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Lorentz spaces in action on pressureless systems arising from
models of collective behavior
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Zu Ehren von Matthias Hieber

Abstract. We are concerned with global-in-time existence and uniqueness results for models of pressureless
gases that come up in the description of phenomena in astrophysics or collective behavior. The initial data
are rough: in particular, the density is only bounded. Our results are based on interpolation and parabolic
maximal regularity, where Lorentz spaces play a key role. We establish a novel maximal regularity estimate
for parabolic systems in Ly (0, T'; L, (£2)) spaces.

1. Introduction

We are concerned with models coming from a special type of hydrodynamical systems,
that do not include the effects of the internal pressure. The simplest example is the
motion of dust, that is, of free particles evolving in the space like, e.g. in astrophysics
[17], or in multi-fluid systems [4,6]. Leaving the world of inanimate matter, one can
also mention models that describe collective behavior, where particles or rather agents
exhibit some intelligence, and for which having a force like internal pressure is not so
natural. A well-known example in this area is given by the equations of traffic flow
[5,25], where particles are just cars.

In order to specify and understand this class of models, let us go back to the kinetic
description of a collective behavior. Consider equations of the following form

fi+v-Vof +divyK(f)f =0 in (0, T) x RY x RY, (1.1

where f = f(¢, x, v) is adistribution function of a gas in the phase-space. Classically,
if the operator K comes from the Poisson potential, then we find the Vlasov system.
If taking a less singular operator, then one may obtain for example the Cucker—Smale
system that models collective behavior like flocking of birds [7]. Assuming a very
special form of f, the so-called mono-kinetic ansatz, one can pass formally from the
kinetic model (1.1) to the hydrodynamical system, putting just

f(t,x,v) :p(tsx)SU:u(t,x)- (12)
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This amounts to saying that the distribution of the gas under consideration is located
on the curve v = u(t, x). Although one cannot expect this simplification to be a correct
description of a gas, it is relevant for modelling some collective behavior phenomena
as one can expect a crowd of individuals to have the same speed (or tendency) at one
point [32,34].

Formally, plugging (1.2) in (1.1) leads to the following general form of hydrody-
namical system:

pr +div (pu) =0,

1.3
pus + pu - Vi = A(p, ). (13)

The two equations may be seen as the mass and momentum balances, respectively. If
A = 0, then one just recovers the pressureless compressible Euler system, and there is
no interaction whatsoever between the individuals. Relevant examples where A # 0
can be found in [31,37,38].

In our note, we would like to put our attention on the following two cases:

A(p,u) = pAu or A(p,u) = pAu + p'Vdivu, >0, uw+u >0.
(1.4)
The first case is a viscous regularization of (1.3) that can be viewed as a simplification
of the Euler alignment system. It corresponds to the hydrodynamical version of the
Cucker—Smale model, namely
pr + div (pu) =0,

pu,—l—pu-Vu:/
R4

N 1.
Lﬂcyi—wp(t,y)p(nx)dy, we 2.

The right-hand side of (1.5) involves the fractional Laplacian (—A)%/? (see details in
[16,20]) and the first case in (1.4) thus meets « = 2. The second case of (1.4) is the
Lamé operator that can be obtained from the Vlasov—Boltzmann equation (for more
explanation, one may refer to the introduction of [36]). The form of (1.4) does not
take into account the effects of internal pressure. From the mathematical viewpoint,
the lack of the pressure term P causes serious problems. In particular, all techniques
for the compressible viscous systems based on the properties of the so-called effective
viscous flux, namely F := divu — P, which has better regularity than divu and P
taken separately, are bound to fail. Recall that using F' is one of the keys to the theory
of weak solutions of the compressible Navier—Stokes equations [21,22,26-28], as it
allows to exhibit compactness properties of the set of weak solutions. In the theory of
regular solutions [9,13,30,33], the effective viscous flux provides the decay properties
for the density that are needed for establishing global existence for small data.

In the case of pressureless systems, there is no such a possibility, so that we need
to resort to more sophisticated techniques to control the density. This may partially
explain the reason why the mathematical theory of pressureless models is poorer than
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the classical one. The aim of this note is to present a novel technique coming from the
maximal regularity theory for analytic semi-groups, allowing to prove global-in-time
properties of solutions to (1.3), (1.4). It will enable us to show existence and uniqueness
results under rough assumptions on the density (only bounded), even though one cannot
take advantage of the effective viscous flux. More precisely, by combining interpolation
arguments, subtle embeddings, suitable time weighted norms and the magic properties
of Lorentz spaces, we succeed in obtaining the L (R ; L) regularity for the gradient
of the solution to the linearized momentum equation in (1.3) and, eventually, produce
global-in-time strong solutions. Our main results concern global-in-time solvability
for the two dimensional case for large velocity, and the three dimensional case in the
small data regime.

2. Functional framework

This note aims at presenting an interesting application of Lorentz spaces for para-
bolic type systems. Lorentz spaces can be defined on any measure space (X, ) via
real interpolation between the classical Lebesgue spaces, as follows:

Ly (X, 1) = (Loo(X, ), L1(X, 11))1/p., for p e (l,00) and r € [l,00].
Q2.1

Lorentz spaces may be endowed with the following (quasi)-norm (see, e.g., [24, Prop.

1.4.9)):
o 1, ds ;
,,:(f (s 111> shP)” —) if r < oo,
Iflle,, = 0 s (2.2)
sups [{|f| > s}|” if r =o0.
s>0
The reason for the pre-factor prl istohave || flL, ,, = I fllz,, according to Cavalieri’s

principle. The following classical properties of Lorentz spaces may be found in, e.g.,
[3,24]:
— Embedding : L, <> Ly, ifry <rz,and L, , = L.
— Holder inequality : for 1 < p, p1, p2 <ocand 1 <r,ry, r, < 0o, we have
1 1 1 1 1

1
Irgle,, S ”f”L,,],I ”g”L,,N2 Wlth; = ; + z and o= Z +

—- (2.3)
r

Inequality (2.3) still holds for couples (1, 1) and (oo, co) with the convention
L1y =Ljand Loo,00o = Loo-
— For any ¢ > 0 and nonnegative measurable function f, we have

o _ o
1%L, = 1715,
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It must be highlighted that Lorentz spaces have the following two interesting and
useful properties:

- If feLo(R)andg e L, ,(R),then fg € L, ,(R) forall p,q € [1, o].

- IfQCcRYs openandif f € Ly 1(R2) and Vf € L 1(R2), then f € Cp(K2).
However the class of Lorentz spaces possesses also “false friends”:

— There is no “Fubini property”, that is if (/, J) is a couple of nontrivial intervals,
then (see [8]):

Ly, xJ)#Lpy,U;Ly,(J)) whenever p #q.

— Being not reflexive, the space L, 1(£2) does not have the UMD property, and
the general theory of deducing maximal regularity in L, (0, T'; L 1(€2)) via R-
boundedness and Fourier multiplier theory developed in [18] cannot be applied.

Owing to their definition by real interpolation, Lorentz spaces have some connec-

tions with homogeneous and nonhomogeneous Besov spaces. Recall that those spaces
may be defined, respectively (for all s € (0, 1) and 1 < p, g < 00) by

B ,(Q) = (Ly(Q): W)(Q)sq and B} (Q) = (Ly(Q): W)H(Q)sq. (2.4)

For more properties of Besov spaces, we refer to Bahouri et al. [2].

The main results of the paper strongly rely on a family of maximal regularity
estimates for the heat equation, where the time regularity is measured in Lorentz spaces
of type L, (0, T; L,). Those estimates come up as a consequence of L, (0, T; L)
maximal regularity estimates from the general theory [1,18,23,29,35].

Proposition 2.1. Let1 < p,q < ooand1 <r < oco. Then, foranyug € B?);z/q (RY)
and f € Lg,(Ry; Lp(Rd)), the following heat equation:

up—pAu = f in Ry x RY,
' . 2.5)
Uli=0 = uo in R

has a unique solution in the space’

WA R xRy = {u e Cp(Rys B2 T(RY) uy, VP € Ly (Ry; L,,(Rd))},

and the following inequality holds true:
1-1 2
Wiz gy + e VUL

<C (/’Llil/q”u()”l;ﬁ;Z/‘I(Rd) + ”f”Lq,,(]RJr;Lp(Rd))) : (2.6)

Furthermore, if 2/q + d/p > 2, then for all ¢ < s < o0 and p < m such that

1+ %(n% — %) > 0, interrelated by

d I 1 d

— b — = — 1,

2m s q 2p

1Only weak continuity if r = co.
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it holds that

1+1-1
ol @y, )

1-1 2
= C(,u /q||u||Lm(R+;B,2,‘,2/q(Rd)) + llug, uV u||Lq‘,(R+;Lp(Rd))>'

The proof of the above result is given in appendix.

3. Results

Let us first present our results pertaining to the case where A(p, u) = pAu +
w'Vdiv u if the gas domain is the whole plane R?. So, we consider:

pr +div (pu) =0 in Ry x R?,
pu; + pu - Vu = pAu+ @/'Vdive  in Ry x R2, (3.1)
pli=o = po,  uli=0 = uo at R2.

Following recent results of the first two authors in [12,14,15] (in different contexts,
though), we strive for global results for general initial velocities provided the volume
(bulk) viscosity u’ is large enough. As our approach is based on a perturbative method,
we need moreover the density to be close to some positive constant.

Our solution space will be the set Wf/’é 4 1) (R?*xRy) of functions z : Ry xR* —
R such that

c€C(Ry:By3 ) and Bz, Viz € Lajsi(Ry: Laj3(RY).

As shown in appendix, the corresponding trace space on fixed times is the homoge-
neous Besov space Bi //321 (R?), which s ‘critical’ in terms of regularity, and embedded
in Ly(R?). Our first statement is a global existence and uniqueness result for (3.1) for
large data in the two dimensional case, provided the volume viscosity v is sufficiently
large.

Theorem 3.1. Let M > 1. Denote by P and Q the Helmholtz projectors on
divergence-free and potential vector fields, and set v .= u + u’.

There exist two constants ¢ and C (independent of M ) such that if the initial density
0o satisfies

leo — U w2 =c (3.2)
and if the initial velocity uy has components in Bi//32, | (R?) and satisfies,

C(IPuoll g1z gy + /i) 1 Quoll 12| o)) exp{ ™ ol oy} = M
(3.3)
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then, for all v > vy = max(CMl/zeCM4, w), system (3.1) admits a global finite
energy solution (p, u) with p € Ci (Ry; Loo(R?) and u € Wf/’;y<4/3 1y satisfying

1P = gy xity <2¢ and Nulyzr ooy < Cllwolzpe g (3:4)

Furthermore, Vu € L1(Ry; Loo(R?)) and the following decay property holds:

V374
NePully ., 532 @2y + (;) 1EQull, | &, 572@2))
v . CM4
@, Vil @@y + ;“lev il ®ysLym2y) =€ - (3.5)

Finally, the solution (p, u) is unique in the above regularity class.

Some comments are in order:

— Condition (3.3) means that global existence holds true for large v, provided
the divergence part of the velocity is O(v~/4). A similar restriction (with other
exponents, though) was found in our prior works dedicated to the global existence
of strong solutions for the compressible Navier-Stokes equations with increasing
pressure law [12,14,15].

— The above statement involves only quantities that are scaling invariant for sys-
tem (3.1).

— Having Lorentz spaces with second index equal to 1 allows us to capture limit
cases of Sobolev embeddings. Other choices than L4/31 and L4 ; might be
possible.

In the three-dimensional case, the energy space L, (R?) is super-critical by half a
derivative, and there is no chance (so far) to prove a general result for large data,
assuming only that one of the viscosity coefficients is large. Therefore, for simplicity,
we focus on the first case of (1.4), that is on the following system:

o +div (pu) =0 in Ry x R3,
pur + pu - Vu = uAu in Ry x R3, 3.6)
uli=o = ug,  pli=o=po at R3.

To simplify our analysis, we choose a functional framework for the velocity that is
well beyond critical regularity (actually, we ask for one more derivative). In the same
spirit as in the 2D case, we will use the following class of functional spaces:

Wi R x Ry) = {u € Co(Res Bo /" (RY) up, V2u € Ly i (Ras Ly(R ))}

Our global existence result in the three dimensional case reads:

Theorem 3.2. Take initial data py € Loo(R) and ug € By, (R N Bg//; [(RY).

There exists a constant ¢ > 0 such that if

1/3 2/3
100 = Ul < ¢ and fuoll/gs . lluollys

< cu, 3.7
B3, @ Oy @y T M G7)
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then (3.6) has a global-in-time unique solution (p, u) with

p € Cy(Ry; Loo(®?) and u € (W33 501 N Wit)7.q0/7.1) (R x Ry).

Furthermore, that solution has finite energy,
lo = 1l sy < 2¢. (3.8)

functions tu and Vu belong to Wfé% (10/3.1) (R3xRy) and L1 (Ry; Loo(R?)), respec-
tively, and the following inequalities are valid:

P sup )05 gy + 10V gy @ingmciny < CHP ol s g,

>0

3/10
w05 Ol sy + 10wy sy < O Mol g,

[>

M“Ofgpnrumn sy IRV O, O g gy < OB ol s )

o0
and u/ Vullp g3 dx < Clluol ' 6/5 ol 3/5 .
0 ! s/z (R3) 0/71(R3)

Remark 3.1. That ug belongs to 3136?7,1 (R3) may be seen as a low frequency assump-
tion that exactly corresponds to the critical embedding in L>(R3) (hence our solutions
have finite energies). Other choices of exponents might be possible both for low and
high regularity.

We also want to stress the fact that the smallness condition (3.7) is scaling invariant.

The rest of the paper is structured as follows. In the next section, we prove our two-
dimensional global result for (3.1). Section 5 is devoted to the proof of Theorem 3.2.
In Appendix, we establish a maximal regularity estimate involving Lorentz spaces, of
independent interest.

We shall use standard notations and conventions. In particular, C will always des-
ignate harmless constants that do not depend on ‘important’ quantities, and we shall
sometimes note A < B instead of A < CB.

4. The two dimensional case

This part is dedicated to the proof of Theorem 3.1. The key observation is that
combining the energy balance associated to (3.1) with Proposition 2.1 supplies a
bound of the norm of

u in Wf/’é’(zt/m)(Rz x RT) and in Lyi1(Ry; L4(R2)) in terms of ug,

provided the density is close to 1. The latter information will enable us to bound fu in
W4 . 1)(R2 x R™) and to get a control on div u in L (R4 ; Loo(R?)). Next, reverting
to the mass conservation equation, one can ensure that p — 1 remains small provided
v := u + ' is large enough. Then, we observe that the very same arguments leading
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to the control of div u also allow to bound Vu in L (R4 ; LOO(RZ)). From that point,
we follow the energy method of [11, Sec. 4] going to Lagrangian coordinates in order
to prove uniqueness, and the rigorous proof of existence is obtained by compactness
arguments, after constructing a sequence of smoother solutions (see the next section).
Let us now go to the details of the proof. In the first five steps, we assume we are given
a smooth enough solution (p, u) of (3.1) and we concentrate on the proof of a priori
estimates. We suppose that 1’ > 0 and, to simplify the computations, we take u = 1.
That latter assumption is not restrictive, since (o, u) satisfies (3.1) with coefficients
(u, ) if and only if

1

(B, W)(t, x) := (p, W u)(n™", x) (4.1)

satisfies (3.1) with coefficients 1 and p' /.
Step 1. The energy balance

As already pointed out, the space for uq is continuously embedded in L, (R?). Hence
the initial data have finite energy. Now, the energy balance for (3.1) reads

1d

2dt Jr2
Provided the first part of (3.4) is fulfilled with small enough ¢, we thus have, denoting
vi=14+u,

olul?dx + / (IVul* + i/ (divu)?) dx = 0. 4.2)
RZ

2 2 : 2 2
Nl a2y T 2NV P, 1y ey + 2V I gy g2y = 2MH0lIZ,-
4.3)

Step 2. Control of the norm of the solution in Wf/é @/31)
Rewrite the velocity equation as:
u; — Au— ' Vdivu = f:= 1 — p)u; — pu - Vu.
Projecting the equation by means of the Helmholtz projectors P and O, we get
(Pu); — APu=Pf and (Qu); —vAQu = Qf.
Applying Proposition 2.1 withd =2, p =g =4/3, m =s =4 and r = 1 yields

2
WPull, e, :5172 ey + IV P PrtrllLy s @estan@ +IPUllL, @iy

S IIPuoIIBi//;l(Rz) F NP FllLys0 Ry L3 R2) 4.4
and?

1/4 .
v ”QMHLOO(R%BJ/GZ‘I(R?)) + llvvdiva, Qut”L4/3,1(R+;L4/3(R2))

20bserve that we can also write V2 Qu instead of Vdiv u in (4.5) and that Vdiv Qu = Vdiv u.
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12
+21QullL, | @@
1/4
5 v ”Qu0||Bi//§,l(R2) + ||Qf”L4/3,|(R+;L4/3(R2))' (4’5)
To bound Pf and Qf, we use the fact that P and Q are continuous on

L4z 1(Ry; Lay3 (Rz)), so that it is enough to estimate f in L4/31(R4; L4/3(R2)).
Now, using Holder inequality in Lorentz spaces (see (2.3)), we find that

||f||L4/3,1(R+;L4/3(R2)) =t p”Loo(RJrXRZ)”ut||L4/3,1(R+§L4/3(R2))
FoN Loy w2 VUl Ly ) 1l Ly 4 Ly R2)) -

Hence, summing up (4.4) and (4.5), and assuming smallness of p — 1, one gets

Pull

Loo(Ry:B 1/2 L (R2)) + v1/4”Qu”Lm(Rﬁ_;Bi//il(Rz)) + ”Mt”L4/3.1(R+;L4/3(R2))
+ ||V27’”’ WAV Ul ®yiLs@2) T IPUlL, @y @)
2 1Qull L, vy Loy
SIPuoll gy oy + " 1 Quoll 12| ey + V8l Ly smd) il 2y s
In the case v > 1, it is now clear that there exists a constant n > 0 independent of v
such that, if
IVall e, xr2) < 0, 4.6)

then we eventually have

1/4
IPull, &, ) v ||Q“||LOO(R+;Bjj§_I(R2)) el s ®yLas®2)

2
+ “v Puv I)leV u||L4/3y1(]R+;L4/3(]R2)) + ”Pu”L4,1(R+;L4(R2))
1/2
0201 Qull, @y La@2))

< 174 .
Puoll 312 2y TV IIQMOIIBJ//;l(Rz)-

If (4.6) is not satisfied, then the idea is to split the time line into a finite number K of
intervals [T;_1, Tx) with Ty = 0 and Ty = oo

IVull, (1, 1yxr2) = n forall 1
<k<K-1, and ||[Vullp,(ry_, 10)xR2) =< 7-

For given 1, we now calculate how many time intervals are needed for this splitting.
We have

K
Kt 2 3 IVulZ gy ey = 10T, cr2)
1

~
Il

>

2
1Vull 1y gy = (K = D’

»
Il
-
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whence

K =T 21Vull}, @, g2 )- @.7)

Having this information at hand, we adapt (4.4) and (4.5) to the finite time interval
setting, getting, for each k € {0, ... K — 1},

Pu]l +v 1 Qul

Loo(Te, Tis1; B4/31(R2)) Loo (Tk,TkH;B;//;l(R%)
HIPull Ly (10,7413 L4®2)

+ Vl/z”Qu|lL4,1(Tk,Tk+1:L4(R2)) + ”u’”L4/3‘1(Tk7Tk+l?L4/3(R2))
+||VZP”||L4/3‘1(Tk,Tk+|;L4/3(R2))

+ v”VdiVu”L4/3‘1(Tk,Tk+1;L4/3(R2)) = C(”PM(T]‘)”BJ//Z%I(RZ)

1/4
+v ||QM(TI<)||B://32J(R2))' (4.8)

Arguing by induction and remembering that K is estimated by (4.7) and (4.3), we
conclude that

1/4
”7)1’!”[‘00(]RJr ]/2 (]RZ)) +v / ”Qu”Loo(RJr;BJ//;I(Rz)) + ||7)u||L4'|(R+;L4(R2))

1/2 2
+v / ”Qu”th 1(R; L4(R?)) + ||MZHL4/3 1Ry Las3(R?)) +1v 7)M”L4/3,1(]R+;L4/3(1R2))
+ VHleV u||L4/z 1Ry L4/3(]R2)) = C(”PHO” 1/2 (RZ

Clluol?

1/4 2
+v ”Q”()”Bj//;](ﬂ%) Ly(®2) (4.9)

Step 3. A time weighted estimate

We now look at the momentum equation in the form
(tu), — A(tu) — w'Vdiv (tu) = (1 — p)(t u); + pu — tpu - Vu. (4.10)

By definition, the initial datum for 7u is zero, and (4.9) provides us with a bound for
the term pu in the space L4 1 (Ry; L4(RR?)). This gives us some hint on the regularity
of the whole right-hand side. Now, projecting (4.10) by means of P and Q, using
the maximal regularity estimates of Proposition 2.1, and still assuming the first part
of (3.4), one gets forall 0 < T < T’ < o0,

3/4
sup ”tPu” 3/2(R2 +v / sup “[QM” 3/2(]1{2) + ”V [PM”L4 1(T,T'; L4(R2))
T<t<T’' T<t<T'

HINCWillLy v La@ey) FVIVAV LUl (7 7 L,®2) = C(HTPM(T)II 532 ®2)

3/4
+v¥ ||TQM(T)||33(12(R2) +lullp, (.7 L2y + ll7u - Vu||L4.1(T,T’;L4(R2))>'
@.11)
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Since we have Bi/lz (R?) <> Loo(R?), the term with u - Vu may be bounded as
follows:

Ntw - NVullp, .7 La®2) = C||M||L4,.(T,T/;L4(R2))||f14||LOO(T,T/;BZ,/12(R2))~ 4.12)
Consequently, if v > 1 there exists a constant > 0 independent of v such that, if

Nllpy 7,77 La®2)) <1, (4.13)

then Inequality (4.11) reduces to

3/4 2
sup ||t73u||33/2(R2)+v/ sup 11Qull g2 o) + IV 1Pull L 7.7y
T<t<T' 4.1 T<t<T' 4,1

H Wil (v La@ey) FVIVAVIUllL, (7 7 0,®2) = C<”T7D”(T)”Bi/12(R2)
VT QuT) g gy + Nl 7 L4(R2))). (4.14)

Clearly, if one can take T = 0 and T’ = o0 in (4.13), then we control the left-hand
side of (4.11) on R, so assume from now on that ||u||L411(R+;L4(R2)) > 1. We claim
that there exists a finite sequence 0 = Top < 77 < -+ < Tgx—1 < Tg = oo such that
(4.13) if fulfilled on [T}, Ty+1] for each k € {0, ..., K — 1}. In order to prove our
claim, we introduce

U@) = llut, )L,m2

and recall that
> 1/4
ULy Ry = 4/ Hr e Ry |U®)| > s}|V*ds. (4.15)
0
From Lebesgue dominated convergence theorem, we have

o
Ul Ly sy = 4/ e e (T, T") U] > s}|/*ds - 0 as T" =T — 0.
0
(4.16)

Hence one can construct inductively a family 0 = Ty < 71 < -+ < Tx < -+ <
Tx = oo such that

NWllLs iy =n for 1 <k <K -1 and (Ul ax_,.1%) <n- (“417)

By simple Holder inequality on series, we have

K—1
Dot e (T, T U@ > s < (kK = 1)/
k=1
K—1 1/4
(Z {t € (Tio1. To) = (U )] > s}|) :

k=1
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Hence, integrating with respect to s, and using (4.17), we get
[e¢)
(K =1 = (K =07 [ il € 0. ko 00)] = ) s
0

whence

(K = DY < ULy, ®y)-

Now, remembering the definition of U and (4.9), one may conclude that there exists
some constant C such that

Cliuol?

K = (IIPMOII 512 vl Quol 512 DEI] 4+ 1. (4.18)

@ T (R2>)e
Let Xg = sup,c(z,. 7, ,) (11Pu(@®ll 3/2(R2)+v3/4||tQu(t)|| 22 )- Then, (4.14) and

(4.17) ensure that Xg < Cn and that

Xy <Cm+ Xg—1) forall ke{l,...,K —1}. (4.19)
So, arguing by induction, we eventually get forallm € {0, ..., K — 1},
¢ K+1
X <C"§C " (4.20)

Reverting to (4.14), then using (4.18), we conclude that for some universal constant
Cc>1,

sup [[1Pu]| , B2 ®2) +v! SUP ||IQM|| 32 (R2) + V2 tPullp, R ;Ls®2)
t>0 >0

HICW el L, ®yLy@®2)) T VIVAV IRl L, (R, L, ®2))

Clluol?
= Cexp( (”7)’40” 1/2 (®) + v Quoll 1/2 (RZ))e ol (R2)> 4.21)

Step 4. Bounding div u

In order to keep the density close to 1, we have to bound div u in L (R ; Loo(R?)).
The key observation is that

div (tu) € Laj(Ry: W) (R?) and divu € Lyjz 1 (Ry: W 3(RY).  (4.22)
Now, from Gagliardo—Nirenberg inequality and Sobolev embedding, we see that
1/2
||VZ||L4/3(R2)' (423)
3

”Z”Loo(Rz) =< CHVZ“L (RZ)

So we have, thanks to Holder inequality in Lorentz spaces,

o0
/ ||divu||LDodt§C/ 2V divul) ||deu||1L/j3
0

~12 Y Y
= Ol Pl o Vvl o |y NIVEV I e 1
< C||Nc1wu||‘/2 [ Vdivu|}/?

1(Ry;Lg(R?)) Las3,1(Ry:Lgj3(R2))

3Hc:rc, it is essential to have a Lorentz space with last index 1, as regards time exponent.
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Hence, thanks to (4.9) and (4.21),

00
. 172 1/8 1/2
v divu dt < C(I'Pu + v uo
/(; l ”Loc = (” oll ‘%2 [(R2) 1 Quoll . zi//32 1(R2))

Cllug|?
Xexp( (||P'40||41/2 +V||QM0|| 1/2 (Rz))e L (RZ)) (4.24)

| (R?)
Step 5. Bounding the density

The discrepancy of the density to 1 (thatis a := p — 1) may be controlled by means
of the mass equation:

oia+u-Va+ (1+a)divu =0,

which gives
13
la@®ll . ®2) < llaollr w2 +/0 divull; (w2 dt

t
+ f lall, e ldivull, g dr,
0

and thus, owing to the integral version of Gronwall lemma,

t _— T
— [ |Idiv u|| ds | 4. [[div u|| o, df
lalL @2y < (”aOHLOC(RZ) +/ e Loo®2) ||d1VM||Lw(R2)df)€f° Loo(R2)
0

= llaoll, ®) efo divaell g2, df + efo lldivaell, g2, dt _1
o0

Hence, provided we have (3.2) and ¢ < 1 and

T
/ Idiv ull, g2y d < log(1 + ¢/2), (4.25)
0

the smallness property (3.4) is satisfied on [0, T']. Bearing in mind Inequality (4.24)
and the assumption (3.3), we get

- Loyt
v/ divull;  weydt < CM2e .
0
Consequently, in order to have (4.25) satisfied, it suffices that

vleM2eM <og(1 + ¢/2),

which corresponds to the condition on v given in the statement of the theorem.

Step 6: Uniqueness

The key to uniqueness is that Vi is in L (R, ; Lo (R?)). To get that property, one
may proceed exactly as for bounding div u, writing that



3116 R. DANCHIN ET AL. J. Evol. Equ.

oo
—1/2 2 1/2 2 1/2
/0 ”VMIILOO(RZ) dr . C”t HLzyg)c(R«F)”tv M”L4,1(R+;L4(R2))”V u”L4/311(R+;L4/3(R2))’

(4.26)

and using that the right-hand side is bounded in terms of uo according to (4.9)
and (4.21). Because of the hyperbolic nature of the continuity equation, the unique-
ness issue is not straightforward, as the regularity of the density is very low. However,
knowing that Vi isin L1 (R ; Lo (R?)) enables us to rewrite our system in Lagrangian
coordinates. More precisely, for all y € R?, consider the following ODE:

dx
o By = X(y),  Xli=o =y (4.27)

Having (4.26) at hand guarantees that (4.27) defines a C! flow X on R, x R2.
Let us express the density and velocity in the new coordinates:
n,y)=p(, X, y), v,y =ul X({y). (4.28)
Then, the system for (1, v) reads (see details in, e.g., [10]):

(Jom); =0,

4.2
povy — divy (Vyv + 1/ (divy v) Id) = 0, (4.29)

where V, := A V,, div, := div(J;'4,-) = A] : V, with A, = (DX,)"! and
Jy = det(DX,). One points out that JU_IAU = adj(DX,) (the adjugate matrix of
DX,). Since, in our framework the Lagrangian and Eulerian formulations are equiv-
alent (see, e.g., [10,33]), it suffices to prove uniqueness at the level of Lagrangian
coordinates. Therefore, consider two solutions (1, v) and (7, v) of (4.29) emanating
from the data (pq, ug). Then, the difference of velocities &v := v — v satisfies

008v; — divy, (Vv + 1/ (div, 6v) 1d)
= (diV{,Vf) —div ,,Vv)f) + //(divl-) Id divy — div, Id div, )17. (4.30)

Note that
(divg Vs — div,V,) = div ((adj(DX5)A] — adj(DX,)A,)) - V),
(divo Id divy — div, Iddivy, )0 = div ((adj(DX3)A; — adi(DXy)A,) : V)-

Now, taking the L? scalar product of (4.30) with sv and integrating by parts delivers

1d 2 2 A 2
EZ ”\/ £0o 8v||L2(R2) + ||VU8U”L2(R2) + 12 ”dlvv &)”Lz(Rz)
< v|(adi(DXp)A] —adi(DX)A]) - VI_JHLZ(Rz)HV(SUHLZ(Rz).

Let us take an interval [0, T'] for which

T T
max(/ Vol &2 dt,/ Vol &2 dt) is small. (4.31)
0 0
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All terms like Id —A,,, 1 — Jy or Id — adj(D X)) (with w = v, v) may be computed
by using Neumann series expansions, and we end up with pointwise estimates of the
following type:
t t
|Id—Aw|§/ [Vw|dt, |Id—adj(DXw)|,§/ [Vw|dt,
0 0
13
[T —Jyl < / [Vw|dt'.
0
From this, we deduce that
80l o, + IV, ) S (I o2
dt 09Ul ,(®2) Lr(R2) ~ Leo(R?)

t
/ Vévdr
0

Because we have, by Cauchy—Schwarz inequality,

t
/ Vévdr
0

integrating the above inequality (and using again Cauchy—Schwarz inequality) yields

HVoll, ®e)IV L,

L (R?)

12 < IVl L,0.0)xR2)>
Ly(R?)

t
Iv/P0 8017 2y + f IV8oll7, g2, d7
0

! 12 ¢
sc( [ r||(vU,va)(z)||iw(Rz)df) [ 1931,

Hence, there exists ¢ > 0 such that if, in addition to (4.31), we have
||t]/2vw||Lz(O,T;LOO(RZ)) <c for w = v, l_), (432)

then we have v = 0 on [0, T'], that is to say v = v. Since & = (Jl-)_1 — Jy)po, we get
n = n, too. In light of the above arguments, in order to get uniqueness on the whole
R, it suffices to show that our solutions satisfy not only Vu € Li(Ry; Loo(R?)),
but also

o
/0 z||W||ioo (2, dt < 00, (4.33)
This is a consequence of (4.23), as it gives

o0 oo
2 2 2

2 2
S ViUl @, xe) IV Ul L, s @, xR2)

2 2
SNVl @y a@pIVoullLys, ®yLys @)
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Step 7: Proof of existence

The idea is to smooth out the data, and to solve (3.1) supplemented with those
data, according to the local-in-time existence result of Danchin et al. [11] (that just
requires the initial velocity to be smooth enough, and the initial density to be close to
1 in Ly). Then, the previous steps provide uniform bounds that allow to show that
those smoother solutions are actually global, and one can eventually pass to the limit.
The reader may refer to the end of the next part where more details are given on the
existence issue, both for Theorems 3.1 and 3.2.

5. The three dimensional case

Our aim here is to prove a global existence result in the small data regime case for
system (3.6). In order to get the optimal dependency of the smallness condition in
terms of the viscosity coefficient, it is wise to resort again to the rescaling (4.1). So
we assume from now on that © = 1.

The bulk of the proof consists in exhibiting global-in-time bounds in terms of the
data for

= 2
.= ?:l(:)) ||u(t)”B§'//§,l(R’§) + ”V u, ul||L5/2,1(R+;L5/2(R3)) (51)

. 2
and W= sup ) g oy + IV s, g 5D

From that control and Proposition 2.1, we will estimate u in the space Lio/3,1 (R4 ;
L1o/3(R?)) (that will play the same role as L4 1 (R ; L4(R?)) for (3.1)), and exhibit
a bound for 7u in the space le(’)}& 10 /3’1)(R+ x R3). This will eventually enable us
to bound Vu in L1(R4; Loo(R3)). From that stage, the proof of uniqueness follows
the lines of the two-dimensional case.

Step 1. Control by the energy

Remembering that our assumptions imply that ug is in Ly (R?), we start with the
basic energy balance:

d
— | pluldx +/ |Vul? dx = 0. (5.3)
dr R3 R3

By Sobolev embedding and provided that (3.8) is satisfied, this implies the following
bound on u:

el o @5 2®3) + Ml @y i1 ey S Mol @) (5.4)

That relation will enable us to control higher norms of the solution, globally in time,
provided some scaling invariant quantity involving u¢ is small enough.
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Step 2. Control of the high norm

This step is somehow standard: we want to construct smooth solutions like for
the classical Navier-Stokes system. Now, assuming (3.8) and taking advantage of the
maximal regularity estimate for the heat equation in Ls;» 1 (R4; Ls /2(R3)) stated in
Proposition 2.1 yields (recall the definition of E in (5.1)):

-

& =< C(||u . VM||L5/2_1(R+;L5/2(R3)) + ||M0||BS6//§ I(R3)).
We see by Holder inequality and Sobolev embedding W /2(R3) < L5(R?) that

flu - v”||L5/2,1(1R+:L5/2(R3)) < Cllully vy L5®3) )”VMHLS/Z 1R+ L15(RY))
< Cllll ooy L@ IV gy @55 )
Moreover, we note that by Holder inequality, Sobolev embedding and (5.4), we have
2/3 1/3

2/3 1/3

lilzaqey = C s Wl s, < Clltol s Wlrs o 59)
Hence, altogether, this gives
& < C(lluoll} s & + o)-
From this, we deduce that
QO*PEyuoll;] <1 implies & < 2C&y. (5.6)

Step 3. Control of the low norm

It is now a matter of bounding the functional W defined in (5.2). Thanks to Propo-
sition 2.1, we have

V< C(||u : VM”L10/7,1(R+:L|0/7(R3)) + “MOHB%% 1(R3))' (3.7

By Holder inequality and Sobolev embedding W}, 7 (R3) < L3o;11(R?), we discover
that
flu - VMHLIO/“(R+;L10/7(R3)) = C”””LOC(R+ L%(R3))”VM||L10/7 1(R4; L3o/11 (R?)
= C”M||Loc(R+;L3(R3))”V ””L10/7,1(R+:L10/7R3))'

Hence, thanks to (5.5),

—1/3
e - Vu”Lm/ﬂ(RJr Lios(R3) = CHMOHL (R?)c‘ P,

Therefore, using (5.6) and reverting to (5.7) yields

2/3 1/3
W< C(W + ||u0||L/(R3 2, W),



3120 R. DANCHIN ET AL. J. Evol. Equ.

whence, thanks to the smallness condition in (5.6) (changing C if need be),

U < 20, (5.8)

Let us emphasize that, since u is in 310/7 1(R3) N Bg//s | (R3), it also belongs to all

intermediate spaces, and in particular to B5 73, 1(R3) with estimate |uoll ; 4/5 (®) hS
||u0|| ;/5 , ||M0||1/63/5 s . Hence, mimicking the proof of (5.8), we dlscover that,
Bios7.1(R%) Bs (R )’
up to an irrelevant change of C, we have
2/3 1/3
lluell 2.1 < Clluoll’, l[uoll . (5.9
W5/2 (5/3.1) 136/57 | (R3) ;’//; 1(]R3

Step 4. Time weight

In order to get eventually the desired control on Vu in L{(Ry; Loo(R3)) that is
needed to ensure (3.8) provided we have (3.7) for pg, and, later on, uniqueness, we
mimic the sharp approach of the two dimensional case, considering the momentum
equation in the following form

(tu); — A(tu) = (1 — p)(tu); — tou - Vu + pu in Ry x R3. (5.10)
We observe that using Proposition 2.1 with m = s = 10/3 delivers

Il 1051 R ys Liojs @3y S - .11

Since the term pu appears in the right-hand side of (5.10), it is natural to look for a
control of tu in the space W120}3 (10/3, 1)(R x Ry).

Let IT := sup,~ ||tu||B%;31 + [IV2(tu), ()11l L5, Ry L1oj3(RY)) - Proposition 2.1
and (3.8) give us '

IS [lru - V”||L10/3,1(1R+:L10/3(R3)) + ””||L10/3,1(R+:L10/3(R3))'

In order to estimate the nonlinear term, we first use Holder inequality to get:

[ - Vm||L10/3.1(R+;L10/3(R3)) = C”u”Ls 1Ry; LS(R3))||IVM||L10(R+><R2) (5.12)
From Gagliardo—Nirenberg inequality and Sobolev embedding, we know that

1/3 2/3
L 12

2
||VZ||L|0(R3) SV Z||L10/3(R3) 2/5

(R
Therefore, using Holder inequality,

1/3
/ Iz

2
IVZll i@ xre) SNV R, xrs 12 WS

LOO(R+ Wig @)

Consequently,

1Vl sy S T (5.13)
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In order to bound u in Ls 1 (R4; Ls (R?)), we use Proposition 2.1 with p = g = 5/3,
and m = s = 5, and Inequality (5.9). This gives
1/3

||u||L5 LRy Ls(R3)) S ||MO|| 3/5 1(R3 lluoll 56//;|(R3)

Putting together with (5.13) and reverting to (5.12), we end up with
2/3 51/3
i Veullpyg ey xmry S Yo' B L
Therefore, using also (5.11) and (5.8), we get the following inequality for IT:
< C(W+ v g°
2/3 ~1/3
=

1)
Consequently, assuming CW,, < 1/2, a condition that implies (5.6) (up to a
change of the constant maybe), we obtain

IT < 2CWy. (5.14)

Step 5. Bounding Vu

It is now easy to get the desired control on Vu: we start from the following combi-
nation of the Gagliardo—Nirenberg inequality with Sobolev embedding:

1/3

2/2
1Vl sy = CIVHIRE o IVHIN o) (5.15)

which implies

o
23 2/3 1/3
/o Vullp, wsydr <C f leVully, () ||V”||W51/2(R3) dr. (5.16)
Using Holder inequality (2.3) with respect to time in Lorentz spaces, we find that

o0
v dr < C||t~23 1Vu|*? . vu|'?
/0 IVitloo e dr = € Lol u”Llo/3,1(R+;W|10/3(R3))” ||L5/2 1Ry W3 ) (R

As the right-hand side is bounded, owing to (5.6) and (5.14), one may conclude that

1/3

o
f IVull, @y de < C¥° By « 1. (5.17)
0

Therefore, arguing on the mass equation exactly as in the 2D case, one can justify (3.8),
and thus all the previous steps provided (3.7) is satisfied.

Step 6. Uniqueness
Arguing as in the previous section and knowing (5.17) (so as to put our system in

Lagrangian coordinates), it suffices to establish the additional property that r'/2Vu is
in L»(0, T; Loo(R3)). Now, one may write, owing to (5.15), that

< _1/3 4/3 2/3
/0 t||Vu||L @& 4t S e Vully, (R3)IIVMIIW51/2(R3)dt
< —1/3 4/3 2/3
S L3 00 Ry ” eVl Wiy/3(R3) HL5/2.1(R+) ” ”VMHWS’/Z(]R3) ”L15/4(R+)
< 2 .4/3 2.12/3
< |tV ““Llo/g,,(R+;L10/3(R3))”v u”L5/2(]R+><]R3)'
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Because tVZ2u is in L1os3,1(Ry; Loz (R?)) and V24 is in Lsp(Ry x RY), the right-
hand side is indeed bounded. This completes the proof of uniqueness.

Step 7. Existence

Here, we sketch the proof of the existence of a global solution under our assumptions
on the data. The overall strategy is essentially the same in dimensionsd = 2andd = 3.

As a first, we truncate pg and smooth out uq to meet the conditions of the local-in-
time existence theorem of [11]: we fix a sequence (,06’, uS)neN that converges weakly
to (po, o) and satisfy the conditions therein. Let (p”, u"),cn be the corresponding
sequence of maximal solutions, defined on [0, T},) X R4 and belonging forall T < T,
to the classical maximal regularity space

2— 2/r

Wol(T) == {z € C(0. T; By, /" (RY) : 8z, Viz € Ly(0, T; L,(RY))},

with, e.g. p =2d and r = 7/6.

It is shown in [11] that those solutions satisfy the energy balance and (3.8). Since
the computations of the previous step just follow from the properties of the heat
flow and basic functional analysis, each (p", u") satisfies the estimates therein. In
particular, [[Vu" |1 o.7,:1.,(rd)) is uniformly bounded like in (5.17), which ensures
control of (3.8). Now, applying the standard maximal regularity estimates to*

ou" — Au" — pAu" = (1 = pMosu” + p"u" - Vu",
one gets forall T < Ty,

||M ||W21(T) ~ ||M0|| 2 2/’ (Rd) + ||M Vun”L,(O,T;Lp(]Rd))’

whence

T
r r nnr nur
1" Wy S N g + fo 11,y IV0" ), gy A (5.18)

Gagliardo—Nirenberg inequality reveals that

r/2

1-r/2
||VM"||LP(Rd) Sl B

2.n
V2"l

(RY)

Therefore, plugging that inequality in (5.18) then using Young inequality, we discover
that forall T < T, and all € > O,

nr
u .
” ” W;:i ()

T T
ny2 nyr 2 nyr
+C /0 I gy I W g 0+ /O V20", g .

< Cllup|"
< (| O||B/27,r2/r(Rd)

40f course u is put to 0 if one wants to prove the existence part of Theorem 3.2.
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Then, taking ¢ small enough and using Gronwall inequality, we end up with

T
ny2
" |1 Wiy = < Cllu ()|| 52— Z/V(Rd)exp{C/O [l ||L00(Rd)dt}'

Now, in the 2D case, we observe that [lu"[|;_ r2) < < |lu" ||1/3R2) | VZu" ||2/3

(B2’ and
thus, by Holder inequality,

n||2/3

1/3 2
n < " < .
e 200,70 Lo S WL 0,751, oy IV 78 gy 0,1 xm2) S M0l 12 gy

and one can thus bound " in W,%j) (T,,) independently of T;,.
In the framework of Theorem 3.2, we use the following Gagliardo—Nirenberg
inequality:

1/9 8/9
/ ||"||/

n < n /
”M ”Loo(R3) ~ ||I/£ ||W52/2(R3 (R3)

that implies

9
"1,

1%
Lsjp(Ry: W3, (R3))

Loz (R W120/7 (R3)) ’

then the fact that Ly (R; Loo(R?)) C L3p(R4; Loo(R?) N Lo (R4 Lo (R?)) and
that Bg//g 1(R3) > Loo(R3), to get the desired control of ||u” 2y 0.7: L (r3)) In terms
of ug only.

In short, in both cases, one can bound u" in W]%ji (T,,) independently of 7;,. Then,
applying standard continuation arguments allows to prove that (p”, u™) is actually
global, and may be bounded in terms of the original data (pg, o) in the spaces of our
main theorems, independently of 7.

From this stage, passing to the limit in the slightly larger (but reflexive) space

5/2(R3 xRN W10/7(R x Ry) (orin W4/3(R2 x Ry))

™ s o s LoD S |

for the ve1001ty can be done as in [11] (passing to the limit directly in the nonreflexive
spaces W ( » ])(Rd x R4 ) would require more care). The mass conservation equation
may be handled according to Di Perna and Lions’ theory [19] (see details in [11]) and
the momentum equation does not present any difficulty compared to works on global
weak solutions, since a lot of regularity is available on the velocity and there is no
pressure term.

Next, once we know that (p, u) is a solution, one can recover all the additional
regularity, that are just based on ‘linear’ properties like interpolation or parabolic
maximal regularity. O
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Appendix A
Here, we prove Proposition 2.1.

Performing the usual rescaling reduces the proof to = 1. Now, the key element
is the following interpolation relation proved in [39, Th2:1.18.6]:

. 1
(Laoro X5 A)s Ly (X5 ), = Ly (X 4) with

1-6 0
= 4+ — and 6 € (0,1).
q0 q1

Taking X =Ry and A=L p(Rd ) thus leads to

(Lq0<R+; Ly(RY)); Ly, (Ry; Lp(Rd»)g = Lo R Ly®RD). (A

Now, based on the classical results for the heat equation, one has the following maximal
regularity estimates for all € (1,00) and 1 < p < ooc:

2
||””LOC(R+;B,2,;2/“(Rd)) + e, Vol ®yL, @)
< C (ol gz oy + 1/ o ) (A2)

Let us take o = qo, q1, with 1 < go < g < g1 < oo suchthat2/qg = (1/q0 + 1/91).
Then, the interpolation relation (A.1) ensures that

(oo B Lp®D): Ly (R Ly®D)) | = Ly r (R Lp®D)

)

while the properties of interpolation for Besov spaces give us:

( ]ziq(z)/qO(Rd) Blz,, %/QI(Rd))l/z 2 Z/Q(Rd)

Hence, putting together the above two relations with (A.2) yields all the terms of (2.6),
except for the norm in L (R4 Ly, (Rd)).
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To achieve it, we observe that, provided 2 — 2/a < d/p, Property (A.2) may be
reformulated in the following terms:

d .
Fri A is an isomorphism from the space Wﬁ:; (Rd x Ry) onto Ly (R4; Lp(Rd)).

Consequently, for all g and g; as above, 4 27 — A is an isomorphism from

(W2l R x Ry); Wh! (RY x RY))

.40 P onto (Lgy (R Ly(RY); Ly, (Ry; L, (RY)))

1 ..
3" 27

The latter space is Ly, (Ry; L ,,(]Rd ), and What we proved just above amounts to
saying that C% — A is an isomorphism from W )(Rd xRy)to Ly ,(Ry; p(]R ).

Hence, we have

(qr

(W2l R x Ry); W2l (R x R+))

d
P-q0 P RT x Ry). (A.3)

p(qr)

The end of the proof relies on the mixed derivative theorem which ensures for each
o€ (0,1)andi =0, 1, that

Wol R x Ry) < W Ry W (RY))
and on the following Sobolev embedding:

W Ry Wy (RY) > L, (Ry; Ly (R)
d d 1 1
with —=—420¢—2 and — = — —oq.
m. p Si qi

Let us choose « = ~ — % so that

1<1+1> 1<1+1> 1
— — — — —( — — —_—a = —-
2\so 81 2\q q1 s

Since (Lgg(R: Lin(RD): Ly Rs LnR) 1, = Ly Ry Ln(RY)), this com-
pletes the proof of Inequality (2.6). O

1
q
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