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Zero-contact angle solutions to stochastic thin-film equations

GUNTHER GRUN@® AND LORENZ KLEIN

Abstract. We establish existence of nonnegative martingale solutions to stochastic thin-film equations with
quadratic mobility for compactly supported initial data under Stratonovich noise. Based on so-called «-
entropy estimates, we show that almost surely these solutions are classically differentiable in space almost
everywhere in time and that their derivative attains the value zero at the boundary of the solution’s support.
From a physics perspective, this means that they exhibit a zero-contact angle at the three-phase contact
line between liquid, solid, and ambient fluid. These «-entropy estimates are first derived for almost surely
strictly positive solutions to a family of stochastic thin-film equations augmented by second-order linear
diffusion terms. Using It6’s formula together with stopping time arguments, Jakubowski’s modification
of the Skorokhod theorem, and martingale identification techniques, the passage to the limit of vanishing
regularization terms gives the desired existence result.

1. Introduction

In this paper, we are concerned with existence results of martingale solutions to
stochastic thin-film equations of the generic form

du = —(m@W)uyxx)xdt + (v/m(u) o dW)y (1.1)

subject to periodic boundary conditions. The deterministic version of (1.1) models
the solely surface-tension driven evolution of the height u of a thin viscous liquid
film—the noise term is to capture effects of thermal fluctuations.

Gess and Gnann have been the first to consider stochastic thin-film equations with
Stratonovich noise. In [18], they proved the global-in-time existence of nonnegative
martingale solutions for the choice m(u) = u?. To establish this result, they took
advantage of the regularizing effect of Stratonovich noise compared to It6 noise. In
fact, for the Itd version of (1.1), i.e.,

du = —(m@)txxx)cdt + (Vmu)dW), (1.2)
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no integral estimates are known. In contrast, the Stratonovich version (1.1) permits to
derive stochastic versions of the energy estimate

1 2 ! 2.2 1 2
3 [cotacs [ <3 [ eofe )
2Jo 0 Jo 2Jo

and of the so-called entropy estimate

t
/G(u(~,t))dx+/ / u)%xdxdsg/ G(up)dx , (1.4)
(@] 0 JO (@]

where G () is a second primitive of the reciprocal mobility n~!(s). Already from the
deterministic setting, it is well-known that weak solutions to the free-boundary prob-
lem associated with the thin-film equation are not unique in general, unless additional
conditions are imposed at the free boundary, i.e., the boundary of supp[u(-, t) > 0].
In a series of papers [19,21-25] short-time uniqueness results were established for
classical solutions of thin-film equations exhibiting a zero-contact angle at the free
boundary.

In this spirit, it is the aim of the present paper to construct nonnegative martingale
solutions # to Eq. (1.1) under the choice m(u) = u? which are P-almost surely and
almost everywhere in time continuously differentiable in space. Hence, those spatial
derivatives of & attain the value zero in roots of #. The vanishing of these derivatives
comes as the consequence of additional regularity results. While the solutions con-
structed by Gess and Gnann in [18] for compactly supported initial data do not have
the regularity stipulated by the entropy estimate (1.4) (note that | o Gup)dx = +o00
in this case) and therefore do not necessarily exhibit zero-contact angles, the solu-
tions presented here are more regular. In fact, they satisfy a stochastic version of a
variant of (1.4), the so-called «a-entropy estimate. This a-entropy estimate provides
H?-regularity of appropriate powers of the solutions i without requiring initial data
to be zero only on sets of Lebesgue measure zero. For an overview on a-entropy
estimates and other integral estimates for the thin-film equation in the deterministic
setting, we refer to [3,5,8,28] and the references therein.

At this point, it is worth mentioning that in the analysis of the qualitative behavior of
deterministic thin-film equations, weighted versions of «-entropy estimates become
important. They have been used, e.g., to obtain optimal results on the propagation of
the free boundary of solutions or on the regularity at the free boundary.

For an overview of corresponding results, we cite [6, 13,27] for finite speed of prop-
agation and [9, 14,20,29] for the occurrence and scaling of waiting time phenomena.
In the stochastic setting, the techniques of [20] have been generalized by [15,26] to
provide sufficient criteria for the occurrence of waiting time phenomena and for qual-
itative results on finite speed of propagation for stochastic p-Laplace and stochastic
porous-media equations. For finite speed of propagation for the latter equations, we
also mention [2, 17] which use different techniques.

Before giving the outline of the present paper, we report on variants of (1.1) which
are meaningful for physical and/or for analytical reasons as they may set up auxiliary
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problems to construct the more regular solutions to be considered in this paper. First,
we mention (1.1) with the generic mobility m(u) = u” where n > 0. The exponent
n depends on the flow boundary conditions at the liquid-solid interface—a no-slip
boundary conditions entails » = 3. Recently, Dareiotis, Gess, Gnann, and the first
author of this paper established the existence of martingale solutions [10] for (1.1)
with m(u) = u” in the parameter regime n € [8/3, 4) which covers in particular the
no-slip case. Note that Davidovitch et al. [11] who derived (1.1) with It6- instead of
Stratonovich noise via the dissipation-fluctuation theorem conjectured that noise en-
hances spreading, changing in particular characteristic spreading laws on intermediate
time-scales in expectation. Parallel in time, Griin, Mecke, and Rauscher [30] studied
the influence of thermal fluctuations on the dewetting of unstable liquid films. Based
on lubrication approximation and Fokker-Planck-type arguments, they came up with
an equation of the generic form

du = —(mu) (urx —F @)x)xdt + /m@)dW), (1.5

where the effective interface potential §(u) models van der Waals-interactions—a
typical example is the potential §(«) := au™? — fu=? with p > g > 0, > 0, and
B > 0. For the case m(u) = u?, the existence of a.s. positive martingale solutions
has been established in [16]—the technically much more involved case of two space
dimensions has been studied in [38]—for a very recent result in the spirit of [ 18] which
also provides «-entropy estimates, see [39].

The outline of our paper is as follows. In contrast to the Trotter—Kato scheme, where
the stochastic and the deterministic parts of the equation are split and which was used
in [18], we will follow an approximation ansatz based on positive solutions to

du® = —(m@®)(uy, — eF (u))x)xdt + (Vm(u®) o dW)y, (1.6)

where ¢ € (0, 1) and F(u) :=u~?, p > 2. We take advantage of the fact that under
natural assumptions on the coloured noise W (x, 1) = Y ;. Axgk(x) Bk (1), such that

\/%sin(z”Lk") k>0,

- gk(x) = % k=0,

\/%cos(%) k<0,

— Bi(-), k € Z, are i.i.d. Brownian motions on R,
- Ak € ]R(J{ , k € Z, appropriate damping parameters,

(see Sect. 2 for the precise assumptions), existence of a.s. positive martingale solutions
to (1.6) comes as a consequence of the existence result in [16].

After formulating precise assumptions in Sect. 2, especially on initial data and the
noise, we present our main results in Sect. 3. The existence of solutions to (1.6) is the
topic of Sect. 4. Our strategy is the following. Since we are dealing with Stratonovich
noise in (1.6), we may rewrite it in It6 form with the corresponding correction term
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added. The equation obtained can be written in the form

aut = = (@ (ul, = T (), ) dr+ (uaw), .
with
2 22 .
8p+l<l_0+ Oi_k) —lo if 0
M= 15 T2\ T+ T ) (e —logw) ifu > s
oo ifu <0,

for more details see (2.6), (2.7), and (4.1). Note that (1.7) is of the generic form (1.5).
That way, the equation satisfies—with a grain of salt—the assumptions of the existence
result, Theorem 3.2, in [16]. For a comparison of the growth condition in [16] and that
one of the present paper, we refer to Sect. 4, in particular to Remark 4.1.

Since solutions in [16] were constructed under the assumption of positive initial
data, we shift nonnegative initial data with potentially compact support by a suitable
power of ¢ such that we recover the nonnegative initial data in the limit, cf. (H2¢) in
Sect. 4. This is sufficient to establish in Theorem 4.3 existence results for a family of
approximate P-almost surely strictly positive solutions u®.

The key result for the passage to the limit ¢ — 0 is a combined «-entropy-energy
estimate in the spirit of the classical «-entropy estimates in [3] (see also [5]) and the
energy estimates in [4] both translated to the stochastic setting. The derivation of this
estimate is the content of the fifth section. We first introduce suitable stopping times
and cut-off versions of our approximate solutions, cf. (5.4) and (5.5), which allow to
derive a first version of an «-entropy-energy estimate in Theorem 5.2.

1t6’s formula, which is the main tool for the proof, is applied to the energy |, o uidx
and the -entropy |, mu‘”l —Lu+ ﬁdx, see “Appendix B” for the rigorous
justification. Here, the advantages of the usage of the Stratonovich integral become
apparent again. Critical terms occurring in It6’s formula are controlled by the S-
tratonovich correction term—this way guaranteeing the estimate to be e-independent.

The passage to the limit ¢ — 0 is discussed in Sect. 6. We use the aforementioned
a-energy-entropy estimate to apply Jakubowski’s theorem, cf. [33]. Based on this, we
follow standard arguments encountered in the analysis of PDE’s for the convergence
of the deterministic terms and make use of the ideas introduced in [7,31] to identify
the stochastic integral in Lemma 6.16. The effective interface potential vanishes in the
limit, cf. Lemma 6.11.

There are two appendices. In “Appendix A,” the equivalence of the different for-
mulations of (1.6) is made explicit. More details on the application of Itd’s formula
are provided in “Appendix B”.

Notation: Besides the standard notation of pde theory and stochastic analysis, we
use the following. By C, we denote a generic constant. Throughout the paper, we
will use € as an approximation parameter, subsequences will not be renamed, if it
causes no confusion. We consider the spatial domain O = [0, L] and define Or :=
(0, L) x (0, T) for numbers L, T > 0. For a function f on O, [f > 0] is the
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set {(x,t) € Or; f(x,t) > 0}. Subspaces consisting of periodic functions (W.r.t.
space) are marked by the subscript ‘per’ on the corresponding function space. For
y,o € (0, 1], we denote by C V"’(@T) the space of Holder-continuous functions on
Or with Holder exponents y and o in the spatial and temporal variables, respectively.
The minimum of @ and b is denoted by a A b. We write (X) for the quadratic variation
process of a stochastic process X and (X, Y) for the quadratic covariation process of
X and another process Y. Moreover, for two Hilbert spaces U and V, Lo(U, V) is the
set of Hilbert—Schmidt operators from U to V. Note that the dual pairing on a Banach
space X is denoted by y/{x’, x)x forx’ € X’ and x € X.

2. Preliminaries

Let us fix some basic assumptions. We are dealing with the stochastic thin-film
equation with Stratonovich noise

du = —(m@@)tyxx)xdt + (vVm(u) o dW), 2.1

on Or subject to periodic boundary conditions and initial data specified below. For
the noise we consider a Q-Wiener process defined by the operator

Qg = Mgr VkeZ. (2.2)

Here, the functions gx form a basis of L2(©) consisting of eigenfunctions of the
Laplacian on O subject to periodic boundary conditions.

JEsin) k>0
1

ax) =171 k=0 2.3)
\/%cos(%) k<0

The noise is coloured by the growth condition on the numbers (Ax)xe7z, cf. (H3) below.
We can now give precise assumptions for our main result.

(H1) The mobility is given by m(u) = u?.

(H2) Let A be a probability measure on leer(O) equipped with the Borel o -algebra
which is supported on the subset of nonnegative functions such that there is a
positive constant C with the property that

1
eSSSUP,,cqupp A0 {/ — ve)?dx + (/ vdx)} <C.
0?2 o

(H3) Let (2, F, (F;)r=0, P) be a stochastic basis with a complete right-continuous
filtration such that
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— W is a Q-Wiener process on €2 adapted to (F;);>0 which admits a decompo-
sition of the form W = ), <7 M8k Br for a sequence of independent standard
Brownian motions S and nonnegative numbers (Aj)xcz With

Ak = Ak 2.4
forall k € N,
— the noise is coloured in the sense that
> kg < oo, 2.5)
keZ

— there exists a Fo-measurable random variable u such that A’ = P o uy !

Based on these hypotheses, we may rewrite (2.1) in two different ways.
U=~ (e — S )))xdt + dW)y (2.6)

2 2
with S(u) := Csrar (u — logu) and Csypar = % <% + >0 2%) Note that this is

equivalent to
du = (— (U ttyxx)x + Cstrartinz)dt + dW), . Q2.7)

For a justification, we refer to “Appendix A”.

3. Main results

In this section, we make our results on the existence of zero-contact angle martingale
solutions precise. We begin with the existence result.

Theorem 3.1. Let (HI), (H2), and (H3) be satisﬁed and let T > 0 be given. Then
there exist a stochastic basis (Q .7: (.7:,),>o, IP’) with a complete right-continuous
ﬁltratlon an F;- -adapted Q-Wiener process W = Y kez Ak gk Br, a continuous L*(O)-
valued F,; -adapted process il € L2(Q L20, T; WL3O)W)NL2(Q:; €79 (Or)), 7 <

per
1/2,6 < 1/8, and iig € L>(Q2; H), (O)) such that the following holds:

1. i and iy are P-almost surely nonnegative,
2. fort €0, T]andall p € H>,.(O)

per

per

1
/ (@i (t) — dip)pdx = / / i3 prdxds + 3 / / > ¢y dxds
(@] [2>0] 0 JO
t
+ / / Wiy ey dxds

-5 / / > Afe(guil)xpy dxds

keZ

= / / Aiguiichdxdfy G0

keZ
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holds P-almost surely and we have A° = Po ﬁal,
3. u satisfies for arbitrary g > 1 and a € (—1.,0) the estimate

[ < 1 ol q} [ T o 4 q
E| sup /—qul dx) +E </ /((u) & )deds)
tel0.7] \JO 2 0o Jo
T wis q
+1E[</ /((ﬁ)T’)ix dxds> } < C(T. g, uo). (3.2)
0 o

As a consequence of estimate (3.2), we obtain the following regularity result.

Corollary 3.2. Let i be a solution as constructed in Theorem 3.1 and « € (—1/3,0).
Then, P-almost surely, u exhibits a zero-contact angle in the following sense:

For almost all tg € (0, T], the classical derivative %ﬁ(xo, to, w) exists in points
xo € O such that u(xg, to, w) = 0, and it attains the value zero.

4. An existence result for positive approximate solutions

As pointed out in the introduction, our existence result for zero-contact angle solu-
tions relies on new integral estimates which are initially derived for strictly positive
approximate solutions. In this section, we provide results on existence and on re-
fined regularity and positivity properties of such solutions. More precisely, we study
stochastic thin-film equations

duf = —((*)? (u, — ML *)0xdt + Y i (u gi)xdBf “.1)
keZ

¢ € (0, 1), subject to periodic boundary conditions on O. This class of equations differs
from equations (2.6) and (2.7) by the choice of the potential S (or IT,, respectively)
and by the assumptions on the positivity properties of initial data. Here, I1; () is given
by

M, () = {eu” +Sw) ifu>0 42)

+00 ifu<0

with a positive number p > 2. Note that the potential I1, satisfies for every ¢ > 0 the
hypothesis

(H4¢) For ¢ > 0, the effective interface potential I1, has continuous second-order
derivatives on R™ and satisfies for some p > 2 and u > 0

cu Pty <) < Crw P2 +1),

e (u) > Cu™ P,

where ¢y, C1, and C are positive constants depending on ¢ > 0.
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In addition, we require initial data to be bounded from below by & with 6 € (0, 1/p).
Combined with Hypothesis (H2), this leads to the modification
(H2¢) Let Ag be a probability measure on leer((’)) satisfying Hypothesis (H2). Then,
A? is the probability measure on leer((’)) defined by A® = A% 0 !, where
Se : leer(O) — leer(O) is for 6 € (0, 1/p) given by S (u) = u + &°.
Remark 4.1. Note that the growth condition (H2) of [16] differs from (H4e¢) only by
the assumption that [T/ () in [16] was required to satisfy

M/ (u) < Cru= P2
instead of
M/(u) < Cru™ P72+ 1)

in our paper. It is straightforward to show that this does not affect the validity of the a
priori estimates and the existence result in [16].

Definition 4.2. Let A® be a probability measure on leer((’)) satisfying (H2¢). We
call atriple ((2°, 7%, (F{)=0, P?), u®, W¥) amartingale solution to (4.1) with initial
data A® on the time interval [0, T'] provided
(i) (QF, F%, (F})i=0, P?) is a stochastic basis with a complete right-continuous
filtration,
(ii) W satisfies (H3) with respect to (2%, F*, (Ff)=o0, P?),
(iii) The continuous LZ(O)-valued process u® € L?(Qf; L*(0, T; Hser(O))) N L2
(Q%; €72 (Or)) with y < 1/2, 0 < 1/8 is P*-almost surely positive and
adapted to (F});>0,

(iv) there is a fg -measurable le

or(O0)-valued random variable ug with A® = P* o

(148)_l and the equation
t
/(ug(t)—(uf)))qﬁdx:/ / m(u®)(us, — T, () ¢y dxds
O 0o JO
13
-y /0 /O Mg/ m () g dxd (4.3)

keZ
holds P?-almost surely for all # € [0, T'] and all ¢ € leer(O).
We have the following theorem.

Theorem 4.3. Let the assumptions (H1), (H2¢), (H3), and (H4¢) be satisfied and
let T > 0 be given. Then, for every ¢ € (0, 1) there exists a martingale solution
(2%, F&, (Ff)i=0, P?), u®, W®) to (4.1) in the sense of Definition 4.2, satisfying the
additional bound

q T
E[ sup (/ 1 s |* + Hs(ug)dx) ] +E [/ / W |l — H;(ug))xyzdxdt:|
ref0,71 \Jo 2 0o Jo

<C(euo,T,q), “4.4)
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where g > 1 can be chosen arbitrarily.

Remark 4.4. Combining the continuity of the L>(O)-valued process u® with (4.4), it
follows that #® in fact is a continuous process attaining values in HJ}(O) (.e., H' (O)
equipped with the weak topology).

Proof. Observe that Hypothesis (H4¢) differs only by the positive additive term C;
in the upper bound on IT] from Hypothesis (H2) in [16]. It is straightforward to show
that all the results in [16] are still true if Hypothesis (H2) of [16] is replaced by Hy-
pothesis (H4¢) of this paper. Noting that Hypothesis (H3) of this paper is stronger than
Hypothesis (H4) of [16], we may establish the result as a consequence of Theorem 3.2
in [16]. 0

For brevity, we will also call the process u® in Theorem 4.3 a solution of (4.1). We
now give two auxiliary results we will need later on. The first one is a continuous
version of Lemma 4.1 in [16] and can be established by similar arguments. It provides
lower bounds on the solutions u® constructed in Theorem 4.3.

Lemma 4.5. Let ¢ € (0, 1) and consider for u € HY(O,R") the functional

2

Then there is a positive constant C, independent of & such that

H.[u] = 1/ luy|> + e(u)"Pdx . 4.5)
O

-1 1 2
sup (u) ™! < <][ udx) + Cpe TP H[u]?2. (4.6)
xeO @]

Ifin addition Hy[u] < o~ for o € (0, 1), there is a positive constant C_'p independent
of ¢ such that
2

— 1
minu > C,er207r2, “@.7)
xeO P

In the next lemma, we collect a number of integral estimates which come as natu-
ral consequences of the energy-entropy estimate Lemma 4.4 in [16]. In the analysis
presented in that paper, they were not needed and hence they were not made explicit
there.

For the reader’s convenience, we recall the notation used in [16]:

Remark 4.6. The pressure associated with a liquid film of thickness u® is given by
p® = —ut, + I, (u), and at the level of finite elements, the discrete pressure p”
is—with a grain of salt— defined by

(ph,¢h>h - /Ouﬁd)j;dx + (n;(uh),d)h)h for all ¢y C Vi,

where (., .);, denotes the lumped masses scalar product and V}, is an appropriate space
of continuous linear finite elements (see [16] for the details). Finally, for positive
parameters o« and k,

R(s) :=a+ Ej, [uh(s)] + xSy [uh (s)]
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is a weighted sum of discrete energy Ej and discrete entropy S,—for the details, we
refer to (4.14) in [16].

Lemma 4.7. Let u® be a solution as constructed in Theorem 4.3. Then there is a
positive constant C = C(¢g) such that

r T

E / / ((us)zpi)dedt:| <cC, (4.8)
LJO (@]
- T )

E / / |u | dxdt] <C, (4.9)
LJO (@]
r T

E / / (ug)_”_z(ufc)dedt:| <C. (4.10)
LJO (@]

Proof. We recall that u® has been constructed as a limit of solutions (#¢)" to finite

dimensional auxiliary problems, cf. Lemma 4.2 in [16]. The convergence of these
solutions is based on the a-priori estimate in Lemma 4.4 of that paper which will be
for us the starting point to derive the estimates above. Adopting the notation of [16],
and for the ease of presentation omitting the index ¢, we recall the h-independent
estimate

T T
E[/ /(Mh(uh)pfz)zdxds} <CE [/ Sup((uh)2)/ Mh(uh)(pfg)zdxds]
0 O 0 xeO O
T
<CE [/ R(s)/ Mh(uh)(pi’)zdxds:| < C(e,up, T), (4.11)
0 O

where R(s) denoted in [16] a weighted sum of energy and entropy (cf. (4.14) in [16]).
In particular, we have the upper bound fo (u§)2(~, s)dx < R(s) for all s € [0, T].
Mimicking the arguments from Lemma 5.2 in [16], this bound shows that the sequence
(My, (uh)pﬁ)he(o,]) is tight on the path-space L*(O x [0, T]) with respect to the weak
topology. Consequently, by Jakubowski’s theorem, cf. [33], we find a stochastic basis
(Q, ]i", (]:",)tzo, ]f”) and for each & > 0 random variables gh Q- L2((9 x [0, T])

aswell as § : Q@ — L2(O x [0, T]) such that

~n D
g" = My p" (4.12)

X

under the probability measure P. Moreover,

~h ~
8§ — 8

in L2(O x [0, T1) P-almost surely. The identifications g" = Mj, (ﬁh)ﬁ)’} and § = i’y
can be achieved as in Lemma 5.6 and Lemma 5.9 in [16] where p” and j are the
pressures related to i and i, respectively. Thus, we have

My @™ ph — @ p,. (4.13)
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By the lower semi-continuity of the L2-Norm w.r.t. weak convergence and Fatou’s
lemma, we have

T T
E[ / / (ﬁzﬁx)2dxds] < E[lim inf / sup ((@")?) / Mh(ﬁh)(ﬁjj)zdxds]
0o Jo =0 Jo xeO @)

T

sliminf]E[ / sup ((i")?) / Mh(ﬁh)(ﬁf)zdxds]
h—0 0 xeO o

< C(g,up, T) <00, (4.14)

where we could use (4.11) due to (4.12). The arguments to show (4.9) and (4.10) are
similar. O

5. A combined «-entropy-energy estimate

In this section, we prove a new estimate satisfied by solutions to Eq. (4.1) which is
independent of ¢ > 0. This estimate will be the key to pass to the limit ¢ — 0 and
this way to establish the existence of martingale solutions to Eq. (2.1). Abbreviating
F(u) :=u~P,Eq. (4.1) can equivalently be written

du® = —((*)?(ul, — eF'(u*)))xdt + Csprartts,dt + Y di(giu®)xdf . (5.1)
keZ

Theorem 4.3 guarantees the existence of a family (u®)¢c(0,1) of solutions to (5.1).

Theorem 5.1. Let ¢ € (0, 1) and u® be a solution to (5.1). Then, for ¢ > 1 and
o€ (—%, 0) the e-independent estimate

q
1
E| sup (/ —|uf > + e F (uf)dx

ref0,71 \Jo 2
+ sup </ ;(MS)OH—] _lu€+ 1 dx)q
ref0,71 \Jo aa + 1) o a+1

T q
+ < /0 /O W)l — e F' (u))? dxds)

T q T q
+</O /O((ug)“f)idxds) +</0 /(9((u8)"z”)§xdxds)

T q
+ ( / / (u’f)“+1(u§)2sF”(u8)dxds) ] < C(T, q, up). (5.2)
0 (@]

holds.

Our strategy to prove Theorem 5.1 is to combine It6’s formula and a stopping time
argument. Let us for ¢ > 0 consider energies

E(u) = l/ |ux|2dx+e/ F(u)dx (5.3)
2 /o o
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as well as random times
T, := T Ainf{t € [0, T]|E W®) > o1} (5.4)

for positive parameters o.

To show that T, is indeed a stopping time, according to Theorem 23 in [12], page 51
(see also the notes to Chapter 1 in [34]), we need to convince ourselves that & (u°) is
progressively measurable as (f,>t>0 is right-continuous and F; is complete for each

t > 0. For this, let us prove the stronger result that & (u¢) is predictable and therefore
progressively measurable, too. For the first term on the right-hand side in (5.3), this
is essentially a consequence of the fact, that #® has continuous paths as a mapping to
L*(0), combined with an appropriate convolution argument to derive predictability of
u® as a mapping to L%(0). Finally, predictability of & F (u®) follows from the fact that
u® is nonnegative almost surely and F is Lipschitz on [p, co) for any p > 0. Hence,
e, o F@® + p) is predictable for any p > 0 fixed, too. Together with the monotone
convergence theorem and preservation of predictability in the limit p — 0, the result
follows.

We further introduce the following cut-off versions of solutions u®, where we skip
the index &:

o (1) = ué(-,t) tel0,T,] 5.5)
T e, T, e ,, Tl '

Moreover, we set py := —(uy)rx + &F'(uy). Note that the definition of p, is slightly

different from that one of p” or p® in Sect. 4 as we do not include the Stratonovich
correction term within the pressure any longer.

Lemma 5.2. Fora € (—%, 0), g > 1, and a constant C(T, q, ug) that is independent
of € we have the estimate

E| sup ( / (e)2 + SF(ug)dx>
te[0,T]
i 1 1 1 a
+E| su / L N P dx)
te[OpT]< oal@+1) 7 a a4+l

B tATy ATy
+E ( / / (16)2(p)? dxds) }HE[( / / (uo>xx(ua)a+1dxds> }
N
B (/ / |a(ot+1)| (g s }

tATy
+E (/ / “H(ua)zeF”(Ma)dXdS }<C<T’q’u0)- (5-6)
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The proof of Lemma 5.2 will be given below. Let us first assume it to hold and see
how (5.2) can be derived from it. We need the following lemma which may be proven
similarly as Lemma 5.5 in [16].

Lemma 5.3. We have limy, 0T, = T P?-almost surely.

Proof of Theorem 5.1. From Lemma 4.5, we infer that u? is strictly positive on O x
[0, T] P?-almost surely. In combination with Lemma 5.3, we find that the sets A, :=
{weQ:u(,w) >0 onOx[0, T]}tend foro — 0to Q2 up to a set of measure zero.
Hence, using nonnegativity of the terms on the left-hand side of (5.6) and monotone
convergence, Theorem 5.1 is proven. g

The rest of this section is devoted to the proof of Lemma 5.2.

Proof of Lemma 5.2. Consider the operators

1 / 5
Ei:u— - u-dx, (5.7
2Jo
Er) u— 8/ F(n(u))dx, (5.8)
(@)
Go : > /O G (n())dx (59)

where 7 is a positive smooth cut-off function corresponding to the lower bound of
u® provided by Lemma 4.5. For precise information about its properties, we refer
to (B.13) and (B.14). Moreover, G, is a standard «-entropy used for the thin-film
equation, i.e.,

1 1

1
G — a+l _ =
(1) a(a—i—l)u au+a+l

>0. (5.10)

1t6’s formula, applied separately for each of these operators, see “Appendix B” for
details, yields

/ l(Ma(t))i + eF (uo (1))dx + Go (us (1))
02

tAT, ATy
+ / / (o) (po)2dxds + / / Cstrar ()2, dxds
0 @] 0 O

(AT,
+/ / CStrat(MU))%EF//(Mg)dxds
0 o
= E1((up)x) + Ex(ug) + G (ug)

tAT,
+y (o) x i (o @) xx + k& F' (1) (g 8k) dxd i
0 @]

keZ

1 tAT, 5 5
+§/0 /(DZkk(uggk)xxdxds

keZ
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tATy
+ = / / ZxﬁsF (1) (1t g) > dxds

keZ

tAT,
/ / M (—u ——) (o go)xdrdBe
kel

AT, ) | |
+/ / (=(e)"(Po)x — Cstrar(Uo)x) (—Mg — —) dxds
o o ¥

(AT,
/ / Z)\%u“ l(u(,gk) dxds
O

keZ
= E1((ug)x) + E2(ug) + Go(ug) + Ri+ -+ + Re. (5.11)

Let us derive estimates for the terms on the right-hand side of Eq. (5.11). We will
frequently use the relations (A.3)—(A.5) and (2.5). Choosing o small enough, we may
assume that n(ug) = ug. Then, since A®* =P o (ug + ¢H~1 (H2), 0 € (0, %), and
F(x) =x77, we get

1
Ef [E1((uf)s) + Ex(uf)] = E [5 / (uo + €%)% + e(uo + eg)pdx}
O

<E° [C / (uo); +ss—91’dx] < C(uo)
(@]

and fora € (—1,0)

£ e\] — 0 ; 00t+]_l 0 1
E° [Ga(u)] = E |:/o(x((x+1)(u0+8) a(uo—i-e )+a+1dx}5cmo).

(5.12)
Here, the superscript indicates that the expectation is computed with respect to ¢ and

P, respectively.
Ad R>: We have

tATy
/ / > Ao gu)} dxds

keZ
o 4 23277 2 2,28 2
/ Zk 22 +2Zk ,\k (ug) +4Zk N ( 0)>
Okl k=1
A3+i (02, dxd
2 Uy xds
A+B+C+D. (5.13)

By means of Poincaré’s inequality, A, B, and C will become terms to be controlled by
a Gronwall argument, while D cancels out against an identical term on the left-hand
side of (5.11).
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Ad Rj:

1 ATy
Ry = 5/0 / ZMSF”(M(:) (803 (o)* +2(80)x (80 (o )x + (81)*(1s)7) dxds

keZ

tAT,
/ Zkz/\k sp(p—i- 1)F (1o )dxds
O k=1

tATy
+/ / SCStratF”(Ma)(Ma)iddev (5]4)
0 O

where the first term will be a Gronwall term, the second one cancels out against the
corresponding term on the left-hand side of (5.11).

Let us discuss the contributions of the entropy. Ad Rs:

(AT, | X
/ / (_(u0)2(pa)x — Cstrat(Ug)x) (—uﬁ — &> dxds

INTy Ol(Ol+ 1)
/ / o2+ T ) — e g )2

(AT,
- / / Csuartt® ™ (uy)2dxds . (5.15)
0 O

Since a(x + 1) < 0, the first integral is a good term while the second one will cancel
out as the following calculation shows.

Ad Rg:

t/\T
/ /ZA o= 1(u(,gk)idxds

keZ

1 tAT,
= z/ Zkkkz "‘deds

9=
tATy )\'2 2)L
/ /O 5 ( L") u% (g )2 dxds . (5.16)

Here, the first term can be estimated by means of Young’s and Poincaré’s inequalities
to become a Gronwall term while the last one vanishes by cancellation as indicated
above.

Collecting all terms, rearranging, and combining the constants, as well as applying
q’th powers, g > 1, suprema, and expectation, we get with E(v) := E1(vy) + E2(v)
for arbitrary ¢’ € [0, T] that
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E|: sup  E(us(@)?+ sup ga(ua(f))q:|

te[0,t/ AT, ] t€[0,t/ AT,]

AT, AT, 4
+E ( / / (o) (po)zdxds> }+E|:( / / (ug)i)c(ua)““dxds) }
0 (@]
ATy q
+E (/r / |O‘(“+1)| = ()t dxdv) }
t' AT,
+E (/ / eF" (ug)u ™ (uy)? dxds) }

t' ATy
< C(ug,q) + CE / E(uys)4ds | + E sup  |[Ri|9 |+ E sup  |R4l7 | .
0 tel0,t/ AT, ] te[0,t/ ATy ]

Before applying the Burkholder—Davis—Gundy inequality, we consider for s € [0, T']
the operator 71 (s) : Q%LZ(O) — R with

71(5) (V) —/(“a(s))x(ua(S)Z(gu V) &i)xx

i€z

+ e F'(uq (5)) (uo (5) Z(gi, v) gi)xdx . (5.17)

i€Z

Let us estimate the Hilbert—Schmidt norm of 7. For better readability, we will skip
the argument s in the integral terms.

1T 17001202000 = 2 101 @A

keZ

keZ

(Zm& ( /O ;(ua)idx> + ) Ak / (1) utdx
keZ

keZ

+ a2 (o [ Pun) )
(@]

keZ

2

/ (o) xx (Uo)x Ak 8k + (o) xxUo Ak (8k)x + ep(p + 1)M—P l(140))«7)Lkgkdx

(c<p>E<ua> + Clug® oo / <ug>xxuz“dx). (5.18)
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Hence,

t' ATy
E| sup |RY|<CE / E(ug)* + [ u, ot lloo/(ug)ixug“dxds
t€[0,0/ ATy 0 O

' NTy B
SC(q)]E[/O E(ug)qu}(:(p,a,nm[ sup ||ug||i,ql(o)}

1€[0,/ AT, ]

ok

+57'C(q,8,T. L)

' ATy q
+ C(q)SE |:(/ / (ug)ixug"‘ldxds) :| (5.19)
0 O

for positive parameters & and § and arbitrary ¢’ € [0, T].

The first term on the right-hand side of the last estimate is a Gronwall term while
the others can be absorbed. We proceed to do the same for the stochastic integral Ry.
The corresponding operator 72(s) : Q% L*(0) — R now reads

n(s)(v) := /o <éu‘§(S) - é) (uq (5) Z (8, v) gi)xdx

i€eZ

fors € [0, T]. It follows

2
1 1
l22() 17, 0012020008) = 2 / <5uz - 5) (o Y (g, &) i)xdx

kez |10 icZ
=3 [ i unebiian

kez”’©

2 T el o

=S R Bollue” 1B [ w2

keZ <

a—1

< Clu2H 1 /O usT () 2dx (5.20)

where we used @ € (—%, 0) , the boundedness of g, and (2.5). Then we get

t' ATy a1 %
E| sup |Rsl|<CE / 12 1o / usT (1) drds
t€[0,t'AT,] 0 O

3 2 S—
S C(‘LT)BE|: Sup ” Ug ||I_Iql(o)} +8 IC(‘],T’ L)q

10,6/ ATy ]

' AT, q
+ C(q)$E [(/ / u;';—l(ua)idxds) ]
0 (@]

+879C(q, T, L). (5.21)
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For the last estimate, we have once more used Poincaré’s inequality. The first and the
third term can be absorbed while the others are independent of €. After absorption, we
obtain

E |: sup E(“O’([))q] +E |: sup Go (s (l))qi|
te[0,t' ATy te[0,t' AT, ]
B t' ATy 4 ' ATy 4q
+E (/ / (ua)Z(pU)}%dxds) i| +E |:</ / (u(,)}%x(ug)wrldxds) i|
| \Jo @ 0 (@
B t' AT, q
o </ L uﬁ‘%ua)idxds) }
| \Jo o 3
B t' ATy 4q
(/ / EF//(ug)ug“(ug)}zcdxds) i|
| \Jo @

t' AT,
<C(T,q,up) +CE / E(ug)4ds | .
0

+E

(5.22)

To control the second term on the right-hand side, we observe that (5.22) entails the
estimate

E |:sup E (us(t A Tg))":|

<t

t'ATy
<C(T,q,up) +CE |:/ E(uy (s))qu:|
0

t/
=C(T,q,up) + CE [/ sup E (uq (1 A Ta))qu:|
0

t<s

(5.23)

which gives the result by a combination of a Gronwall and a Fubini argument. 0

6. Convergence of approximate solutions

In this section, we pass to the limit ¢ — 0 with the approximate solutions u® and
finally, we prove the main results of the paper, i.e., Theorem 3.1 and Corollary 3.2.

6.1. Application of Jakubowski’s theorem

In this subsection, we will apply Jakubowski’s theorem, cf. [33].
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We define v¢ = ((us)aTH)x, ¢ = ((ue)aTH)xx, andfory <yando <o
X, :=C"°(Or)
Xy, = L*0, T; L*(O)) wear
Xy = L0, T; L*(0))weak
X, = L*(0, T; L*(O))weax
Xy = C([0, T]; L*(0))
Xy = HL(O).

per

Moreover, X 1= X, x X, x X, x X; x Xy x Xy, Using standard results on tightness,
see for instance Lemma 5.2 in [16], we get the following result.

Theorem 6.1. The laws fiye, fus, Loe, hze s fwe s et of the corresponding random
variables are tight on the path spaces X, X, Xy, X;, Xw, and X, respectively.

Now, we apply Jakubowski’s theorem [33].

Theorem 6.2. For subsequences ofu®, uf, v®, z°, ug, and W¢, there exist a probabili-
ty space (Q, ]}, ]f”), asequence 0fL2((9)-valuedstochasticprocesses We on (Q, ]:", ]f”),
sequences of random variables
it :Q — C7°(Op),
W Q- L2, T; L*(0)),
7€ :Q — LY0, T; L*(0)),
7 :Q — L*(0, T; L*(0)),
iy :Q > H,,,.(0),
random variables
i € L*(Q; €77 (Or)),
W e L*(Q; L*(0, T; L*(0))),
i e LY(Q; L0, T; LY(O))),
z e L*($; L2(0, T; L*(0))),
g € L*( H, (O)),

aswell as a LZ(O)—valued process W such that
1. forall ¢ € (0,1) the law of (u®, w®, v°, Z¢, we, ﬁg) on X w.rt. the measure P
equals the law of (u®, uf, v®, z°, W°, uf)) w.r.t. Pé.
2. as e — 0, the sequence (u®, w®, v°, 7%, we, L?S) converges P-almost surely to
(@, W, 0,2, W, iig) in the topology of X.
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Next, we identify the new sequences on (2, F.P).

Lemma 6.3. We have &° = i , ¢ = ((@°)“F )y, as well as 3 = ((@°)“F )xx

P-almost surely.

Proof. The mapping

T
L2(O, T; Lz((’))) - R, ur / / u dxds
0 O

is Borel-measurable. Hence, for arbitrary ¢ € C2°(Or) we have due to the equality
of laws stated in Theorem 6.2

T T
IE|: / / w’¢ dxds +/ / il ¢y dxds
0 JO 0o JO
T T
=IE|:/ / ut¢ dxds —/ / u§¢dxds:|
0o JO 0o JO
= 0.

The other statements follow by similar reasoning. g

As in [16], we consider the filtrations (17});20 and (17";9),20 with
F, =0 (c(rit,:W)U{N € F : P(N) = 0} U (iig)) (6.1)
and
Ef =0 (o(ri®,rWE)U{N € F : P(N) = 0} Uo (iif)) . (6.2)

Here, r; is the restriction of a mapping on [0, 7'] to the time interval [0, ¢], t € [0, T'].
The proof of the next lemma can be found in [16] Lemma 5.7.

Lemma 6.4. The processes W¢ and W are Q-Wiener processes which are adapted to
the filtrations (F{);>0 and (Fy);>0, respectively. We have

WE) =Y uBi(D)gx (6.3)
keZ
and
W) =Y hbr(t)gk (6.4)
keZ

with families (ﬁf)kez and (ﬁk)kez of i.i.d. standard Brownian motions w.r.t. (Ff),zo
and (I:",),Zo, respectively.

For the limits w, v and z, we get the following identities.

Lemma 6.5. We have P-almost surely W = iy, U = (ﬁa%})x, and 7 = (U 2 yx -
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Proof. Exemplarily we show the first statement. From our convergence results in
Theorem 6.2 and by integration by parts, we deduce for all test functions ¢ € C2°(Or)

T T T
/ / we dxds <—/ / zi)sqﬁdxds:/ /ﬁiq)dxds
0 (@] 0 (@] 0 (@]
T
= —/ / ¢, dxds
0 (@]
T
— —/ / ug, dxds
0 (@]

P-almost surely. This gives the first equality. 0

6.2. Convergence results of the deterministic terms

In the next lemmas, we establish convergence of the deterministic terms, corre-
sponding to the weak formulation (3.1).

Lemma 6.6. The sequence u® admits a subsequence such that for a function { on
QxOx(0,7T)

@) —¢ (6.5)
weakly in L3 (O7) P-almost surely.
Proof. From Lemmas 6.2, 6.3, and 6.5 in the previous subsection, we know ((u%) = )

— @), P-almost surely in L*(0, T; L*(0)). By the identity

4 3 —a a+3
(ii°)® = (a—+3> o (T R 6.6)

the P-almost surely uniform boundedness of i in L>(Or), and the positivity of
—a + 1 we conclude

T 4 T a+3
/ / (()*)3 dxds = c/ / @)~ (@) )t dxds < €
0 O 0 O

P-almost surely. The result then follows by the reflexivity of L3 (0). O

Let S be a set. LP~(S) denotes the space of functions that are contained in every
space L9(S), where 1 < g < p.

Lemma 6.7. We have P-almost surely
~gy 93 ~y @t3
(@) )y — (@) )y (6.7)

strongly in L*~([ii > 0]).
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Proof. For arbitrary p > 1, we have the strong convergence of 4 in L? (O7) P-almost
surely, cf. Theorem 6.2. Thus, (&%) o — 1 o5 in L2(O7) P-almost surely. By Riesz’
theorem

. g @3 U}
}}I_)HBH @) 2 ¢+ h) — @) G l20.r=ny: L1y =0 (6.3)
follows. Furthermore, (5.2) implies

~gy 2t3
sup || ((@°) 2 )ax ll2(0p) < @ (6.9)
e€(0,1)

P-almost surely. Holder’s inequality as well as the uniform bound of u® in C?- (Or)
show

T a+3 T a—1 a+3
/ / (@) )2dxds = C/ / @) @)z (@) 2 dxds
0 O 0 O

T 3T 3
§C</ /(ﬁ§)4(ﬁ8)“_1dxds> (/ /(ﬁg)“”dxds) <00 (6.10)
0 @) 0 O

forall e € (0, 1) P-almost surely. Combining (6.9) and (6.10), we conclude

~gy 23
sup || (@°) ) lg2o,) < 00 (6.11)
e€(0,1)

P-almost surely. By Simon’s theorem, c.f. [40], using (6.8), (6.11), and the spaces
H*(©O) c HY(O) c LY(0), we get
a+3

o a3 a3
(@) 2 )y = (@ 2 )y (6.12)

strongly in L2(Or) P-almost surely. On the set [z > 0], there exists a subsequence
with

+3

~oy 243 ~oat3
(@) 4 )y — (@ % )y (6.13)

pointwise almost surely for ¢ — 0. The sequence ((it%) =R )x 1s uniformly bounded in
L*(Or), cf. (5.2), which in turn implies uniform integrability in L*~%(O7), 8 € (0, 1).
The result now follows with Vitali’s theorem. O

Corollary 6.8. We have P-almost surely

@) — i (6.14)

X

weakly in L3 ([ > 0]) and for ¢ € ng’er(O)

lim (@) ppdx = 0. (6.15)
e—0 [=0]
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Proof. The identity (6.6), the uniform convergence of #°, and Lemma 6.7 show
(ug)3 )36 strongly in L%’([ﬁ > 0]). By the uniqueness of weak limits, we find
. = (”§)3 on [ > 0] in Lemma 6.6 which is (6.14). The second statement (6.15)
follows with Holder’s inequality:

// dxds = // (lr)@ |L~ti|3 @) SIS
L=0] (i=0]
3/4 s
< <// (ﬁf)a—l(ﬁi)4dxds) <// (ﬁs)_3a+3¢idxds> Y
[2=0] [7=0]

(@) by || dxds

O
The convergence of ﬁg(fti)z can be shown in a similar way.
Lemma 6.9. For a subsequence of uf, we have P-almost surely
i€ (@)% — iiiy)? (6.16)
weakly in L>(O7).
Proof. By means of the identity
i (i) = ( : ) @) "% (@) 2, (6.17)
+3

we conclude as in Lemma 6.6 that z° (ﬁ§)2 is uniformly bounded in L%(O7) and thus
admits a subsequence such that u® (fti)z — y P-almost surely in L*(Or). Using
—a > 0, the strong convergence (6.12) in Lemma 6.7, as well as

2
~ ~ 2 ~
it ()" = < +3) (@)% ) @)™, (6.18)
we find a subsequence of #°® (ﬁi)z that converges pointwise to i (ii,)> P-almost surely.
The uniform bound of (6.18) and Vitali’s theorem then give
i (15)% — ii(iiy)?

strongly in L2~ (Or) P-almost surely. The same arguments as in Corollary 6.8 show
Y= ’Z(ﬁx)2~ O

The next result follows immediately from the strong convergence of (ii°)> and the
weak convergence of if in L?(Or), respectively.

Lemma 6.10. Forall ¢ € per(OT)

T T
/ / (%)% Py dxds — / / (1)l rxx dxds (6.19)
0 o 0 @]

holds P-almost surely.
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Finally, we show that the term which contains the effective interface potential van-
ishes in the limit.

Lemma 6.11. Fore — Oand all ¢ €

|

Proof. Using the weighted version of Young’s inequality, we find for n > 0 and

p € (2,00) with F(x) = x~7
T
‘/ /S(ﬁg) (%) P2y dxds| = / / (@) 7 (i) 2
0o Jo 7
: _/ / e26"! @) P2, dxds

+C/ / 1= 78y =P*2 dxds

=1+1I.

per(OT) we have

e (@)%t F" (i) ¢y dxds
@]

i| — 0. (6.20)

¢xx dxds

Due to the boundedness of ¢, and (5.2), we have for I

T
Ca"“E[ I/ F(a€)¢>§xdxds]se"“c1@[ swp [ F(ﬁg(t))dx:|§8"HC—>0
o Jo ref0,71J0

P-almost surely. For II, we argue with § > 0 as follows:

T
//sl_”(ﬁs)_”(ﬁs)zdxds
0 O
z// e I’(ﬁ*’)zdxds—i—// . 1_"(128)_1’+2dxds
[ﬁ<87+8 g2t
glntnt2s / / F (i) dxds + / / ) 81*"+<*P+2><%+5>dxds.
0o Jo [a>e2+]

Hence, using (5.2) once more, we have for 1 and § chosen appropriately
]E [II] 581+26C + 81—7}—%+17+5(—p+2)c — O

fore — 0. O
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6.3. Identification of the stochastic integral

For ¢ € per((’)) arbitrary, but fixed, we consider the processes Mg 4 : Q x
[0, T] — R defined by

t t
M. (1) ::/(ue(t)—uf))q)dx—/ /(u§)3¢x dxds—S/ / u® )2y dxds
O 0o JO 0o JO
t t
— / / () UE Py dxds + / / W) ule F" (uf)p, dxds

/ / D Af gk (i) sy dxds . 6.21)

keZ

Note that the right-hand side of (6.21) coincides with the deterministic terms in (4.3)
for the choice ¢ € H> »er (O) which follows easily by integration by parts. In particular,
the last term in (6.21) is identical with Cg;4¢ fé fO us,¢xdxds, cf. (2.6) and (A.6). On

the other hand, we have

Moy =3 / [RECT R 6.22)

keZ

fort € [0, T], i.e., M, 4 is a continuous, square integrable F;-martingale. We will
need the following results which have been shown in [16], Lemmas 5.10 and 5.12:

2
Meg) = /Z)‘k (/ (”8gk)x¢dx) ds, (6.23)

keZ
(Meg) < CllO 17 /OTH 4 1720, ds, (6.24)
and fork € N
(Mg, B2) = I /0 | /O (u® g0 dxds. (6.25)

With these results at hand, we can establish

Corollary 6.12. Let k € Nand ¢ € (0, 1). The processes

/ > oa ( / (u gk)xqbdx) ds (6.26)

keZ

and
Mg B — M /0 /O (u® gk)xpdxds (6.27)

are continuous F; -martingales.
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By the equality of laws stated in Theorem 6.2, we also get the analog statements for
t
M (1) = / (@ (t) — ii§)pdx — / / (@) py dxds
@ 0 JO

t t
-3 / / i€ (@) dxds — / / (@1°) % ¢y dxds
0o JO 0o JO

t t
1
+ / / (@)% e F" (1) drds + / / 3 32k (et )b dxds
0o Jo 0 Jo?2

keZ

Lemma 6.13. Fork €e Nande € (0, 1)

Me o (6.28)
. 2

MZ 4~ / ZM% < / (ﬁggk)xqbdx) ds (6.29)
0 rez <

MepBi — Mk /0 /O (i° gr) xpdxds (6.30)

are continuous F; -martingales. Moreover, on [0, T] we have

~ 4 2
(Meg)e = /0 doa ( /O (ﬁ@gk>x¢dx> ds (6.31)

keZ

. - t
(Me.g, Bt =)»k/0 /O(ﬁegk)xqbdxds. (6.32)

The next step is to show that the martingale property is preserved in the limit. We
show that for ¢ € ngr((’))

t
Mos(t) = / (@(1) — o)gdx — / / (@) ¢odrds — 3 / / (i3 dxds
O [u>0] 0 O

t t 1
. Iy I Z 2 -
/(; /O(u) Uy Pyxy dxds +/0 /O B )\kgk(gku)x(px dxds (6.33)

keZ
has the martingale property.

Lemma 6.14. Fors,t € [0, T] with s < t and for all continuous functions
W: C79([0, s] x O) x C([0, s]; L>(0)) — [0, 1], we have

E [lIJ(rsit, r W) (./\;l(w(t) - Mo,d,(s))] —0. (6.34)

Proof. We treat the terms inside the expectation in (6.34) one by one. The continuity
of W as well as the convergence of u#° to & and of W¢ to W in C(0, T; Lz((’))) show

1im0 W (rit®, ryWe) = W (rgii, rs W) (6.35)
E—>
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P-almost surely on [0, 1]. To see the convergence of the expected values, we aim to
utilize Vitali’s theorem; therefore, since W is bounded, it suffices to show uniform
boundedness of moments of the integral-terms in (6.34) and use the convergence
results already established.

By the strong convergence of ¢ in C?-% (Or), cf. Theorem 6.2, we have P-almost
surely

lim / (@ (1) — i (s))pdx = / (@) — i(s))pdx . (6.36)
e—0 /o o

The a-entropy-energy estimate (5.2) gives ii® € L>4(2; L (Or)) for an arbitrary
q > 1, and thus, the uniform boundedness of a g-th absolute moment.

Weak convergence of (ug)3 P-almost surely has been established in Corollary 6.8.
Using Holder’s inequality and (5.2), we have for ¢ > 1

t q
E[ /(ﬁ§)3¢xdxds }
s JO
3 1
4 a+3 974 174
§CIE|: /((ﬁf)T)idxds ] E[ i) 3@ Vet dxds } <C.
s JO O
The identity
4
~eN2~8 & 5
(i) —(a+>(() )2 (i)
yields
q
E[ )20 ¢y dxds }
1 1
PN =2V 1 ~eN—a+3 42 7?
<CE ) )t dxds E ; )"0 3¢2 dxds <C

which we combine with Lemma 6.9.
By means of Cauchy—Schwarz’ inequality

) |
~g 12 ’ 2 2
<C supu sup |6 | dx Prxxdx
tef0,71/O o

holds, which implies the boundedness of higher moments. Lemma 6.10 states the
needed convergence P-almost surely.
In Lemma 6.11, we have seen

Ns) u ¢xxx dxds

T
111%E[xy(rsaf,rsvif8) (/ /e(MS)ZMSF”(ﬁS)cpxdxds)]=o. (6.37)
E—> O
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For the Stratonovich correction term, we have due to the convergence of u* P-almost
surely and the weak convergence of i on L%(0, T; L*(©)), cf. Theorem 6.2,

! 1 - ! 1 -
/ / = 2 gu(guii®) ¢ dxds — / / = 2 gu(gki)xpx dxds
s JO 2 s JO 2

keZ keZ

P-almost surely. Furthermore, by boundedness of the g and (2.5),

t
1 ~
/ /(9 5 D M8k (git®) ry dxds
N

keZ

< C |suput®

Or

From Lemma 6.13, we know that (M ¢.6)ec(0,1) are martingales. Thus, the convergence
results above yield

E [\I/(rszl, W) (Mo,q,(t) - MO,(,)(s))] —0.
0

Dynkin’s lemma in combination with Lemma 6.14 implies the martingale property,
cf. for example [32].

Corollary 6.15. /\;lo‘¢ is a continuous ﬁ,—martingale.

By similar arguments as before, cf. also [16] Lemmas 5.14 and 5.15, we can show
thatfor0 <s <t < T and V¥ as in Lemma 6.14

' 2
E |:\I'(rsﬁ,rsW) (M%W,(t) — MG 4(5) —/ py: (/ (ﬁgk)x¢dx> ds)] =0
S reZ (@)
) (6.38)
and
_ " ~ ~ 1
E [‘If(rsﬁ, rsW) <(Mo,¢ﬂk)(t) — (Mo, Br)(s) — /\k/ /O(ﬁgk)x¢ dxds)] =0
(6.39)

holds. Following the argumentation of Lemma 5.16 in [16], the identification of the
stochastic term is achieved.

Lemma 6.16. It holds P-almost surely

Mo = Z/o /O)Lk(ﬁgk)x¢dxa',3~k- (6.40)

keZ
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6.4. Proof of the main results

Finally, we provide the proofs for the existence of zero-contact angle martingale
solutions.

Proof of Theorem 3.1. From Theorem 6.2, the existence of the stochastic basis, the Q-
Wiener process W, as well as sequences (i1°)¢e(0,1)» (#g)ee(0, 1), and random variables
i and it follows. Moreover, forevery & € (0, 1) u® and &° as well as ug and itg, have the
same laws, respectively, and fore — 0,4° — uin C7%(Or)and g — lpin leer((’))
holds P-almost surely for a subsequence. Owing to the uniform convergence u® — i,
we see in particular that & is nonnegative P-almost surely. The weak formulation (3.1)
is satisfied due to Lemma 6.16. Since ug + £ — u( pointwise, by Corollary 13.19 in
[36] we get

P? o (uf))*l =Pouy+e¢H ' > ]P’oug1 =A
weakly for & — 0. Likewise, from the pointwise convergence iy — iio P-almost
surely, the weak convergence of the laws follows, i.e.,
Po (™" — Poiy'.
From Theorem 6.2, we know that
P o (u) ' =Po (@)

forall ¢ € (0, 1). Thus, by the uniqueness of limits w.r.t. weak convergence on Polish
spaces, we get

0 o . ~—1
A =Pou, .

Additionally, ug is P-almost surely nonnegative.
At last, estimate (3.2) follows from Fatou’s lemma and (5.2). We have

1 a 1 a
E | liminf sup ~ @ dx) | <liminfE| sup || dx
e—0 20 0 207
te(0,T] o &> tel0,T] @]
= C(T.q, uo).

Hence, by the lower semi-continuity of the L>°(0, T; H 1(©)) norm w.r.t. the conver-
gence in the distributional sense and Remark 8.3 from [1], we deduce

1 q
E| sup <—/ Iﬁxlde> < C(T,q, o).
ref0.,711 \2 Jo

Again, with Fatou’s lemma and the lower semi-continuity of the L”(O7)-norm w.r.t.
~poy 2F3 ~oy 2E3
to weak convergence of ((&°) # ), and ((u®) 2 )y, we conclude

T q
E[(/ /((ﬁ)”‘T“)i dxds) ] < C(T, q, iio)
0 O
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and

|:< T ~ 23 9 1 ~
E / / (@)Y, dxds) < C(T, ¢, fio),
0 (@)

where we used the a-entropy-energy estimate respectively. Thus, we have shown the
estimate (3.2) and completed the proof of Theorem 3.1. O

Finally, we show the zero-contact-angle property at touch-down points of the solu-
tion.

Proof of Corollary 3.2. From the a priori estimate (3.2) combined with (H2), we in-

a+3 ~
fer that i 4 (-, -, w) is element of L*((0, T); W14(©)) P-almost surely. Using the
at3
nonnegativity of i, the assumption on «, and the fact that it 4 (-, 1, w) € WH4(©O)

for almost all ¢ € [0, T], the claim follows from the estimate
3

0<u(x,ty,w) < C(w,ty)|x — xo|a+3 forx € O
which is a consequence of Sobolev’s embedding theorem. g

Concluding remarks. In this paper which is partially based on the master thesis of the
second author [35], we have presented a rather elementary proof for the existence of
zero-contact angle solutions to the stochastic thin-film Eq. (1.1) for aquadratic mobility
m(-) in one space dimension. The strategy has been to derive new regularity results
first for approximate solutions which differ from (1.1) by a potential that enhances
spreading and that this way entails strict positivity almost surely. We expect that this
method can be slightly modified to establish corresponding results in the spatially two-
dimensional case, too, this time starting from the existence result in [38]. Moreover,
the new integral estimate (3.2) may serve as a starting point to establish results on the
qualitative behavior of solutions—Ilike finite speed of propagation or (non)-occurrence
of waiting time phenomena. It remains, however, an open problem to which extent
this approach may be applied to more general mobilities m(-).
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A. Stratonovich correction

We will briefly discuss how to derive Eq. (2.6) from Eq. (2.1). We skip the index &
in this section. The Stratonovich correction term with respect to

> Ougru)x 0 dBi(t) (A.1)
keZ
reads
1
Cs =5 ) (@k(ugx, (A2)
keZ

see, e.g., [18]. By the identities

2rk
k8 = L 8k&—k (A.3)
2rk
§—k8 = T 8-k8k (A4)
2P =2 A5
& +8~ = I’ (A.5)
a straightforward computation shows

A3 em2A7

Cs = ZO + Z Tk uyy = Cspratllxy - (A.6)

k=1

The stochastic thin-film equation with Stratonovich noise can then be written as
du = (_(uzuxxx)x + Cstrarttxy)dt + (udW), (A7)
or equivalently as

du = _(uz(uxx — Cstrar(1 — u_l))x)xdt + (udW);y (A.8)
= — W gy — S'W))x)xdt + udW)y (A.9)

with S(u) = Csgat(u — logu).
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B. 1t6’s formula

In what follows, we show that all the assumptions of the [td formula in Theorem 3.1
in [37] are satisfied in our setting. Let us first derive weak formulations as in (3.1) of
[37] in the spaces Vi := Hy, (O), V2 := Hpo,(O), and H := L*(O). By Lemma 4.5,
we see that for 7 € [0, T, ]

2

ut(-, 1) = Ceo P2, (B.1)

- .
where ¢, := C,e?-2. For the functions u, as introduced in (5.5), we get for all

¢ € Hlop(O)

AT,
Aua(t)¢dx —/ u0¢dx+/ /( (ua) (Po)x — Cstrar (g )y )Pxdxds

ATy

/ / o gy drdf 3.2)

on [0, T].

By estimate (4.8), the function —(6)?(po)x — Csirar (tig)x defines a mapping
£ e L*(Qx [0, T]: (Hy (0))) (B.3)
by
T

vi—> E |:/0 /O(_(Ma)z(Pa)x - CStrat(ua)x)xdedej| . (B.4)
Hence, by Riesz’ representation theorem there is £* € L2(Q %[0, T]: per((’))) such

that

// er(o))/ g ¢)H2 (O)deHD _// s d) HZ(O) dsdPs (BS)

holds forall ¢ € L2(Q2 x [0, T]; H
i.e., f* solves

2 (0)). Similarly, we introduce f* w.r.t. HL (0,

per per

T T
/ / (chr(o))/<f, ¢>lecr(o)dsdpg = / / (f*» ¢)Hl(0) dsdP* (B6)

for every ¢ € L2(Q x [0, T]; HL (0)), where f € L2(Q2 x [0, T1; ( per((’))) ) is

defined via

per

T
. E[ /0 /O (=) (P —CStrat(u(,)x)vxdxds} . B.7)

Riesz’ representation theorem also shows

T
E[ /0 (Nto 1310+ 11 £ ||H1(O))ds} <CeT), (B.8)
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due to (4.8). Owing to the regularity of solutions, cf. Definition 4.2 iii),

T
E [ /0 (1o g0y + 16 22 o)) ds] < Ce,T) (B.9)

holds as well.

Letus set ask := (Axu®gr)x. By standard convolution arguments, we find the processes
&5, O'Xk, and (oxk )x to be predictable. Thus, we may rewrite (B.2) by means of (B.5)
and obtain

tAT,
((ua)x (t)’ ¢))L2(O) = ((uf))x’ ¢)) LZ(O) + /() (_5*9 ¢) HZ(O) dS

+Z/

keZ

mTa

k
(0 )x )z(o)dﬁk, (B.10)

where we have multiplied with ¢, for ¢ € szer((’)) and integrated by parts. On the
other hand, with (B.6) we get

tATy
(uqs (1), ¢)L2(O) = (u(g)v ¢)L2(O) + /0 (f*a ¢)H1(O) ds

L ), wi

for all ¢ € per((’)) Both formulations (B.10) and (B.11) hold for all € [0, T].
Concerning the assumption

ZE[/ | ok ||Hdt] < o0, (B.12)

keZ
we get with (A.3)—(A.5) and the assumptions on the data (2.5)

Z/ 22 | g dx = 20 /(u )de+2xk /(u )2dx

keZ
8
2 : 272 2
+k_l )ka ?/O(Ms) dx,

which implies (B.12) due to (4.4). The proof for (O’Sk) » uses similar arguments and
will be omitted.

For convenience, we will state the operators we work with once more. To guarantee
well-posedness on H and continuity of their Fréchet derivatives on H x H, we use a
cut-off function n € C°°(R) such that for an appropriate § > 0

2
x| for |x| > c.or2
2 2
nx)=3eR" for |x| € (Cco P2 —§,Ce0P2) (B.13)
2 2
Ceo P2 — 3§ for |x| <c.or?2—3§
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and
‘r/(s)(x)’ <C()5, s€(1,2). (B.14)

Note that (B.1) implies n(u®) = u®, n’(u®) = 1, and n” (u®) = 0 on [0, T, ]. We define

1
Ei:u— -/ u’dx, (B.15)
2 /o
E»:ur> s/ F(n(u))dx, (B.16)
O
ga:uH/ Go(n(u)dx | (B.17)
O
where G, is defined by
1 1 1
Go) = ——u* ' — —yu4+ —— > 0. B.18
(1) a(a—i—l)u au+a+1> ( )

For E|, E», and G,, we compute the Fréchet derivatives

DEl(u)[v]z/ uvdx D2E1(u)[v, w]:/ vwdx (B.19)
(@] (@]

DExw)[v] = ¢ /O F' () (u)vdx (B.20)

D*Ey(u)[v, w] = ¢ /(9 F" () (' w)*vw + F'(n(u)n" (u)vwdx
(B.21)

1 1

DGo (u)[v] =/ G, (n())n' (u)vdx :/ (—n(u)“ - —) 1 (u)vdx
O o \o o

(B.22)

D?*Go(u)[v, w] = /o Gl () (' @))?vw + Gl (n(w))n” )vwdx . (B.23)

Due to the cutoff n, the assumptions i) to iv) of Theorem 3.1 in [37] are readily checked
for the space H and its dense subsets V (in the case of E1) and V; (in the case of E»
and G,, respectively). Hence, we may choose the operators E, E> and G, to use Itd’s
formula w.r.t. to the weak formulation (B.10) in the first case and w.r.t. (B.11) in the
other two cases. We end up with the following equations which hold for t € [0, T'].

1 ) _1 e /t/\Tg/
2/O(Ma(l))xdx— 2/@(”0)de+/§2: A O(Ma)x)»k(uagk)xxdxdﬂk
tAT,
+/ / _(_(Ma)z(ptr)x — Cstrar(te)x) (U ) xxxdxds
0 O

1 tAT,
+3 /O pRy: /O (o 8)2  dxds (B.24)

keZ
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and

tATy
e [ Pusnas=e [ Fauimac+ Y [ [ oF tintig.dxp
O O 0 O

keZ

tATy
+ /0 /O (=102 (Po)x — Csirar (o)) (e F' (1)) dxds

1 tATy
+§/0 ZA%/@eF”(uo)(uogk)idxds. (B.25)

keZ

The entropy (B.17) applied to (B.11) then gives

tAT, 1 1
Go(us (1)) = ga(”f)) + Z/O ‘/(9 <&(uo)a - ;) M (U g) xdxd By

keZ
tAT, 1 1
2 o
+/ / (=) (ps)x — Cstrar(Ug)x) —Uy — — dxds
0 (@] o o/,
1 [ihle 2 a—1 2
+ 3 A E A o ug (g gr)ydxds . (B.26)

keZ

Thus, combining (B.24), (B.25), and (B.26) and adding all terms with a good sign to
the left-hand side, we obtain Eq. (5.11).
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