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Doubly nonlinear equations for the 1-Laplacian

J. M. MAZON, A. MOLINO AND J. TOLEDO

Abstract. This paper is concerned with the Neumann problem for a class of doubly nonlinear equations for
the 1-Laplacian,

9
B—j—Alusoin(O,oo)XQ, veym),

and initial data in L1 (£2), where £ is a bounded smooth domain in RV and y is a maximal monotone graph
in R x R. We prove that, under certain assumptions on the graph y, there is existence and uniqueness of
solutions. Moreover, we proof that these solutions coincide with the ones of the Neumann problem for the
total variational flow. We show that such assumptions are necessary.

1. Introduction

Consider the doubly nonlinear diffusion problem:
g—';(t,x) = div(ae(Vu(t, x))), in (0, 00) x €,
v Eyu), in (0, 00) x €, (1.1
v(0, x) = vo(x), x € Q,

completed with boundary conditions, being  a bounded domain in R", y a maximal
monotone graph (possibly multivalued)inRxRanda : RY — R Typical examples
area(§) = apy€) = |E|P72&, p > 1,and y (r) = |r|"'r, m > 0. In these particular
cases, for p = 2 and m = 1 the equation reduces to the classical heat equation, while
for 0 < m < 1 itis the porous medium equation (see, e.g., [26]) and the p-Laplacian
diffusion equation for p > 1 and m = 1. In a general framework, case 0 <m < p—1
is known as a doubly nonlinear equation with slow diffusion, while the casem > p — 1
is named a fast diffusion equation (see, e.g., [22]). Therefore, owing to the choice of
o and the graph y, this equation may arise a variety of different situations and it
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possess a wide spectrum of applications, for instance, in fluid dynamics, soil science
and filtration, see [11] and [25]. Observe that, for p = 2, other typical examples are

r if r <0,
y(r)y=30 if0<r<l,
r—1if r > 1,
for a Stefan type problem, or
0 if r <O,
y(@r)=410,1]if r =0,
1 if r>0.

for a Hele-Shaw-type problem.

From a mathematical point of view, there is an extensive literature related to prob-
lem (1.1). Existence, uniqueness, regularity and asymptotic behavior of solutions
are treated under different restrictions on y and «, and we refer some literature:
[1,2,16,21,23,24,26] and the literature therein.

Our main aim is to deal with existence and uniqueness for the limit case p = 1 for

the function «,, thatis, a1 (§) := % , ¥ amaximal monotone graph and homogeneous

Neumann boundary conditions. More precisely, by means of Crandall-Liggett’s the-
orem we obtain existence and uniqueness of entropy solution (see Definition 4.5) of
the doubly nonlinear problem

B —Au30 in (0,00) x Q,
v=y(u) in (0, 00) x L,
(1.2)
g—’:}:O on (0,00) x 9€2,
v(0, x) = vo(x) x € Q,
under the condition
y is a non-decreasing continuous function such that y (0) = 0 and
(1.3)

Rang(y) =R.
For this purpose, first of all we deal with the following elliptic problem
v—Au>s f inQ,
veEym) inQ,

g—zzo on 9.
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In Theorems 3.8 and 3.9, we prove the existence of solutions under the condition

{ y is a maximal monotone graph such that y(0) > 0 and
1.4

Rang(y) = R,

and we prove uniqueness for continuous y in Theorem 3.7, that is, under assump-
tion (1.3). Note that (1.3) implies (1.4). Moreover, we see that for non-continuous
maximal monotone graphs there is non-uniqueness (Example 3.6). We also show that
condition Rang(y) = R is necessary for the existence of solutions (Example 3.12).

Remark 1.1. On account of our approach to solve problem (1.2) and the above com-
ments, condition (1.3) is natural for the study of such evolution problem. 0

In [5] (see also [6]), it was studied the well-posedness of the Neumann problem

B _Av>30 in (0,00) x Q,

=5

v —( on (0, 00) x 0€2, (1.5)

oY
=

v(0,x) = vo(x) x € Q,

by means of the Nonlinear Semigroup Theory. For that purpose, the following operator

A, defined in L' (€2) x L'(£2), was introduced to give mathematical sense to the formal
Vv

expression of Ajv := div (W) (jointly with the homogenous Neumann boundary
conditions).
Definition 1.2.
(v,w)e A & veL'(Q), Ty(v) € BV(Q) forallk > 0,
and there exists z € X1(R2), ||z]lc < 1, such that

w=—div(z) inD'(Q),
/(Z, DTy (v)) 2/ |DTy(v)| Vk >0,
Q Q
and
[z,v] =0 HM '-ae. ondg,

(see notation in Sects. 2.1 and 2.2).

Moreover, it was shown that A is the closure in L' () x L () of the subdifferential
of the energy functional ® : L*(2) — (—o0, +00] defined by

/ |Dv| ifve BV(Q)NL3*(RQ),
d(v) = Q

+oo  ifve L3(Q)\ BV ().
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Since & is a proper convex and lower semi-continuous function, then d® is a maximal
monotone operator with dense domain, generating a contraction semigroup in L2(£2)
that solves problem (1.5) for L2-data. Entropy solutions for L'-data vy were introduced
to characterize mild solutions of the abstract Cauchy problem

v, +A(w) 30,
(1.6)
v(0) = o,

given by the Crandall-Liggett’s semigroup generation theorem ( [19]).

Remark 1.3. We show that the solutions of (1.2) are given by the solutions of (1.5)
(Theorem 4.4). This is a non-trivial result; we first need to prove directly existence
and uniqueness of solutions of problem (1.2). Observe that, at the level of elliptic
problems, we first prove Theorem 3.9 and afterward we can prove Theorem 3.11.
The fact that solutions of (1.5) are solutions of (1.2) gives a kind of invariance prop-
erty for the diffusion evolution problem via the 1-Laplacian, i.e., changing variables,

the solutions of w; — Ajw > 0 and the solutions of w; — Aly_l(w) 50
are the same provided that y satisfies (1.3).

Observe that, written in this way, y‘l can be a non-continuous maximal monotone

graph, hence not necessarily Lipschitz-continuous. When y~! is an increasing and
Lipschitz-continuous function, solutions of (1.5) are solutions of (1.2), see Proposi-
tion 3.10 at the level of the elliptic problems. 0

2. Preliminaries
2.1. Functions of bounded variation

We will denote by M(2) the set of all Lebesgue measurable functions in €2.

The natural energy space to study problem (1.2) is the space of functions of bounded
variation. For further information concerning functions of bounded variation, we refer
to [4] and [20]. Recall that if 2 is an open subset of RY | a function u € LY()
whose gradient Du in the sense of distributions is a vector valued Radon measure
with finite total variation in €2 is called a function of bounded variation. The class of
such functions will be denoted by BV (£2). The total variation of Du in 2 is defined
by the formula

| Du|(2) = Sup{/ wdiv(g) = ¢ € CUQ,RY), llg] < 1}-
Q
The space BV (R2) is endowed with norm

lullpv @ = llullLi@) + [Dul(€2).

Recall that an £V -measurable subset E of R" has finite perimeterif xg € BV (RV).
The perimeter of E is defined by Per(E) = |Dxg|(RY).
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2.2. A generalized Green’s formula

Let © be an open bounded set in RY with Lipschitz boundary. Following [10], for
1 <p<oolet

Xp(Q) ={ze L™(Q, RY) : div(z) € LP(Q)}.
Ifz € X,(2) and w € BV(Q) N LP/(Q), we define the functional (z, Dw) :
C§°(22) — R by the formula

((z, Dw), ) =—/ w(pdiv(z)dx—/ wz-Vedx.
Q Q

Then, (z, Dw) is a Radon measure in €2,

f(z, Dw):/ z-Vwdx Ywe W@ nL"(Q)
Q Q

‘/(z, Dw)
B

for any Borel set B C €.
Moreover, when z € X,(2) and w € BV (2) N L”/(Q), we have the following
integration by parts formula

and

5/ |(z, Dw)| < ”Z”oo/ |Dw| 2.1)
B B

/wdiv(z)dx—i—/(z, Dw):/ [z, viwdHN !, (2.2)
Q Q 0Q

where [z, v] is the weak trace on 9€2 of the normal component of z (see [10]).
By (2.1), the measures (z, Du) and |(z, Du)| are absolutely continuous with respect
to the measure | Du| in 2.
Thus, there is a density function
d(z, Dw)
0(z, Dw, ) = ——= € L®(Q, |Dw)),
(z, Dw, ) dDw] (€2, |Dw])
satisfying
|6(z, Dw, x)| < 1 for |Dw|-a.e. x € Q.

The function 6(z, Dw, -) is called the Radon—-Nikodym derivative of (z, Dw) with
respect to | Dw|. Moreover, the following results hold.

Proposition 2.1. ([10], Chain rule for (z, D(-))) Let 2 be a bounded domain with
a Lipschitz-continuous boundary 02, and, for 1 < p < N and p’ its conjugate
exponent, let z € X,(2) and w € BV (2) N L”/(Q). Then, for every Lipschitz-
continuous, monotonically increasing function T : R — R, one has that

0z, D(T ow),x) =0(z, Dw,x) for|Dw|-a.e. x € Q.
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‘We shall denote
1 ifr >0, 1 ifr >0,

signg(r) := 40, ifr =0, sign(r) ;=3 [—1,1], ifr =0,
—1, ifr <O. -1, ifr <0,
and sign™ (r) := (sign(r))", and Ti(r) := [k — (k — |r]) T Isigng(r), k > 0.

Remark 2.2. Let us point out that although 7} is only non-decreasing, we also have
the following result

0(z, D(Tyu), x) = 6(z, Du,x)  for |DTy|-ae. x € Q.

2.3. Accretive operators and nonlinear semigroups

An operator A on X is a possibly nonlinear and multivalued mapping A : X — 2%,
It is standard to identify an operator A on X with its graph

A:={(u,v)eXxX‘veAu} in X x X
and so, one sees A as a subset of X x X. The set D(A) := {u € X | Au # (¢}} is called

the domain of A, and R(A) :== |J Au the range of A.
ueD(A)

Definition 2.3. An operator A on X is called m-accretive operator on X if A is
accretive, that is, for every (u, v), (i1, V) € A and every A > 0,

lu—illx <llu—i+2rw—0)lx
and if for all A > 0 the range condition
RUI+ArA)=X
holds.

Note that A is accretive if the resolvent J, := (I + AA)~! are contractions for all
A > 0. The Yosida approximation of A is defined as

1
Ay = X(I —Jy), fori>0.
We have that
2
Ay : D(J,) — X is Lipschitz-continuous with Lipschitz constant T

Moreover,

Ayu € Adyu, u=Jyu+ rAu and |Azu| <inf{||v] : v € Au}.
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In the case that the Banach space is L!(€2), with @ ¢ R" an open set and norm
1
full = [ wwidr, wer'@.
Q

it is well known (see [14]) that

an operator A on L' () is accretive <= for every (u, v), (il, D) € A

there exists & € sign(u — i) such that/ (v —0)édx > 0.
Q

Definition 2.4. We say that an operator A on L' () is T-accretive if for every (u, v),
(&1, v) € A and every A > 0,

@ = @)F I < @ =i+ r =)

If A is an m-accretive operator on a Banach space X, then by the classical existence
theory (see, e.g., [14, Theorem 6.5], or [12, Corollary 4.2]), the first-order Cauchy
problem

du + A(u(t)) 3 g(t) on (0, T),
a1 (2.3)
u(0) = uo,

is well-posed for every ug € D(A)*,andg € L'(0, T; X) inthe following mild sense.

Definition 2.5. For given ug € D(A)" and g € L'(0,T; X), a function u €
C([0,T]; X) is called a mild solution of Cauchy problem (2.3) if u(0) = uo and
for every ¢ > 0, there is a partition 0 = fy < 1] < --- < ty = T and a step function

N
ug, N (1) = uo x=0)(t) + Z”i X151, 1 €][0,T],

i=1

satisfying
e t;—ti_1<e¢g forali=1,...,N,
N t 1 1
. Zf lg(t) — gillxdt <&, whereg; := —/ g(ndt,
. i —ti—1 Jy_
N=1 ti— ti—1
Ui — Uj_
o 14 Auj>g foralli=1,... N,
L —ti—
and

sup u(r) —ue n(Dllx < €.
1€[0,T]
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In the case g = 0, the unique mild solution is given by the Crandall-Liggett’s
exponential formula

t —n
ut) = e up ;= lim (1 + —A) uo.
n

n— oo

Mild solutions are limits of step functions which are not necessarily differentiable
in time. This leads to the notion of strong solution of the Cauchy problem (2.3).

Definition 2.6. For given ug € D(A)* and g € LY(0,T; X), a function u €
C([0, TT; X)NW1 (0, T); X) is called a strong solution of the Cauchy problem (2.3)
if u(0) = uo and, fora.e. r € (0, T), u(r) € D(A) and Au(r) 3 g(t) — L(1).

We now recall a Bénilan—Crandall relation between functions u, v € L'(S2, v).
Denote by Jy and Py the following sets of functions:

Jo:={j : R — [0, 4o00] : j isconvex, lower semi-continuous and j(0) = 0},
Py:={peC®MR): 0=<p <1, supp(p’) is compact and 0 ¢ supp(p)} .

Assume that v(Q) < 400 and let u, v € L' (2, v). The following relation between u
and v is defined in [15]:

u L v if /Qj(u)dv < /Qj(v)dv for every j € Jp.

Moreover, the following equivalences are proved in [15, Proposition 2.2]:
‘/va(u)dvzo Vpe Pp < u<Ku+xiv Vi>D0,
/Qv,o(u)dvzo Vp e Py — vdv <0 &

{u<—h}

0< / vdv Vh > 0.
{u>h}

The following result is given in [15]

Proposition 2.7. Let Q@ C RY be an open bounded set.
(i) Foranyu,v € L'(Q), if [qupu)dx < [q, vp(uw)dx forall p € Py, thenu < v.
(ii) Ifu,v e LY(Q) and u < v, then lullp < llvllpforalll < p < oo.
(iii) Ifv € LY (Q), then {u € LY (Q) : u <« v} is a weakly compact subset of L'(S2).
(iv) Ifu,, u € LY(Q) satisfy u, < u and u, — u weakly in L' (Q), then u,, — u in
LY().

Let y C R x R be a maximal monotone graph. We denote by y°(r) the element
of y(r) of minimal absolute value. Then, for the Yosida approximations of y we have
that ([18, Proposition 2.6])

forr € D(y): lxli% vy =y and |y, ()] 1 1y°0)] as x| 0.
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3. The elliptic problem

From [4, Theorem 2], given f € L'() there exists a unique entropy solution v of
the elliptic problem

v—Av>s f inQ,
9 — (0 ondQ
an >

defined as follows: v € L1() with T;(v) € BV () for all k > 0 and such that there
exists z € X1(2) with ||Z|lco < 1,
—div(z) = f —v inD'(Q),
(z, DTy (v)) = |DTi(v)| as measures forallk > 0
and
[z, v] =0 HV1ae. on 9.

Let y be a maximal monotone graph in R x R with 0 € y(0). Following such
concept, we give the following concept of entropy solution of the following elliptic
problem

v—Aju>s f inQ,
(SJK) vey) inQ,
2_1:7:0 on 0L2.

Definition 3.1. For f € L'(Q), we say that v is an entropy solution of problem (S];)
if v e L1(Q) and there exist u € M() with T (u) € BV () for all k > 0 and
z € X1(R2) with ||Z]|coc < 1 such that
v € y(u) ae.in 2, 3.1
—div(z) = f —v inD'(Q),
(z, DTy (u)) = |DTy(u)| as measures for all k > 0,
[z,v] =0 HY '-ae.ond. (3.2)
For data in f € L°°(R2), we also define the following concept of weak solution of
problem (S;).
Definition 3.2. For f € L°°(2), we say that v is a weak solution of problem (S;) if
v € L°°(R) and there exist u € BV (2) N L®°(RQ) and z € X () with [|z]c < 1
such that
v e y(u) ae.in,
—div(z) = f —v inD'(Q),
(z, Du) = |Du| as measures,
[z,v] =0 HY 'ae ondQ. (3.3)
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We have that every weak solution is an entropy solution.
Working as in [6, Lemma 2.4], it is easy to see the two following results.

Lemma 3.3. For f € L°°(Q2), the following assertions are equivalent:

(a) v is weak solution of problem (S;);
(b) there exist u € BV (2) N L*®°(Q) and 7 € Xoo(RQ) with ||Z||so < 1 satisfying
(3.1), (3.2) and

/(w—u)(f—v)de/Z~V¢dx—/ \Dul.
2 Q Q (3.4)
Vo € Wh(Q) N L2 (Q);

(c) there exist u € BV (2) N L™ (RQ) and 7 € Xoo(RQ) with ||Z||sc < 1 satisfying
(3.1), (3.2) and

/«p—u)(f—v)dxs/(z, Dgo)—/ \Dul,
Q Q Q (3.5)
Vo € BV(Q) N L¥(Q):

(d) there existu € BV (2) N L*®(Q) and z € Xoo(R) with ||| o
(3.1), (3.2) and

A

1 satisfying

/go(f—v)dx:f(z, D), Yo € BV(Q) N L®(Q).
Q Q

Lemma 3.4. For f € LY(Q), the following assertions are equivalent:

(a) v is an entropy solution of problem (S;);
(b) there exist u € M(QQ) with Ty (u) € BV(2) forallk > 0 andz € X(2) with
1Zlloo < 1 satisfying (3.1), (3.2) and

f (0 — T@)(f — v) dx 5/ z-Vedx —/ DT,
Q Q Q
Vo € WHI(Q) N L™®(Q);

(c) there exist u € M(2) with Ty(u) € BV (R2) forallk > 0 and z € X(2) with
1zlloo < 1 satisfying (3.1), (3.2) and

/Q(cp— Te)(f — v) dx s/Q(z, Dg) —fQ|DTk(u>|,
Vo € L¥(Q) N BV(Q):

(3.6)

As can be verified in the above lemma, the notion of entropy solution for the 1-
Laplacian defined here is analogous to the concept of entropy solution for the p-
Laplacian (1 < p < N) introduced in the pioneering paper [13].

Remark 3.5. Let v be an entropy solution of problem (S;f-). Then, there exist u €
M(Q) with T (1) € BV (2) for all k > 0 and z € X;(R2) with ||z]|oc < 1 such that
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v € y(u) and (3.6) holds true. Then, if we take Ty () £ 1 as test function in (3.6), it

follows that
/f(x)dx:/ v(x)dx.
Q Q

y~ :=infRan(y) and y* :=supRan(y),

Therefore, denoting

the following condition must be satisfied
y V@ < [ sy <yeN @,
Q

Therefore, in the case Rang(y) = R this is always true for any f € LY(DQ). O

It is worthy to mention that if y is a multivalued maximal monotone graph, the
corresponding problem (S’)f-) has more than one weak solution, as we show in the next
example.

Example 3.6. Let y be a multivalued graph such that
y(0) =0, 1].

Consider Q :=]—1, 1[ and f(x) := %forallx e]—1,1[. Wedefinez:]—1,1[—> R
as

0, 1fxe]—1,—%]u[%,1[,
bt fifx € [~ —4]
z(x) =
e itre[-14].
Le—Litx e [4,4]
Then, ||Z||co < 1, [z, v] = 0 and
Litre]-1 -3 u L],
1, ifx e [—3, —%]
v(x) :=divz(x) + f(x) =
0, ifx e[-1,1].
1, ifx € [;11, %]

Clearly, v € y(0). Therefore, v is a weak solution of problem (S;). Now, taking z = 0,
it follows that f is also a weak solution of problem (S;). In particular, for the Stefan
type problem, there is not uniqueness of weak solution of problem (S};).
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Due to the above example, we need to impose some restriction to the maximal
monotone graph y in order to get uniqueness of entropy solution of problem (S;i).
In this direction, we have the following result for graphs satisfying (1.3) without the
range condition.

Theorem 3.7. Assume that y : D(y) C R — R is a non-decreasing continuous
function with y(0) = 0. Given f; € LY(Q) and v; entropy solutions of (S’;}_), for
i=1,2, then '

[ —v)Flh < I1CA = )T e 3.7
In particular,

lvi —v2lli = I1fi = f2lhh- (3.8)

Proof. Fori = 1,2, we have that there exists u; € L'(Q) with Ty (u;) € BV () for
all £ > 0 and there exists z; € X1(€2) with ||z;||cc < 1 such that v; = y(u;) and

— diV(Z,‘) = f, — U in 'D/(Q),
(zi, DTy (u;)) = |DTy(u;)| as measures for all k > 0,
(zi,v]=0 H N 'ae. ondQ. (3.9)

Let p be a smooth strictly monotone approximation of the sign function. Then,
applying integration by parts formula (2.2), we have

/Q(fi — V) pe(Ti(ur) — Ti(u2))dx = _/Qdiv(zi)l’e(Tk(ul) — Ti(u2))dx
= /Q(Zi, Dpe(Ti(ur) — Ti(u2))).
Thus,
/Q(Ul —v2)Pe(Ti(u1) — Ty (u))dx = —/;Z(Zl — 22, Dpe(Ti(u1) — Ti(u2)))
+/Q(f1 — ) pe(Ti(ur) — Ti(uz))dx

<~ [ 0~ Dpe i) ~ i)
+lfi = f2lh
Now, from (3.9) and (2.1), we have

/ (z1 — 22, D(Tx (u1) — Ty (uz))) = 0, for all Borel set B C Q.
B

This implies that

0(z1 — 22, D(Ty(u1) — Ty (u2)), x) =0 | D(Tp(ur) — Tr(u2))|-a.e.
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Since, according to Proposition 2.1, we have
0(z1 — 22, Dpe(Ti(u1) — T (u2)), x) = 0(21 — 22, D(Ti(u1) — Ti(u2)), x)
|D(Ty(u1) — Tr(uz))|-a.e. and |Dpc (Ty (1) — Ti(u2))]-a.e., we get
/Q(Zl — 22, Dpe(Ti(ur) — T (u2)))
= /99(11 — 22, Dpe (Ti(u1) — T (u2)), x)d|Dpe (Ti (1) — Ti(u2))| = 0.
Therefore,
[ o1 = e = Titunax < i = fob.

Taking limit as k — oo, we get

/Q(vl ) pe(us —u)dx < I fi — Bl

Taking now limit as € — 07T, we have that there exists £(x) € sign((u{(x) — uz(x))
LN-ae. x €  such that

/Q (01 — v)E@dx < ILfi — foll1.

Now, since v; = y(u;),i = 1,2, and y is non-decreasing and y(0) = 0, we have
E(x) € sign((v1(x) — v2(x)), if vi(x) # va2(x). Hence, since y is continuous, which
for a maximal monotone graph is equivalent to say that y (r) is always univalued for
any r € D(y),

ot = w2l =/ (01 — v)EWdx < Lfi — foll1,
{v1#£v2})

and (3.8) holds.
The proof of (3.7) is similar but using a smooth monotone approximation of the
font
sign™. g

Let us now prove existence for problem (ij-) for graphs satisfying condition (1.4).

Theorem 3.8. Let y be a graph satisfying (1.4) and f € C2°(S2). Then, there exists
v weak solution of problem (S;) withvy <L f.

Moreover, for any f € CX(Q), it follows
lws —vp Tl < G = DI

for the weak solutions constructed here.
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Proof. Given f € C2°(2), we must find v € L*°(2) and u € BV () N L*°(2) with
vey(u) ae.inQ,

and z € X(€2), with ||z|]| . < 1, satisfying (3.2) and (3.4).

By [8, Theorem 3.9 ()], forany p > 1, thereexistu, € WP (Q)and vp € y(up) €
L'(€) such that

/Q |Vup|”_2Vup -Veodx + /Q vppdx = /Q fodx, (3.10)
for all ¢ € WP () N L>(Q). Moreover,
v, L f, forall p>1, (3.11)
and, since Rang(y) = R,
luplloo < My, forall p > 1.

Taking ¢ = u, € WHP(2) N L>®(Q) as a test function and taking into account that
g p g
upvp > 0 it follows that

/ IVupI”:/ up(f —vp) S/ fup = M. (3.12)
Q Q Q
Therefore, by Holder inequality we get

f |V”p| < Ms.

Q

Thus, there exists u € BV (2) N L°°(L2) such that, up to a subsequence (no rela-
beled),

I .. N
up —> u in LY(Q), for 1 <g < 1" := N1 (3.13)

Moreover, inequality (3.12) allows to establish the following statements (see [5]):
There exists a bounded vector field z € L (2; RY) with ||z||e < 1 such that

|Vup|p_2Vu,, —~ 1z, inL"(Q;RY), forall 1 <r < oo, (3.14)
as p — 1. In particular,
—div(z) = f —v, in D'(Q).
On the other hand, by (3.11) we obtain that

v, = v, inLY(Q),1=<q<oo0, (3.15)



J. Evol. Equ. Doubly nonlinear equations for the 1-Laplacian Page 15 of 26 67

being v « f. This result, in addition to (3.13), implies that
veEy(u) ae.in Q.

In order to show that v is a weak solution of problem (S J]ﬁ), for each ¢ € whl()

N L () we consider the sequence {¢,} C C®(R) such that ¢, — ¢ in Wh1(Q).
Now, taking ¢, — u, as a test function in (3.10) and taking limits it follows

lim / |Vu,|P = lim /|W,,|P*2wpwn
Q p—>1T Jo

p—~>1t

— lim (f —vp)(en —up). (3.16)
p—>1T JQ

By (3.13) and (3.15), we get

/(f_vp)((pn_up) —>/(f—v)(</)n—u),
Q Q

and by (3.14)

/|Vu,,|p_2VupV<pn—>/zV(pn.
Q Q

In addition, using Young’s inequality and the weak lower semi-continuity of the total
variation, we obtain

lim /|Vup|p2 lim <p/ |Vup|—(p—l)|§2|)
p—>1t Jo p—1t Q

> lim inf(f |Vup|—(p—1)|9|>
p—1t Q

:/ |[Dul.
Q

Therefore, expression (3.16) yields

/|Du|s/zwn—/(f—v>(gon—u).
Q Q Q

Finally, taking limits as n — oo we obtain inequality (b) from Lemma 3.3, which
means that v is a weak solution of problem (S);).

The second part is a consequence of [8, Theorem 3.9 (ii)] and the above
construction. O

Theorem 3.9. Assume that y satisfies condition (1.4). Then, for any f € L'(Q) there
exists an entropy solution of problem (S;).

Proof. Given f € L'(Q), let f, € C>°(R) be such that f, — f in L'(). For any
n € N, by Theorem 3.8 there exists a weak solution v, of problem (S;n) such that
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Up &K fn. Thus, there exists u, € BV (2) N L>(2) and there exists z, € X with
1Zs lloo < 1 such that

v, € y(u,) a.e.in 2,
—div(zy) = f, — vu, in D'(Q), (3.17)

and
fg(fn — )@ —up) + [ Duy| < /Q(Zn, Dg), Yo e BV(Q)NL*(RQ). (3.18)

Taking ¢ = u,, — T (uy) in (3.18), we have

—/(fn —vn>Tk<un)+[ Dty sf(zn,Dun>—/ | DT ().
Q Q Q Q

Then, by (2.1) and since v, Ty (1)) > 0, we get

/|DTk<un)|§/ FuTi i) < K £
Q Q

Then, by the compact embedding, taking subsequences and using a diagonal process,
we have

Ty (uy) — or, n— oo, in L1(Q) anda.e.forl < g < 1%,
with
lok| < k.

Let us see now that (remark that this argument is not needed if [0, +o0[C D(y),
similarly for the argument with the negative part)

LN{x e Qo (x) =k}) — 0, ask — oo. (3.19)

In fact, since y° is lower semi-continuous and Rang(y?) = R, by applying Fatou’s
lemma it follows that

HCAREY) o
cN Q:o(x)=k =/ Y % 1 f/ (T (un) ™
(fx € Qo (x) =k}) o oomk 100 00 n e QV (Te(un)™)

1
<71iminf/v,f§ -0, k— oo
= 3000 R U = g
Similarly, it is shown that
LVN(x e Qo (x) =k} — 0, k— oo. (3.20)
By (3.19) and (3.20), if we define

u(x) :=or(x) on{x € Q: |ox(x)| =k},
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we have that u is measurable and
u, convergestou a.e.in 2.
Now, by using the second part in Theorem 3.8, we get
lve = vmllt < IIfa — fmllt foralln,m € N.
Therefore,
v — v in LY(RQ), (3.21)
and
veym) ae.in Q.
On the other hand, since z, € X1(€2) with ||z, || < 1, we may assume that
z, — z in the weak® topology of L*°(2, RV). (3.22)
Then, from (3.17),
—div(z) = f —v, in D'(Q).

Given now ¢ € WL Q)N L>®() and taking ¢ + u, — Ty (u,) as test function in
(3.18), we obtain

/ (fn —v)(@ — Tx(up)) + | Duy || < / (Zn, D(p +uy — Tr(uy))
Q Q
< [ 2 odr+ [ @ D - Tw)
Q Q
< / Zn'VfﬂdX-i-/ |D(up — Ti(un))|.
Q Q
Thus, applying [5, Lemma 3], we arrive to
[t =00 = ) + 107001 < [ 2, T

Then, taking limit as n — oo and having in mind (3.21), (3.22) and the lower semi-
continuity of the total variation, we get

/Q(f—v)(w—Tk(u))JrIIDTk(u)II S/QZ~V<de- 0

Let us now prove that, under assumption (1.3), the unique solution of problem (S}/-)
coincides by the unique solution of (S}d ). Let us first see an easy situation.
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Proposition 3.10. Let y~! be an increasing and Lipschitz-continuous function with
y(0) = 0 and Rang(y) = R. Let v € BV (Q2) N L*°(Q) be the unique weak solution
of(s}d ) for f € L®(Q). Then, v is also a weak solution of problem (SJK).

Proof. By setting u := y~!(v) (which is well defined since Rang(y) = R), we have
u € BV(Q)NL®(Q)
and
|Du| < |Dv|

(see [4, Theorems 3.101 and 3.99]). Now, by Proposition 2.1 and (3.3) it follows

6(z, Du,.) = 0(z, Dy_l(v), .) =6(z,Dv,.) =1 |Dvl|-a.e., hence |Dul-a.e.;
consequently,

(z, Du) = |Du| as measures.
Therefore, v is a weak solution of problem (S;). O

Theorem 3.11. Under condition (1.3), the entropy solution of problem (SJ):) is given
by the entropy solution of problem (S }d ), i.e., of problem

v—Av>s f inQ,
& =0 onoQ.
n

Proof. By Theorem 3.7, it is enough to prove it for data f € C2°(£2). So, our aim is
to see that the (weak) solution v to

v—Ajv> f inQ,

(3.23)
=0 ondgQ,
1
is the (weak) solution of
v—Au>s f in€,
v=y() in <, (3.24)

g—’f?:O on 02.

Lety, (r) = y1i/n(r) + %r, where yy/, is the Yosida approximation of y (and where
%r can be deleted if the graph of y has not flat zones). Then, y,(r) is a Lipschitz-
continuous and increasing function also satisfying Rang(y,) = R. Therefore, from
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Theorem 3.8, there exist v, € L®(Q), u, € BV(Q2) N L®(Q) and z, € X; () with
1Zs lloo < 1 such that

Uy = VYu(uy) in 2,

vy L f,
—div(z,) = f —v, inD'(Q), (3.25)
(z,,, Du,) = |Du,| as measures,
[z,,v] = 0 H" '-ae.ondQ. (3.26)

Moreover by (3.5), we have
[ =uns =vdx < [ @.0o) = [ 1D o)
Yo € BV () N L®(RQ).
Since vy, := y,(uy), we have
v, € BV(RQ)
and
|Dvn| < [Duy|.
By (3.26) and Proposition 2.1, we have
0(zn, Dvy,.) = 0(zy, Dy (uy), .) = 0(z,, Duy,.) =1 |Duyl-a.e., hence |Dv,|-a.e.,
consequently,
(z,,, Dv,) = |Dv,| as measures,

and, therefore, we get that v, is a (weak) solution of problem (3.23) with vector field
z,. Therefore, by uniqueness of problem (3.23), we have

Up = V.
And, by (3.27), we have
[ =uns =vdx < [ @00 = [ 10w 28,
Vo € BV(Q) N L®(Q).
Now, since 7, (u,;) = v < f, we get
Iy @) < 1yayn @)l < 17 @)l < 1FI1E

for ¢ € [1, 0o]. In particular, [luy[loo < C := max{—y; ' (= Flloo)s ¥; "I fllcc)}s
forall n € N.
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Finally, taking ¢ = 0 as a test function in (3.28) we obtain

/|D“n| S/un(f—v)ﬁCz, foralln € N,

so that {u,} is bounded in BV (£2). It follows that there exists u € BV (£2) such that
up to a subsequence (no relabeled)

N

up, — uin L™(Q), forl <m < ,
N -1

and
u, (x) — u(x) for almost every x € Q.

This implies that v = y (u).
On the other hand, since z, € X(Q2) with ||z, |l < 1, we may assume that

z, — z in the weak™ topology of L (€2, RY).
In particular, from (3.25)
—div(z) = f —v, in D'(Q).
Then, by [6, Proposition C.12] and having in mind the lower semi-continuity of the

total variation, taking limits in (3.28) as n — oo, we get

/(go —u)(f —v)dx < / (z, Do) —/ |Du|, Yo € BV (2) N L™ ().
Q Q Q

Therefore, by Lemma 3.3, we have that v is a solution of (3.24). O

In the next example will be see that the condition Rang(y) = R is necessary in the
above theorem.

Example 3.12. Let, forn € N, B,(r) = %arctan(r), and let f € L1(Q), Jof=0.

If (S?") has a solution for all n € N, then there exists u,, € M(2), Ti(u,) € BV (R2)

forall k > 0, B,(u,) € LY(Q), and there exists z, € X;(2) with |Znllco < 1, such
that

—div(z,) = f — Bu(uy) inD'(Q). (3.29)
Now, since

< ) < o
on = Pmitn) =50

taking limits in (3.29) we find z € X1(2), ||Zz]lco < 1, such that

—div@) = f inD(Q), (3.30)
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and we get a contradiction with the well-known fact that there exist f € L'(Q),
fQ f = 0, such that the above equation has not solution in X (£2) (see, for instance,
[17]). Nevertheless, let us see, with an easy example, that there are L°°-functions for
which (3.30) has no solution in X1 (2) with ||z||sc < 1. In fact, (3.30) implies that

£1
o Jelox

Take 2 = B;(0) the ball in RY centered at 0 of radius 1, and, for k > 0,

dx Vo € Wy (). (3.31)

‘/ f @) (x)dx
Q

—k, x| =1/2,
f =4
wo 1/2 < Ixl <1,
which satisfies fQ f = 0. Take now ¢(x) = 1 —|x|, which belongs to W(}’l(Q). Then,
on the one hand,

N
> [ e wlar < g,
N Q 3)6,‘
i=1
and, on the other hand, since fQ f=0,
N|QUk
X)p(x)dx| = x| f(x)dx| = ,
ng( )(x) ‘/Q| x| = 5= oS
which, for k > 2(N + 1)(2¥ — 1), contradicts (3.31). [l

4. The evolution problem

In this section, we study the evolution problem (1.2).

We do this through the Nonlinear Semigroup Theory, and therefore, we introduce
an operator B3 in L'(£2) that allows to rewrite problem (1.2) as the abstract Cauchy
problem

o B(v(t)) 300n (0, T),
dt 4.1

v(0) = vg.

Definition 4.1. (v, w) € B if and only if v, w € L'() and there exist u € M(L)
such that Ty (u) € BV (2) forall k > 0 and v € y(u) a.e. in €2, and there exists
z € X1(2) with ||z]|co < 1, satisfying:

—div(z) = w in D'(Q)

and

/(gp—Tk(u))wdx §/Z'V(pdx—/ |IDTi ()|, Yo € BV(2) N L>®(Q).
Q Q Q
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Note that for f € L'(€2), we have that
I+ B)_lf = v <= v is an entropy solution of problem (S;).

By Theorems 3.7 and 3.9, we have the following result.

Theorem 4.2. Under condition (1.3), B is a T -accretive and m-accretive operator on
LY(Q).

As a consequence of the above result, by Crandall-Liggett’s theorem, it follows

1
that, for every initial data vy € D(B)L (Q), the abstract Cauchy problem (4.1) has a
unique mild solution v(¢) given by the exponential formula

t —n
v(t) = e By = lim <I + —B) .
n—o0 n

In [5] (see also [6]), it is shown that the operator 4 given in Definition 1.2 is an
m-completely accretive operator in L' () and that for every initial data vy € L'(R)
the mild solution

t —n
v(t) = e Ay = lim (I + —A) Vo
n—00 n

is a strong solution.
Theorem 4.3. The following equality holds

B @ = L.

1
Proof. 1t is enough to prove that C2°(2) C D(B)L (Q). So, take f € C2°(L2) and
take f, = (I + %B)_1 f. Observe that f,, € D(B) and it is a (weak) solution of

v—}lAluaf in ,
(S}) yvey@ inQ,

=0 ondgQ.

n

Therefore, by Theorem 3.8 and Lemma 3.3 (d), f,, € L*®(2), f, < f, and there exist
u, € BV(2) N L*®(R) and z,, € X () with ||z]cc < 1 satisfying (3.1), (3.2) and

1
/ o(f = fu)dx = —f(Zn, Dg), Yp € BV(Q) N L®(Q).
Q n.Ja

Now, for ¢ € BV (2) N L*°(£2), since

1
lim_/(sz(p) =0,
nnJo
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we have that
lim/ o(f — fn)dx =0.
moJo

Now, since f,, < f, by (iv) in Proposition 2.7 we get

lim f, = f i LY(Q).

Then, as a consequence of Theorem 3.11, we obtain the following result:

Theorem 4.4. Under condition (1.3) and for every initial data vy € LY(Q), the ab-
stract Cauchy problem (4.1) has a unique strong solution v(t). Moreover, this solution
coincides with the unique strong solution of problem (1.6).

We introduce the following concept of solution of problem (1.2).

Definition 4.5. A measurable function v : (0, T) x 2 — R is an entropy solution of
(1.2)in (0, T) x Qif v € C([0, T], L' () N W10, T; L'(R)), v(0) = vp, and,
for almost all ¢ € (0, T), there exists u(t) € M(2) with Ty (u(t)) € BV (R2) for all
k > 0, and there exists z(1) € L°(Q2) with ||z(7)|lcc < 1, such that

v(t,x) € y(u(t,x)) ae.x €,
v; () = div(z(¢)) in D'(Q)

and
/(Tk(u(t))—w) v (t) dx S/Z(t)-dex—/ [ DTy (u(2))]
Q Q Q

for every w € WH1(Q) N L®(Q).

As a consequence of the above result, we have the following existence and unique-
ness result.

Theorem 4.6. Under condition (1.3) and for every initial data vo € L'(S), there
exists a unique entropy solution of (1.2) in (0, T) x Q2 for every T > 0 such that
v(0) = vg. Moreover, if v(t) and 0(t) are entropy solutions corresponding to initial
data vy and 0o, respectively, then

@) = 0@ * 1 < (o — Do) "l forallt = 0.
In particular,

o) = 9@l = llvo — Yolli forallt = 0.
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