra of 7 and has band-gap structure (cf.
Theorem 3.2), which is a consequence of the Floquet transform theory. The application
of the Floquet transform F to the elliptic problem (2.6)—(2.7) leads to a spectral problem
which depends on the Floquet parameter n € [—m, 7], in a bounded periodic cell.
The problem has a discrete spectrum consisting of a sequence of eigenvalues Ak (7),
k e N={1,2,3,...}, corresponding to an orthonormal sequence of eigenfunctions
Vi (-; n). The general spectral band formula, see (3.18) below, shows that the spectral
bands of o emerge from the unions of the sets of eigenvalues Ay ().

The Floquet transform F is applied in Sect.5 also directly to the original initial-
boundary value problem (1.1)—(1.3), and the resulting description of the solution u
is given in formula (5.11) of Proposition 5.1. In Sect.6 we describe the heat semi-
group and the spectral measure and projections of the operator 7 in terms of the
eigenfunctions Vi of the model problem, see Theorems 6.3 and 6.5.

In Sect. 6 we consider a spectral subspace Hg corresponding to a disjoint compo-
nent of o. Since the related spectral bands do not overlap in this case, the presentation
of the spectral projection corresponding to H s in Theorem 6.5 can be simplified, see
Proposition 7.1. Moreover, in Theorem 7.2 an orthonormal basis of Hs: it is formed
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by certain inverse Floquet transforms F~! V. of the eigenfunctions and their translates
(these are analogous to the so called Wannier functions, see the next paragraph). The
consequences of these considerations to long time decay estimates of the parabolic
problem are straightforward, as mentioned at the end of the paper. On the other hand,
the exponentially decaying factor e/, cf. (1.5), which is characteristic for the solu-
tions of the heat equation, is essential for our calculations and treatment of the spectral
projections.

As for literature, we mention that band-gap spectra in geometric situations similar
to ours have been considered e.g. in the papers [3,4,36,37]. However, the authors do
not know papers dealing with the consequences of these studies to parabolic initial-
boundary value problems. (Floquet-theory in the setting of parabolic equations has
been studied e.g. in [19,23,24,30] and others, but these works concern periodicity with
respect to the time-variable, which is unrelated to periodicity in the x-domain studied
in the present work.) We also mention the following references as an incomplete list
of other literature on the subject of spectral gaps in elliptic boundary value problems
of various types: [2,7,8,10-13,15,17,18,31-34,47,48]. For presentations of the the-
ory of Floquet transform, see [24], [26], [35]. In the setting of the time-independent
Schridinger equation with periodic potential, the functions corresponding to F~1V;
are known as Wannier functions. For example the papers [22,25,38,39] contain stud-
ies of the question, whether the spectral subspace corresponding to a spectral band of
the Schrédinger equation has an orthonormal basis spanned by translates of exponen-
tially decreasing Wannier functions. See also [25] for more references especially to
the literature on molecular chemistry.

As for the notation used in this article, B(a, r) or B4(a, r) denote a Euclidean ball
in RY with center ¢ and radius » > 0. For a measurable set A C R?, |A| means the
volume, andif x € Rd, then dist (x, A) denotes the Euclidean distance of x from the set
A.By C, C’, C) etc. (respectively, Cg, C ;] etc.) we denote generic positive constants
which do not depend on the functions or variables in the calculations in question
(resp. depend only on &, 1) and the exact value of which may change from place to
place. We write N = {1,2,3,...},Z = {0, £1,£2,}, Ry = (0,00). If x € R, [x]
stands for the largest integer not larger than x. Given x = (x1,x’) € R x R?~!, we
write x' = (x; — [x1], x'). For J € N we denote d; := 9/0x;. Moreover, given a
domain Q C R¢, we denote by |lullq and (1, v)q the norm and scalar product of the
space L2(2) with the complex scalar field. The notation for the other L” (£2)-spaces
is standard. In general, given a Banach space X, its norm is denoted by || - || x. The
standard Sobolev-Hilbert space of order k € N is denoted by H k), and H(])‘ () isits
closed subspace spanned by the compactly supported infinitely smooth test functions,
i.e., elements of the space C{°(£2). Moreover, Cp(£2) (respectively, Czl; (2)) denotes
the space of bounded, continuous functions on 2 (resp. continuously differentiable
functions on 2 with bounded partial derivatives of the first order). The Hilbert space
of square summable sequences of complex numbers is denoted by £2, or by ¢£>(N) or
2(z), if it is necessary to indicate the index set.
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L1

Figure 1. Periodic domain IT C R3

We will need to pay attention to some details of Banach-space valued integrals. For
the basic theory of vector valued L>-spaces and the Bochner-integral we refer to [20]

(Fig. 1).

2. Preliminaries

Let us proceed with the details of the geometric assumptions. By @ C RY we
denote the primary periodic cell

@ C{x=(x)eR xR x| < 172}, 2.1

which is a bounded domain in R¢ with boundary dz>. We write 7+ = {x € R :
x1 = £1/2} and PE = (£1/2,0,...,0) € T+ and assume that there holds

dw NTE=(£1/2) x @ (2.2)

for some open set w C R4-1 containing the origin of (0, ..., 0) of R4-1 (hence,
PE C dw ). Furthermore, we denote the translates of @ by

o(j)={x:(n—jx)ew} jel, (2.3)
and define the main periodic domain (waveguide) IT as the interior of the union

Uz. (2.4)

JjEZ
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Assumption 1. We require that the boundary 911 is of smoothness C*, where k € N
is the smallest integer such that

3
24z 2.5
K > + > (2.5)
We will consider the following spectral Laplace-Dirichlet or Neumann problem

for an unknown function v on the domain IT, related with the initial-boundary value
problem (1.1)—(1.3):

— Av(x) = Av(x), x e€II, (2.6)
d,v(x) =0, x €dll, t=0orl. 2.7)

The variational formulation of this problem, see [28,29], reads in the Neumann case
t=1as

(Vu,Vo)g = Au,v)g v e H'ID), (2.8)

and in the Dirichlet case « = 0 the space H'(IT) is replaced by HO1 (IT). Also, the
negative Laplacian —A defines an unbounded self-adjoint positive operator 7 : D —
L2(IT) with the domain of definition D = HO1 (TT) N H2(T1) in the Dirichlet case or
D= H.1 (TT) N H%(T1) in the Neumann case, where

HNI1) = {f e H'(TT) : 8, f(x) = 0 for almost all x € 3T} (2.9)

By positivity, the spectrum o = o (7') (the same as the spectrum of the problem (2.6)—
(2.7)) lies in KJF = [0, 00), and since the embedding H(IT) ¢ L*(I) is not compact
in the unbounded domain IT, the essential spectrum oess = 0ess(7) is not empty (cf.
[5, Th.10.1.5]). Actually, it is a well known consequence of the Floquet transform
theory, that the spectrum has the so called band-gap structure. We will recall this in
Sect. 3, and we later use this to derive consequences on the long-time asymptotics of
the solutions of the problem (1.1)—(1.3).
Actually, we pose the following

Assumption 2. The spectrum o is absolutely continuous.

This assumption in particular implies that o (7)) = 0ess(7) and that, for the problem
(2.6)—(2.7), there does not exist eigenvalues of finite or infinite multipliticity (with
eigenfunctions belonging to L2(IT). It is generally believed that indeed o is absolutely
continuous in the situation of this paper, although this has not yet been proved. For
example, by the result of [14], the absolute continuity holds, if the boundary 911 is
smooth and in addition @ and thus IT are symmetric under the reflection x| +— —xi.
Partial positive results on the absolute continuity can also be found e.g. [9,24,27,42—
441]; see also the references on p. 383 of [26].
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3. Floquet transform and band-gap spectrum of the elliptic problem

In this section we recall the basics of the Floquet transform theory and apply it in
order to turn problem (2.6)—(2.7) into a model problem in the periodic cell . The
well-known Theorem 3.2 recalls how the band-gap structure of the spectrum of 7°
emerges from the spectra of the model problems.

We recall the definition of the Floquet transform (see for example [16,24,26,35]):

F:o@) e Vix;n = \/%7 > exp(—inm)v(x; +m. x), (3.1)

mez

where v € LZ(H),x = (x1,x’) € Tontheleft,n € [—m, 7], and x € @ on the right.
This operator is a linear isometry from L?(T1) onto L%(—m, ; L?(w)), which also
preserves the inner product; the inner product of L>(—m, ; L*(w)) 3 f, g is defined
by

(f: )12 (crmi 12wy = / (fC5m, 8¢5 ), dn. (3.2)

Moreover, it is a (Banach-space) isomorphism from H L(ID) onto L2 (—m, 7; H,} (w))
(see e.g. [26, Th.4.2, Th.4.8], [35,§ 3.4], [31, Cor. 3.4.3]). Here L>(—n, ; L*(w))
consists of (complex) L?(w)-valued functions on the interval [—r, 7], which are
L2-integrable in the sense of Bochner, and the space L*(—m, 7; Hnl (@)) is the closed
subspace of L(—7, m; H (@) consisting of such vector valued functions f that
fG;n) e Hnl () for almost all 1. Moreover, H,} () is the subspace of HY(w)
consisting of functions that satisfy, in the sense of traces, the quasiperiodic boundary
condition which is the first equation in (3.6), below. The inverse transform has the
formula

Fle(x) = il g (0 pydn, (3.3)

g
=
— | e

21
—T

where x € I1, g € L2(—m, w; L*(w)), and x'" = (x; — [x1], x’) so that x € & for
all x e IT.

Using the Floquet transform, problem (2.6)—(2.7) turns into the following model
spectral problem in the periodic cell @, (2.1),

—AV(x;n) =AmVx:in), x €, (3.4
0,V(x;n) =0,x € dw NIII, t=0o0rl, (3.5)

(b = (- L) () =omav (- L) e
(3.6)
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where A = A(#n) is just a new notation for the spectral parameter. The variational
formulation of the problem (3.4)—(3.6) in the case t = listo find V = V(-;n) €
H) (@), V #0,and A such that

(VV.VU) = AV, U)q, 3.7)

forall U € Hnl (); the inner product is that of L%(w). The case ¢ = 0 is similar,
except that in (3.7) the space H,; () is replaced by its closed subspace H(}’n(w),
which consists of functions vanishing on the boundary dez N 9I1. In a standard way
we also define, for every n € [—m, 7], an unbounded, self-adjoint, positive operator
S=8m):Dy — L?(w) such that problem (3.4)—(3.6) is equivalent to the equation
S(mV = AV. We will not need to specify the domains D, C L*(w) precisely, but
in the Neumann case ¢ = 1 we will need the sesquilinear, lower semibounded form
associated with S(n), which is the mapping

Ayt HN@) x HN (@) - C, Ay(V.U) = (VV,VU),, (3.8)

seee.g. [5], Section 10.1-2. Since the domain @ is bounded, the embedding Hnl (w) C
L?(w) is compact and the spectra of the problem in both cases : = 0, 1 are discrete,
see [5], Th. 10.1.5. The numbers

O=Ai(m) = A2 =+~ =Ap() <+ = F00, (3.9

form the sequence of eigenvalues (counting multiplicities) for the model problem, and
the corresponding eigenvectors are denoted by Vi = Vi (-; n) € H,} (w), k € N. We
require the orthogonality and normalization conditions

(Vkvvl)wzak,e kaE=172"°" (310)

so that for any fixed n € [—m, ] the functions Vi (-; ), k € N, form an orthonormal
basis of L?(w).

Remark 3.1. Let us derive some Sobolev- and sup-norm estimates for the eigenfunc-
tions V. Let B C (—1/2,1/2) x R¥! < R? be a ball such that BN @ # ¥ and
BN T* = (. Then, an eigenfunction Vj satisfies

— AV =AViy inIINB (3.11)
Vi =0 onl =3Il Ndw NB. (3.12)

Also, according to Assumption 1, the boundary I is of smoothness C*, x > d/243/2,
hence, we can apply the local elliptic estimate in Theorem 15.2 in [1] to get

IVill genngy < C (1A Vil ge-2mng) + I Villnns) (3.13)

forall¢ = 2,3, ..., k. Thus, (3.10) and (3.13) directly yield a bound for the H?-norm
of Vi, which can be used a second time with £ = 4 to obtain an estimate for the
H*-norm of Vy. Repeating this procedure, if necessary, one finally obtains

Vil < ingy < C(Ag + DT (3.14)
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for some integer d* depending on d (to be precise, d* = [d/4]+ 1). Then, the Sobolev
embedding H“(ITN B) — Clli,(l'[ N B) (see 2.5) gives us

IVillLeemnBy + IV VillLemng) < C(Af + ne. (3.15)

Note that the constants C both in (3.14) and (3.15) can be chosen independently of n
or k.

The estimate (3.15) can also be shown for any ball B C 0, 1) x R-1 « R? with
radius, say, at most 1/4 and BNw # ) and BNT* # (), by using the quasiperiodicity.
Namely, we define the function

Vi(x; n), xew, 0<x <1/2

K - .1
EMVix—1;n), xew(l), 1/2<x <1, (3.16)

Vi(x; ) ={

and observe (using (3.6) among other things) that this is an eigenfunction with eigen-
value Ay (n) of a problem similar to (3.4)—(3.6), butin the cell @ = 1N (0, 1) x Rd-1
instead of @ . The previous argument applies and yields the same Holder estimate for
Vi and thus for V in the ball B.

The balls with BN T~ # ) are treated in the same way. Since @ can be covered by
finitely many balls B and B, we can combine these estimates and deduce that every
eigenfunction Vi (-; ) belongs to H* (z') and C}g(w), and

IViCs Ml < CAY
IV lLo (@) + 1V Vi L@y < C(Ax + DT (3.17)
where d* is as in (3.14) and the constant C in particular does not depend & or .

For the following fact, see [35, Th. 3.4.6], [31, Th. 2.1], and [24,26] in the case of
the operators in the entire Euclidean space.

Theorem 3.2. A number X belongs to the resolvent set or to the discrete spectrum of
T, if and only if it does not coincide with A (n) for any n € [—m, 7] and k.

Hence, oess(7) and thus also o (7)) (see Assumption 2) get the band—gap structure,
namely

Oess(T) = U Tk, (3.18)
k=1

where the kth spectral band is defined by
Yi = {Ax(m) n € -7, ]} (3.19)

It is known that the functions R > n +— Ay (n) are continuous and even piecewise
real analytic (see [21, Ch.7]), which implies that every Y} is a closed interval, and
2;—periodic: replacing i by n+ 27 ¢, the function e ~>7¢2 V; is again an eigenfunction
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with eigenvalue Ak (n), for all £ € Z. We denote the endpoints of the spectral bands
Yk, k € N, by

mp=min{Ary(n) : ne€[-m, 7]}, My=max{Ay(n) : ne€[-m, 7]}
(3.20)

Remark 3.3. Our Assumption 2 implies that none of the functions n — Ax(n) is
constant (even on a subset of [—, ] with positive measure). Namely, if Ax(n) =r
for some number r € R on a set of positive measure, then r is an eigenvalue of 7,
which we are assuming not to happen. See Section 6.3. of [26].

4. Lower bounds for the eigenvalues of the model problem.

The aim of this section is to prove a lower bound for the eigenvalues (3.9) of the
model problem. For the purposes of this paper, there is no need to approach optimal
results, namely, quite rough estimates will suffice to guarantee that the series (5.8)
converges well for all # > 0. The result we need is contained in the following lemma.
In the Dirichlet case, the lower bound can be obtained by comparing the eigenvalues
with those of the corresponding problem on a cube and using the max-min-principle.
In the Neumann case it is possible to give a simpler proof with the help of associated
semibounded forms and a comparison with the eigenvalues of the pure Neumann
problem in @ .

Lemma 4.1. There is a constant y > 0 such that forallk € N, n € [—n, ], we have
the lower bound

Ar(n) = y k4 @.1)
for the eigenvalues (3.9).

Proof. We first consider the Dirichlet case ¢ = 0 and choose a large enough number
M > 0 such that o C (—1/2,1/2) x (=M, M)*~! =: Qy. We fix k and 7 and
consider the following eigenvalue problem,

— AV = AV, x € Qu, (4.2)

Vixin) =0, x1€(=1/2,1/2), xj=xMforj=2,...,d, (43)
V(1/2,x") = "V (=1/2,x),

nvVa/2,x) =", V(—=1/2,x"), x' € [-M, M1~ (4.4)

The variational formulation of this problem is composed in the same way as for the
problem (3.4)—(3.6) and it amounts to finding V € H(i n(Q m) and A such that

(VV,VU)g, = AV, U)oy, 4.5)

forall U € H(;,r/(Q um); this Sobolev-type space is defined in the same way as in
Sect. 3. Also, the solution of the problem consists of an increasing, positive, unbounded
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sequence of eigenvalues Ax = Ax () together with eigenfunctions, which are of the
form

d
P N1=1/2)Fi2mn 1 x) l—[ cos (”j”xj ) (4.6)
. 2M
j=2
where n = (n1, ..., ny) is running over all multi-indices withny > O and n; > 0

for j = 2,...,d. The function (4.6) corresponds to the eigenvalue (1 + 27n1)? +
712(4 M )_2 Z?:z n? hence, given k € N, there are less than C Mkd/ 2 such eigenvalues
belonging to the interval [0, k], where Cj; > 0 is a large enough constant. We thus
obtain the lower bound

Ar(n) = Ck*4 4.7)

for the kth eigenvalue of the problem (4.2)—(4.4).
On the other hand, the eigenvalue Ay () is obtained from the max-min-principle
([5,40], Theorem 10.2.2]) as

~ (VU,VU)
Ak (1) = sup o ou

in 4.8)
g 0zUeH® (U, U)o,

where in the supremum, H® is running over all k—1-codimensional subspaces of
Hol,n(QM)- We now fix k£ € N and extend all eigenfuNnctions Vitbm, j=1,...,k,
as 0 to the domain Qs and denote the extensions by V;(-; 7). These functions belong
to Hol, n(Q m) and still form an orthonormal sequence in L2(Q M), by (3.10), and

also an orthogonal sequence in H(}’ 2 (OMm), by (3.7). Thus, given an arbitrary k — 1-

codimensional subspace H® of HO1 n(w), there are coefficients ¢; € C such that

k k
> 0iVitim e HY and ) jo; =1. 4.9)
j=1 j=1

Given an arbitrary € > 0 we choose a k — 1-codimensional subspace H of H& 0 (Om)
such that

vU,vVU . vU,VU
sup ( )Om < ( )Om

in < in +e (4.10)
g 0zUueH® (U, U)o, 0£UeH (U, U)g,

and choose the coefficients ¢; such that (4.9) holds for H. Noting that (V;, Vi) =
A dj ¢ by (3.7), (3.10), we obtain from (4.8), (3.9), (4.10)

(21;21 Qi VViCin). 5o 0V n))Q
(ZI;:I Qj Vj(ﬂ n), Z§:1 Qj Vj('? U))QM
(Zl;=l 0;VVi(sm), X510V V(s n))w

= p . +e&
(Zj:l 0;ViCsim, 2o ejVits n))w

M

Ax(n) <

+e&
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Y51 leiPA () k
== - T 4e< E |Qj|2Ak(n)+€= Ar(n) +e. (4.11)
k | 2
E:j:l ojl j=1

This and (4.7) imply (4.1) in the Dirichlet case for some constant y > 0, since ¢ > 0
was arbitrary.

In the Neumann case ¢t = 1 we consider the pure Neumann problem in the periodic
cell,

—AV@x) = AV (x) forx e w, 8,V(x)=0forx € dmw. (4.12)

Again, this problem has an unbounded, non-negative sequence of eigenvalues 0 =
Ay < Ay < Az < -- -, for which there holds

Ay > Cpk?d, k>2, (4.13)

for example just by the classical Weyl estimate [46]. Moreover, the standard problem
operator of (4.12), denoted here by Sy, is associated with the sesquilinear, lower
semibounded form

Ay H (@) x HY(w) > C, An(V,U) = (VV,VU)y. (4.14)

Now, comparing with (3.8), there holds S(7) > Sy in the sense of the discussion
preceding Theorem 10.2.4. of [5]. This reference and (4.13) imply that we have

Ar(m) = A = Crk?/4. (4.15)

This proves the lemma.

5. Solution of the initial-boundary value problem via Floquet transform

Applying the Floquet transform formally with respect to the xj-variable to the
problem (1.1)—(1.3) leads to the following system for the function U = Fu:

owU(x,t;n) =AU, t;n), xew,t>0,ne[—m ] 5.1
Ux,0;n) =G(x;n) :=Fglx;n), xew, ne[—mn ] 5.2)
a,U(x,t;n) =0, x € dw NI, t >0, n€[—mn, ] (5.3)

U((1/2,x"), ;) = ¢"U((=1/2,x"), 1; 1) and
NU((1/2,x), ;) = " U(=1/2,x),t:m), X € w, 1> 0, n € [-7, 7]
(5.4)
where g is the Cauchy data in (1.2) and ¢ = 0 (Dirichlet case) or 1 (Neumann case).

Note that the assumption (1.4) and the very definition of the Floquet transform, (3.1)
yield

sup  |G(x;n)| < oo. (5.5)
xXew,
nel—n,m]
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For a fixed n, (5.1)—-(5.4) is an initial-boundary value problem for the heat equation
in a bounded x-domain, although the mixed boundary conditions (5.3)—(5.4) for the
unknown function U are somewhat unconventional. Yet, the corresponding spectral
elliptic problem is nothing but (3.4)—(3.6), associated with the positive, self-adjoint
operator S = S(n) with domain D, C L*(w). The operators S are in particular
maximal monotone, hence the Hille-Yosida-theorem ( [6], Theorem 7.4) implies that
problem (5.1)—(5.4) has a unique solution

U e C'([0, 00); L*()) N C([0, 00); D), (5.6)

and we moreover have

UG5 )l 2y < IGC M 20 (5.7)
for every n.
We will show shortly that the following series coincides with (5.6):
(0.¢]
U, tsn) =Y Gelne MV (x; ). (5.8)
k=1
Here,
Gr(n) = (GC:m). Vi:im),, = ((F)Cim). Vi) (5.9)

are the coordinates of the initial data G (-; 1) in the orthonormal basis (Vk(-; r])),fi 1
of Lz(w). Thus, for all n and ¢ > 0, (5.8) converges in Lz(w), and the sequence
(Gk(n));:i1 belongs to £2. Note that due to (5.5) and the normalization (3.10), there
exists a constant C > 0 such that

|Gk = C (5.10)

forallk e Nand n € [—m, 7].

Moreover, if t > 0, then Lemma 4.1 implies that the series (5.8) together with
its termwise ¢-derivative converge uniformly with respect to ¢t and x. Thus, termwise
differentiation yields the function d,U. Similarly, termwise differentiation with A
yields — AU, since the terms of the series contain eigenfunctions of A and the resulting
coefficients Ay (17)e %7 are still small enough. We obtain that the series (5.8) is a
solution of (5.1).

As for the boundary conditions (5.3)—(5.4), we obtain by (3.17) and Lemma 4.1
that the series (5.8) converges absolutely also in H* (zo) for every ¢ > 0, hence, these
boundary conditions are satisfied by the sum of the series, since this is true for all
terms.

Finally, (5.2) holds since due to the orthonormality of the functions Vi we have for
U of the series (5.8)

Jim UG, =3 Ge@ Ve m) = G5 )
k=1
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as a limit in the space Lz(w), for every 5. Since the solution of (5.1)—(5.4) is unique,
(5.6) and (5.8) coincide.

We next verify that F~'U is the unique solution of the original initial-boundary
problem (1.1)—(1.3). Indeed, by (5.6), (5.7) and (5.5), the function o,U (-, t; ) (re-
spectively, due to (5.1), also AU(-, t; ) ) belong to L%(w) for every t > (0 and
n, with an n-uniform bound for its norm in L?(). By the Banach-space valued
Lebesgue dominated convergence theorem, e.g. Proposition 1.2.5 in [20], and just the
integral definition of the inverse Floquet transform, this implies that the derivative 9,
(respectively, A) and F~! can be commuted. We obtain that F~'U satisfies (1.1). As
a consequence of (5.3), it also satisfies the boundary condition (1.2). Finally, by (5.6),
UGt;n) — G(;n)in L>(w) ast — 01 for every 7, hence F-luG,t) — g again
by the vector valued Lebesgue theorem. Hence, also the initial condition (1.3) holds,
which completes the proof of the claim.

Proposition 5.1. The unique solution u of the problem (1.1)—(1.3) can be written for
t > 0 as the series

o0
(e, t) =y F'Grme ™DV )
k=1

1 oo
-

b
/ei["l]”Gk(n)e_A’((”)tVk(xtr; mdn, .11
k=17

which converges absolutely in L2(T). Here, Gy is as in (5.9) and Vy, is the kth eigen-
function in (3.10).

Proof. As a consequence of (3.10) and Lemma 4.1, the series (5.8) converges in
L?(w) absolutely and uniformly with respect to 7, hence it converges absolutely
in L2(—x, 7; L?(w)). The absolute convergence of the series (5.11) in L2(T1) thus
follows from the continuity of the operator F~! in the relevant Hilbert spaces. Hence,
(5.11) coincides with F~'U, which by the argument above is the unique solution of
(1.1)—(1.3). O

6. Spectral projections: general formulas

In this section we present the main general results concerning the presentation of the
spectral projections P (£2) of the operator 7, see (1.5) in terms of the eigenfunctions
Vi of the n-dependent model problem. The main technical issues consist of handling
the overlapping of the spectral bands and clarifying the relations of the Floquet and
spectral parameters especially as regards to integration by substitution.

We recall that the solution of the problem (1.1)—(1.3) can be written as

o0

u(t)=e’lg =/ef)"dEAg=/efde;Lg, 6.1
0 o
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where (E});.€[0,00) 18 the resolution of the identity (see (3.14) of [45]) associated with
the spectral measure P (2) of the operator 7 (Theorem 3.6. in [45], or Theorem VIIIL.6
of [40]) so that there holds E; = P((—o0, A]).

Given k € N, we decompose the interval [—s, 7] into finitely many subintervals
Jk,g» @ = 1,...,qk, such that the mapping Ar : n — Ag(n) is monotone, i.e. a
bijection, on each of them and denote the inverse mappings nx,4 : lk,q — Jk,q, Where
I, = Ar(Jrq) C Yi. This is possible because of Remark 3.3. Obviously, there
holds the change of variables formula

/ Fondn =3 / Fondn =3 [ Faomm odr. 62

9= lfkq 9= llkq

where f is a scalar valued Lebesgue-integrable function or more generally a Banach-
space valued Bochner-integrable function on [—m, w]. Note that here indeed k is
arbitrary.

For every A € o we denote by K, C N x N the (finite) set of all pairs (k, g) such
that A € [y 4 C Y. The spectrum o can be decomposed into a disjoint union of
countably many subintervals such that the set-valued mapping A — K is constant
on these subintervals. If m € N is arbitrary, then Lemma 4.1 implies that there are at
most m indices k such that (k, g) € K, for some A < Cwml/(dd*).

Formula (6.3) in the next definition looks complicated, but note that it simplifies a
lot by applying the change of variables (6.2); see e.g. the second identity in (6.7).

Definition 6.1. For A € o and all pairs (k, ¢) € K, we denote

Z= ¢ TP G (g () Vie s g (D) (), € Tig
Fx):=Fx; Ak, q) =
0, reR\ kg,
(6.3)

where x € II, Vi is the eigenfunction (3.7) of the model problem and Gy is the
inner product (5.9) for the function g € L?(IT). For all M > 0 we also denote by
Fy = Fy (- A, k, q) the restriction of F to the set [TV := {x € IT : |x| < M}.

Note that usually F' does not belong to L2(TT) or L'(IT), since its modulus is
a periodic function. This fact complicates some of following calculations and the
formulation of the results. Consequently, we need to formulate the following technical
observation.

Lemma 6.2. For all M > 0 the function

i Y FuCihikog) (6:4)
(k.q) €Ky



J. Evol. Equ. Heat equation in a periodic domain Page 15 of 24 23

is Bochner-integrable on o N I (as a functiono N1 — LZ(HM)), for every bounded
interval 1. Moreover, the limit
lim f Y Fuxihk.g)dr= f > Fihk.g)dr, (6.5)

M— 00
onl (k,q)€Ky onl (k,q)€Ky

converges in LZ(H).

Before proceeding with the proof, we remark that the sets K, are finite and depend
piecewise constantly on A € I, hence, there are altogether only finitely many terms in
the sums in (6.5). Thus, due to (5.10), (3.17) and the boundedness of the derivatives
17,’(’ o both A-integrals in (6.5) converge for every fixed x € II.

Proof. Let M > 0 and a bounded A-interval I be given. Denoting by K (/) the finite
set of all k such that the pair (k, ¢) appears in (6.4) for some g = 1, ..., gk, we have
by (3.10), (5.10), (6.3) and the definition of the notation X

/H > Fuirka)| | dh,

oni k@)€K,

9k
< > NP G g M) Vs kg Oy ) | e
keK(Dg=1p, "y

qk
<cm ¥ ) / [ Vies g O], I, G

keK(D) g=1p, 'y

4k
=cM Y N / [ViGxs )| ,dn < CjM < oo, (6.6)

keK (D) g=15,

This proves the Bochner-integrability.
Moreover, for a given M > 0 and for almost all x € n“ (x fixed for a moment),
the change of the integration variable (6.2) yields

Gk
Gu(x) :=/ Yo D Fmx ik gdi= ) /e"W"Gk(ka(x“; mdn

oni keK) g=1 keK(D) y,

= / P M Gr Vi mdn =Y F (G Vi (x; ),

keK(1)_*y keK(I)
6.7)

where N is a subset of the interval [—, ] (as Y may not be completely contained
in 7) and x; is its characteristic function. If x € TT\IT™, then the expression in (6.7),
i.e., Gy (x), is null, due the very definition of Fy;.

Now, the function

Hx;m) = Y xemGr(n)Vilx; n)
keK(I)
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belongs to LZ(—T[, T; L2(w)), due to (3.10), (5.10), hence, G := F~'H belongs to
L2(IT), and by (6.7) we have Gy (x) = G(x) for x € ITM. Since G (x) = 0 for x
outside TT¥, we have G — G in L*(II). Finally, the same calculation as in (6.7)
shows that G coincides with the right-hand side of (6.5). O

In principle, the proof of the next theorem follows by changing the integration
variables, but it is technically complicated by the problems mentioned in the beginning
of this section.

Theorem 6.3. If g € L*(I1) is a function satisfying (1.4) and t > 0, then the limit
/ Y Fakoq)dh o= Jim_ / F(x, A, k,q)dx

(k,q)eKy, (,m [0,S] (k, q)eK,\
(6.8)

converges in the space L*(T1) and it coincides with

Te(x) = f e MdE;g(x). (6.9)

o
Proof. Fix t > 0, and then let ¢ > 0 be arbitrary. Fix kg = ko(#) € N such that
3 ek <2 (6.10)
k>ko

where the constant y is as in Lemma 4.1, and then, let 1o be any number such that

My, < 2o < Mgy, (6.11)
where M, is the upper end of the spectral band Yy, see (3.20). Thus, forevery k < ko,
all bands Yy and intervals Iy , C Yy with k < kg, 1 = 1, ..., gi, are contained in
[0, Aol

Also, for k > ko it may still happen that [0, Ag] N Tx # @, which requires the next
considerations. First, we denote by K (Xo) the set of those indices k > kg such that
Y N[0, Ag] # @. Moreover, for all A < A, we denote

Ry ={(k.q) €K, : k > ko} CKy, (6.12)

where K, was defined before Definition 6.1; consequently, given A < X, the set R;,
consists of all indices (k, ¢) such that A € Iy ;, C Yy and k > ko. Note that again, the
set valued mapping A — R, is piecewise constant. Finally, for every k € K (A¢) and
A € [0, Ag] we also denote

Qk,A={q : (kaQ)ERA}C{lank} (613)

Note that also the set valued mapping A — Qy., is piecewise constant. The lower
bound (4.1) implies that there exists a constant C > 0 (depending on @ only) such
that for

k>l (6.14)
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we have Y N[0, Ag] = @, hence, k < Ckg/z holds for every k € K (Ag) with the
same constant C as in (6.14).

By applying formula (6.2) and the definition of the sets K and R, to all n-integrals,
we get

ko 4
1 .
— f NG ye MMV (s mydn = D e Fx, Ak, q)dh.
P o M[0.30] 6 DEKI\R,
(6.15)
Next, we derive an estimate for
Z e F(x, A k,q)dA. (6.16)

on[0,g] k-@)ER

For a given k € K ()9), a change of the integration variable yields (cf. 6.8, 6.3)

Y Lk, q)dk=/ei[xl]"Gk(n)e_A"(”)’Vk(x"; mdn

oN[0,xg] 7€QkA Ni
= V21 F7! (xw Gr(me™ D Vi (x; ), (6.17)

where Nj is a subset of the interval [—m, w] (as Y is not completely contained in
[0, Ao], see above). Using (3.10), (5.10), (4.1) we can estimate

—Ar(mt

”XNk Gk(’))e Vi (x; 77) ”iz(—mnng(zzr))

= //|XNka(n)€_Ak(”)th(X;n)|2dxdn

—T W

< Ce"’kz/d’/ |Vi(x; ) 2dx < Ce V¥t (6.18)

Due to the isometric property of the Floquet transform we obtain from (6.17), (6.18)
and (6.10)

/ Ze F(x, a k, q)d)»”

N[0, 3o] *-DERA

< Z H / Z e_”‘F(x,)L,k,q)d)LHH

keK (o) 5n[0,19] 9€CkA
=Vor Y H X Gr(me™ MMMV (x; n)‘
keK (ho)

< Y ek, (6.19)
keK (Ag)

L2(—n,m; L% (w)
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since k > kg for k € K(Ag).
Taking into account (6.15), (6.19) yields

H Z e F(x, Ak, q)dx
oN[0,10] (k,q)€Ky

T

/ei[x‘]”Gk(n)e_A"(")’Vk(xt'; mdn

-7

<e (6.20)
n

g
= 21
for all large enough ko and ¢ as in (6.11), hence, in view of the absolute convergence
of the series (5.11) in L%(IT), the claims (6.8) and (6.9) are proved. O

Remark 6.4. In the proof of the next theorem we will need the trivial observation that
the “scalar” versions of Lemma 6.2 and Theorem 6.3 also hold: given an arbitrary
function & € L2(I1), the function

e Y (FuCohk.g).h)y 6.21)
(k,q)€Ky

is Lebesgue-integrable for every M > 0, and formulas (6.5), (6.8) holds, when the
integrands are replaced on both sides with their L (IT)-inner products with /.

The following is a consequence of the previous theorem. Recall that P (£2) denotes
the spectral measure of the operator 7. Obviously, formula (6.22) determines the
spectral measure in terms of the eigenfunctions of the model problem (5.1)-(5.4).

Theorem 6.5. For every set I = [a,b]No C RS‘ with 0 < a < b there holds the
formula

P(I)g(x):/ > F(x.hk.q)d 6.22)

T kg)eK;,

where P is the spectral measure of the operator T in (1.5), g € L*(T), F is the
expression (6.3) and the integral is defined by (6.5).

Proof. Functions g satisfying (1.4) form a dense subspace in L>(IT). Moreover, in
addition to the orthogonal projection P([/), also the sum on the right hand side of
(6.22) defines a bounded operator L2(IT) — L2(1D),

g > F(x.hk.q)da (6.23)
7 (kq)eK;

To see this, the right hand side of (6.22) or (6.23) equals, by using the substitution
(6.2) as in (6.17), the expression

ST F w ) Gr(m Vi m)) (6.24)
k
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where xj is the characteristic function of some subset of the interval [—r, 7] and the
number of the terms is bounded by a constant not depending on g. Now, for all g in the
unit ball B of L2(I1), the definition (5.9) implies that |Gy (n)| < 1, hence, the norm
of xxGi Vi in L*(—m, w; L*(w)) is bounded by a constant independent of g € B.
Using the isometric property of F~! shows that the L (IT)-norm of the right hand side
of (6.24) is bounded by a constant independent of g € B.

Hence, we may assume that (1.4) holds for g and thus the result of Theorem 6.3 can
be used. Let (e,);2 ; be an orthonormal basis of the space L2(T0). Taking the inner
product of (6.8), which is the same as (6.9), with any vector e, yields the identity

—tA _ —tA
/e (dExg, en)n —/e ( Z F(x,)»,k,q),e,,)l_ld)\ vVt > 0.
o o (k,q)eKy
(6.25)

(Namely, on the left-hand side of (6.22), the definition of the spectral family or the res-
olution of the identity (E}) includes that the function A — (E, g, e,)1 is of bounded
variation on every closed interval and thus the Stieltjes integral is well defined. On the
right-hand side, to commute the integral and inner product, one needs to check all the
steps of the definition of the integral and also use Remark 6.4.)

We interpret (6.25) as the equality of two standard scalar Laplace-Stieltjes trans-
forms. Hence, the measures (d E;.g, e,) 1 and ( Y kgyer, FO 2k, q), e”)n d) must
be identical, and an integration with respect to A over the set / yields

(P(g(x), en)y = (/ 3 F(x,)\,k,q)d/\,en)n

I (k,q)€Ky

for all n € N. This yields (6.22). O

7. Spectral projections of disjoint components

In this final section we consider the situation where the spectrum o = 0egs C R
is not connected and thus contains a bounded disjoint component S. This may happen
for example in the case when the adjacent periodic cells are connected with thin
ligaments, see e.g. [36]. We will represent the spectral projection onto the subspace
H C L*(IT), corresponding to the component S, by constructing an orthonormal basis
of H consisting of Wannier functions and their translates. The results, of course, yield
relevant information on the large time behavior of the solution of the heat equation
(1.1)—(1.3). The emphasis here is in the simplicity of the presentation, and it should
be mentioned that analogous results in other contexts are known to experts at least,
see e.g. [25].

We assume that for some finite set K C N of indices,

s:=J " (7.1)

keK
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forms a disjoint, connected subset of the spectrum of 7, or, more generally, S of
formula (7.1) is a finite union of such disjoint components of spectrum. We denote

Hs = P(S)H, where P(S) = /dE)\ (7.2)
S

is the spectral projection corresponding to the component S.

Proposition 7.1. The spectral projection P(S) can be written as

P($)8(x) = Z / G () Vi G )
keK
=2 F ((Fg('; ML Vi), Vs ) @), (1.3)
keK

where Gi(n) and Vi are as in (5.9) and (3.10), respectively. Consequently, if g € Hg,
then the solution of the initial-boundary value problem (1.1)—(1.3) can be written as

keK*®

o0
Tg= / “MAE;g = rZ / NG e MV (xy — [ ] X' .
0

(7.4)

Proof. From (6.22) we obtain

P(S)gx)= | D F(x.hk.q)dn, (7.5)
§ (ka)eks

and the same change of integration variables as in the proof of (6.15) shows that
T

[ G ) Vie (6 iy = f > PG Ak ) di; (76)

i (k,q)€Ky,

note that an analogue of the index set R, of formula (6.15) does not exist now, since
we are assuming that Y} is separated from the other spectral bands Yy with k ¢ K. [J

Next we single out an orthonormal basis for the space Hg. In the context of self-
adjoint elliptic operators with periodic coefficients in R?, like the Schrédinger oper-
ators with periodic potentials, the functions (7.7) are called Wannier functions. See
[25], Definition 3.1. We give an elementary proof for our case.

Theorem 7.2. An orthonormal basis of the space Hy is formed by the functions

T

1

F'Vie(s m(x) = iz f Iy (s p)dn (7.7)
—7T

with k € K and all translates F~'Vy o 7.y, m € 7.



J. Evol. Equ. Heat equation in a periodic domain Page 21 of 24 23

Here, f o 7,,(x) = f(x; —m, x’) for a function f of x € II.
Proof. Note that F~1V;(-; n) oty = F-l(eimny, (. n)). Denoting h := F-1
Vi (+; n) o T, we thus have for every j € K, by (3.10),

(FR(:m). ViC.im), = e "5 (7.8)
so that P(S)h = h follows from the representation of the spectral projection in (7.3).
Moreover, if k, j € K and m, n € Z are arbitrary, we have

(F_IVk o Ty, F_IV/- o 1:,,) = ( imny einny. )

I J)L2(—n, ;L% (w)

e

://e“’”‘”)”Vk(x;n)V/(x;n)dxdn
—T W
T

= /e"m—")"ak,,dn = Sl (7.9)

-7

It remains to show that the functions span the subspace Hg. Given h € L2(10), we
first note that both functions Fi(x; n) and Vi (x; n) are 27 -periodic with respect to 1,
hence the inner product G (1), defined as in (5.9) with & instead of g, is a continuous,
periodic function on [—m, w]. We expand it as a Fourier series

Gr(n) = Y hine™ with (hin)nez € 2(2) (7.10)
nez
and note that
T
P(S)h(x) = / LG () Vi 6 )y
—T
s
th " Z / i xl]nelnnvk(xtr n)dn
keK “x
- th,n Y FWiot ,(x). (7.11)
nez keK

The series converges in L2(I1), due to (7.10) and the observation in (7.9) that the
functions F~ 'V, o 7_,,, k € K, n € Z, form an orthonormal sequence. O

Let us finally consider the situation where the disjoint subset S of the spectrum in
(7.1) consist of all bands Y with k = 1,2,..., N for some N > 1, i.e., the set K
in (7.1) equals the sequence (1,2, ..., N). It is now plain from Theorem 7.2 that we
have the decay rate

le'Tglln < Ce™v1, (7.12)
my41 as in (3.20), for all initial data g satisfying the orthogonality condition

(8. F '"Vkotm)y=0 Vk<N, meZ (7.13)
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