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Regularity results for nonlinear Young equations and applications

DAVIDE ADDONA, LUCA LORENZI AND GIANMARIO TESSITORE

Abstract. In this paper we provide sufficient conditions which ensure that the nonlinear equation dy(¢) =
Ay(t)dt + o (y(1))dx(2), t € (0, T], with y(0) = ¢ and A being an unbounded operator, admits a unique
mild solution such that y(t) € D(A) for any ¢ € (0, T'], and we compute the blow-up rate of the norm of
y(t) ast — 0F. We stress that the regularity of y is independent of the smoothness of the initial datum v,
which in general does not belong to D(A). As a consequence we get an integral representation of the mild
solution y which allows us to prove a chain rule formula for smooth functions of y.

1. Introduction

The Young integral has been introduced in [15], where the author defines extension
of the Riemann-Stieltjes integral | fdg when neither f nor g have finite total varia-
tion. In particular in [15] it is shown that, if f and g are continuous functions such that
f has finite p-variation and g has finite g-variation, with p, ¢ > Oand p~' +¢~ ! > 1,
then the Stieltjes integral | fdg is well-defined as a limit of Riemann sums. This was
the starting point of the crucial extension to rough paths integration. Indeed, in [13]
the author proves that it is possible to define the integral [ fdx also in the case when
f has finite p-variation and x has finite g-variation with p, ¢ > Oand p~'+¢~! < 1.
In this case, additional information on the function x is needed, which would play the
role of iterated integrals for regular paths.

An alternative formulation of the integration over rough paths is provided in [6],
where the author considers Holder-like (semi)norms instead of p-variation norms.
Namely, if f is «-Holder continuous and g is n-Hdolder continuous with o + 7 > 1
then the Young integral is well defined as the unique solution to an algebraic problem.
Recently, a more general theory of rough integration, when o + 1 < 1, has been
introduced in [5].

Here, we consider only Young integrals and focus on the spatial regularity of solu-
tions to infinite dimensional evolution equations leaving aside the enormous amount of
results connected to the rough paths case culminating in the breakthrough on singular
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SPDEs (see, e.g., [7]). Namely, we consider the nonlinear evolution equation

dy(t) = Ay(t)dt + o (y(t))dx(t), t € (0, T],

1.1
y(0) =, b

where A is the infinitesimal generator of a semigroup defined on a Banach space X
with suitable regularizing properties and x is a n-Holder continuous function with
n > 1/2. Ordinary differential equations (in finite dimensional spaces) driven by an
irregular path of Holder regularity greater than 1/2 have been understood in full details
since [16] (see also [10]). On the other hand, the infinite dimensional case was treated
in [8] and then developed in [9] and [3], see also [14] for earlier results in the context
of stochastic partial differential equations driven by an infinite dimensional fractional
Brownian motion of Hurst parameter H > 1/2.
In [3], problem (1.1) is formulated in a mild form

1
y(@) = S(1)y(0) +/0 St —r)(o(y(r))dx(r), 1€[0,T],

where (S(#)):>0 is the analytic semigroup generated by the sectorial operator A, and
the authors exploit the regularizing properties of S to show that, if the initial datum
¥ is smooth enough (i.e., if it belongs to a suitable domain of the fractional powers
(—=A)%), then Eq. (1.1) admits a unique mild solution with the same spatial regularity
as the initial datum. The key technical point in [3] is to prove that the convolution

t
/ S —s)f(s)dx(s) (1.2)
0

is well defined if f takes values in D((—A)%*) and belongs to a Holder-type function
space. To be more precise, the authors require that f : [0, T] — D((—A)%) satisfies
the condition

I f () = f(s) = (ST —5)—1)f($)lp((—a))
sup <

+00.
s<t,s,t€[0,T] (t - S)ﬁ

This is one of the main difference with respect to the finite dimensional case, where
the condition on the function f reads in terms of classical Holder norms. Once that
convolution (1.2) is well-defined, the smoothness of the initial datum 1 and suitable
estimates on (1.2) allow the authors to solve the mild reformulation of Eq. (1.1) by a
fixed point argument in the same Holder-type function space introduced above.

Our point in the present paper is that, if one looks a bit more closely to the trade-
off between Holderianity in time and regularity in space of the convolution (1.2),
one discovers that an extra regularity in space can be extracted by estimates, see
Lemma 2.2. This allows us to show that the mild solution to Eq. (1.1), which in our
situation is driven by a finite dimensional noise, is more regular than the initial datum
(that nevertheless has to enjoy the same regularity assumptions as in [3]). Namely,
v(t) belongs to D(A) for any ¢ € (0, T'] (see Theorem 3.1).
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It is also worth mentioning that, when A is an unbounded operator, the mild formu-
lation of Eq. (1.1) is the most suitable to prove existence and uniqueness of a solution
since it allows to apply a fixed point argument in spaces of functions with a low degree
of smoothness. On the other hand this formulation is too weak in several applications
where an integral formulation of the equation helps a lot. Here, having proved that the
mild solution y takes values in D(A), we are in a position to show that y admits an
integral representation as well, i.e., it satisfies the equation:

t

t
yio) =y +/ Ay(s)ds +/ o (y(s))dx(s), 1€[0,T].
0 0

Moreover, starting from the above relation, we can also obtain a chain rule; in other
words we show that we can differentiate with respect to time regular enough functions
of the solution to Eq. (1.1). Finally, as an example of possible applications of the chain
rule, we propose (in Hilbertian setting, see Proposition 5.1) a necessary conditions
for the invariance of Hyperplanes under the action of solutions of equations driven
by irregular paths. In the case of an ordinary differential equation with a rough path,
this problem is addressed in [2], when the state space is finite dimensional and no
unbounded operators are involved in the equation. The problem of the invariance of a
convex set with respect to a general infinite dimensional evolution equation driven by a
rough trajectory is still unexplored (see [ 1] and the references therein for corresponding
results in the case of classical evolution equations).

Summarizing, this paper can been described as a first step towards a systematic
study, by the classical tools of semigroup theory, of smoothing properties of the mild
solution to (1.1). We plan to go further in the analysis, first weakening the smoothness
assumptions on ¥ and, then, developing results analogous to those in this paper for
equations driven by more irregular noises as in the case of rough paths.

The paper is structured as follows. In Sect. 2, we introduce the function spaces
that we use and we recall some results taken from [6,9], slightly generalizing some
of those results. In Sect. 3, we prove the existence and uniqueness of a mild solution
to the nonlinear Young equation (1.1) when ¥ belongs to a suitable space X, C X
(which will be defined later), x is n-Holder continuous for some n € (1/2,1) and
o +1n > 1. We show that this solution takes values in D(A) and estimate the blow-up
rate of its X4 ,-norm as ¢ tends to 0%, when i € [0, n + o — 1) (see Theorem 3.1).
The smoothness of the mild solution strongly relies on the smoothing effect of the
semigroup associated with operator A. In general, when A is the infinitesimal generator
of a strongly continuous semigroup, such smoothing properties are not satisfied by the
associated semigroup. Nevertheless, we still can prove the existence and uniqueness
of the mild equation to Eq. (1.1) by a suitable choice of the spaces X,. Based on
Theorem 3.1, in Sect. 4 we prove that the mild solution to (1.1) can be written in an
integral form, which is used in Sect. 5 to prove the chain rule. By a simple example,
we show how the availability both of a solution, which takes values in D(A), and
of a chain rule, can be exploited to tackle the problem of the invariance of convex
sets, when an unbounded operator A is involved. Finally, in Sect. 6 we provide two
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examples, one on the space of continuous functions and one on an L? state space, to
illustrate our results.

Notation. We denote by [a, 19]2< the set {(s, 1) € R:a<s<t< b}. Further, we
denote by .2 (X, X, ) the space of linear bounded operators from X, into X, for each
o,y > 0.Forevery A C R, C(A; X) denotes the usual space of continuous functions
from A into X endowed with the sup-norm. The subscript “b” stands for bounded.
Finally, forevery o € (0, 1), C¥(A; X) denotes the subset of C (A; X) consisting of -

Holder continuous functions. Itis endowed with the norm || f||ce(a; x) = || fllc,a: %)+
t J—
[flcea:.x), where [ flce(a.x) = sup w When X = R, we simply
s,1€EA -8

s#t
write C*(A).

2. The abstract Young equation
2.1. Function spaces and preliminary results

Throughout the paper, X denotes a Banach space and A : D(A) € X — X
is a linear operator which generates a semigroup (S(¢));>0. We further assume the
following set of assumptions.

Hypothesis 2.1. (i) For every a € [0, 2), there exists a space X, (with the con-
vention that Xo = X and X1 = D(A)) such that if B < « then X, is con-
tinuously embedded into Xg. We denote by K g a positive constant such that
|x|g < Ko glx|o for every x € Xy,

@ii) for every ¢, o,y € [0,2), ¢ < «, and u,v € (0, 1] with u > v there exist
positive constants My o 1, and C,, , T, which depend on T, such that

{ (@ IS0 20xc.x,) < M=, on

®) 1S() = Il2x,,x,) < Cupw, "7, '

foreveryt € (0, T].

Example 2.1. If A is a sectorial operator on X, then Hypotheses 2.1 are satisfied if we
set Xy := Dy (c, 0o) forevery o € (0, 2). Hypotheses 2.1 are satisfied also when A isa
negative sectorial operator and X, := D((—A)%) forevery o € (0, 2). More generally,
if A is a sectorial operator, then Hypotheses 2.1 are satisfied with X, := [X, D(A)]y
forevery @ € (0,1), X1 = D(A) and X, = {x € D(A) : Ax € X1} ifa € (1,2).
We refer the reader also to Sect. 3.1 for another choice of the spaces X,, which
guarantees the validity of a part of Hypotheses 2.1.

We now introduce some operators which will be used extensively in this paper.
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Definition 2.1. Let a and b be two real numbers with a < b. Then, the operators
8,65 : C(la, bl; X) — C(la, b]2<; X) are defined as follows:

6f)(s.0) = f(1) = f(s),
Bs (s, 1) = f(1) = f(s) —als, 1) f(s),

for every (s, t) € [a, b]2< and f € C([a, b]; X), where a(s,t) = St —s) — I.

Remark 2.1. We stress that the continuity of the function ain [a, b]2< is implied by the
strong continuity of the semigroup (S(¢));>¢ in (0, +00). No continuity assumption
at t = 0 is required.

2.2. Function spaces

Definition 2.2. For every a, b € R, witha < b and «, 8 € [0, 2), we denote by:
i) Cg(la, b]2<; X ) the subspace of C([a, b]2<; X, ) consisting of functions f such
that

If(s,0)llx
1 llcsabiix, == SUp =2 < +00;
e soelapr  t—slP

(ii) Eg(la, b]; X4 ) the subset of C([a, b]; X4 ) consisting of functions f* such that
8sf € Cg(la, b]*; X,) endowed with the norm

I fIlEg (a1 x0) = I lea.prxa) + 185 Fllcyqa.b12:x0)-

Remark 2.2. For every a,b > 0 with a < b, and «, B8,k € [0, 2) the following
properties hold true.
(i) If f € C(la, b]; X&) N Er([a, bl; Xp) then f € CP([a, b]; X, ) for every y €
[0, B], such that y < «, and p := min{k, @ — y}. Indeed, for every (s, t) €
la, 19]2< we can estimate

1f (@) = f)lx, = s )s: Dllx, + llals, 1) f($)llx, -

Estimating separately the two terms we get

16Bs ), Dllx, < Kyl flEabrxpmlt — s|k,
lats, ) f)Ix, < Caybll fllcqapyxalt —sI“77

foreverya < s < t < b, whichyields the assertion. In particular, E ([a, b]; Xy)
is continuously embedded into C*~ ([a, b]; X,) if o € (0, 1) and y € [0, o],
it is contained in the space of Lipschitz continuous functions over [a, b] with
values in X if « = 1, and it consists of constant functions if & > 1.

(ii) Forevery f : [a, 17]2< — X and o, B,y > 0, such that 8 > y, it holds that

1flle, qapr:xo) < 16=al’ I fllc,qan:x.)- (2.2)
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Assume that ||f||Cﬂ([a,b]2 Xa) is finite. Then, for any s, t € [a, b] withs <t we
can estimate

If G, Dllx, _ I1F (s Dlix,

= It —s|P7 < |b—alf7
[t — s|¥ |t —s|P

Il f (s, Dllx,
lt—s|f -

By taking the supremum over (s, t) € [a, b]2<, (2.2) follows.

We recall some relevant results from [6] and [9]. In particular, we recall the definition
of the Young integrals

! '
/f(r)dx(r), /S(t—r)f(r)dx(r), s,t €la,b],

where f : [a,b] — X and x : [a, b] — R satisfy suitable assumptions. In particular,
we assume the following condition on x.

Hypothesis 2.2. x € C"([a, b)) for some n € (1/2, 1).

Theorem 2.1. (Section 3 in [6] and Section 2 in [9]) Fix f € C%([a, b]; X), where
o € (1 —n, 1). Then, for each (s, t) € |[a, b]2< the Riemann sum

n—1

DGt — x(6),

i=0

where I1(s,t) :={to=s <t] <...<t, =t}isapartitionof s, t]and |I1(s, )| :=
max{tiy1 —t; : i :==0,...,n — 1}, converges in X as |I1(s, t)| tends to 0. Further,
there exists a function Zy : |a, 19]2< — X such that

n—1
Trs,n = lim o 2 FEE ) = x(@) = f()X @) = x(5) + R (s, )
Y20
2.3)
foreach (s, t) € [a, b]2<, and
1
IZ £,y abiz ) = T =tsa=n 1 lcatapz: ) 1¥llcndaby- (2.4)
In particular,
b—a)
175 lle, qa vy = \ I F N cqanix) + T —gra=ny 18 lleudabizix) J1Xlcraa.nn-
2.5)

Remark 2.3. Foreachs, 1,t € [a, b], withs < T < t, it holds that

Ir(s,t) = Ip(s, 1)+ Fr(z, 1), (2.6)
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To check this formula it suffices to choose a family of partitions I7(s, t) such that
T € I1(s, t) andletting | IT (s, t)| tend to 0. As abyproduct, if we set @ (¢) := F¢(a, 1),
t € (a, b], we deduce that (§@)(s, ) = F¢ (s, t). Indeed, from (2.6) we infer

BD)(s, 1) = If(a, 1) — Ir(a,s) = (s, 1).
Moreover, @ is the unique function such that @ (a) = 0 and

1E@)(t,5) = f($)(Ex)(1, 5)llx < clt —s[**"
for every (s, t) € [a, b]2< and some positive constant c.

Remark 2.4. Clearly, when x € Cl([a, b]) the limit in (2.3) coincides with the
Riemann-Stieltjes integral over the interval [s, t] of the function f with respect to
the function x.

Remark 2.4 yields the following definition (see [9]).

Definition 2.3. Forevery f € C*([0, T]) (« € (1 —n, 1)) and every (s, t) € [a, b]2<,
F (s, 1) is the Young integral of f in [s, #] and is denoted by

t
/ f(u)dx(u).

The above result reports for the construction of the “classical” Young integral. The
following one, proved in [9, Sections 3 & 4], accounts the construction of Young type
convolutions with the semigroup (S(¢));>0.

Theorem 2.2. For each f € Ey(la, bl; Xg), such that B € [0,2) and n+ k > 1, the
limit
n—1

lim S — ) f ) (i) — x(1) 2.7
i=0

[T (s,1)|—0

exists in X forevery (s, t) € [a, b]2<. Further, there exists a function Zsy : la, b]2< —
X such that

n—1
Ssp(s.0)i= | lim ;O S = 1) f (6 (1) = x(1)

=S =) f(s)(x(t) — x(5)) + Asy (s, 1),

for each (s,t) € |a, b]2 and for each ¢ € [0, 1) there exists a positive constant

<

c =c(n+ a, &) such that
||=%Sf||cn+k_£([a,b]2<;xﬁ+g) = C||5Sf||ck([a,h]2<;xﬂ) XNl cna,b1)- (2.8)
In particular,

1-7sfllc, qa.b2:x5) = Mo.p.oll Fllcqa.bl:xp) XN cnab)) + 1255 e, (a.o12:x4)
< (MO,ﬁ,b“f”C([a,h];Xﬁ) +c(k,a, b)||5sf||ck([a,b]2<;xﬂ))IIXIICW([a,b])-
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Remark 2.5. Actually, in [9], Theorem 2.2 has been proved assuming that Xg =
D((—A)P). A direct inspection of the proof of [9, Theorem 4.1(2)] shows that the
assertion holds true also under our assumptions, since estimates (2.1) allow us to
repeat verbatim the same arguments in the quoted paper.

Again, when x € C !([a, b]) the limit in (2.7) coincides with the Riemann-Stieltjes
integral of the function S(¢ — -) f with respect to the function x over the interval [s, #].
As above, this remark inspires the following definition (see again [9]).

Definition 2.4. For every f € Ex(la, b]; Xg), withk € (1 —n, 1) and 8 € [0, 2),
Fsr (s, 1) is the Young convolution of the function S(t — -) f with respect to x in [s, ¢]
for every (s, t) € [a, b]2< and it is denoted by

t
/ St —u) f(u)dx(u). 2.9)

For further use, we prove a slight extension of the estimate in [9, Theorem 4.1(2)].
Lemma 2.1. Let f be a function in Ex([a, bl; Xg) N C(la, bl; Xg,) and assume that
ke (1—n,1)andpB, B1 €10, 2). Then, for every r € |k, 1) the function Fss belongs
to Cpyik—r(la, b]2<; X,,), where v, := min{r + B, r 4+ 1 — k}. Further,

1751l cyiar (a2 s X0
< Cpyprkllxlienqasn (185 flleyqabr:xp) + 1 leqaprixs)) (2.10)
foreveryr € [k, 1).

Proof. From Theorem 2.2 it follows that %5y is well-defined as Young convolution
and

(Isp)(s,1) = (x(t) — x()S(t — ) f () + Xsr (s, 1), (s,1) € [a,b]~.
Using condition (2.1)(ii)(a), we get

[Ge@) = x (NS =) [ (x5 = Xlenqapplt = sI"ISE =) fllx,
< Mg, y+p16x1cnabn L flleabrxglt — 1™ (2.11)

for each (s, 1) € [a, b]%, y € [0, n).

Now, we fix r € [k, 1) and take y = r — k. Since n + k > 1 it follows that
y <l—k<mnandn—y =n+k —r.From (2.8) and (2.11) we conclude that
Isr € Cppi—r(la, b]2<; X,,), where v, := min{r + B8,r + B1 — k}, and estimate
(2.10) follows. O

Remark 2.6. From the definition of the Young convolution it follows that if x, x, x2
belong to C"([a, b]) and f, f1, f> belong to Ex([a, b]; Xg), for some n € (1/2, 1),
ke (l—n,1)and g € [0, 2), then

t t
/ S —u) f(u)d(x1 + x2)(u) =/ Sz —u) f (u)doxy (u)

t
+ / St —u) f(u)dx(u) (2.12)
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and
t t
/ S —uw)(fr(u)+ f2(u))dx (u) =/ St —u) fr(w)dx(u)
N s
t
[ se-wpwaw @)
s

for every (s, t) € [a, b]2<.

Now, we prove that the Young convolution (2.9) can be split into the sum of two
terms.

Lemma 2.2. Forevery f € Ex([a, bl; Xg), with B € [0,2) and k € (1 —n, 1), every
(s, 1) €la, b]z< and t € [s, t], it holds that

! T
/ St —r)f(r)dx(r) =S — 1:)/ S(t —r)f(r)dx(r)
'
+/ S —r)f@r)dx(r).

Proof. The proof is straightforward: it is enough to take into account the properties
of Young convolution and the semigroup property of (S(7));>0. g

Corollary 2.1. Forevery f € Ex(la, bl; Xg), withk+n > land B € [0, 2), it holds
that

t
(BsIsr(a, N(s, 1) = Igf(s, 1) = / S —=r) f(r)dx(r), (s, 1) € [a, b]%.

Proof. From the definition of §g and of Zy it follows that

t s
(8sIsr(a, ))(s, 1) = / St —r)fr)dx(r) — St — S)f S(s —r) f(r)dx(r)
(2.14)

for every (s, t) € [a, b]%. Applying Lemma 2.2 with s = a and T = s we infer that
t N t
/ St —r)f(r)dx(r) =St — s)/ S —r)f(rdx(r) + / St —r)f(r)dx(r),

which combined with (2.14) yields the assertion. O

3. Smoothness of mild solutions

We consider the following assumptions on the nonlinear term o'.
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Hypothesis 3.1. The function o : X — X is Fréchet differentiable with bounded
and locally Lipschitz continuous Fréchet derivative. Moreover, the restriction of o to
X maps this space into itself for some a € (0, 1) such that « + n > 1, it is locally
Lipschitz continuous and there exists a positive constant L. such that

lolx, = Lg(I+lxllx,),  x € Xa. (3.1

Hereafter, we assume that Hypothesis 2.2 witha = 0 and » = T > 0 and Hypoth-
esis 3.1 hold true.
We consider the following nonlinear Young equation

{dy(t) = Ay(t)dt + o (y(¢))dx(t), t € (0, T], (3.2)

y(0) =v.

and we are interested in its mild solutions which take values in D(A), where by mild
solution we mean a function y : [0,7] — X such that 0 oy € E4([0, T]; X),
n+a>1and

y(t) = SOY + (Fs60y)) (0, 1), tel0,T] (3.3)

Theorem 3.1. Let Hypotheses 2.1, 2.2 and 3.1 be satisfied, with [a, b] = [0, T]. Then,
for every W € X, such that @ € (0,1/2) and n + o > 1, there exists a unique mild
solution y € E4([0, T]; Xo) to equation (3.2). The solution y is actually smoother
sinceforeverya € (0, T)andy € [n+a—1, n+a), ybelongsto E; o) ([a, T1; Xy).
Moreover, for every u € [0,n + «a — 1) and ¢ > 0 there exists a positive constant
c = c(e, ) such that

ly@)llx,., <ct™ 21 e (0,T). (3.4)

Inparticular, y(t) belongsto D(A) foreveryt € (0, Tlandy € C,—g(la, T]2<; Xotp)
foreverya € (0,T) and B € [0, n).

The proof follows the lines of [9, Theorem 4.3], but our assumptions are weaker. In
particular, in [9] the authors assume that > 2, while we do not need this condition.

Before proving Theorem 3.1, we state the following lemma, which is a straightfor-
ward consequence of Lemma 2.2.

Lemma 3.1. Suppose that y is a mild solution to (3.2). Then, for every T € [0, T] it
holds that

t
y(@) =S8t —1)y(r) +/ St —r)o(y())dx(r), telr, T]. 3.5)

Proof of Theorem 3.1. We split the proof into some steps.
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Step 1. Here, we prove an apriori estimate. Namely, we show thatif y € E, ([0, T'];
X¢) is a mild solution to (3.2), then there exists a positive constant R, which depends
only on ¢, T, o, x, n and o, such that

IVl E,q0,71:x0) < R (3.6)

Letus fixa, b € [0, T], witha < b. Taking Corollary 2.1 into account, it is easy to
check that (8s5y) (s, 1) = (Isoy)) (s, 1) forevery (s, t) € [0, T]2<. Hence, to estimate
185yl c, (1a,b12 ; x) We can take advantage of Lemma 2.1. For this purpose, let us prove
that ooy belongsto E, ([a, b]; X)NC([a, b]; Xy). The conditionooy € C([a, b]; Xy)
follows immediately from (3.1), which also shows that

lo o yllcqan:xe) < Lo+ Iyllcqa,b;xq))- (3.7)

Further, we note that the function §5(o o y) is continuous in [0, 7] with values in X.
Indeed, fix (to, so) € [a, b]>. Then,

1(6s(0 0 ¥))(t,s) — (8s(0 0 y))(to, s0) [l x
<o @) — (@) lx + IS¢t —s)o(y(s)) — S(to — so)o (y(so)) | x
< Llly@®) —y@o)llx + IS¢ = 9)ll.zx)llo(y(s)) —o(y(so))llx
+1(SE —5) — S(to — s0))o (y(s0))llx
< L|y(#) — y(to)llx + LMoo.7y(s) — y(so)llx
+2Cq0.7ll0(y(s0))llx, [t — t0]* (3.8)

for every (¢,s) € [0, T]2<, where Mo 0,7 and Cg0,7 are the constants in condition
(2.1), L denotes the Lipschitz constant of o on X, and the last side of the previous
chain of inequalities vanishes as (z, s) tends to (¢p, so). Next, we split

(Bs(a 0o y))(s, 1) = (8(0 0 y))(s,1) —als, o (y(s)), (s.1) € [0, T

and estimate separately the two terms. As far as the first one is considered, we observe
that

1(6(c 0o ¥)(s,Dllx = lo(y@) —o(y(s)lx
< Lolly@®) — y(s)lx
< Lo ([[Bsy)(s, Dllx + [lals, ) y(s)lx)
< Lo (1 + Co 0. 1) 1Yl Eqta.br: X 1t — 51% (3.9)

for every (s, t) € [a, b]2<, where L, denotes the Lipschitz constant of the function o.
As far as the term a(s, )o (y(s)) is concerned, we use (3.1) to estimate

lats, o (y(s)lIx < Ca0,7llo N x, 1t —s1¢
< Co0,7 Ly (1 + Iy Ey(ta.b1; x) 1t — 5I°
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for every (s, t) € [a, b]2<. We have so proved that o o y € Ey([a, b]; X) and

18s(0 0 M, qapr:x) < Lo+ Le)A + Cao,r) (1 + 1Y Eyabr:xe))-  (3.10)

Thus, we can apply Lemma 2.1 as claimed, with k = 81 = « and 8 = 0, to infer
that fg(ooy) belongs to Cy)yo—r([a, b]2<; X,) forevery r € [a, 1) and
1-7s@on e ramr (abr:x,)
< Caprallxlicngo,rnUds(o o Ve, qa.pr:x) + 1o 0 ylcdab: x.))

< Ca,prallxlicnqo, (Lo + L) 2 4+ Co0,7) (X + IV Ey(fa.b1: Xe))-  (B.11)

Since o < 1/2 < n, it follows that

||jS(aoy)||Ca([a,b]2<;Xa) <(®b- a)nia”jS(aoy)||C,}([a,b]2<;xa),

so that, applying (3.11) with r = «, we conclude that

18sY ey (ta.12:x0) = 1Is@on ley (a.b12: X0)
<€ —a)" Ixllcngo,r (1 + 11l Ey (0,51 X)) (3.12)

where € := Cy .ra (Lo + LY)(2+ Cq 0,7). Further, from (3.5) witht =a, t € [a, b]
and Corollary 2.1, we get

Iyllcqa,pr;xe) < Ma,ablly(@llx, + 11sy)(@, Illca,b);xq)
< Myorly@lx, + & — a)a||5sy||ca([a,b]2<;xa)
< My rlly@lix, + €06 —a)llxllcnqo, (1 + 1Y Ey(fa,b]; Xo))-
(3.13)

Taking (3.12) and (3.13) into account, this gives

IVl E, (a,p1; Xe) <Ma,e.Tlly(@]x,
+CB—a)"* (1 4+ (b —a))lxllcngo, (1 + 1Y E,(a.b]; Xo))
<Myorly@lx,

+ &b —a)" (L + T xllenqo, (1 + IV Ey (a,b1; Xo))-
(3.14)

Let us set

1

_ 1 n—a
T = .
(2¢(1 + T"‘)lellcv([o,r]))

Ifb—a < T, then we get

IV £, (a,b1: X0) < 2Maa,Tlly (@)X, + 1. (3.15)
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Now, we introduce the function ¢ : (0, c0) — (0, 00), defined by ¢ (r) = 2My o 77 +
1 for every r > 0 and split

N-1
0. 71 = |t tas1].
n=0
where 0 =19 < t) <th < ... <ty = T and t,41 — 1, < T for every n =

0,...,N — 1. From (3.15) it follows that

IVIlcm X < Uy Ix,) < 6" U lx,). (3.16)

for every n = 0,..., N — 1, where ¢X denotes the composition of ¢ with itself k
times. Since ¢ (r) > r for every r > 0, from (3.16) we conclude that

Iylleqo.rr:x. < ¢N U1 lx,)- (3.17)

In particular, for each interval [s, ] C [0, T] whose length is less than or equal to T
we get

IV Ey (5.1 %) < 2Maa7d" (1y$)llx,) +1 < oV (1w lix,)-

Now we are able to estimate ||5SY||CC,([O,T]2<;X0()- We stress that, if |t — s| < T, then
from (3.15) we get

IGsy) (s, Dlix, < "l llx )l — 519, (3.18)

and if |t — s| > T then

Gsy)Cs, Ollxa _ Iy(@0) = S —$)y$)llx, _ (A +Ma,ot,T)¢N(||W||Xa).

It—sle T T
(3.19)

From (3.17), (3.18) and (3.19) it follows that

Iyl £, qo.71:x0) <™ (1¥1lx,)

+ max{d¥ (1 llx) T “(1 4+ Myo )¢ (1% 11x,))
=R.

Step 2. Here, we prove that there exists a unique mild solution to Eq. (3.2). For this
purpose, we introduce the operator I : E, ([0, Ti]; Xo) — Eo ([0, T]; Xy), defined
by (I'(y) (@) = SOY + Fs(50y) (0, 1) for every ¢t € [0, Ty] and (I (y))(0) = ¥,
where T € (0, T'] has to be properly chosen later on. We are going to prove that I is
acontractionin B = {y € Ey ([0, Ti]; X¢o) : IYIlE, (0.7.0: %) < 2Ma, o, 7R}. To begin



3 Page 14 of 34 D. ADDONA ET AL. J. Evol. Equ.

with, we fix y € B and observe that 551" (y) = F5(50y). Hence, from (3.14), we can
estimate

1T ) E, (10,71 Xe)
< Maarll¥lx, + €T+ TO)lxllengo,rn (1 + 191 £ 0, 7,0 X0)
< Moo, 7R+ T (14 T Ixlengo, (1 + 2My 0, 7R). (3.20)
We now choose T, < T such that €7, “(1 + T)|lx|lcnqo.r (1 + 2My.0.7R) <
My o 79R. With this choice of T, we conclude that I (y) belongs to 5.
Let us prove that 7 is a 1 /2-contraction. Fix y;, y» € B. The linearity of the Young

integral gives (I (M))(f) — (I (y2))(t) = jS(Joyl—aoyz) (0, 1) for every t € [0, 4],
so that we can estimate

11 (1) — 1 (y2)||X0, = T*n”jS(aoyl —ooy)) ||C,7([0,T*]2<;Xa)
and, as in Step 1 (see the first inequality in (3.11)),
17 (y1) — 11 (y2)||cn([o,r*]2<;xa)

< Caglixlicnqo,rplds(o o y1 — o o y2)lc,0.7,12: %)
+ llo o y1 — o o wmllcqo.1,): X)) (3.21)

We set R :=2My,o, 7R > max{||y1llcqo.7,1;x)» 121lc((0.7:1; X,)} @nd note that

lats, ) (o (y1($)) — o (2 llx = Ca0,7lt —s|*llo(yi(s)) — o (n2())lx,

< Co 0.7 LER)t — 5%yt — y2llcqo. 71 Xo)s
(3.22)

where L$" denotes the Lipschitz constant of the restriction of o to the ball B(0, r) C
Xo and we have used the condition (2.1)(b). Further, by taking advantage of the
smoothness of o we get

(8(0 0oy —o 0y)(s,1))
=0 (y1(s) + (8y1)(s, 1)) — o (y1(s)) —a(y2(s) + By (s, 1)) + o (y2(5))
+ o (y2(s) + By1)(s, 1) — o (y2(s) + (6y2)(s, 1)

1
= /0 (0" (y1(s) +r@yD)(s, 1)) — o' (y2(s) +r(@Ey1)(s, 1)), 8yi (s, 1))dr
+o(20s) + @y (s, 1)) — o (y2(s) + By2)(s,1)). (3.23)

Since for every s, t € [0, T], with s < ¢, and r € (0, 1), it holds that

ly1(s) +7r8y1(s, Hlix, V ly2(s) +réyi(s, Dllx, < 3R,
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and recalling that R > 1, it follows that
16(0 0 y1 —o oy2)(s,D)llx
< K5Iyt — y2llcqo o 16yD s, Dllx + Lo ll(6(r1 — y2))(s. Dl x

< K&y = y2lleqo. g (1GsyD G, Dlix + llats, Hy1(s)llx)
+ Lo (1@s(y1 — y2)) (s, Dl x + llats, 1) (yi(s) — y2(s)) Il x)

< KXyl E.q0.1.0:x0) + Cao. It lcqo. s xo) 131 = 2llcqoryxolt — 51
+ Lo (Iy1 = »20E,10.7.1: X0) FCa0.71y1 = 2llclo, 733 x) 1t — 5%

< (14 Ca0, 1) RIKS + Lo)llyi = y2ll gy o, 71 x0 |F = 51 (3.24)

where K f, denotes the Lipschitz constant of the restriction of function ¢’ to the ball
B(3Kqo0R) C X. As far as |lo o y1 — 0 o y2|lc(o.7,]:x,) in (3.21) is concerned, it
holds that

lo(1(6) = o () x, < LERNy1 = y2ll £, 0.71: X0) (3.25)
for every ¢ € [0, T,]. From (3.21), (3.22), (3.24) and (3.25) we get

IT1 () = LD, 10,11 %0) < T 1T 5@oyi—ooym e, (0. 7212 xa)

< TNyt = 2l B (0,731 X (3.26)

where c is a positive constant which depends on x, &, R, o,  but not on T nor on .
Based on (3.20) and (3.26), we can now fix T, > 0 such that /7 is a 1/2-contraction

in B.If T, = T, then we are done. Otherwise, we use a standard procedure to extend

the solution of the Young equation (3.2): we introduce the operator I> defined by

(N(@) =S¢ — Ty (Ty) + jS(on)(T*’ 1), Ty <t =< Ty =min{2T,, T},

forevery y € By 1= {z € Eq([Ty, Tus]; Xo) @ IV Eo (T, Tnl: Xo) < 2Ma o, 7R}
Since yj is a mild solution to (3.2), from (3.6), which clearly holds true also with
T, < T and the same constant R, it follows that ||y (T%)||x, < R. Then, by the same
computations as above we show that I is a 1/2-contraction in B;. Denote by y» its
unique fixed point. Thanks to Lemma 2.2, the function y defined by y(¢) = y;(¢) if
t € [0, Tx] and y(¢t) = ya(¢t) if t € [Ty, Tys] is a mild solution to Eq. (3.2) in [0, Ti].
Obviously, if Ty, < T, then we can repeat the same procedure and in a finite number
of steps we extend y to whole [0, T']. Estimate (3.6) yields also the uniqueness of the
mild solution to Eq. (3.2).

Step 3. From the arguments in the first part of Step 1 (see (3.11)), we deduce
that .50y belongs to Cy4q—r ([0, T]2<; X,) for every r € [«, 1). The smoothing
properties of the semigroup (S(¢));>0 (see condition (2.1)(ii)(a)), estimates (3.6) and
(3.11) show that y(¢) € X, and

Iy®lix, = I1SOYlx, + 117500y 0, Dllx,

< Mar 11 IV e + 1 5@on ey oo roxot ™

<c(IL+TH*" (3.27)
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for every t+ € (0, T] and some positive constant ¢, which depends on «, n, r,
lxllcnqo,rn» I¥lx,,. o, PR, and is a continuous function of ||x||cno,77) and R.
Now, we observe that [[y(#) — y(s)llx, < [I8sy(s,)lx, + lla(s, 1)y(s)|lx,. Since
8sy = Fs(ooy), from (3.11) it follows that

185y (s, Dllx, < calt — )T, (s5,1) € [0, T2, (3.28)

where ¢2 = co(a, n, 7, Ixllcnqo, 7)), 1Yl x,» 0, R) is a positive constant, which de-
pends in a continuous way on ||x || cn(fo,7]) and JR. Moreover, using condition (2.1)(b)
and estimate (3.27) (with r being replaced by r + ), we get

lats, Dy)llx, < Craprrlt —sPlys)llx, s
< Criprrei(1+ T Plr — 5P, (3.29)

where § > 0 is such that r + 8 < 1 (such B exists since we are assuming r €
[e, 1)). From these two last estimates it follows immediately that y € C((0, T']; X;).
Moreover, for every ¢ € (0,T] and r € [«, 1), there exists a positive constant
c3 = c3(a, n,r, lIxllengo, s 1l x,, 0, R, T), which depends in a continuous way
on |lx|lcn(o,7y) and on R, such that

r

Ivlicqe.rix,) + 18s¥lc,roy qer2:x,) < €38%7

Next, we estimate || (8s(o0y))(s, )| x, whenn+oa—A > 1,ie,A € [0, n+a—1).
As usually, we separately estimate || (5 (o o y))(s, )]l x, and |a(s, t)o (y(s))| x, . Note
that A < o since n < 1. We fix ¢ > 0 and observe that the continuous embedding
Xo — X;,(3.11)and (3.27) (withr = 2o — A, which belongs to [, 1) sincea < 1/2)
give

18(o 0 y))(s. Dllx, < Kap LET(1Gsy) (s, DlIx, + llals, )y (s)lIx,)
< KaaLE Uy £, q0.73:x0) 1t — 5]
Gll C(—)L)

e
+C2a—)\,a,T8 t—s|

< cqe Y — 5|2 (3.30)
for every (s, t) € [e, T]2<, where ¢4 = ca(a, 1, |xllcno, 7> R, T, A). Moreover,
lats, Yo (Y lx, < Canllo () lx, It —s**
< Copr Ly (14 Iy()llx )t — |7
< Cop LI +R)|t —s]*7* (3.31)
for every (s, t) € [e, T]2<. From (3.30) and (3.31), it follows that

[(6s(a 0 y)) (s, D) llx;,

e<s<t<T |t _s|a7k

< C4£)\_a + Ca’)L,TLg(l + R).
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Moreover, arguing as in the proof of (3.8) we can show that

1(8s(0 0 )2, 5) — (8s(c 0 y)) (10, 50)lx,
< LYKo (ly(®) — y(to) I x, + Maally(s) — y(so)lx,)
+2Cq3llo (s Il x, 1t — 101%™,

for every (19, so), (¢, s) € [e, T]2<, where L denotes the Lipschitz constant of o on
the subset {y € Xy : [ly¥llx, < SUPyefo, 7] ly®)llx,} of Xy, and conclude that §s(o o
y) € Cy—s([e, T]2<; X,). Further, o o y belongs to C([e, T]; X). From Lemma 2.1
withk = @« — A, B = A, Bi = « and r = y, we infer that Z5(,.,) belongs to
Chpta—i—y([e, T1%; X, 12) forevery y € [@ — A, 1) and

17s@on Cy sy (e T Xy 1)
< Capya-rllxliengo,ryUlo o ylicqem1;:x00 + 118s(@ 0o Ve, qe.712:x,))
< st (3.32)

for some positive constant cs = cs(c, 0, 0, || xllcnqo, 7). R, T, A, v, ¥l x, ), which
does not depend on ¢. From (3.5), with T = ¢, we can write

y(@) =St —&)(y(e) + Fsgoy) (e, 1), tele, T] (3.33)

and applying (3.27), with t = ¢ and r = «, (3.32) and (3.33) we infer that

1Y%, 0 < My 2.7 — &7 3@l + | 7500 Dlx, o5
=< ClMa,y-i-A,T(t - ‘9)0[7}/7)V

a—
H1I50on ey sy (T X (& = T

<ot — &)V here (3.34)

for every t € (e, T] and some positive constant ce = c¢(A, ¥, 1, @, 0, x, ¥, R, T). In
particular, since the range of the function o : D — R, defined by o(X,y) = A+ y
forevery (A, y) e D ={(A,y) e R? : 2 € [0,n+a—1),y € [ — A, 1)} is the
interval [n +o — 1, n 4+ «), forevery u € [0, n + o — 1) we can choose A and y such
that 1 + u = A + y. Then, from (3.34) we conclude that

Iy llx,,, < c7(t—e)* e te (e, T,
so that, for every ¢ € (0, T/2),
lyllxy, <ce™ 7 rel2eT], (3.35)

and ¢7 = c7(A, u,n, o, 0,x, ¥, R, T) is a positive constant, which depends in a
continuous way on ||x|lcn(o,77) and on R but not on &. From (3.35), estimate (3.4)
follows at once. Finally, using again (3.33) and the smoothness properties of the
semigroup (S(¢));>0, we conclude that y € E, o, ([2¢,T]; X,,) for every p €
[n+a—1,n+a)ande € (0, T/2). O
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Remark 3.1. (1) Theorem 3.1 generalizes the results in [9, Theorem 4.3].
(i1) From the last part of Step 3 in the proof of Theorem 3.1 it follows that y €
C((0,T]; Xy) forany u € [0, n + @).
(iii) In Step 3 of the proof of Theorem 3.1 we have proved that for each r € [«, 1)
there exists a constant ¢ such that

ly®llx, <ct®™", 1€(0,T], (3.36)

for some constant ¢, independent of z. If ¥ € X, for some y € [a, 1), then
arguing as in estimate (3.27), we can easily show that we can replace o — r with
(y —r) A01in (3.36), with r € [«, 1). Based on this estimate, (3.28) and (3.29),
we conclude that
ly@) —y)llx = [1Esy)(, 9)llx, + llals, y)y(s)llx,

< et =)™ s VTN — ) (3.37)
forevery B > Osuchthatr + 8 < 1,every 0 < s < ¢t < T and some positive
constants ¢, and c., independent of s and 7. Since 8 < n + y — r, from (3.37)
we conclude that

Iy = y©)llx, <esVP0u —slf. 0<s<r<T.

If y — r — B > 0 then the above estimate can be extended to s = 0. We will use

these estimates in Sect. 5.

Remark 3.2. The result in Theorem 3.1 extend, using the same techniques, to the case
of the Young equation

dy()) = Ay()di + Y oi(p(1)dx; (1), 1 € (0, T],

i=1
y©0) =1,
where the nonlinear terms o; (i = 1, ..., m) satisfy Hypotheses (3.1) and the paths
xi, (i =1,...,m),belong to C"([0, T]).

(3.38)

3.1. The case when the semigroup has no smoothing effects

The proof of Theorem 3.1 strongly relies on the smoothing effects on the semigroup
(S(#))r>0,1.e.,on condition 2.1(a), which in general is not satisfied when the semigroup
associated with operator A is merely strongly continuous. For instance, one may think
to the semigroup of left-translations in the space of bounded and continuous functions
over R? or in the usual L? (R?)-space related to the Lebesgue measure: the function
S(t) f has the same degree of smoothness as the function f.

In the proof of Theorem 3.1, condition (2.1)(a) is heavily used to prove that the mild
solution y to the nonlinear Young equation 3.2 takes values to D(A).

In this subsection we show that partially removing condition (2.1)(a), i.e. assuming
that it holds true only when o = ¢, and suitably choosing the intermediate spaces X,
the existence and uniqueness of a mild solution to Eq. (3.2) can still be guaranteed.
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Theorem 3.2. Let Hypotheses 2.1(i), 2.1(ii)(a) (with ¢ = «), 2.1(ii)(b), 2.2 and 3.1
be satisfied, with [a, b] = [0, T]. Then, for every ¥ € Xy, such that o € (0, 1/2) and
N+ a > 1, there exists a unique mild solution y € E, ([0, T]; Xy) to Eq. (3.2).

Proof. The proof follows the same lines as the first two steps of the proof of Theo-
rem 3.1. The only difference is that, under these weaker assumptions, Lemma 2.1 can
be applied only with r = k, so that estimate (3.11) now reads as follows:

||fS(aoy)||cn([a,b|2<;Xa)
< Caplixlicnqo,ry (Lo + L) 2 + Ca,0,7)(1 + 111 Eq ([a,b]; Xo)) -

From this point on the proof of the theorem carries on as in the proof of the quoted
theorem. O

We now provide an example of intermediate spaces X, for which any strongly
continuous semigroup satisfies Hypothesis 2.1(ii)(b) and 2.1(ii)(a), this latter at least
with { = «.

Example 3.1. Let A be the generator of a strongly continuous semigroup (S(¢));>0
and for each o € (0, 1) let us consider the Favard space

St)x —
Faz{xeX: sup M<+oo},

1e(0,1] t*
endowed with the norm

1S@)x — xllx
lxllp, = sup ————, x € F,.

1e(0,1] r*

Ifa =k + B forsome k € Nand g € (0, 1), then

S(t)Akx — AK
F, = {x e D(AF) 15 xﬁ *x _ +oo},
1€(0,1] t
endowed with the norm
Ixll g, = Ixlpeary + 1A x5y, x € Fa.
Each space Fy is a Banach space when endowed with the norm || - || £, .

Fixa e R,x € Fy and ¢ € [0, +00). For any s € (0, 1], we can estimate

ISEs)S@x — SWxllx _ 1SOlzoo [S(s)x —x|lx

5 p = ISOIcoolxlx,-
Hence, S(¢)x belongs to Fy, and |[S®)x|lF, < ISOIllzx)llxllF,, so that Hypothe-

sis 2.1(ii)(a), with ¢ = « holds true if we take X, = Fy.
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Let us prove that the semigroup (S(¢)),>0 satisfies Hypothesis (2.1)(ii)(b) with X, =
Fy.Fix p,v € (0, 1] with ¢ > v, x € X, and t € (0, 1]. Then, for any s € (0, 7] it
holds that s 7Y < s H#t#*~V, so that

[s7V(S(s) = D(S@) — Dxllx < Is7" (S +5)x — S(s)x — SOx +x)[x
< IIsTH(S( +5)x = S(Ox) [ xt" "
+IsTH(S(s)x —x0)[Ixt" 7"
< ISOxF, " + llxll g, "7

< (14 Moo )"V lx| £,
On the other hand, if s € (¢, 1], then s™¥ < 7" so that

sTUNCS(s) — D(S@)x —x)llx < [t (S + s)x — S(s)x) [ xt"™"
+ lt7H(SOx — x) || x# "
< ISG)xll g, 7" + llxlp, "7

< (L + Moo )" lxllF,-
We have so proved that
1S@) — Il cer,.Fy < (1+ Moo )", t € (0,1].

and estimate (2.1)(ii)(b) follows, with T = 1 and with C;, , = (1 + Mg 0,1). If T > 1
and ¢t € (1, T], then

S:?)PI]S_VII(S(S) = D(S@Ox —x)x = USOlcxy + DllxllF,
s€(0,

< (Mo,o.r + DllxllF,,

so that estimate (2.1)(ii)(b) holds true in any interval [0, T'].
We refer the reader to [4, Chapter 2, Section 5.b] for further results on the Favard
spaces.

Remark 3.3. Note that if X = C,(R) and A is the first-order derivative, with C é (R)
as domain, then (S(¢));>o is the semigroup of left translations on Cp(R). For every
a € (0, +00) \ N, Fy is the space of all functions f : R — R, which are differentiable
up to the [«]-th order and such that the derivative of order [«] is bounded and (o« — [« ])-
Holder continuous on R.

4. The integral representation formula

Knowing that mild solutions take their values in D(A) we are in a position to prove
that they solve equation (3.2) in a natural integral form.
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Definition 4.1. Let y belong to E ([0, T1; Xo) N L1((0, T); D(A)) for some a €
(1 —n, 1). We say that y solves equation (3.2) in the integral form if, for every ¢ > 0,
it satisfies the equation

t

t
yiO)y=vy —|—/ Ay (u)du —i—/ o (y(u))dx(u), tel0,T] “4.1
0 0

Remark 4.1. To prove that mild solutions verify (4.1), we first need to check that the
integral

t
/o(y(u))dx(u), 0<i1=<T,
0

is well defined as Young integral, when y is the unique mild solution to (3.2). But, if
o satisfies Hypothesis 3.1, then for every f € E4([0, T]; Xy) and x € C"([0, T)),
where n € (1/2,1) and @ € (1 — n, 1), the Young integral

t
/ o (FaNdE@), (5.0 € [0, T, 4.2)

s

is well defined. Indeed, arguing as in the proof of (3.9) it can be easily checked that
oo f e C%(0, T]; X). Therefore, Theorem 2.1 guarantees that the integral in (4.2)
is well-defined.

We can now prove that, under Hypotheses 2.1, 2.2 and 3.1, the mild solution y
verifies (4.1) To prove this result, we first show that the mild solution to (3.2) can be
approximated by mild solutions of classical problems.

Proposition 4.1. Let (x,,) C C'([0, T) be a sequence converging to x in C"([0, T1)
for some n > 1/2 and fix V € Xy for some a € (0, 1/2) such that « + n > 1. For
every n € N, denote by y, the mild solution to (3.2) with x replaced by x,, and let y
be the mild solution to (3.2). Then, the following properties are satisfied:

(1) yn convergestoyin E,([0, T]; Xy) as n tends to 400,
t t
(i) if we set J(1) = / o (y(u))dx(u) and J,(t) = f 0 (Yn (W))dxn (u) for every
0 0
t € [0,T]and n € N, then J,, converges to J in C"([0, T]; X) as n tends to
+00.

Proof. (i) We split the proof into two steps. In the first one, we show the assertion
when T is small enough and in the second step we remove this additional condition.

Step 1. Letus fix T, T [0, T]witht < T.To begin with, we observe that applying
Lemma 2.1 (withk =r =g =«a, B =0anda =71,b = f) and noticing that,
by Corollary 2.1 (witha = v and b = f), (BsIsr(t, ) (s, 1) = Isr(s, t) for every
(s, 1) €r, 7], we can show that

1757 (T g, (e 7150 <CT =" U leqe.Frex0)
+ 185 fll e, iz, 712 ) 1x len o, 7). (4.3)
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for every x € C"([0,T]) and f € EL([0,T]; X) N C([0, T']; X4) such that o €
0,1/2), n+a > land , T € [0, T], with t < T, where C = Cy.,.0.0 is the
constant in Lemma 2.1.

Now, we fix T, € (0, T] to be chosen later on. From (2.12) and (2.13), we get

t t
(O = ) = /O S(t = r)o (y())dx(r) — /O S(t = )0 (G (r)dxa (1)
t
_ fo S(t — )0 G (F)dTa(r)

t
+fo St =r)(o(y(r)) —o(ya(r)))dx(r)
= Hl,n(t) + HZ,n(t)

for every t € [0, T,], where X, := x — x,,. Taking (3.10) and (3.7) into account, we
can estimate

IT1,n 1l £y (10, 727: Xa)

< CTY “(lo o yalleqo,1,1:x0) + 18s(0 0 ) llcgqo.1,02;x) 1Xnllen o, 71y

< CT)" (Lo + L) (Co0.7 + 2)(1 + IYall £, 0. 11: X)) 1 Xnllcngo. 7y, (44)
where C is a positive constant which depends on «, 1, o and T. An inspection of the
proof of estimate (3.6) shows that the constant SR depends in a continuous way on

the n-Holder norm of the path. Since sup,,cy 1%, lcn((0,77) < 400, from (4.4) we can
infer that

L1l £y 10,70 %) < €T (Lo 4+ L) (Ca0,7 + 2)(1 + M) X llcn (o, 1)

for some positive constant 9, independent of n. As far as I , is considered, from
(4.3), with f replaced by 0 o y — 0 o y,, and estimates (3.24), (3.25), we infer that

112, | £, (10, T, 0; Xo)
<cTY % (lo oy — 0 o yulleqo, 11 Xe)
+8s(o oy — 0o o yu)le,qo.r12;x) 1xllcngo,
<L Ny = yall Eo 0,723 x0) IX Il Cn (10,77 »
and ¢'is a positive constant which depends on «, T, o, M, K, 1 and on the constant

Cq.0.7- We choose T, < T such that e lxllcngo, 77y < 1/2 and use the previous
estimate to conclude that

Iy = Yull £y (0. 11 x0) < 2¢T“ (Lo + LE)(Ca0,7 + 2)(1 + M) |lxn — xllcn o, 1)

and, consequently, that y, converges to y in E, ([0, Ti]; X4) as n tends to +o0.
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Step 2. If T, = T then we are done. Otherwise, let us fix T:= (2T,) AT . For every
t € [Ty, T], from (3.5) we can write

t
y(t) = yu(1) =/T St —r)(a(y(r) —o(ya(r))dx(r)

t
+ / S(t — )0 (i () dTa (r)
+ St — T*)(y(T*) - .Yn(T*))-

In Step 1 we have proved that y, (T;) converges to y(7) in X,, as n tends to +00. More-
over, for every (s, t) € [T, T]2< it holds that 85 S(- — Ty) (¥ (Ty) — yu(Ty)) (s, t) = 0.
Hence, [|S(-—T:) V(1) = yn (T g, (11, .71 X0 vanishes as n tends to +-00. Repeating
the same arguments as in Step 1, we conclude that

Iy = Yullg, 1. 71:x,) < 2¢T % (Lo 4+ LY (Co0,7 +2) (1 +M)||x, — xlcngo.7))

and therefore y, converges to y in Ey ([T, f]; X,) as n tends to +oo. If T = T then
the assertion follows. Otherwise by iterating this argument, we get the assertion in a
finite number of steps.

(i1) As in the proof of property (i), we can write

t '
Jn() = I(@) =/0 o (yn(u))dxy (u) +/0 (o (yn(u)) — o (y(u)))dx(u)
=:J7(0, 1) + J5(0, 1).
From (2.5), (3.7) and (3.10), we infer that

lo o yullE,q0,11:%0) \,—
170, D)l < t"(no o llcqori + e ) IFallendo.ry

o
S Tn(La L Lo+ LA+ Ca,o,T))

1 — 2—Grra—1D)

X (1 + sup ”}’n”Ea([O,T];Xa)> 1% I cn o, 11 4.5)
neN

foreveryt € [0, T, As far as the term J; (0, ¢) is concerned, we argue similarly, taking
advantage of the computations in (3.23) and estimate (3.24), and get

1050, Dllx < CTMly — yull Eo 10,71 Xa) - (4.6)

From (4.5) and (4.6) it thus follows that

sup | I (1) = I lx < C'T"(Ix — xnllengo,ryy + 1y — Yull Eo (0, 71: Xo))
1€[0,T]

for a suitable constant C’, independent of . From the assumptions on x and (x;), and
property (i), we conclude that J,, converges to J in C([0, T']; X) as n tends to 4-oc0.
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To prove that J, converges to J in C"7([0, T']; X), now it suffices to note that (see
Remark 2.3)

@Un =60 =T .0+ T30, (5,0 € [0, TIZ.
and repeat the above computations to infer that

(Jn = Jengo,r1:x) < C'Ulx — xnllengo,ry) + 1Y — Yull B2 10, 71: Xo))
for every n € N. U

We are now ready to show that the mild solution y to (3.2) satisfies the integral
representation formula (4.1).

Theorem 4.1. Let Hypotheses 2.1, 2.2 and 3.1 be satisfied and let € Xy for some
a € (0, 1) such that o +n > 1. Further, let y be the unique mild solution to Eq. (3.2).
Then, y satisfies (4.1).

Proof. Let (x,) C C'([0,T]) bea sequence of smooth paths which converges to x in
C"([0, T']) as n tends to +oo. For every n € N, let y, be the unique mild solution to
(3.2) with x replaced by x,,. The computations in Step 3 of the proof of Theorem 3.1
with x replaced by x, and the fact that sup, . llx, |lcn(0,7]) < +oc imply that y, (¢)
belongs to D(A) foreacht € (0, T]andn € N, and for every A € [0, n+« — 1) there
exists a positive constant ¢ = c(}), independent of n, such that |Ay(?)|lx < ct !
and || Ay, (1) |l x < ct*~! for every t € (0, T]and n € N. From [12, Proposition 4.1.5]
we infer that

t

t
ya() =¥ +/ Ayn(s)ds +/ o (yn(s)dxp(s), 1€[0,T], neN.
0 0

Let us fix t € (0, T]. From Proposition 4.1 we know that y, converges to y in
t

t
C(0,T]; X) and / o (y,(s))dx, (s) converges to / o(y(s))dx(s) in X as n tends
0 0

t
to +00. Hence, / yn(s)ds and
0

t t t
A/O Yu(s)ds =/0 Ayn(s)ds = yn (1) =¥ —/0 o (yn(s))dxy (s)

t t
converge, as n tends to +00, to / y(s)ds and y(¢) — ¢ — / o (y(s))dx(s), respec-

0 0
tively, for every ¢ € [0, T']. Since A is a closed operator, it follows that
t t t
/0 y(s)ds € D(A), A/O y(s)ds = y(r) — —fo o (y(s))dx(s).

Finally, since ||Ay(t)|x < ct*~! for every t € (0, T] (see (3.4) with i = 0), we
t t

conclude that Ay belongs to LY((0, T); X). Hence, A/ y(s)ds = f Ay(s)ds,
0 0
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which gives

t

t
o =i+ [ s+ [ oo,
The arbitrariness of ¢t € [0, T] yields the assertion. O

Corollary 4.1. Leto; : X — X (i = 1,...,m) satisfy Hypotheses 3.1 and let the
paths x; (i = 1,...,m) belong to C"([0, T]). Then, the unique mild solution y to
(3.38) with € Xq, with @ + n > 1, satisfies the equation

t m t
y<r)=w+/0 Ay(u)du+2/0 oi (yu)dx;(w), 1 €[0,T].
i=1

Proof. The statement follows from Remark 3.2, and by repeating the computations in
this section. O

5. Chain rule for nonlinear Young equations

In this subsection we use the integral representation formula (4.1) of the unique
mild solution y to problem (3.2) to prove a chain rule for F (-, y(-)), where F is a
smooth function.

Theorem 5.1. Ler F € CL([0, T] x X) be such that and Fy is a-Hélder continuous
with respect to t, locally uniformly with respect to x, and is locally y -Holder continuous
with respect to x, uniformly with respect to t, for some a, y € (0, 1) suchthatn+oay >
1. Further, let y be the unique mild solution to (3.2). Then,

t t
F(t, y(1)) — Fs, y(s)) = / Fyu, y(u)du + f (Fot, y(w)), Ay(u))du
t
+ / (e, y (), o (y () dx ()
forevery (s, t) € [0, T].

Proof. Letusfix0 <s <t
— n n n
{s=s5 <s] <...<sp,

T and a sequence (11, (s, t)) of partitions IT,(s, ) =
t} of [s, t], with mesh-size which converges to zero,

1A
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and note that

F(t,y(1) = F(s.y(s))
=Y F(s], y(s) = F(s}_1, y(s7_)))
j=1
=Y LF(sT, Y1) = F(sT_y, y(5) + F(s7_, y(55) = F(s_ 1, y(s7_ )]
j=1

=) FG] AT+ ) (F G y()) = Fis}. y(s))) As]
Jj=1 j=1

my my
+ Y (FelsT T 0D, Ay + ) (Fe(sT 1. 5)) = Fa(s7_ (7). Ay))
j=1 j=1

= Il,n + IZ,n + ]3,11 + I4,nv

where Ay; = y(s;’) — y(s;’_l), As;’ = s}’ — s’;_l, 57 = 57—1 + 07(s7 — s;’_l),
v = y(s;?_l) + n;?(y(s}’) - y(s;?_l)) and 9;’, 17’]? € (0, 1) are obtained from the
mean-value theorem, for every j = 1, ..., m,.

Analysis of the terms 11 ,, and I . Since the function s — F; (s, y(s)) is continuous
1t

in [0, T], I, converges to / F;(u, y(u))du as n tends to +o00. Moreover, since
y([0, T']) is a compact subset (;f X, the restriction of function F; to [0, T'] x y([0, T'])
is uniformly continuous. Thus, for every ¢ > 0 there exists a positive constant § such
that | F;(t, x2) — Fy (11, x1)| < € if |t — 11> + |x2 — x1|> < 8%. As a byproduct, it
follows that, if |[I[7(s, )| < 8, then |l ,| < ¢ Z’}zl As’l = e(t — 5) and this shows
that I , converges to 0 as n tends to 4-o0.

Analysis of the term I3 ,. Using (4.1) we can write (see Remark 2.3)

(Fe(sl_yL y(7_ 1)), A;)

s}? s;.'
:<Fx(s;‘l_11 y(s;'l_]))sfn AY(u)d”+/n
574 K

Jj—1

G(y(u))dX(u)>

= (F(s"_ 1 y(s7_ ). Ay(sh_ ) As”

(
+ <Fx<s7_1, s, / 7 Ay - Ay(s;?_l))du>
Sia
+ <F 7y, / 7 el ~ o(y(s;-’_1>>>dx<u)>
- (Fa (s y(6T ) o (T NG — x(7_ ) 5.1)
for j = 1,...,m,. By assumptions, the function s +— Fy(s, y(s)) is continuous

with values in X’. Similarly, by Theorem 3.1 the function Ay is continuous in (0, T'].
Indeed, y belongs to E;1q—,([s, T1; X,) forevery u € [ +a — 1, n + «). Taking
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n = 1 we deduce that || (§sy)(u, w)|lx, < clw — u|™ =1 for every (u, w) € [s, z‘]2<
and some positive constant ¢, independent of # and w. Hence,

Ay () — Ay(w)llx <Il(Ssy) @, w)lx, + la(, w)Ay@w)|x
<clw — u|"™ 7 4 Jla(u, w) Ay @)]lx-

Choosing u = 1 4 p for some p < n + « — 1 and using (2.1)(b) we get

la(u, w)Ayw)lx < Coplw —ul’[Ay(w)llx, < Coplw —ul’lylcer1:x14,)-

Therefore, Ay is p-Holder continuous in [¢, T] for any ¢ € (0, T). Since s > 0, it
follows that u — Ay(u) is continuous in [s, 7], and we thus conclude that

Mp

t
lim Y (Fe(sh L y(shop). Ayt ) AsT = f (Fe(u, (), Ay()du (5.2)

n—+00 4

j=l1
and
s;’ |
[ v = Ay du) < taylcgeinnls) - 51"
x;’_] X
< [AYlce (s, 10 (87 — T DT (s, DI
forevery j =1, ..., my,, so that
< 5
Z(Fx(sy_l,y(s;?_l)), / ) (Ay(u)—Ay(s7_1)>du>
=1 b1
< I Fxlicqo,mixyao,r1:x) [AYIer s, 11:30 (8 — $) T (s, )7 (5.3)

and the right-hand side of the previous inequality vanishes as n tends to +o0.
Let us consider the third term in the right-hand side of (5.1). From Theorem 2.1 and
recalling that @ 4+ n > 1, we infer that

| [ 00w =06 marw
Ty

A

Jj—1

X

o (y()dx () — o (Y(s"_ (") — x(s"_}) H
X

a+n

WHMG o Mlle,qo.riz:x0 X lengo,rpls — 5741

+n—1
< WHMG o Mlle,qo.r12:x0 X lenqo,rn (s — sT_ DI Tu(s, )*T"
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for j =1,..., m,. Hence,
Z<Fx(s;?_1, YEI_)). / 7 ow) - a(y(s;’_1>))dx(u>>
j=1 Si-1

-1
=7 za==1 1 Fxllcqo.mixyo.ryx) (¢ = $)UTa s, DI

Letting n tend to +00 gives

mp

) gTw2<Fx(s;?_l, I, / n_jlw(y(u)) - a(y(s;?_1>)>dx(u>> =0. (54
j= i-

To conclude the study of /3, it remains to consider the term

(Fe(s_y, y(s7_1)), o (ST ) (x(sT) — x(sT_p)).

For this purpose, we introduce the function g : [s,#] — R, defined by g(r) =
(Fy(t,y(1)),0(y(r))) forevery t € [s, t]. Let us prove that g € C*Y ([ss, t]). To this
aim, we recall that

lo(y)lx < Koallo(y(@)lx, = KoaLg(+ lIylleqo,r;xq) t€[0,T]

Hence, we can estimate

lg(T2) — g(t1)|
= [{Fx (72, y(2)), 0 (¥(72))) — (Fx (71, y(11)), 0 (y(71)))]
< [(Fy(12, y(12)) — Fx (12, y(11)), 0 (¥(12)))]
+ (Fx (72, y(71)) — Fx (71, y(11)), 0 (y(12)))
+ [{(Fx (71, y(71)), 0 (¥(72)) — o (y(T1)))]

< KooL% sup [|Fc(t, )l yqo.rn:xn (1 + 1ylcqo,rixa) 1y (m) — y(xllk
1€[0,T]

+ KooLy  sup  [Fe(, X)]ceqo, i x) (1 + Iyllcqo,r1;x00) 172 — 11 |*
xey([0,T])

+ Lol Fxllcqo, mxyqo.n; x) 1y (t2) — y(x)llx

< (KO,aL(; sup [[Fx(t, Hller qo,mn; x) (1 + 1ylleqo, m1:x)) e o, 71; %)
t€[0,T]

+ KoL sup  [Fy(, x)coqoryxn (1 + 1vlcqo.ryx) T
xey([0,T])

+ Lo || Fy ||C([0,T]xy([0,T]);x’)[y]ca([o,T];X)T“(l_y)> It — 7|7,
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for every 11, 7o € [s, t], which shows that g is «y-Holder continuous in [s, ¢]. Since
n+ yo > 1, we can apply Theorem 2.1 which implies that

Jim 1<Fx(s;?_1, VS, o (N — X7 ))
j:
t
= / (Fe(ut, y()). 0 (y(@)))dx (u), (5.5)

where the integral is well-defined as Young integral. From (5.2)—(5.5) we conclude
that

13 13
lim 13,n:/ (Fx(u,y(u)),Ay(M»dqu/ (Fx(u, y()), o (y(u)))dx(u).

n——+00

To complete the proof, we observe that I4 , converges to 0 as n tends to 4+-o0. This
property can be checked arguing as we did for the term /5 ,,, noting that Fy is uniformly
continuous in [0, T] x y([0, T']).

Summing up, we have proved that

t t
F(t, y(1)) — F(s, y(s)) =f Fi(u, y(u))du +f (Fx(u, y(u)), Ay(u))du
t
+f (Fx(u, y()), o (y(u)))dx(u), (5.6)

forevery 0 < s < t < T. As s tends to 07, the left-hand side of (5.6) converges
to F(t, y(t)) — F(0, y(0)). As far as the right-hand side is concerned, the first and
the third term converge to the corresponding integrals over [0, 7] since the functions
u > Fi(u, y(u)) and u — Fy(u, y(u)) are continuous in [0, T']. As far as the second
term in the right-hand side of (5.6) is concerned, thanks to (3.4) with u = 0 we can
apply the dominated convergence theorem which yields the convergence to the integral
over (0, t). The assertion in its full generality follows. O

The same arguments as in the proof of Theorem 5.1 and Corollary 4.1 give the
following result.

Corollary 5.1. Leto; : X — X (i = 1,...,m) satisfy Hypotheses 3.1, let the paths
xi € C'([0,T]) G = 1,...,n) belong to C"([0, T]), and let y be the unique mild
solution to (3.38) with W € Xy, with o + n > 1. Then, for any function F satisfying
the assumptions in Theorem 5.1 it holds that

t t
F(t,y(@) — F(s,y(s)) =f Ft(u,y(u))du+f (Fx(u, y(u)), Ay(u))du
m t
+Z/ (Fr(u, y(u)), oi (y(u)))dx; (u) (5.7)
i=1Y%

forevery (s, t) € [0, T].
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As an immediate application of the chain rule, we provide necessary conditions, in
the contexts of Hilbert spaces, for the invariance of the set K = {x € X : (x, ¢) < 0}
for the mild solution y to (3.38), where invariance means that, if ¥ € X, NK, then y(¢)
belongs to K forany ¢ € [0, T]. For this purpose, we assume that A : D(A) C X — X
is a self-adjoint nonpositive closed operator which generates an analytic semigroup of
bounded linear operators (S(#));>0 on H and that the results so far proved hold true
with X, = D((—A)?) for any ¢ > 0.

Proposition 5.1. Let Hypotheses 2.1, 2.2, 3.1 be fulfilled withn +a > 1. Let ¢ € X,
for some e € [0, 1), ¥ € X, for some ¢ € [a, 1) and let K := {x € X : (x, ¢) < 0}
be invariant for y. The following properties are satisfied.

(1) Ify €edKandn <t +e <1, then

lim sup 1~ Z (0. 01 () (i (1) = xi(0) <0,

t—0t
for B €n, ¢ +¢)and

(_ PO (e y())+
0

sup limsupz~# (=A@, (—A)' "Fy(s))ds

A>0 t—0t

A

m

+ ) (9. 0i () (i (1) — x; <0>)) <0

i=1

for B el +e, 1]
(i) If y(t9) € 0K for somety € [0,T) and ¢ + € > 1, then

tim sup |t — o] Z 9.1 (3(10))) (xi (1) — x1(10)) < 0,

l‘*)fo i=1

ifpeln 1) and

lim sup |t — o~ IZ 9.1 (3(10))) (xi (1) = x:(10))

t—tf i=1

—((=A) 0, (—A) " y(1)) <0

ifp = 1.

Remark 5.1. If to > 0 in (ii) then y(t) € X4, forany u € [0,7n +a — 1) and
t € (0,T] (see Theorem 3.1). Hence, the condition { + & > 1 is automatically
satisfied.

Proof. For any A > 0 we introduce the function F) : X — X, defined by Fj (x) :=
(A+ (@, x))2, for any x € X. Asitis easily seen, each function F; belongsto C " L1x)
and DF) (x) = 2(A + (¢, x))+¢ for any x € X. Further, for any x € K it holds that
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Fy.(x) < 22, and Fy(x) = A% if and only if x € K. Fix t9 € [0, T). If y(t9) € 0K
then from (5.7) it follows that

0 =Fr(y(1) — Fr(y(10))

t
— 2 / (4 (0, YO (=AY, (—A) = y(s))ds
t

+2 Z M, 0i(y(t0))) (xi (1) — xi(10)) + Xy (10, 1) (5.8)

i=1

for any ¢ € [f9, T] and any A > 0, where in the equality we have used (2.3) with
f@) = A+ (@, y(®))+{p,0i(y(t))) for t € [0, T]. We recall that from (2.4) it
follows that Z (to, 1) = o(|t — t9]) as t — t(T, and from Remark 3.1(ii) we know
that y € C((0, T']; X,,) for any € [0, n + ).

Now, we separately consider the cases (i) and (i7).

(). Fix ¥ € 0K N X withn < ¢ 4+ & < 1. From (3.36) with r = 1 — ¢ we infer
that there exists a positive constant ¢, independent of s, such that

O {9, YON (=A@, (=A) Fy(s))| < resT71 5€(0, T (5.9)

Let 8 € [, 1]. Dividing by ¢# and A both sides of (5.8) (with fo = 0) and taking (5.9)
into account, the assertion follows easily.

(ii). Fix ro € [0, T) with y(fp) € 0K and ¢ +¢& > 1.Since | —¢e < ¢, yis
continuous up to O with values in X|_.. Indeed, from (2.1)(b) we get ||S(t)¥ —
Vllx,_, < Ct**~! for every t € [0, T], and from (3.3) and the smoothness of
FS(oy) att = 0 we infer that y € Cp([0, T]; X1_,). As a consequence, the function
s > (A4 (9. y(ON1{(—A) 9, (—A)! "¢ y(s)) belongs to Cp ([0, T]). Let B € [n, 1].
Dividing (5.8) by |t — o|# and 1, and letting r — 1, the assertion follows also in this
case. O

6. Examples

In this section, we provide two examples to which our results apply. We consider
the second-order elliptic operator A, defined by

d d
A= Z qij Dij +ijDj +c.
j=1

i,j=1

Example 6.1. Let us assume that the coefficients of the operator 4 are bounded and
B-Holder continuous on R?, for some 8 € (0, 1), and Zid,jzl qij(x)§i&; > wl|€|? for
every x, & € R? and some positive constant .
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Let A be the realization of operator A in X = Cy, (Rd) with domain

D) =fuec,®Hn ) Wil ®): Aue C,®D].
p<+oo

For every @ € (0,2) \ {1/2, 1}, we take X, = C7*(R?) endowed with the classical
norm of C,%“ (R4). Moreover, we take as X /2 the Zygmund space of all bounded
functions g : R? — R such that

g + g — 287 Hx + y))
[glx12 = sup <

+-00,
xX#y lx — ¥l

endowed with the norm |||l x,,, = IIgllcc + [glx1/2. It is well known that A generates
an analytic semigroup on C, (R) and X, is the interpolation space of order o between
X and X1 = D(A). Werefer thereadertoe.g.,[11, Chapters 3 and 14]. Finally, we fix a
function 6 € C,f (R) and note that the functiono : X — X, definedbyo(f) =60 f
satisfies Hypothesis 3.1 for every o € (0, 1/2), with LY = ||&||Lip(R). Since the
assumptions of Theorem 3.1 are satisfied, we conclude that, for every ¢ € Cl‘;‘ (Rd )
(¢ € (0, 1)), there exists a unique solution y to Problem (3.2), which takes values in
D(A).

Example 6.2. Let £ C R” be a bounded open domain with C?-boundary and as-
sume that the coefficients ¢;; (i, j = 1,...,d) of operator A are uniformly con-
tinuous in §2, whereas the other coefficients are in L°°(£2). We further assume that
Z?:j:l qij(x)&&; > nlé |? for every x, & € R and some positive constant ;1 and, for
p € (1, +00), we denote by A, the realization of the operator Ain X = LP(£2) with
homogeneous Dirichlet boundary conditions, with domain D(A,) = W2P(£2) N
Wé’p (£2). It is well-known that A, generates an analytic semigroup on L”(£2).
We assume that p > n. Hence, n/(2p) < 1/2. It is also well-known that, for any
a € (1/(2p), 1),

Da, (@ p) = (L”(2), D(Ap)a,p = WP (£2),

where with WO2 “P(£2) we denote the fractional Sobolev space of order 2« with null
trace on 92. We set X, := Wga’p(Q).

Letus fix f € Ci(R) with f(0) = 0 and let us define the function ¢ by setting
o oy(-) = f(y()) for any y € LP(£2). It is not hard to show that o : X — X
is Fréchet differentiable with bounded and locally Lipschitz Fréchet derivative. We
claim that for « € (n/(2p), 1/2) the function o satisfies condition (3.1) and it is
locally Lipschitz continuous in X,. Let us notice that 0 o y € Wga’p (£2) for any
y € WO2 *P(£2). Let us denote by o’ the Fréchet derivative of o. For any y, h € X, it
holds that ((¢/ o y)h) (&) = f'(y(§))h(§) for almost every & € §2. Hence,

(" o MhliLr2y < If locllbliLr) < ||f||c§(R)||h||Xa~
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Further, we recall that since 2ap > n, it follows that W2*-7(§2) c C(§2). Therefore,

/ / h ol h p
Kaoymmwmmw=£h9Lf@@»é?né;ﬁW)OM |

</ If’(y(é))h(é)—f’(y(é))h(n)l”d
2x82

& — Pt

+/' Lf' (y(E)h(n) — f’(y(n))h(n)l”d
2x82

& — Pt

&dn

&dn

&dn
< IIfIIZ}%(R)[h]’V’Vza_p(m + IIfIIZg(R)IIhllgo[y]’V’Vza,p(Q)

< PRl (L + lyl%),

A

where c; is a positive constant which depends on the Cg (R)-norm of f. It follows
that ||(0” o y)hl|lx, < c2llkllx, (1 + [lylx,) for every y, h € X, and some positive
constant ¢3, so that o is locally Lipschitz continuous on X,. Hence, the assumptions
of Theorem 3.1 are satisfied, and problem (3.2) admits a unique mild solution y, for
any ¥ € Xy, such that y(r) € D(A)) forevery r € (0, T].
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