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Global existence of solutions and smoothing effects for classes of
reaction—diffusion equations on manifolds

GABRIELE GRILLO@), GIULIA MEGLIOLI AND FABIO PUNZO

Abstract. We consider the porous medium equation with a power-like reaction term, posed on Riemannian
manifolds. Under certain assumptions on p and m in (1.1), and for small enough nonnegative initial data,
we prove existence of global in time solutions, provided that the Sobolev inequality holds on the manifold.
Furthermore, when both the Sobolev and the Poincaré inequalities hold, similar results hold under weaker
assumptions on the forcing term. By the same functional analytic methods, we investigate global existence
for solutions to the porous medium equation with source term and variable density in R”.

1. Introduction

We investigate existence of global in time solutions to nonlinear reaction—diffusion
problems of the following type:

uy = Au +uf inMx (0,T)

1.1
U =uop in M x {0}, (D

where M is an N-dimensional complete noncompact Riemannian manifold of infinite
volume, A being the Laplace—Beltrami operator on M and T € (0, oo]. We shall
assume throughout this paper that

N > 3, m > 1, p > m,

so that we are concerned with the case of degenerate diffusions of porous medium
type (see [40]), and that the initial datum u is nonnegative.

Let L7 (M) be the space of those measurable functions f such that | |7 is integrable
w.r.t. the Riemannian measure ;. We shall always assume that M supports the Sobolev
inequality, namely that:

1
(Sobolev inequality)  [[vll 2+ () < aHVUHLZ(M) forany v € C°(M),
(1.2)
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where Cj is a positive constant and 2* := % In one of our main results, we shall
also suppose that M supports the Poincaré inequality, namely that:

1
(Poincaré inequality) Ivll 2y < C—||Vv||L2(M) forany v € C2°(M),
p

(1.3)

for some C,, > 0. Observe that, for instance, (1.2) holds if M is a Cartan-Hadamard
manifold, i.e. a simply connected Riemannian manifold with nonpositive sectional
curvatures, while (1.3) is valid when M is a Cartan-Hadamard manifold satisfying
the additional condition of having sectional curvatures bounded above by a constant
—c < 0 (see, e.g. [11,12]). Therefore, as is well known, in RV (1.2) holds, but (1.3)
fails, whereas on the hyperbolic space both (1.2) and (1.3) are fulfilled.

1.1. On some existing results

In [14], problem (1.1) has been studied when p < m. We refer the reader to such paper
for a comprehensive account of the literature; here we limit ourselves to recall some
results particularly related to ours.

For M = RN and m = 1, it is well known that, if p=<1+ %, then the solution of
problem (1.1) blows up in finite time for any ug % 0, while global existence holds if
p>1+ % and u is bounded and small enough (see [8,22]; for further results, see
also [7,9,10,25,32,35,36,39,44,45]). For m > 1, in [38] it is shown that the solution
to problem (1.1) blows up for any p < m + %, ug # 0; instead, there exists a global
in time solution provided p > m + % and uq is compactly supported and sufficiently
small. On Riemannian manifolds satisfying suitable volume growth conditions, for
m=1landp <1+ %, in [29,46] it is proved that the solution of problem (1.1) blows
up for any ug % 0, while global existence holds if p > 1+ % for small enough initial
data ug. Similar results have also been stablished in [5,34,42,43].

Problem (1.1), without the forcing term u”, has been largely studied on Riemannian
manifolds, and in particular on Cartan—-Hadamard manifolds, in [6,13,15,16,18,19,
21,33,41]. In [20] problem (1.1) is addressed on Cartan—Hadamard manifolds with
—k1 < sec < —kj for some k| > ko > 0, where sec denotes the sectional curvature.
It is shown that, for any p > m, there exists a global in time solution, provided that
uo has compact support and is small enough, while if ug is large enough, then there
exists a solution blowing up in finite time.

For any xg € M, r > 0, let B, (xp) be the geodesic ball centred in xo and radius r,
let g;; the metric tensor. In [46], problem (1.1) is studied when M is a manifold with
a pole, u(B(x9)) < Cr* for some o > 2 and C > 0. Under an additional smallness
condition on curvature at infinity, if uq is sufficiently small and with compact support,
then there exists a global solution to problem (1.1). Global existence is also proved,
for some initial data u(, under the assumption that M has nonnegative Ricci curvature
and p > O[O‘sz It should be noticed that such result does not cover cases in which
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negative curvature either does not tend to zero at infinity, or does so not sufficiently
fast, in particular the case of the hyperbolic space cannot be addressed.

Finally, in [14] global existence of solutions to problem (1.1) is obtained, for any
p < m and ug € L™ (M), under the assumption that the Sobolev and the Poincaré
inequalities hold on M.

1.2. Qualitative statements of our new results in the Riemannian setting

Our results concerning problem (1.1) can be summarized as follows.

e (See Theorem 2.2) We prove global existence of solutions to (1.1), assuming
that the initial datum is sufficiently small, that

L2
>m+ —,
p N

and that the Sobolev inequality (1.2) holds; moreover, smoothing effects and
the fact that suitable LY norms of solutions decrease in time are obtained. To
be specific, any sufficiently small initial datum ug € L™ (M) N L(p_’”)%(M )
gives rise to a global solution u(¢) such that u(t) € L°°(M) for all + > 0 with a
quantitative bound on the L°° norm of the solution.

e (See Theorem 2.5) We show that, if both the Sobolev and the Poincaré inequalities
(i.e. (1.2), (1.3)) hold, then for any

p>m,

for any sufficiently small initial datum u, belonging to suitable Lebesgue spaces,
there exists a global solution u(¢) such that u(r) € L°°(M). Furthermore, a
quantitative bound for the L°° norm of the solution is satisfied for all ¢ > 0.

Note that in Theorem 2.2 we only assume the Sobolev inequality and we require that
p>m+ %, instead in Theorem 2.5 we can relax the assumption on the exponent p,
indeed we assume p > m, but we need to further require that the Poincaré inequality
holds. Moreover, in the two theorems, the hypotheses on the initial data are different.

The main results given in Theorems 2.2 and 2.5 depend essentially only on the
validity of inequalities (1.2) and (1.3), are functional analytic in character and hence
can be generalized to different contexts.

1.3. The case of Euclidean, weighted diffusion

As a particularly significant setting, we single out the case of Euclidean, mass-
weighted reaction—diffusion equations, that has been the object of intense research. In
fact, we consider the problem

ipu, = Alxlm +,0up in RN X (07 T) (14)

U =up in RN x {0},
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where p : R¥Y — R is strictly positive, continuous and bounded, and represents a
mass variable density . The problem is naturally posed in the weighted spaces

1/q
L%(RN) = {v:RY — R measurable , ||v||Lz = (/ vq,o(x)dx> < +oo} .
RN

This kind of problem arises in a physical model provided in [23]. Such choice of p
ensures that the following analogue of (1.2) holds:

1
10l @yy = & IVVlL2y, forany ve CPMRY) (1.5)
S

for a suitable positive constant Cs. In some cases, we also assume that the weighted
Poincaré inequality is valid, that is

1
”U”L%(RN) < C—”VU”LZ(RN) forany v € C(?O(RN), (1.6)
P

for some C,, > 0. For example, (1.6) is fulfilled when p(x) =< |x|7¢, as |x| — +o0,
for every a > 2, whereas, (1.5) is valid for every a > 0.

Problem (1.4) under the assumption 1 < p < m has been investigated in [14].
Under the assumption that the Poincaré inequality is valid on M, it is shown that
global existence and a smoothing effect for small L™ initial data hold, that is solutions
corresponding to such data are bounded for all positive times with a quantitative bound
on their L norm.

In [26,27], problem (1.4) is also investigated, under certain conditions on p. It is
proved that if p(x) = |x|™* with a € (0, 2),

2—a

Pt N

and ug > 0 is small enough, then a global solution exists (see [26, Theorem 1]). Note
that the homogeneity of the weight p(x) = |x|~¢ is essentially used in the proof, since
the Caffarelli-Kohn—Nirenberg estimate is exploited, which requires such a type of
weight. In addition, a smoothing estimate holds. On the other hand, any nonnegative
solution blows up, in a suitable sense, when p(x) = |x|~% or p(x) = (1+ |x|)™* with
a €1[0,2),up #= 0and

2—a

l<p<m+ .
—a

Furthermore, in [27,28], such results have been extended to more general initial data,
decaying at infinity with a certain rate (see [27]). Finally, in [26, Theorem 2], it is
shown thatif p > m, p(x) = (1+ |x|)™¢ witha > 2, and u is small enough, a global
solution exists.

Problem (1.4) has also been studied in [30,31], by means of suitable barriers, sup-
posing that the initial datum is continuous and with compact support. In particular,
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in [30] the case that p(x) =< |x|7¢ for |x| — +o00 with a € (0, 2) is addressed. It is
proved that for any p > 1, if ug is large enough, then the solution blows up in finite
time. On the other hand, if p > p, for a certain p > m depending on m, p and p,
and ug is small enough, then there exists a global bounded solution. Moreover, in [31]
the case that a > 2 is investigated. For a = 2, blow-up is shown to occur when ug is
big enough, whereas global existence holds when u is small enough. Fora > 2, it is
proved thatif p > m,ug € L}, (R™) and goes to 0 at infinity with a suitable rate, then
there exists a global bounded solution. Furthermore, for the same initial datum u, if
1 < p < m, then there exists a global solution, which could blow up as t — +0c0.

Our main results concerning problem (1.4) can be summarized as follows. Assume
that p € CRY) N LPRN), p > 0.

e (See Theorem 2.8) We prove that (1.4) admits a global solution, provided that
n 2
>m+ —;
P N

moreover, certain smoothing effects for solutions are fulfilled. More precisely,

for any sufficiently small initial datum ug € L’;} @RM) N L;p_m)% (RN) there
exists a global solution u(¢) such that u(¢) € L®(RN) forall 7 > 0 and a
quantitative bound on the L° norm is verified. Moreover, suitable L4 norms of
solutions decrease in time.

e (See Theorem 2.9) We show that, if the Poincaré inequality (1.6) holds and one
assumes the condition

p >m,

then, for any sufficiently small initial datum ¢ belonging to suitable Lebesgue
spaces, there exists a global solution u() to (1.4) such that u(t) € L [RN),
with a quantitative bound on the L°° norm.

Let us compare our results with those in [26]. Theorem 2.8 deals with a different
class of weights p with respect to [26, Theorem 1], where p(x) = |x|™“ fora € (0, 2),
and the homogeneity of p is used. As a consequence, also the hypotheses on p and the
methods of proofs are different. Furthermore, Theorem 2.9 requires the validity of the
Poincaré inequality, hence, in particular, it can be applied when p(x) = (1 + |x|)™¢
with a > 2 (see [17]). On the other hand, in Theorem [26, Theorem 2] it is assumed
that p(x) = (1 + |x|)~¢ for a > 2, so, the case a = 2 is not included.

1.4. Organization of the paper

In Section 2, we state all our main results. In Section 3, some auxiliary results
concerning elliptic problems are deduced together with a Benilan—Crandall-type es-
timate. In Section 4, we introduce a family of approximating problems. Then, for
such solutions, we prove that suitable L? norms of solutions decrease in time, and a
smoothing estimate, in the case p > m + %, supposing that M supports the Sobolev
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inequality. Under such assumptions, global existence for problem (1.1) is shown in
Section 5. In Section 6, we prove that suitable L7 norms of solutions decrease in time,
and L*° bounds for solutions of the approximating problems, under the assumptions
that p > m and that M supports the Poincaré inequality as well. Then, under such
hypotheses, existence of global solutions to problem (1.1) is proved. Finally, a concise
proof of the results concerning problem (1.4) is given in Section 7 by adapting the
previous methods to that situation.

2. Statements of main results

We state first our results concerning solutions to problem (1.1), then we pass to the
ones valid for solutions to problem (1.4).

2.1. Global existence on Riemannian manifolds

Solutions to (1.1) will be meant in the very weak, or distributional, sense, according
to the following definition.

Definition 2.1. Let M be a complete noncompact Riemannian manifold of infinite

}OC(M), ug > 0. We say that the function u is

a solution to problem (1.1) in the time interval [0, T') if

volume. Letm > 1, p > mandug € L

14
ue Lloc

(M x(0,T))

and for any ¢ € C°(M x [0, T']) such that ¢(x, T) = 0 for any x € M, u satisfies
the equality:

T T T
—/ / u(ptdudtz/. / u™ Apdudt +/ / uf o dudt
0 M 0 M 0 M

+f up(x) p(x,0)du.
M

First, we consider the case that p > m + % and the Sobolev inequality holds on
M. In order to state our results, we define

N
po = (p—M)? 2.1

Observe that pg > 1 whenever p > m + %

Theorem 2.2. Let M be a complete, noncompact manifold of infinite volume such that
the Sobolev inequality (1.2) holds. Letm > 1, p > m+ % andug € L™ (M)NLPO(M),
ug > 0 where po has been defined in (2.1). Let

N 2 1
r > max va? ’ SZl_’“N_;
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Assume that

luollLromy < €0 (2.2)

with e = eo(p, m, N, r, Cy) sufficiently small. Then, problem (1.1) admits a solution
for any T > 0, in the sense of Definition 2.1. Moreover, for any Tt > 0, one has
u € L®°(M x (t,400)) and there exists a numerical constant T' > 0 such that, for
allt > 0, one has

1

s—1

- ) 8 ms =
ey < T Lol ary + 10120 gany | ™ 1001l

where
N(p — — Nm —1
y:pl_(pm)’slzpmwr(m),
p—1 2pr p—1 2pr
— Nm—1
p—1 2r
Moreover, let py < q < 00 and
ol roary < €0 (2.3)

Sfor &y = &o(p,m, N, r, Cs,q) small enough. Then, there exists a constant C =
C(m, p, N, €0, Cy, q) > 0 such that

_ 1)
||M(t)||Lq(M) <Ct yq”“O”Lqpo(M) forall t >0, (2.4)

where

1 N(p — — N(im —1
vy = P— L M]’%:p mP+ o )]
p—1 2q p—1 2q

Finally, forany 1 < q < oo, ifug € LY(M) N LPO(M) N L™ (M) and
luollzroary < € (2.5)
withe = e(p,m, N, r, Cy, q) sufficiently small, then
lu@llzamy < lluollLamy forall t > 0. (2.6)

Remark 2.3. We notice that the proof of the above theorem will show that one can
take an explicit value of gg in (2.2). In fact, let go > 1 be fixed and {g, },<N be the
sequence defined by:

N
qn = m(m +gn-1—1), VneN,

so that

n n—1 i
(N N(m —1) N
i =(55) 0+ S 2 () @)
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Clearly, {g,} is increasing and ¢,, — +o00 as n — +o00. Fix ¢ € [qo, +00) and let
n be the first index such that g; > ¢. Define

gO = g0(175 ma Nv CSﬂ CI» qO)
1
2 -1 2 -1 pem
= min{ min 2" =D o 2mpo =D oL, g
n=0,...i (m +q, — D2 " (m+po—1?

Observe that gq in (2.8) depends on the value of g through the sequence {g,}. More
precisely, 7 is increasing with respect to ¢, while the quantity min,—o,.__ 7 % Sz
decreases w.r.t. ¢g. We then let g9 = po, take ¢ = pr and define, for these choice of
q0,4,

g0 =¢eo(p,m,N,Cs, 1) =29(p,m, N, Cs, pr, po) .
Furthermore, in (2.3) we can take

&0 = &o(p,m, N, Cs,q) = &(p,m, N, Cs,q, po) . (2.9
Similarly, one can choose the following explicit value for ¢ in (2.5):

e =7 A&, (2.10)

1
2m(q — 1) 2. 2m(po — 1) 2” p—m
Remark 2.4. Observe that, for M = R, in [38, Theorem 3, p- 220] it is shown that

if p>m+ % and u( has compact support and is small enough, then the solution to
problem (1.1) globally exists and decays like

é = é(pa m, CS’ q) = [min{

1

t P as t —> +oo.

Note that under these assumptions, Theorem 2.2 can be applied. It implies that the
solution to problem (1.1) globally exists and decays like

_r
t ms as t —> +o00.

It is easily seen that, for any p > m (1 + %)

<

ms p—1
Hence, when p > m (l + %) the decay’s rate of the solution u(t), for large times,
given by Theorem 2.2 is better than that of [38, Theorem 3, p. 220], while the opposite

is true for m + % <p<m (l + %) In both cases, the class of initial data considered
in Theorem 2.2 is wider.
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In the next theorem, we address the case that p > m, supposing that both the
inequalities (1.2) and (1.3) hold on M.

Theorem 2.5. Let M be a complete, noncompact manifold of infinite volume such
that the Sobolev inequality (1.2) and the Poincaré inequality (1.3) hold. Let

N
m>1, p>m, r> —,

2

and ug € L (M) N LP" (M) where 8 = min{m, r}, ug > 0. Let

1+ 2 !
s = — - -
N r
Assume that
luoll, .y, < €1 2.11)

holds with &1 = e1(m, p, N, r, Cp, Cy) sufficiently small. Then, problem (1.1) admits
a solution for any T > 0, in the sense of Definition 2.1. Moreover, for any t > 0 one
hasu € L*°(M x (t,400)) and for all t > 0 one has

s m s=1 1 ms
(@l ary < <m) ol ponar) |:||u0||€pr(M) + m””()“L’(M)]

Moreover, suppose that ug € LY(M) N LY (M) N LP" (M) for some for 1 < q < 00,

ol < €2 2.12)

for some g2 = e2(p,m, N, r, Cp, Cy, q) sufficiently small. Then,

lu(@) ey < lluollLaary forall t>0. (2.13)

Remark 2.6. We define, given g > 1:

N %

2 - 1 2m = — 1 p(p+q—1)—m(m+q—

€1(g) := | min m(q )2C; (P 2 )2C 2.14)
(m+q—1) (m+p¥ 1)

where C = Clz,m/p CandC = C‘(Cs, m, p,q) > 0is defined in (6.8), with the choice
0 = %. The proof will show that one can choose & := min;—;,__4&1(q;)
where g1 =m,qy = p,q3 = prandqqs =r.

Similarly, we observe that in (2.12) we can choose
&) =& N gl(q) . (2.15)

In the next sections, we always keep the notation as in Remarks 2.3 and 2.6.
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2.2. Weighted, Euclidean reaction—diffusion problems

We consider a weight p : RN — R such that
p e CRYYNL®®RY), p(x)> 0 forany x € RV. (2.16)

Solutions to problem (1.4) are meant according to the following definition.

Definition 2.7. Letm > 1, p > m and uq € L;JOC(}RN), ug > 0. Let the weight p
satisfy (2.16). We say that the function « is a solution to problem (1.4) in the interval
[0, T) if

uel?

D 1oeRY % (0,7))

and for any ¢ € C?O(RN x [0, T]) such that ¢(x, T) = 0 for any x € RY, u satisfies
the equality:

T T T
—/ / u@; p(x)dxdt =/ / u™ Ap dx dt +f f u? ¢ p(x)dxdt
0 RN 0 RN 0 RN

+/ up(x) p(x,0) p(x)dx.
RN

First, we consider the case that p > m + % Recall that since p is bounded, the
Sobolev inequality (1.5) necessarily holds.

Theorem 2.8. Let p satisfy (2.16). Let m > 1, p > m + % and uq € LZ‘(RN) N
L (RN), ug > 0 with po defined in (2.1). Let

> max , — =14+——--.
r {po s +N

N 2 1
2| r

Assume that

lloll, o vy < €0
Ly" (RY)

with eo = eo(p, m, N, r, Cy) sufficiently small. Then, problem (1.4) admits a solution
for any T > 0, in the sense of Definition 2.7. Moreover, for any Tt > 0, one has
ue LPMRYN x (1, +00)) and there exist T' > 0 such that, forallt > 0, one has

= 1
81 =

u(t < It n u — |ju uoll ,; ,
()l oo vy = " {” 0”L,€°(RN) R I OHLZO(RN)} I OHL’;’(RN)

where

2pr p—1 2pr

1
Szzp;l:l_’_w}'

. [1_N(p—m)] alzpp—m[HN(m—l)]
P

m

—1

p 2r
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Moreover, let pg < q < 0o and
”uOHLﬁ:O(RN) < &0

for &g = &o(p,m, N, r, Cy, q) small enough. Then, there exists a constant C =
C(m, p, N, g9, Cy, q) > 0 such that
— S
lu@llgwyy = Ct V‘?HMOHZZO(RN) forall t >0,

where

1 N(p — — N(m —1
Ve = [1— (2 m)], 5, =2 m[1+ o )]
p—1 2q p—1 2q

Finally, for any 1 < q < 0o, ifug € LyRY) N L*(RN) N L (RN) and
”uO”Lzo(RN) < £
holds, with ¢ = ¢(p,m, N, r, Cs, q) sufficiently small, then

||u(t)||L%(RN) S ”MO”L%(RN) forall > 0

A quantitative form of the smallness condition on u( in the above theorem can be
given exactly as in Remark 2.3, see in particular (2.8), (2.9) and (2.10).

In the next theorem, we address the case p > m. We suppose that the Poincaré
inequality (1.6) holds.

Theorem 2.9. Let p satisfy (2.16) and assume that the inequality (1.6) hold. Let

N
2 b

m>1, p>m, r>

and ug € Lf, RN N Lgr (RN where 6 = min{m, r}, ug > 0. Let

1+ 2 !
s = — - —.
N r
Assume that
luoll ,n < &
Ly 7 ®RY)

holds with &1 = e1(m, p, N, r, Cp, Cy) sufficiently small. Then, problem (1.4) admits
a solution for any T > 0, in the sense of Definition 2.7. Moreover, for any t > 0 one
has u € L®°[RY x (t, +00)) and for all t > 0 one has

L

Ky m s—1 l
B p _
()l ooy < (—s - 1) ol v, [||uo||L5r(RN) i ||uo||L;<R~)}

ms
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Moreover, suppose that ugy € L,% (RM) DL‘Z (RM) ﬂLgr RN) for some for 1 < q < oo,

u N < &,
luoll <2

for some g3 = ey(p,m, N, r, Cp, Cy, q) small enough. Then,

||u(t)||Lq(RN) < ||M()||L<1(RN) forall t >0.

A quantitative form of the smallness condition on u( in the above theorem can be
given exactly as in Remark 2.6, see in particular (2.14) and (2.15).

3. Auxiliary results for elliptic problems

Let xo, x € M. We denote by r(x) = dist (xg, x) the Riemannian distance between
xo and x. Moreover, we let Bg(xg) := {x € M, dist (xg, x) < R} be the geodesic ball
with centre xgp € M and radius R > 0. If a reference point xo € M is fixed, we shall
simply denote by Bp the ball with centre x( and radius R. Moreover, we denote by 1
the Riemannian measure on M.

For any given function v, we define for any k € R

k if v>k,
Tr(v) :=3v if |v| <k, 3.1
—k if v < —k.

For every R > 0, k > 0, consider the problem

= Au" + T (u?) in Bg x (0, +00)
u=20 in dBg x (0, +00) 3.2)
U =uo in By x {0},

where ug € L°°(BR), uo > 0. Solutions to problem (3.2) are meant in the weak sense
as follows.

Definition 3.1. Letm > 1 and p > m. Let ug € L>(Bg), up > 0. We say that a
nonnegative function u is a solution to problem (3.2) if

u € L®(Bg x (0, +00)), u™ e L*((0,T); Hy(Bg))  forany T >0,

and forany 7 > 0, ¢ € C°(Bg x [0, T']) such that ¢(x, T) = O for every x € Bg,
u satisfies the equality:

T
—/ / ue,dudt = / / " Vo)dudt +/ / Ti(uP)pdude
0 JBg Br Br

+f o (x) @ (x. 0) dju.
Bpr
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We also consider elliptic problems of the type

{—Au:f in Bgr, (3.3)

u=0 in 0Bg,
where f € L9(Bg) for some g > 1.
Definition 3.2. We say that u € HOl (Bg), u > 0 is a weak subsolution to problem
3.3)if
| wuvorans [ rodn.
Br Br

for any ¢ € Hol(BR), ¢ >0.
In the next lemma, we recall [14, Lemma 3.6], which will be used later.

Lemma 3.3. Let v € L' (BR). Let k > 0. Suppose that there exist C > 0 and s > 1
such that

g(k) < Cu(Ay)® forany k > k.

Then, v € L°°(Bg) and

lvllLe(Br) < S—C ||U|| + k.

LI(B )

The following proposition contains an estimate in the spirit of the L°° one of Stam-
pacchia (see, e.g. [4,24] and references therein) in the ball Bgr; however, some dif-
ferences are in order. In fact, we aim at obtaining an estimate independent of the
radius R (see Remark 3.5). Since the volume of M is infinite, the classical estimate of
Stampacchia cannot be directly applied.

Proposition 3.4. Let f € L™ (Bg) where m > % Assume that v € H& (Br),v=>20
is a subsolution to problem

—Av = in Bg,
v=7 inBg (3.4)
v=0 ondBg,
in the sense of Definition 3.2. Then,
2
s 1\* 1 =L
||U||L°°(BR) =< : (a) ”f”z’”(BR)”U”Lbl(BR)’ (35)
where
1+ 2 : 3.6)
s = — ——. .
N m
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Remark 3.5. 1f in Proposition 3.4 we further assume that there exists a constant kg > 0
such that

max {||v||L1(BR), ”f”Lm(BR)} <kg forall R >0,

then from (3.5), we infer that the bound from above on ||v]| ;% (pgy) is independent of
R. This fact will have a key role in the proof of global existence for problem (1.1).

Proof of Proposition 3.4. We define
Gr(v) :==v — Ti(v)
where T%(v) has been defined in (3.2) and
Ag :={x € Bg : |[v(x)| > k}.

Since G (v) € HO1 (Bg) and G (v) > 0, we can take G (v) as test function in problem
(3.4). Arguing as in the proof of [14, Proposition 3.3], we obtain

1 N+2_ 1
G du = — I fllLm By (Ar) N ", (3.7
Br s
By (3.6), setting

1
C= C_fnf”Lm(BR)’

we rewrite 3.7 as
/ IGk(v)|dpn < Cr(Ag)*.
Bg

Hence, we can apply Lemma 3.3 to v and we obtain

s—1

s 5 -
||U||L<>0(BR) S CS S__IHUHL](BR) +k

Taking the limit as k — 0 and we get the thesis.

We shall use the following Aronson—Benilan-type estimate (see [2]; see also [37,
Proposition 2.3]).

Proposition 3.6. Letm > 1, p > m, ug € HO1 (Bgr) N L*°(BR), ug > 0. Let u be the
solution to problem (3.2). Then, for a.e. t € (0, T),

—Au"(-,t) <uP(,t)+ ;M(', t) in ©(BR).
(m — )t
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Proof. The conclusion follows by minor modifications of the proof of [37, Proposition
2.3] (where p < m), due to the fact that we have p > m. We define

and the operator

where u is the solution to problem (3.2). Observe that

z(x,0) >0 for x € Bg,
z(x,t) >0 for x € dBg and € (0, 7).

Moreover, by direct computation, we get
—Lz>0 in Bgr x (0, 7).

Thus, arguing as in [37, Proposition 2.3], thanks to the comparison principle, we get,
forae.r € (0,7),

—Au’"(~,t)<Tk[u”(-,t)]+;u( 1 <uP(,1)+ ! ———u(-, 1)
N (m — 1t - (m — 1)t

in ©'(Bg),

where we have used that Tj (u?) < u? . O

4. L7 and smoothing estimates for p > m + %

Lemmad4.1. Letm > 1,p > m + % Assume that inequality (1.2) holds. Suppose
that ug € L*°(BR), ug > 0. Let 1 < g < 00, pg as in (2.1) and assume that

luollro By < € 4.1)

with € = g(p,m, q, Cy) sufficiently small. Let u be the solution of problem (3.2) in
the sense of Definition 3.1, such that in addition u € C([0, T), LY(Bg)) for any q €
(1, +00), forany T > 0. Then,

lu@)llraBr) < luollLasr) forall t >0. 4.2)

Note that the requestu € C([0, T'), LY(Bg))forany g € (1, +o0), forany 7 > 0
is not restrictive, since we will construct solutions belonging to that class (see the proof
of Theorem 2.2 below). This remark also applies to several other intermediate results
below.
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Proof. Since uy is bounded and T} is a bounded and Lipschitz function, by standard
results, there exists a unique solution of problem (3.2) in the sense of Definition 3.1.
We now multiply both sides of the differential equation in problem (3.2) by u9~!,

f u,uq_ld;L:/ AWy ul " du +/ TewP)u?Vdp.
Br Bp BR

Now, formally integrating by parts in Bg. This can be justified by standard tools, by
an approximation procedure. We get

1d
- uldp =—m(g — 1)/ ymta—3 |Vu|2du
g dt Jp, Bg
+/ TePyu?dp. 4.3)
Bg

Observe that, thanks to Sobolev inequality (1.2), we have
4 m+q—1 2
/iuww_ﬂVuPduz———————3/1 v047 ))du
Bg (m + q — 1) Bg
N-2

4 5 m+q—1 2N_ A
> ﬁcs u— 2 N2dp .
(m+q l) Bgr

Moreover, the last term in the right-hand side of (4.3), thanks to Holder inequality
with exponents 2 and ¥ 5 becomes

/ Ti(u?) u?™! dus/ u? uq*IdM=/ uP=m a1 gy
Bg Bx 2

m—+q—1
< Ju)” " eI
(Br )

4.4)

N
Lr—my 2 (Bg)

4.5)
Combining (4.4) and (4.5), we get

_[4m@ 1)

1
I ||u(t>||LpJ'ZBR)} o))" ™

LR (g

(4.6)

q
5E||“(t)”Lq(BR) =

Take any T > 0. Observe that, thanks to hypothesis (4.1) and the known continuity
of the map t — u(t) in [0, T], there exists fop > 0 such that

lu@llLropgy <28 forany ¢ e [0, 1].

Hence, (4.6) becomes, for any ¢ € (0, #p],

|: 4m(g — 1)

<0,
(m+q—12"

C2— 250" ’"} (o)™

—= 4 < —
g di Il g gy = L mta=D gy 2 (Bp)
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where the last inequality is obtained thanks to (4.1). We have proved that ¢ +—
lu(t)|l e (BR) 1s decreasing in time for any ¢ € (0, #o], i.e.

lu@)liLaBg) < lluollLesgy) forany t € (0,1]. @.7

In particular, inequality (4.7) follows for the choice ¢ = py, in view of hypothesis
(4.1). Hence, we have

lu@llLroBry < lluollLrosgy < & forany ¢ € (0, o]

Now, we can repeat the same argument in the time interval (¢, #1], where ¢ is chosen,
due to the continuity of u«, in such a way that

||M(t)||Lp0(BR) <2e for any t € (to, 11].
Thus, we get
lu(@)llLaBg) < lluollLa(py) forany t e (0, #].

Iterating this procedure, we obtain that  +— |lu(t)|lz9(Bg) is decreasing in [0, T].
Since T > 0 was arbitrary, the thesis follows. O

Using a Moser-type iteration procedure, we prove the following result:

Proposition 4.2. Letm > 1, p > m + % Assume that inequality (1.2) holds. Sup-
pose that uy € L°°(BgR), ug > 0. Let u be the solution of problem (3.2) in the
sense of Definition 3.1, such that in addition u € C([0, T), L9(BR))forany q €
(1, 400), forany T > 0. Let 1 < g9 < g < +00 and assume that

lluollzro(Br) < €0 (4.8)

for &y = &y(p,m, N, Cy, q, qo) sufficiently small. Then, there exists C(m, qg, Cs, €0,
N, q) > 0 such that

_ $
”"‘(t)”Lq(BR) <Ct yq””OHquo(BR) forall t >0,

where

11 N + 8 m -1
= (0= 0) s b= 2 (0 )
g q/)2q+N@m—1) g \qo+ 5(m—1)
Proof. Let {g,} be the sequence defined in (2.7). We start by proving a smoothing

estimate from gq to g;; using a Moser iteration technique (see also [1]).
Letr > 0, we define

S = —

ﬁ, = (2” — 1)S . (410)
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Observe thatfp =0, f; =t, ({t,} isan increasing sequence w.r.t. n. Now, for any
1 < n < n, we multiply equation (3.2) by udn-1=1 and integrate in Br X [t,—1, ty].
Thus, we get

In n
/ / g udr=171 d,udt:/ / AW™) ut "V dpde
ti—1 J Bg th—1 Y BR
t)'l
+/ / TPy u®="Vdyp dr.
fn—1 Y BR

Then, we integrate by parts in Bg x [t,—1, t,]. Thanks to Sobolev inequality and
hypothesis (4.8), we get

: [uu(-, W90 g — luC rn_1>||‘;"q;l_l(BR)]
.

4 —1 -
In—1

B (m+qn—1— 1)2 11— 1)‘2(3 )
4.11)
where we have used the fact that Tx (u”) < u”. We define g, as in (2.7), so that (m +

N
qn—1— l)m = g,. Hence, in view of hypothesis (4.8) we can apply Lemma 4.1
to the integral on the right-hand side of (4.11), hence we get

[l 18 gy = rn_1>||i"q;'_1(3 y

qdn—1
dm(gn—1 — 1) m Fuo1—1
< - [mc —2¢ p G ) fan () 10— ta—1-
n
(4.12)
Observe that
qn—1
”M(, [n)”anf] (BRr) = O,
on—1, (4.13)
[th — th—1] = o _ 1
We define
4 -1 1!
du_y = [m(q"—l)ch - 25;""} (4.14)
(m + qn—-1 — 1) qdn—1
By plugging (4.13) and (4.14) into (4.12), we get
-1 _ (2"=1d -
O o o v s LIGEASD [ pe
The latter formula can be rewritten as
(A O N e —— — e
”M(, tn)”Lq’l(BR) S ? t "1 ||M(, tl’l—l)”anfl (BR)"
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Thanks to the definition of the sequence {g,} in (2.7), we write

_ N 1
Q" = Ddy_y \ V-2 an =l N
(s tn)llLan (BR) < <2,,—1n T (- tn— Nl G 1(31)
(4.15)
Define o := N ~—5- Observe that, for any 1 < n < n, we have
Q"= Ddn 1\ [27=1( 4mgur - 1) _ e L
= T %) o
27t 21\ (m + gy — 1>2 Gn—1
-_ o
2 -1 1
T 2l dmgu_i (g — 1 T ;
mqn—1(gn—1 )Cg _ 256,,," G
L (m~+qn—1 — 1)2 ’
(4.16)
where
2" -1 ii+1 _
=1 <2 forall 1 <n <n. 4.17)

Consider the function

dm(x —1 e
g(x) = [ﬁcf — 256’_"’:| x for go <x <gqp, x€R.

Observe that, thanks to the definition of o, g(x) > 0 for any g9 < x < g;;. Moreover,
g has a minimum in the interval gg < x < gj, call it Xx. Then, we have

I
glx) — g(x)

Thanks to (4.16), (4.17) and (4.18), we can say that there exist a positive constant C,
where C = C(N, Cs, ¢, n, m, qo), such that

forany qo <x <g¢gi, x e R. (4.18)

2" — D1\’
<¢) <C, forall 1 <n<n. (4.19)
2n—1
By using (4.19) and (4.15), we get, forany 1 <n <n
an—19
e ) llzm By < €00 ety - (4.20)

Let us set

Up = |lu(, tn)”Lq"(BR)-
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Then, (4.20) becomes
1 . n—19
an +  an qn
Uy <Cat «U 7
1 - o o2 0,2 an—-2
<Cant [ant_ank_zq" }

L sl i o sn-l_i ot
< ClTnZi:OO t*qui:()" UO an

We define
1 n—1 ,' o n—1 ,' 40
oy ::—ZU , PBn :=—Za =oa,, 6,:=0"—. 4.21)
qn qn 4n
i=0 i=0
By substituting n with 7 into (4.21), we get
N—-2A N A q0
o =——, Pri=——, Siii=(A+1)—, 4.22)
2 gi 2 gn 9ii

n
where A i= (5%3)" 1. Hence, in view of (4.10) and (4.22), (4.20) with n = 7
yields

N-2A _NA qo At

N-2 A 0%
(-, Ol Lai(pgy < C 2 @t 29 ||M0||Lq01(BR)- (4.23)

We have proved a smoothing estimate from gg to gj. Observe that if g; = ¢ then the
thesis is proved. Now suppose that ¢ > g5. Observe that go < g < g5 and define

B:=N(m—1)A+2q0(A+1).

From (4.23) and Lemma 4.1, we get, by interpolation,

1-6
G Ol oy < G Do gy G D 2

_NAG_ 2q04H (1-0)
< o a0 3y C 1~ % = lluoll a0

L9 (Bp)
_NA(G_ 2g0 4 (1-0)+6
=Ct= 7 D o B :
(4.24)
where
9=q—°<q”_q>. (4.25)
q9 \4n — 40

Combining (4.24), (4.9) and (4.25), we get the claim, noticing that ¢ was arbitrary in
[0, 00). O
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Remark 4.3. One cannot let ¢ — +o0 in the above bound. In fact, one can show that
& —> 0 as ¢ — oo. So in such limit the hypothesis on the norm of the initial datum
(2.2) is satisfied only when ug = 0.

Proposition 4.4. Letm > 1, p > m + % R >0, pobeasin(2.1), ug € L°°(BR),
ug > 0. Let

N 2 1
— 1, =14+—-——--. 4.26
r>max{p0,2} s +N " ( )
Suppose that (2.2) holds for ey = eo(p, m, N, Cs, r) sufficiently small. Let u be the
solution to problem (3.2), such that in addition u € C([0, T), LY(BR)) for any q €
(1, 400), forany T > 0. Let M be such that inequality (1.2) holds. Then, there exists
I' =T(p,m, N,r) > 0 such that, forall t > 0,

s—1

y 5 1 5 o s
”u(t)”LOC(BR) =< Lt ms {HMOHLIPO(BR) + m ”uO”szo(BR)} ||”0||LW(BR)’

4.27)
where
N(p — — N(m—1
y= P [ Ne=m| o pmml Nm=DY
p—1 2pr m—1 2pr
— N(m—1
= L=m iy N =D (4.28)
m—1 2r

Remark 4.5. If in Proposition 4.4, in addition, we assume that for some ko > 0
max {||u0||Lm(BR); ”’/‘OHLPO(BR)} <ko for every R >0,

then the bound from above for [[u ()| Lo (Bg) in (4.27) is independent of R.

Proof of Proposition 4.4. Let us set w = u(-, t). Observe that w™ € HO1 (Bg) and
w > 0. Due to Proposition 3.6, we know that

_A(wm) < |:wP + L}
- (m— 1t |

Observe that, since ug € L°°(Bpg) also w € L°°(Bg). Due to (4.26), we can apply
Proposition 3.4. So, we have that

2
s 1\~ w
moo < _ P -
1z o) s—l(cs> ”w T

T <CL> {”w,,

s—1

L;(BR)

lw™|
L7 (BR)

s s—1

IA

mi=L
”w”L"’EBR)

(4.29)

1
L’ (BR) + m ”w”L’(BR)}
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where s has been defined in (3.6). Thanks to (2.2), with an appropriate choice of ¢,
and (4.26) we can apply Proposition 4.2 with

1 ! N(p —m)
= r’ = s = —_
q9=Dr q0 = po, Ypr b1 2pr
and 8, = 81/ p, 61 defined in (4.28). Hence, we obtain

_ B p
10?8 = 101 gy < [ €177 ol ] (430)

where C > 0 is defined in Proposition 4.2. Similarly, by (2.2), with an appropriate
choice of ¢, and (4.26), we can apply Proposition 4.2 with

1 N(p —m)
qg=r, qo=po, ¥Vr= 1 -
p—1 2r

and §, = §; as defined in (4.28). Hence, we obtain

— 8
”w”L’(BR) =< Ct yr”“O”sz()(BR)v (431)

where C > 0 is defined in Proposition 4.2. Plugging (4.30) and (4.31) into (4.29), we
obtain

IIwHToo(BR)s—( ) {u

2
N 1 s _ § 1
— P y=PYpr 1 Vr
= s—1 (Cv> {C t 7 HMOHLPU(BR) + 7(,/” " Ct™ HMOHL”O(BR)} Hw”L"’(BR)

Observe that —py,, = —y, — 1 = y, where y has been defined in (4.28). Hence, we

obtain
S
N Sy
||w||’i’w<BR>fm<c—s) a
s—1

1 m=
{ ”I"OHLP()(BR) + C ”M()”L/’U(BR)} ”w”L”’EBR)’

1 s msZL
L7 (Bg) m ||w||L"(BR) ”wHLm(BR)

Moreover, since ug € L°(Bg), we can apply Lemma 4.1 to w with ¢ = m. Thus,
from (4.2) with ¢ = m we get

2

s 1\s _vy

wl|Too < — ) t7s
s = 55 (c)

1 mi=t
{ ”uO”LPO(BR) + C HMOHLPO(BR)} HMOHL’”(BR)'

@ |-

Finally, define

1

s 1 : » 1 "
.= — max[Cs; Cs} .
s—1\Cy
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Hence, we obtain

1
ms s—1

_v s 1 5 g 5
||w||L°°(BR) <[t ms {”MOHLII’Q(BR) + m ”uO”LZPo(BR)} ||u0||L;”(BR)'

5. Proof of Theorem 2.2
Proof of Theorem 2.2. Let {uo »}n>0 be a sequence of functions such that

(@) uo.p € LX(M)NC(M) forall h >0,
(b) upp =0 forall h >0,
(¢) uo,n; < uo,n, forany hy < hy,

(d) uo —> up in L™ (M) N LP(M) as h — 400,

where pg has been defined in (2.1). Observe that, due to assumptions (c) and (d), uo
satisfies (2.2). Forany R > 0, k > 0, h > 0, consider the problem

u; = Au™ + Ty (u?) in Bg x (0, +00)
u=20 in dBg x (0, 0c0) 5.1
U = ug,p in Bg x {0}.

From standard results, it follows that problem (5.1) has a solution u,’f’ ¢ in the sense

of Definition 3.1; moreover, uf’k IS C([O, T]; L1 (BR)) for any ¢ > 1. Hence, by
Lemma 4.1, in Proposition 4.2 and in Proposition 4.4, we have for any ¢ € (0, +00),

lug e Ollm ey < Muonllm s (5.2)

_ 8
Ik g OBy < C 77 01l o - (5-3)

where

1 N(p — — N(im —1
vy = |- Np—m) ’ apzp mly Nen—1D ’
2p p—1 2p

1
s—1

R -k 31 1 L)) " =
et sclleoocmry = T E7ms g luonll oo gy + =7 lt0nloome ¢ 14001 Ln (5

54
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with s as in (4.26) and y, 81, 8 as in (4.28). In addition, for any 7 € (0,7),¢ €
Cl(x, T)), ¢ =0, maxjr,71¢" > 0,

T
/ {(t)[((u}lf’k)mTH)t]zdudtgmaxg’C_'/ wf )" (x, T)dp
T Bg

[.T]
+C_’maX§/ F(uffk(x,T))du
(.71 g, ’

< max ¢ OCHup Ol oo g 1 (O n 5,

R P R m
u T 00 u T m
o W D e I TV

(5.5)

where
u
F(u):/ s"IHP gy
0

and C > 0 is a constant only depending on m. Inequality (5.5) is formally obtained by
multiplying the differential inequality in problem (3.2) by ¢ (¢)[(#™),], and integrating
by parts; indeed, a standard approximation procedure is needed (see [17, Lemma 3.3]
and [3, Theorem 13]).

Moreover, as a consequence of Definition 3.1, for any ¢ € C2°(Bg x [0, T']) such
that ¢(x, T) = 0 for any x € Bp, uff,k satisfies

T T T
—/ / uﬁk(p,dudtzf / (u;f’k)m Apdudt —I—/ / Tk[(uhR’k)p]qup.dt
0 Bg 0 Br 0 Bpr

(5.6)
+f ug,p(x) p(x,0)du,
Bg

where all the integrals are finite. Now, observe that, for any # > 0 and R > 0 the
sequence of solutions {u }If ¢ Jk=0 is monotone increasing in k hence it has a pointwise
limit for k — oo. Let u ,If be such limit so that we have

ufik — uf as k — oo pointwise.

In view of (5.2), (5.3) and (5.4), the right-hand side of (5.5) is independent of k. So,
@R " € H'((x, T); L*(Bg)). Therefore, uf)"T" € C([r, T; L*(Br)). We can
now pass to the limit as k — oo in inequalities (5.2), (5.3) and (5.4) arguing as
follows. From inequality (5.2) and (5.3), thanks to the Fatou’s Lemma, one has for all

t>0

R () m ey < lluonllLm - (5.7)

R —p 8 .
”uh (t)||L/’(BR) =< Ct™ 7 ”u0,h”Lppo(BR) ) (58)
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On the other hand, from (5.4), since u}If P u;f as k — oo pointwise and the
right-hand side of (5.4) is independent of &, one has for all > 0

1

ms s—1
R —r 81 1 8 5
lup [ Loopry < Tt ms {”MOJI”LI’O(BR) 1 ”u(),h”Lpo(BR)} ””QhHLm(B,g*g)

with s as in (4.26) and y, §;, 87 as in (4.28). Note that (5.7), (5.8) and (5.9) hold
for all t > 0, in view of the continuity property of u# deduced above. Moreover,
thanks to Beppo Levi’s monotone convergence theorem, it is possible to compute the
limit as k — +oo in the integrals of equality (5.6) and hence obtain that, for any
¢ € CX(Bgr x (0,T)) such that ¢(x,T) = 0 for any x € Bpg, the function u;f
satisfies

T T m T »
—/ / ul o, dp dt =/ / (uf) A(pdu,dt—l—/ / (uf) pdudt
0 Bg 0 Br 0 Bpr

+ fB o () p(x, 0) dps.
(5.10)

Observe that all the integrals in (5.10) are finite, hence u,’f is a solution to problem
(5.1), where we replace Ty (u?) with u? itself, in the sense of Definition 3.1. Indeed,
we have, due to (5.7), u,’f € L™(Bg x (0, T)) hence u;f € LY(Bg x (0, T)). Moreover,
due to (5.8), u}lf € LP(Bg x (0, T)) indeed we can write

T R p T R
fo /B (uh) d;ult:/o 1uR12 5 d
R
T
_ 8 p
5/0 (Ct yp”uo,h”Lpp()(BR)) dt

T
péy _
=C? ||u0,h||L[){)(BR)‘/(; P dt.
(5.11)

Now observe that the integral in (5.11) is finite if and only if py, < 1. The latter
reads p > m + %, which is guaranteed by the hypotheses of Theorem 2.2.

Let us now observe that, for any # > 0, the sequence of solutions {u,’f }R>0 18
monotone increasing in R, hence it has a pointwise limit as R — +oo. We call its
limit function uy, so that

ul —s up as R — 400 pointwise.

In view of (5.2), (5.3), (5.4), (5.7), (5.8), (5.9), the right-hand side of (5.5) is in-
dependent of k£ and R. So, (uh)% € H'((r, T); L3(M)). Therefore, (uh)% €
C([r, T1; L>(M)). Since ug € L™ (M) N LPO(M), there exists ko > 0 and k; > 0
such that

luonllLm gy < ko YVh>0, YR>O0,

5.12
luonllLrosgy <ki Yh>0, YVR=>O0. (.12)
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Note that, in view of (5.12), the norms in (5.7), (5.8) and (5.9) do not depend on R (see
Lemma 4.1, Proposition 4.2, Proposition 4.4 and Remark 4.5). Therefore, we pass to
the limit as R — 400 in (5.7), (5.8) and (5.9). By Fatou’s Lemma,

lup @l Lm oy < lluo,nllm oy, (5.13)

_ )
lunllry < Ct ””Iluo,hllepo(M), (5.14)
furthermore, since u f —> uyp, as R — 400 pointwise,

s—1

_Y S 1 S ms e
lunllzooony < Temms {””QhHLII’O(M) T IIMo,hllemM)} Nwo.nll ponary»
(5.15)

with s as in (4.26) and y, 81, &2 as in (4.28). Note that (5.13), (5.14) and (5.15) hold
forallt > 0, in view of the continuity property of u ,If deduced above.

Moreover, again by monotone convergence, it is possible to compute the limit as
R — +o0 in the integrals of equality (5.10) and hence obtain that, for any ¢ €
C°(M x (0, T)) such that ¢(x, T) = 0 for any x € M, the function u, satisfies,

T T T
—/ / uhwtdudtzf /(uh)’" Afpdudt+/ f(uh)”wdudt
0 M 0 M 0 M

+ /M o () 9 (x. 0) dp.
(5.16)

Observe that, arguing as above, due to inequalities (5.13) and (5.14), all the integrals
in (5.16) are well posed hence 1}, is a solution to problem (1.1), where we replace ug
with ug j, in the sense of Definition 2.1. Finally, let us observe that {uq , }s>0 has been
chosen in such a way that

up, —> up in L™ (M) N LPO(M).

Observe also that {u;},>0 is a monotone increasing function in & hence it has a limit
as h — 4o00. We call u the limit function. In view (5.2), (5.3), (5.4), (5.7), (5.8), (5.9),
(5.13), (5.14) and (5.15) the right-hand side of (5.5) is independent of k£, R and /. So,
umTH e H' (¢, T); Lz(M)). Therefore, u% € C([r, T, LZ(M)). Hence, we can
pass to the limit as & — +o00 in (5.13), (5.14) and (5.15) and similarly to what we
have seen above, we get

lu@lLm oy < lluollLm . (5.17)

_ 8
lu@ llLran < C 177 luoll o ap, - (5.18)

and

L
s—1

I 1 5 W e
lullpoomy < Tt7ms {”uOHL]PO(M) R ||“0||L2P0(M)} ol Ln (ary> (5-19)
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with s as in (4.26) and y, 81, 8> as in (4.28). Note that both (5.17), (5.18) and (5.19)
hold for all t > 0, in view of the continuity property of u deduced above.

Moreover, again by monotone convergence, it is possible to compute the limit as
h — +oo in the integrals of equality (5.16) and hence obtain that, for any ¢ €
C>(M x (0, T)) such that ¢(x, T) = 0 for any x € M, the function u satisfies,

T T T
—/ / ugo,d,udt:/ / u™ Agodudt—f—/ / u? o dp dt
0 M 0 M 0 M (520)

+ / o (x) @ (x, 0) dje.
M

Observe that, due to inequalities (5.17) and (5.18), all the integrals in (5.20) are finite,
hence u is a solution to problem (1.1) in the sense of Definition 2.1.

Finally, let us discuss (2.6) and (2.4). Let pg < g < 00, and observe that, thanks to
hypotheses (c) and (d), ugy, satisfies hypothesis (2.3) for such ¢ and go = po as uy,
then we have

_ 1)
ks OllLacse) < €177 Nuonll o g- (5.21)

Hence, due to (5.21), letting k — +o00, R - +00, h — 400, by Fatou’s Lemma we
deduce (2.4).

Nowletl < g < oco.Ifug € LY(M) N L™ (M) N LPO(M), we choose the sequence
uop, in such a way that it further satisfies

upp —> ug in LY(M) as h — +oo,
and observe that ugy, satisfies also (2.5) for such g. Then, we have that
||M1§,k(t)||Lq(BR) < lluo,nllze(Bg)- (5.22)
Hence, due to (5.22), letting k — +00, R — 400, h — +00, by Fatou’s Lemma we

deduce (2.6). O

6. Estimates for p > m

Lemma 6.1. Let m > 1, p > m. Assume that inequalities (1.3) and (1.2) hold.
Suppose that ug € L°°(BR), ug > 0. Let 1 < g < oo and assume that

u < g 6.1
luoll <1 (6.1)

for a suitable & = g\(p,m, N, C, Cy, q) sufficiently small. Let u be the solution of
problem (3.2) in the sense of Definition 3.1, such that in additionu € C([0, T); LY(Bg)).
Then,

(Ol LaBr) < luollLasgy forall t>0. (6.2)
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Proof. Since uy is bounded and T} is a bounded and Lipschitz function, by standard
results, there exists a unique solution of problem (3.2) in the sense of Definition 3.1.
We now multiply both sides of the differential equation in problem (3.2) by u¢~!,
therefore

/ u,uq_ldu:/ AW ud " du +/ TewPyu? ' dpu.
Bg Bpr Bg

We integrate by parts. This can be justified by standard tools, by an approximation
procedure. Using the fact that T'(u?”) < u”, we can write

-—— uldu < —m(g—1) w3 \VuP du —i—/ uP ut=Vdp
q dt Jp, B Br

_ -1 |2
S_M/ V(u = l)‘ du +/ uP+a=lqy.
(m+‘]_1) Bg Br

(6.3)
Now we take ¢ > 0, ¢o > 0 such that ¢ + ¢, = 1. Thus,
m+q—1 m+q 1 2 m+q 1 2
v () = |9 () e [
Br L2(Bg) L2(Bg)
(6.4)
Take any o € (0, 1). Thanks to (1.3), (6.4) becomes
m4q—1 2 2 m+q—1 m+q 1 2
[ 7 () anz iy, v v ()],
2 m4q—1 m+q 1 ) ‘ 2420 —2a
z G lull iy €2 HV ( L2(Bp)
20 pmtg—1 2oy yemtq—1) mig=ly (| 220
= C]Cp ”u”Lerq—l(BR) + Cch ||u||Lm+q71(B ) HV ( )‘ LZ(BR) .
(6.5)

Moreover, using the interpolation inequality, Holder inequality and (1.2), we have

—1 +q—1
/ WPt dp, = w77
Bg

O(p+qg—1 (1-=60)(p+q—1
< )0 D )0t

L’"Jrq’l(BR) Lp+m+q—l(BR)
m+q—1 p+q—1

< Nl @D g T O
- LM +a—=1(Bp) pf (m+q I)N 3 (Bg)

) 2(1—0)—Lta=1
< ”u||6(p+q—l) e ”(1 G)gs.lerf,, & i v (u;71+g—1)‘ (1-0) 5 e
= Lm+a=1(Bp) LP 2 (Br) CS L2(Bg)

(6.6)
where 0 := % By plugging (6.5) and (6.6) into (6.3), we obtain
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dm(g — 1) —1
q 2 m+q
55””0)”“(310 S Tmtq-12 caC, ||M(t)||Lm+q—|(BR)
dm(g — 1) 2a a(m+q—1) m+q 1 (272«
- (m+q— 1)2 €2 CP ””(t)”L’"*‘i*‘(BR) HV ( )‘ L2(BR)
. _g) 2pta=D) g1y | 201=0) 52l
9(P+(1_1) a )£+m+q 1 H ( L‘)‘ p+m+q—1
+ CIOI G ]y 7 [V ()]
6.7)
where
C L\ 6.8
_ (C_) . 68)
Let us now fix o € (0, 1) such that
-1
220 =2(1-6) (L)
p+m+qg—1
Hence, we have
m
a = —. (6.9)
p
By substituting (6.9) into (6.7), we obtain
4m(g — 1) 2 g1
||u(r>||Lq(BR) “mra =126 ey 5
- e DC
(m+q —1)? 2 (Bg)
a(m+q—1) mg— 1)‘2 2
X ”u(t)”Lm+q—](BR) Hv ( LZ(BR) )
(6.10)

where C has been defined in Remark 2.6. Observe that, thanks to hypothesis (6.1) and
the continuity of the solution u(t), there exists 7y > 0 such that

IIu(t)IILpz(B ) <2¢g; forany t € (0,1].

Hence, (6.10) becomes, for any ¢ € (0, 9]

d 4m(qg — 1) S
S 4 1 7 . 2 +q
7 1l zg ) = T c1Cy Hu(t)llL,Hq,l(BR)
+q—1)—mn+q-1 3
_ L] amg-be _25%‘:;(211‘” () *m+a=D Hv(u%q—l) 2-2
(m+q —1)2 1 Lm+a=1(Bp) 2

<0,



2368 G. GRILLO ET AL. J. Evol. Equ.

provided &1 is small enough. Hence, we have proved that ||u(t)||14(By) is decreasing
in time for any ¢ € (0, #], i.e.

lu(@llLaBr) < lluolla(sg) forany € (0, 1]. (6.11)
In particular, inequality (6.11) holds g = p%. Hence, we have

e,y , < ol < & forany 1€ (0.10).

oy
) L7 2 (BR)

Now, we can repeat the same argument in the time interval (¢, #1] where #; is chosen,
thanks to the continuity of u(¢), in such a way that

lu(t)|| <2&, forany t € (t9, 11].
Thus, we get

lu()lzaBr) = luollLacsg) forany r e (0,1].
Iterating this procedure we obtain the thesis. g

Proposition 6.2. Letm > 1, p > m, R > 0, ug € L°(BR), ug > 0. Let

N 1 2 1 6.12

r>3, s = ~|—N—;. (6.12)

Suppose that (2.11) holds for ey = e1(p, m, N, r, Cs, Cp) sufficiently small. Let u be

the solution to problem (3.2), such that in addition u € C([0, T); LY(BR)) for any

1 <g <+4ocoandT > 0. Let M support the Sobolev and Poincaré inequalities (1.2)

and (1.3). Then, there exists ' = I'(N, m, [, Cs) > 0 independent of T such that, for
allt > 0,

1

s—

,1 1 ms
||M(t)||LOO(BR) =< r ”uOHLi"(BR) |:||u0||€1”(BR) + m'|u0||Lr(BR):|
(6.13)

Remark 6.3. If in Proposition 6.2, in addition, we assume that for some ko > 0

max {|[uollz»Bg): NuollLrrsrys luollzrsg)} <ko forevery R >0,
then the bound from above for [[u(f)[| Lo (Bg) in (6.13) is independent of R.

Proof of Proposition 6.2. Let us set w = u(-, t). Observe that w" € H(} (Bg) and
w > 0. Due to Proposition 3.6 we know that

m w
-eens|wre gt

Observe that, since ug € L (Bg) also w € L°°(Bg). Due to (6.12), we can apply
Proposition 3.4, so we have that

m s 1
||w||Loo(3R) < : (C_s)

G =

s—1

© N

my s
”w ”LI(BR) .

”wp +
L"(BRr)

w
(m — 1)t



Vol. 21 (2021) Global existence of solutions and... 2369

Therefore
1

lwll7 < (L) lw? |- +;||w|| - ' ||w||’”%
L>®(Bg) — s—1 Cs L"(BR) (m — 1)t L"(Bg) L™ (Bg)®
(6.14)

where s has been defined in (6.12). In view of (2.11) with a suitable &1, since ug €
L (Bg), we can apply Lemma 6.1. Hence, we obtain

”wp”L'(BR) = ”w”ip’(BR) =< ”uOH{P’(BR)‘ (615)

Similarly, again for an appropriate ¢ in (2.11), since ug € L°°(Bg), we can apply
Lemma 6.1 and obtain

lwlizr gy < lluollLr(Bg)- (6.16)

Plugging (6.15) and (6.16) into (6.14), we obtain

m < S 1 s P 1 S m%
”w”LOO(BR) = STI C_s ”w”LW(BR) + m”w”Lr(BR) ”w”L’"(BR)

N 1 s P 1 s mss;l
= s—1 C_s ||u0||Lpr(3R) + m”uOHU(BR) ”w”L"’(BR)'
Moreover, since ug € L°(Bg), we can apply Lemma 6.1 to w with ¢ = m. Thus,
from (6.2) with ¢ = m we get

2m i
s 1 5 s—=1 1 ms
lwllLee gy < |:s_1 <a) i| HMOHLrsn(BR) |:||M0||€pr(BR) + WHMO||L’(BR):| (6.17)

We define
1 Z m
s s
I:= — . 6.18
|:S -1 (CS‘> :| ( )

Then, from (6.17) we get

1

s—1

2”1 ] ms
lwllz sy < Tlluoll gy [Iluollfpr(BR) + mlluollLr(BR)]

O

Proof. The proof of Theorem 2.5 follows the same line of arguments of that of The-
orem 2.2, with minor differences. Let {uo 5 }r>0 be a family of functions such that

(a) upp € L*(M)NC°(M) forall h >0,
(b) up,p >0 forall h > 0,
(¢) uo,n, < uo,p, forany hy < hy,

(d) uo,p —> up in L?(M) N LP" (M) where 6 := min{m,r} as h — 400,
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Observe that, due to assumptions (c¢) and (d), ug,;, satisfies (2.11) for an appropriate
e1 sufficiently small. Moreover, thanks by interpolation, since m < p < pr, we have

uo.p —> ug in LP(M) as h — +o00.
Forany R > 0, k > 0, h > 0, consider the problem

uy = Au™ + Tr(u”) in Bg x (0, +00)
u=20 in dBg x (0, 0c0) (6.19)
U =uoph in Bg x {0}.

From standard results it follows that problem (6.19) has a solution u ,If’ « in the sense of
Definition 3.1; moreover, u,fk IS C([O, T]; L1 (BR)) for any ¢ > 1. Hence, it satisfies
the inequalities in Lemma 6.1 and in Proposition 6.2, i.e. for any ¢ € (0, +00),

R )
Ny ONlLm gy < luo.nllLm(sg);
R )
lup  OllLe gy < lluo.nllLrsg):

1
s—1

s=1 1 s
R s p
Ny iRy < T lluonll n g,y |:||Mo,h||Lp,~(BR) + mlluo,hllLr(BR)] ,

with 7 and s as in (6.12) and I as in (6.18). Arguing as in the proof of Theorem (2.6),
we can pass to the limit as k — +00, R — 400, h — 00 obtaining a function u,
which satisfies

(@) lLm ey < luollpmarys (6.20)
lu@llzr o < luollLe o, (6.21)

and

1

s—1

22 l ms
lull ooy < T lluoll pn pr |:||M0||§1,,-(M) + mll”ollu(m} . (6.22)

with r and s as in (6.12) and T" as in (6.18). Moreover, for any ¢ € C2°(M x (0, T))
such that ¢(x, T) = 0 for any x € M, the function u satisfies

T T T
—/ / ucp,d,udt:/ / u™ A(pdudt—i—/ / u? o dudt
0 M 0 M 0 M (623)

+/ o (x) @ (x. 0) dye.
M

Observe that, due to inequalities (6.20), (6.21) and (6.22), all the integrals in (6.23)
are finite, hence u is a solution to problem (1.1) in the sense of Definition 2.1. Finally,
using hypothesis (2.12), inequality (2.13) can be derived exactly as (2.6). 0
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7. Proofs of Theorems 2.8 and 2.9

We use the following Aronson—Benilan-type estimate (see [2]; see also [37, Propo-
sition 2.3]); it can be shown exactly as Proposition 3.6.

Proposition 7.1. Letm > 1, p > m, ug € H}(Bg) N L>°(BRg), ug > 0. Let u be the
solution to problem (7.1). Then, for a.e. t € (0, T),

—AU" (1) < puP (1) + — “u(.1) in D'(Bp).

(m —1)

For any R > 0, consider the following approximate problem

oXu; = Au™ + p(x)u? in Bp x (0,T)
u=~0 in dBgr x (0,7) 7.1
U= ug in Bg x {0},

where Bg denotes the Euclidean ball with radius R and centre in the origin O.
We exploit the following estimate, which can be proved as that in Lemma 4.1.

Lemma 7.2. Let
2

> 1, —.
m p>m+N

Suppose that inequality (1.5) holds. Suppose that ug € L°°(Bg), uo > 0. Let
1 < g < o0, po be as in (2.1) and assume that

HMOHL/]:O(BR) < &,

fore =&(p,m, Cy, q) small enough. Let u be the solution of problem (7.1), such that
in additionu € C([0, T), L%(BR))for any q € (1, +00), forany T > 0. Then,

||u(t)||L%(BR) < ||u0||L%(BR) forall t >0.

The following smoothing estimate is also used; the proof is the same as that of
Proposition 4.2.

Proposition 7.3. Let

2
m > 1, >m+ —,
P N

Assume (2.16) and (1.5). Suppose that ug € L°°(BR), ug > 0. Let u be the so-
lution of problem (7.1), such that in addition u € C([0,T), LZ(BR))for any q €
(1, 400), forany T > 0. Assume that (2.2) holds for ey = eo(p, m, N, r, Cy) suffi-
ciently small. There exists C(m, qo, Cs, &, N, q) > 0 such that

6‘1

L1 (81) forall t >0,

1)l 115y < C 177 ol
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where

, _(i_l)L. 5, = Q0 (4t 3m=D)
" Na q)2qg+Nm-1" " g \gg+¥m-1)"
Proof of Theorem 2.8. The conclusion follows by repeating the same arguments as in

the proof of Theorem 2.2. We use Lemma 7.2 instead of Lemma 4.1, Proposition 7.3
instead of 4.2 and Proposition 7.1 instead of Proposition 3.6.

7.1. Proof of Theorem 2.9

We consider problem (7.1). We use the following estimate, which can be proved as
that in Lemma 6.1.

Lemma 7.4. Let
m>1, p > m.

Assume that (1.5) and (1.6) hold. Suppose thatug € L*°(Bg), ug > 0.Let1 < g < 00
and assume that and assume that

HMOHLP%(BR) < &
for a suitable &, = & (p,m,N,C,, Cy, q) sufficiently small. Let u be the solu-
tion of problem (7.1), such that in addition u € C([0,T), LY(BR))forany q €
(1, 400), forany T > 0. Then,

lu(@)llLaBg) < lluollLag) JSforall t>0.

Proof of Theorem 2.9. The conclusion follows arguing step by step as in the proof of
Theorem 2.5. We use Lemma 7.4 instead of Lemma 6.1 and Proposition 7.1 instead
of Proposition 3.6.
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