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An approximation of solutions to heat equations defined by gener-
alized measure theoretic Laplacians

TiM EHNES AND BEN HAMBLY

Abstract. We consider the heat equation defined by a generalized measure theoretic Laplacian on [0, 1].
This equation describes heat diffusion in a bar such that the mass distribution of the bar is given by a
non-atomic Borel probabiliy measure p, where we do not assume the existence of a strictly positive mass
density. We show that weak measure convergence implies convergence of the corresponding generalized
Laplacians in the strong resolvent sense. We prove that strong semigroup convergence with respect to the
uniform norm follows, which implies uniform convergence of solutions to the corresponding heat equations.
This provides, for example, an interpretation for the mathematical model of heat diffusion on a bar with
gaps in that the solution to the corresponding heat equation behaves approximately like the heat flow on a
bar with sufficiently small mass on these gaps.

1. Introduction

Let u be a non-atomic Borel probability measure on [0, 1] such that 0, 1 € supp(u),
L£2([0, 1], ) be the space of measurable functions f such that fab f2du < oo and
L%([0, 1], ) be the corresponding Hilbert space of equivalence classes with inner
product (f, g), = fol fgdu. We define

D2 = |f e Cl(q0, 1) : ()" € L2([0, 11, ) :
OENEOR /0 (£)" 0@, x € 0,11}
The Krein—Feller operator with respect to u is given as

Ay i D;, S LA((0, 11, 1) — L2([0, 11, ), f = (£)".

This definition involves the derivative with respect to w. If a function f has a repre-
sentation given by

T q
fx) =/ m fx)du(x), x € [0, 1],
o du

then % f is called the p-derivative of f. Consequently, in the above definition, ( f )M
is the pu-derivative of f.
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This operator has been widely studied, for example with an emphasis on addressing
questions of the spectral asymptotics and further analytical properties [2,3,11-20,
22,23,33,34,36,37], diffusion processes [27,30,31], wave equations [5] and higher-
dimensional generalizations [21,35,39].

In order to connect these operators with diffusion equations from a physical point of
view, we follow for example [26, Section 1.2] and consider a metallic rod of constant
cross-sectional area oriented in the x-direction occupying a region from x = 0 to
x = 1 such that all thermal quantities are constant across a section. We can thus
consider the rod as one-dimensional. We investigate the conduction of heat energy on
a segment from x = a to x = b. Let the temperature at the point x € [a, b] and time
t € [0, oo) be denoted by u(z, x) and the total thermal energy in the segment at time
t be denoted by e, 5 (7). It is well-known that

b
ea,h(t)=/ u(t, x)p(x)dx,

assuming that the rod possesses a mass density p : [0, 1] — (0, 0o). However, if we
denote the mass distribution of the rod by i, we can write

b
€a,p (1) =/ u(t, x)dp(x).

Hence, we can define the total heat energy even if u has no density. The total heat
energy changes only if heat energy flows through the boundaries x = a and x = b.
We deduce for the rate of change of heat energy

d
g Cab ) = (t.a) = (1, b), ey

where ¢ (¢, x) denotes the heat flux density, which gives the rate of thermal energy
flowing through x at time ¢ to the right. Assuming sufficient regularity, we can rewrite
(1) as

b P b d
/a Dttt = - f J )

where ¢;(x) := ¢ (¢, x) and the u-derivative was defined earlier. With u,(x) :=
u(x, t), Fourier’s law of heat conduction ¢ = —g—z gives

by bd d
/aau(t,x)du«(X)=/a @aur(x)du(x)-

Since this is valid for all a, b € [0, 1], a < b, it follows for ¢ € [0, o) and p-almost
all x € [0, 1]

—u(t,x) = —— .
8tu( Xx) dexuz(JC)
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Applying the definition of the Krein—Feller operator leads to the generalized heat
equation

du = Apu;, t €0, 00) 2)
ot

with Dirichlet boundary conditions u(z,0) = u(¢, 1) = 0 for all # > 0 if we assume
that the temperature vanishes at the boundaries or with Neumann boundary conditions
g—)’;(t, 0) = g—ﬁ(t, 1) = 0 if the boundaries are assumed to be perfectly insulated.
This provides a physical motivation for a mass distribution having full support even
if it possesses no Lebesgue density. However, it is still not clear how to interpret the
equation if the support of the mass distribution is not the whole interval, in particular
for singular measures, such as measures on the Cantor set.

The problem then is to describe heat flow on a rod with massless parts. Krein—Feller
operators defined by measures on the classical Cantor set or, more generally, Cantor-
like sets with gaps have been extensively studied in recent years (see, e.g., [1,16—19]).
In this paper, we give an interpretation of a solution to (2) in the case where p is not of
full support. We approximate the solution by a sequence of solutions to heat equations
defined by u,, for n € N such that u,, is of full support and converges weakly to u for
n — oo.

To this end, let b € {N, D} represent the boundary condition, where N denotes
Neumann and D Dirichlet boundary conditions and we give our basic assumption.

Assumption 1.1. Let (1,),cn be a sequence of non-atomic Borel probability mea-
sures on [0, 1] such that 0, 1 € supp(u,) and u, — @, n — oo, where — denotes
weak measure convergence.

It is well-known that AZ is a non-positive self-adjoint operator (see, e.g., [13]) and
thus the generator of a strongly continuous semigroup (T,b ) />0 (see, e.g., [24, Lemma
1.3.2]).

If ug € L?([0, 1], 1), then the unique mild solution to the initial value problem

u,
240 = Abu(), 1€ [0,00), 3)
u(0) = ug

is given by u(t) = T,buo (see e.g., [10, Proposition 11.6.4]).

This motivates the investigation of strong semigroup convergence. However, for
different measures, the corresponding semigroups are defined on different spaces.
For the special case supp(r) = supp(u,) = [0, 1] for all n € N, the results in [6]
can be applied to obtain strong semigroup convergence on the space of continuous
functions on [0, 1]. To formulate a strong semigroup convergence result without that
assumption, we restrict the semigroup (7;") 1~ associated to Aﬁ’ on L2([0, 1], )
to the subspace of continuous functions, denoted by (C[0, 11)"¥, which is a Banach

space with the uniform norm. The semigroup (T,D ) ;=0 18 restricted to the Banach
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space of continuous functions satisfying Dirichlet boundary conditions, denoted by
(cro, 1])5 . We show that the restricted semigroup, which we denote by (Ttb ) >0 is,
again, a strongly continuous contraction semigroup and the infinitesimal generator is
given by

Rofi=abf, D(AL) ={ren(al):alsecio ).

Moreover, if we assume that supp(u) € supp(u,), the space (C[O, 1])Z can be con-
tinuously embedded in (C[0, 1% - where we denote the embedding by 7,,. Due to the
Trotter-Kato approximation theorem (see, e.g., [10, Theorem 1.6.1]), the strong semi-
group convergence is equivalent to strong resolvent convergence and strong resolvent
convergence is what we will establish. More precisely, let f € (C[0, 1])2, » > 0 and

n € N. We define R? := (A — AZ)_I and R} = (% — Azn)_l and prove

The main tool for proving (4) is the generalization of the hyperbolic functions sinh
and cosh, defined by generalizing the series

TRV f — Iéf’nnan — 0, n — oo. )
o

2k

i s X i 2% X
sinh(zx) = ) 7z ————, cosh(zx) = » z%° ——.
5 k! =" (2h)!

We replace ’,i—,: by generalized monomials defined by a measure . This extends the
theory of measure theoretic functions, developed for trigonometric functions in [1].
Then, we show that the resolvent density of the operator AZ is a product of such
generalized hyperbolic functions. This leads to strong resolvent convergence for our
sequence by proving convergence of these generalized hyperbolic functions. As a
consequence we obtain our main result.

Theorem 1.2. Let f € (C|O, 1])Z and [, be a sequence of measures satisfying
Assumption 1.1. Then, forallt > 0

lim ‘
n—o0
uniformly on bounded time intervals.

For f € (C[0, 1])%, it follows in the same way as before, that {u(t) = T f : t > 0}
is the unique mild solution to the initial value problem

TaTl f — T,’fnn”fHOO —0,

1y = & 0
u(0) = f

Further, {u 2() = Tfn fit> 0} is the unique mild solution to the initial value problem

&)

u -
5 (0= AL un(®), t €0, 00),

u, (0) = m, f.
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Finally, combining these results and Theorem 1.2 yields
lim ||pu(t) — un(t)lleo =0,
n—o00

uniformly on bounded time intervals.

We obtain a meaningful interpretation for the diffusion of heat in the case of a
mass distribution with gaps in that the heat in a rod with mass distribution p diffuses
approximately like the heat on a rod with mass distribution p,, for sufficiently large n.

This paper is structured as follows. In the following section, we recall definitions
related to Krein—Feller operators. In Sect. 3, we introduce the concept of generalized
hyperbolic functions and the connection to resolvent operators. Section 4 is devoted
to the restriction of the Krein—Feller operator semigroup to the spaces (C[0, 1])Z for
b € {N, D}. After these preparations, in Sect. 5 we develop the central convergence
results, namely the convergence of the hyperbolic functions and the strong resolvent
convergence in Sect. 5.1 and finally, the strong semigroup convergence and conver-
gence of solutions to heat equations in Sect. 5.2. In Sect. 6, we show how to apply the
results in three examples. Lastly, in Sect. 7, we discuss some open problems.

2. Preliminaries

First, we recall the definition and some properties of the operator A’ , where b €
{N, D} and u is a non-atomic Borel probability measure on [0, 1] such that 0, 1 €
supp(w). If [0, 1]\ supp(u) # @, then [0, 1]\ supp(w) is open in R and can be written
as

[0, 11\ supp() = | J (i, bi) (6)

i>1

with 0 < a; < b; < 1, a;, b; € supp(u) fori > 1. We define
Dl .= {f : [0, 1] — R : there exists f’ € L? ([O, 1], Al) :

Jx) = £ +/0 f'dy, x €10, l]}

and H! ([O, 1], kl) to be the space of all L2([O, 1], n)-equivalence classes possessing
aD! —representative. If u = Alon [0, 1], this definition is equivalent to the definition
of the Sobolev space Wzl.

We observe that H! ([O, 1], A l) is the domain of the non-negative symmetric bilinear
form € on L2([0, 1], 1) defined by

1
E,v) = / W (V' (x)dx, u,ve F:=H! ([0, 1], Xl) .
0
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It is known (see [14, Theorem 4.1]) that (£, F) defines a Dirichlet form on
Lz([O, 1], ). Hence, there exists an associated non-positive, self-adjoint operator

1
AN on L2([0, 1], p) with F =D ((—Aﬁ’)2> such that

<_Agu7v)ﬂz(€(u,v), u GD(AQI)’U eF

and

D (Aﬁ’) = {f € LZ([O, 1], ) : f has a representative fwith f € Dlzl and f’(O) = f_/(l) = 0}.

The operator Aﬁ’ is called the Neumann Krein—Feller operator with respect to .
Furthermore, let F( be the space of all L2([0, 17, w)-equivalence classes having a
D! —representative f such that £(0) = f(1) = 0. The bilinear form defined by

1
Ew,v) = / ' )V (x)dx, u,v e Fo,
0

is a Dirichlet form, too (see [14, Theorem 4.1]). Again, there exists an associated non-
positive, self-adjoint operator Af on L2([0, 11, n) with Fy = D ((—A5)£> such
that

(—APu, vy, = E@u,v), u e (A,’f) veF

and

D (Af) = {f e L*([0,1], p) : f has a representative f with f € Dﬁ and f(0) = (1) = O}.

Then, A E is called the Dirichlet Krein—Feller operator with respect to .

By Freiberg [13, Proposition 6.3, Lemma 6.7, Corollary 6.9], there exists an
orthonormal basis {w,f : k e N} of L%([0, 1], ) consisting of eigenfunctions of
—Az and for the related ascending ordered eigenvalues {)\2 : k € N} we have
0< A’l’ < )Jz’ < ..., where AID > (. Since {go,’(’ : k > 1} is an orthonormal basis
of L%([0, 1], ), each f € L?([0, 1], ) can be written as f = D ksl fkb(p,f, where
f,f’ = ( f, go,lj >u , k > 1. Along with the self-adjointness, we obtai;l the following
formula, called the spectral representation of Az (see, e.g., [24, Section 1.3]):

AL F =0t
k>1
. @
D(AZ) —fel’@1.w:Y (xif,j’) < 00
k=1

The spectral representation provides a direct way to introduce the associated semi-

group. Define for f € L?([0, 1], 1)

_ab
TV f =) e flgp. t = 0. (8)
k>1
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Then, (Ttb ) ;>0 18 astrongly continuous semigroup on L>([0, 1], 11) and its infinitesimal

generator is AZ (see, e.g., [24, Lemma 1.3.2]).

3. Generalized hyperbolic functions and the resolvent operator

Letb € {N, D} and let u be defined as before. In this section, we develop a useful
representation for the resolvent density of AZ.
Let & > 0. We consider the initial value problem
{ ALg = Ag,

9
g =1, g0 =0 )

on L%([0, 1], ). The problem (9) possesses a unique solution (see [13, Lemma 5.1]),
which we denote by g{‘, N Further, under the initial conditions

g =1, g'(1)=0, (10

2(0) =0, g'0)=1 a1
and

g() =0, g'(1) =1, (12)

respectively, the above eigenvalue problems also possess unique solutions (see[13,
Remark 5.2]), and we denote them by géy N gi\’ p and g%’ p- Tespectively. The resolvent
density is then given as follows.

Lemma 3.1. [13, Theorem 6.1] Let A > 0. The resolvent operator Rf =A\— AZ)’1
is well-defined and for all f € L2([0, 1], ) we have

1
Rff(x>=f0 Pl (x, ) F()du(y), x €10, 11,

where the resolvent densities are given by

s s
Py (x,y) = py (v, x) = M, x,yel0,1], x <y,
(etn) ™
» b 81 p)&5 p(»)
Py, y)=p (., x) == ———5———, x,y€[0,1], x = y.
g (D)

It is well-known that if i = A!, the solutions to (9) and (11) are given by

1
gr v (x) = cosh («/Xx) and g7 ;(x) = —= sinh («/Xx) , x €[0,1],
' ' Vi
respectively. We generalize the notion of hyperbolic functions by solving (9) and (11)
for an arbitrary measure u with the given initial conditions. To this end, we introduce
generalized monomials as in [1].
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Definition 3.2. For x € [0, 1] we set po(x) = go(x) = 1 and fork € N

[ pre10dp (o), ifk is odd,
Jo Pr—1(0)dt, if k is even,
fo ak—1(dt,  ifk is odd,

f(;c qk—1(t)du(t), ifk is even.

Pr(x) = {
qr(x) == {

We note that for x € [0, 1] and & > 0,

k k

X X
Puk41(x) < por(x) < R q2k+1(x) < par(x) < o

(see [18, Lemma 2.3]).

Definition 3.3. We define for x € [0,1], z € R

oo oo
sinh, (x) := Y 2T guq1(x), cosh;(x) =) 2% py ().

k=0 k=0

By (13) forall z € R

. 2 2
Isinh, [lo, < ze®, llcosh, ||y < €.

J. Evol. Equ.

13)

(14)

Example 3.4. If n = AL, we have qr(x) = %, k > 0. It follows that in this case

0 2l x2k+l
sinh (x) = Y 22— —— = sinh(zx)
|
— 2k + 1)!

and analogously cosh;(x) = cosh(zx).

Proposition 3.5. Let L > 0. Then, for x € [0, 1], we have

1
g1y (x) =cosh s (x), gt p) =7 sinh 5 (x),

1
gé,N(x) ZCOShﬁ(l - )C), g%ﬁD(X) = — ﬁ smhﬁ(l —

X).
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Proof. The assertion for g{" p Wwas proven in [18, Lemma 2.3]. The proof for g{" N
works analogously. We verify the assertion for g%y n- Letx € [0, 1]. Then,

o0
cosh /(1 —x) = Zk”pzn(l —Xx)
n=0
oo I—x py
=14+ ZA"/ / pan—2(t)du(t)dy
ot 0 0
00 1—x 1
:1+ZA”/ / pan—2(1 — t)du(t)dy
n=1 0 1-y
o0 1 y
=1 —Z,\"/ / Poan—2(1 — H)du()dy
=1 X 0
= 1= [ [ b = nauay.
n=0 x

Due to estimate (13) we can use the dominated convergence theorem and obtain

1 y X
cosh (1 —x) =1 —A/ /0 D A pan(1 = Hdp(r)dy
X n=0

L ry
=1 —A/ /(; coshﬁ(l —t)du(t)dy.

We set f(x) := coshﬁ(l —x), x € [0, 1] and get

L ry
fx)=1 —)»/ /O f@)du()dy, x € [0, 1]

and in particular

L ry
f(0)=1—/\/0 /O S(@Odu(@)dy.

It follows that, for x € [0, 1],

X y
7w =10 =x [ [ roauway.
0 JO
The latter equation can be written as A, f = Af. It remains to verify the initial
conditions. Obviously, f(1) = cosh ﬁ(O) = 1. Using (13) again, we have

e¢]

f1)y == 2" pa-1(0) = 0.

n=1

The proof for g%, p follows using the same ideas.
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This leads to the following representation for the resolvent density:

Corollary 3.6. Let A > 0. We have for x,y € [0, 1], x <y,

N N / -1
PV, y) = pN (v, x) = (coshﬁ(l)) cosh 5 (x) cosh /(1 — ),

1 -1
pf(x, y) = pf(y, X) = ﬁ (sinhﬁ(1)> sinh\/x(x) sinhﬁ(l —y).

4. The restricted semigroup

Let b € {N, D} and let i be defined as before. It is well-known that AZ is the
generator of a strongly continuous Markovian semigroup (T,b ) .~ Of contractions on
L2([0, 1], ).

Definition 4.1. For (¢, x, y) € (0, 00) x [0, 1] x [0, 1], we define

e e]

_4b
PR y) =Y e ol (gl ().
k=1

This is called the heat kernel of AZ.

The heat kernel is the integral kernel of the semigroup (T,b ) ;o Thatis, forz > 0
and f € L%([0, 1], /L), We can write

1
TP f(x) = /O PP, ) F(dr(y), x € [0, 1.

In this section, we restrict these semigroups to appropriate spaces of equivalence
classes of continuous functions.
Definition 4.2. (i) We define (C[0, 1])2’ as the set of all L%([0, 1], Ww)-equivalence

classes possessing a continuous representative, formally

(c1o, 1])2/ = {f S Lz([O, 1], n) : f possesses a continuous representative} .

(ii) We further define (C|O, 1])5 as the set of all L%([0, 1], w)-equivalence classes
possessing a continuous representative that satisfies Dirichlet boundary condi-
tions, formally

1o, 1])5 = {f € LZ([O, 1], w) : f possesses a continuous representative f

such that £(0) = f(1) = 0}.

The space (C[O0, 1])2 is a Banach space with the norm ||f||(C[0’1])z = ” f|supp(#) ||Oo
Note that

I o, = 11 s
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where fis the continuous representative of f that is affine on all intervals in [0, 1]\
supp(u). To simplify the notation, we henceforth write || f|| 5, for || f ”(C[O,ll)ﬁ .

Letu = Y o uppy € L*([0,1], 1) and let ¢ > 0. From (f,j’)kZl e I2(N) it
follows that ((A,}Z)n e_)‘itfkb>k L€ I2(N) and thus by (7) and (8)
>
k k _.p
(—AZ) Thu=Y" (xi) e M bl € L2((0, 11, ) (15)

k>1

and especially T,b ueD (AZ). Hence, the following inclusion holds:
b b b
77 (10, 11}, < (€10, 1D

This motivates the definition of the restricted semigroup (Ttb ) >0 <(T,b ) | ) > )
= €.} / 150

which is for # > 0 defined by
T} 2 (C0. 1)), — (C[0. 1D}, T f =T f.

When evaluating an element of (C[O, 1])2 pointwise, we always evaluate the repre-
sentative that is affine on all intervals in [0, 1] \ supp(u).

The goal of this section is to show that (7_",1’ ) ;-0 again defines a strongly continuous
contraction semigroup. It is obvious that the semigroup property holds. Note that by
the Markov property of (Tth),zo for g € (C[O, 1])2]

1 1
'n”g<x)]=‘f0 pf(x,y)g(y)du(y)‘Sllglloo‘fo pﬁ’(x,y)du<y>‘s||g||oo,xe[o,l].

Hence, (7_}” )i>0 18 a semigroup of contractions. It remains to prove the strong con-
tinuity. To this end, we need some preparations. We write E£(f, f) := £(f) and

A2 = fy f0)2dp().
Lemma 4.3. If f € F, then

1 flloo < ECOZ + 111, -

Proof. Let f € F. Then, by the Cauchy—Schwarz inequality for all x, y € [0, 1]

y
/ f(z)dz

It follows by the reversed triangle inequality and by |x — y| < 1

YoN2 : 1 1 1
1) = f)] = s(f () (z)dz) = ylE = £ k=t

G < 1 FO) +E)?.
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Further, by integrating of y w.r.t. i,

1
1
7wl < [ 1o + e}
and finally by the Cauchy-Schwarz inequality

FC < N1, +EC2.

Lemma 4.4. Let f € (C[0, 11)5. Then, lim; o | T/ f — f] ., = 0.

Proof. We follow the proof of [28, Proposition 5.2.6]. Let f € F. By Lemma 4.3 and
[28, Lemma B.2.4],

1

Tf’f—f”ooflimg(Ttbf—f)va‘

t—0

lim ‘
t—0

1Pr - f|
"w

<2t (e () <o)
=0.

By the fact that F is dense in (C[O, 1])2’ and that, for # > 0, T}V is continuous on
(C[0, 1DY, we obtain the assertion for b = N. To verify the case b = D, we prove
that Fy is dense in (C[0, 1])/. Let f € (C[0, 1])7. Then, by the density of F in
(C[0, 1DV, there exists a sequence (fy),cy With f,, € F for each n € N such that

If = falloo = 0, n — oo0. (16)

We define forn € N
Jn0(xX) := fu(x) = fu(0) = x(fu(1) = f2(0)), x € [0, 1],
which is an element of F. Further, we have that
Jo(x) == f(x) = f(0) =x(f(1) = f(0)) = f(x), x €[0, 1],
since f satisfies Dirichlet boundary conditions. This along with (16) implies forn € N
dim [ fuo = fllog
= nlgl;o | fuo = fol o

< lim sup |fu(x) — fO)+ [/ (0) — f(O)]

100 xel0,1]
+ x (fu(D) = fu(0) — (f (1) = F(0))]
=0.
The main result of this section now follows immediately.

Corollary 4.5. (7_}” ) (=0 18 astrongly continuous contraction semigroup on (C|0, 1])2.
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5. Convergence results

5.1. Strong resolvent convergence

Let n be defined as before and let F be the distribution function of . Further,
let (1n),en satisfy Assumption 1.1 and let F), be the distribution function of w, for
n e N.

First, we give convergence results for the generalized hyperbolic functions intro-
duced in Sect. 3 using results from [19]. Let pi, qx, k € N be defined by n and
Dk.n» Gk.n» k € N be defined by p, forn € N.

Lemma 5.1. [19, Lemma 3.1] For x € [0, 1] and k, n € N we have

1g26() — g n (0] = 2”%'1';’%
P21 = pata ()] < 2”%'1';”}{
|G2k+1(%) — G2i+1,0(X)] < QHF%W,
|P2k+1(xX) = p2k+1.n(X)] < ZHF%W

Remark 5.2. Since the distribution function of w is continuous, weak measure conver-
gence implies uniform convergence of the corresponding distribution functions (see
[4, Section 8.1]), which is the condition in [19, Lemma 3.1].

For z € R let cosh,, sinh; be defined by w and cosh; ,, sinh;, be defined by 1,
for n € N. We obtain a result for the generalized hyperbolic functions, comparable to
that for the trigonometric functions in [19].

Lemma 5.3. Let z € R. Then,

|cosh, — cosh. || < 27%% || F — Fulloo »
|cosh’ —cosh || =< (z2 + 22462’2) I1F = Fallo

|sinh, —sinh, , | < 22% | F — Fullo
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Proof. Letx € [0, 1] and n € N. Then,

o
|cosh. (x) — cosh. ()| < D [pax(x) = paxn(x)| 2%

k=1
o
- Z 2I|F = Fulleo 2
k!

2|F = Fulloo x40
o

[
K

W
NO

IIF Fullo -
Further, note that

o0
cosh’ (x) = Z Pak—1(x)z%

k=1
and
|P1(x) = pra()] = ([0, x1) — wp ([0, xD] < |IF — Fylloo -
With that,

o
|cosh’, (x) — cosh’., (x)| < Z |P2k—1(x) = por—1.(x)] 2
k=1

) 0 ok
< |z +2Zm |F— Fullso
k=2
< (2422 ) IF = Fullo

Finally,

o0
|sinh (x) — sinh; ,(¥)]| < D lg2e41() = qarg1.0(x)| 2!
k=1

Z2|IF Falloo 2k
- (k= 1)!

2”F—Fn"oo 2k+3
= ,;)—k' z

IA

2
22%¢ ||F — Fylloo -

We turn to the main result of this section. For b € {N, D} and A > 0,

J. Evol. Equ.

let Rf be

defined by u and le’n be defined by u,,. We assume supp(u) < supp(u,) for all

n € N. Then, the mapping
T (C[0, 1)), — (C[0, 1)) | f> f

A7)
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defines an embedding, where f € (C[O, 1])2’1 denotes the L2([0, 1], pn)-equivalence
class of the representative of f € (CIO, 1])Z that is affine on each interval I C
supp(un) \ supp(i).

Theorem 5.4. Let A > 0. Then, forall f € (CIO0, 1%

w
hrn H R)L WTn f — ”nRAfH

Proof. We simplify the notation in this proof by omitting all embeddings. If we eval-
uate on supp(u,) \ supp(i), we always evaluate the representative that is affine on
each interval 1 C supp(u,) \ supp(w). First, we consider the case b = N. Let A > 0,
neN,x,y e[0, 1] withx < y. Using the triangle inequality,

‘piv(x,y) —pff,,(x,y)‘

-1 -1

< (cosh’ﬁ(l)) . (coshi/xn(l)) ‘cosh () cosh (1 y)‘
-1 (18)
+ coshﬁ(x) —coshﬁ)n(x)‘ (cosh’\/x’n(l)) coshﬁ(l — y)‘
-1
+ |cosh (1 —y) —cosh /7, (1 — y)‘ (cosh:/xn(l)> cosh /7, (x)] .
We have
COSh:/x(l) = Z)\nlhnfl(l) >Aapi(l) = A (19)

n=1
and similarly cosh’ (1) > XA. Applying this along with Lemma 5.3, we get

cosh (l) cosh’ (1)
cosh’ (l)cosh’ (1)

(cosh/ﬁ(l)y1 - (cosh/\/x’n(l))il

(» +2?»2 Y)IF — Fn”oo
< 3

and thus with (14)

(cosh’ (1)) (cosh’ (1))

_ (@ +20e%) IF = Fyllo
< - .

‘coshﬁ(x)coshﬁ(l —-y)

For the second term on the right-hand side of inequality (18), we calculate

< 2" ||F = Fylloo -

~1
(cosh:/x’n(l)) cosh /(1 —y)

coshﬁ(x) — coshﬁﬁn(x)‘
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Treating the third term analogously and using the above calculations in (18) yields

lim max ‘ N X,y) — N X, ‘
Jm | max. 1P (X, ¥) =) (%, y)
(e** +20e**) IF — Fylloo

< lim +4e” |F = Fyllo
n—oo A

n—oo

=0.

1
= lim (X + 26" +4> e |F = Fulloo

Further, by (14) and (19),

1 1
’ /0 o2 (x, ¥) F()dp(y) — /0 piv(x,y)f(y)dun(y)‘

<

< (cosh:/x(l))_1 cosh /- (x)

1

1
: fo cosh (1 — ) F () — fo coshﬁ(l—wf(y)dun(y)‘

A

1

1
/0 cosh /(1 —y) f(y)du(y) —/O cosh /(1 —y)f(y)dun(y)’-

=

e
A
Due to weak measure convergence,

1 1
Jim A cosh (1 — y) f(»)dun(y) — /0 cosh (1 —y) f(y)du(y) =0

and consequently,

lim max
n—00 x€l0,1]

1 1
/0 o2 (x, ¥) F()dp(y) — /0 piv(x,y)f(y)dun(y)‘=0.

We get the same result for x > y and obtain

lim max )Rﬁnf(x)—Rﬁvf(x)’

n—0o0 xel0,1]

< lim max
n—00 xel0,1]

1 1
fo o (6. ) FO)AR(y) — /0 Piv(x,y)f(y)dun(y)‘

+ lim max
n—00 xel0,1]

=0.

1
/0 (o (. 3) = Pl 1)) F A
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Now, let b = D. Again using the triangle inequality, forn € N, x, y € [0, 1], x < y,
D D
P23 = 9P, 5, )

(sinh f(l)) ~ (sinh ﬁ’n(l))_l

[sinh ;) sinh (1 = )|

)

=l

(20)
+ [sinh 3 (x) — sinh ;. , ()|

~1
(sinh 5, (1) sinh (1 - y)‘

—1
(sinh’ ., (D) sinh g5, ()

+ ‘sinhﬁ(l —y) —sinh 5 (1 — y)‘

We have
s 1
sinh (1) = > A" 2go1(1) = Vagi(1) =V
n=0
and thus
-1 -1
(sinhﬁ(l)) — (sinhﬁyn(1)> <2V |F = Fyllu -

Arguing in the same way as before, we get

n—)OOxE

lim max ‘p;\ (x,y) — pkn(x y)‘ < hm 7\/_6‘ |F — Fplloo 2e?*

n—oo

+ lim i)ﬁe)‘ |F — Fyllo "
n
Vi >

= lim (2¢* +4)xe* |F — Fyllo

= 0.
Further,
1 1
max / PP (x, v) £ (Mdu(y) — f pf(m)f(y)dun(y)‘
x€[0,1] | Jo 0
1 1
erer%gvg] (ﬁsinhﬁ(l)) sinh_/5 (x) ‘fo sinh_ /(1 — ) f (»)d(y)

1
_/O sinh (1 —y)f(y)dun(y)’

< | (Vsinn ;1) HsinhﬁHm‘ /O Sinh 51— ) FIA0)

1
- /0 sinh (1 — ) f (v)dpn (y)‘.
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Due to the weak measure convergence, this goes to zero as n tends to co. Deducing
the same result for x > y and combining the above inequalities,

lim maX] Rﬁnf(x) — R){)f(x)’

n—00 xel0, 1

< lim max
n—00 xe[0,1]

1 1
/O pf(x,y)f(y)du(y)—/o pf(x,y)f(y)dun(y)‘

+ lim max
n—00 xel0,1]

1
/O (Pf @) = Ly (x, y)) F)dpn

=0.

Remark 5.5. We made the assumption supp(u) < supp(uy) for all n € N only to
simplify the proofs. Note that our results can be formulated and proven in a very
similar way if this condition is not satisfied. If, for example, supp(u) 2 supp(u,) for
all n € N, define 7, : (C[O, 1])51 — (C10, 1])bn, f = f|supp(un)' This is again a
bounded linear transformation between Banach spaces and we can follow the same
steps as before.

5.2. Strong semigroup convergence

Let 1 be defined as before and let & > 0. Analogously to the restricted semigroup,
we define the restricted resolvent operator by

RY (1o, 10N — (c1o, 1)y, RY f =R 1.
RP - (€10, 1D2 — (Cl0. 1D, RP f = RP .

Further, we define the operators A% and AZ by
Aif=arr D(A))={rep(al):alseco i},
ARf=alr D(AR)={rep(ap):alr e crop},

which are called the part of the operator Aﬁ’ in C[0, 1])2’ and the part of the operator
AR in C[0, 1])17, respectively. The following Lemma shows how the restricted semi-
group, the restricted resolvent and the part of the operator are connected. For that, let
b e {N, D}.

Lemma 5.6. (i) The infinitesimal generator of the strongly continuous contraction
semigroup (T,b)l>0 is AZ.
(ii) Iéi’ is the resolvent of AZ.

Proof. Forall f € L2(|0, 1], w),wehave || fll > Il fIl,,, therefore the inclusion ma;
0 w p

i:(C[o, 1])Z — L2([O, 11, w), f +— f is continuous. Moreover, (T,b) defines a

t>0 C
strongly continuous contraction semigroup on (C[0, 1])Z and (CJO0, l])z is (T,b) 0"
invariant (see Corollary 4.5). We thus can apply [9, I1.2.3 Proposition] to verify (i).



Vol. 21 (2021) An approximation of solutions to heat equations 823

We turn to part (ii). Let A > 0 and let I?f be the resolvent of AZ. By part (i) and [9,
1.1.10 Theorem], this operator is well-defined and given by

Ei’f:/ e NT) fds, f € (C[0,1D)).
0

Further, by definition of (7,") 1~ and R,

o0 o0
RVfF=RVS =/0 e ™Mb fds =f0 eHTPfds, f e (Cl0, 1D,

It follows R? = R? on (C[0, 11)%,.

We are now able to establish strong semigroup convergence. To this end, let (i), en
satisfy Assumption 1.1 and we assume supp(u) < supp(u,) for all n € N. For
b e (N, D}let (T?),_, be defined by 1, (T be defined by u,, and analogously

)
>0
the restricted semigroups (T,b ) ;0 and (T,bn) be defined by p and w,, respectively.

>0

Proof of Theorem 1.2. For n € N, m, is a bounded linear transformation between
Banach spaces. Further, (7,”),_, and (7,%,) 1= " € Nare strongly continuous con-
traction semigroups on their respective spaces (see Corollary 4.5). Hence, due to the
first Trotter-Kato approximation theorem (see [10, Theorem 1.6.1, Problem 1.8.13] for
a suitable version), the assertion is a direct consequence of Theorem 5.4.

Remark 5.7. As a further direct consequence of the Trotter-Kato approximation the-
orem, we obtain the graph norm convergence. That is, for f € D (AZ) there exists
(fa)nen with f, € D (Ab ) such that forn € N

maAbf— AL ful =0

Tim 7 f = fulloo + | N

Strong semigroup convergence can be interpreted as convergence of solutions to
heat equations. The connection is given as follows (see [9, Proposition VI.6.2]).

Lemma 5.8. Let A be the generator of a strongly continuous semigroup (S;),>( on a
Banach space X. Then, for each f € D(A) the abstract heat equation

%(t) = Au(t), t >0
u@©) = f

ey

has a unique classical solution on X given by
u:[0,00) = X, t—> S, f,

meaning that u is continuously differentiable with respect to X, u(t) € D (A) and (21)
holds for all t > 0.
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Let7T >0and f € D (Aﬁ). Theorem 1.2 implies that the classical solution to

Outy 1) =AY u, ()
8t ( ) - M"uﬂ £
u,(0) = m, f

converges uniformly for (¢, x) € [0, T'] x [0, 1] to the classical solution to

ou -
5 (0 =2,
u(0) = f

asn — oo, assuming that, f € D (Azn). However, the assumption f € D (AZ) and
n,f €D (Azn) for all n € Nis very restrictive, as the following example illustrates.

Example 5.9. Let u be a measure satisfying our conditions such that supp(u) is a
A1-zero set and assume that supp(un) = [0, 1] forall n € N. Further, let f € D (AZ).
Then, on any interval I C [0, 1] \ supp(n), m, f is affine. Now, if we assume that
maf € D(AL ), then Al f(x) =0,x € I and thus AL f =0 e (C[0,1]), . If
b = D,weobtainm, f =0 € (C[O0, 1]),% and thus f = 0 € (C[0, 1])Z andifb = N,
(mn f) =0 € C[0, 1] and thus ' = 0 € (C[O0, 1])2].

This motivates the concept of a mild solution (see [10, Definition I1.6.3]).
Definition 5.10. Ler X be a Banach space, A : D(A) C X — X and f € X. We call
amapu : [0,00) = X, t > u(t) a mild solution to the abstract heat equation

= Auy. 1> 0
. = u ) - Y,
dr

u@©) = f

(22)

lffot u(s)ds € D(A) and u(t) = A fé u(s)ds + f forallt >0

Using this solution concept, we can establish the desired convergence for any initial
condition in the appropriate space.

Theorem 5.11. Letr f € (CIO, 1])Z and let () nen satisfy Assumption 1.1. Further,
let {u(t) : t > 0} be the unique mild solution to

Q) = Ry, 120
- = u ) — Y,
dr ®

(23)
u@) = f
and, forn > 1, let {u,(¢) : t > 0} be the unique mild solution to
dun ~b
H=A t), t >0,

u, (0) = my f.
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Then,
lim ||m,u(t) — un(H)llee =0, (25)
n—0oo

uniformly on bounded time intervals.

Proof. Since Az is the generator of a strongly continuous semigroup, it follows by
[10, Proposition I1.6.4] that ¢ 7_}” f is the unique mild solution to (23). The same
argument show that T,{’n 7, f s the unique mild solution to (24) for n € N. Then, (25)
is a direct consequence of Theorem 1.2.

6. Applications

Example 6.1. As a first application, we consider a non-atomic Borel probability mea-
sure u on [0, 1] such that 0,1 € supp(un) and supp(u) # [0, 1]. We define for
¢ € (0, 1) the approximating probability measure 1, by

_ntert
He =%

It is elementary that p, converges weakly to i as ¢ — 0 and Theorem 5.11 is
applicable. Let b € {N, D} and f € (C[O, 1])Z. Then, the unique solution {u.(¢) :
t >0} to

du, ~b
?(Z) = A, us(t),
ug(0) =, f,
where 7, : (C[O, 1])Z — (C]0, 1])28 is an embedding as previously defined (see
(17)), converges to the unique solution {u () : t > 0} to
du -
- 0= A,
u@©) = f
with respect to the uniform norm as ¢ tends to zero.

In the previous example, p could be chosen to be an absolutely continuous measure,
for example Al , or to be a singular measure, as a self-similar measure on the

04131
Cantor set. Furthermore, it is not required that the approximating measures have full
support.

Example 6.2. Let wi, wy € (0, 1) such that w; + wy = 1 and let i be the unique
invariant Borel probabiliy measure on [0, 1] given by the IFS consisting of Sj (x) = §
and S (x) = % + %‘, x € [0, 1] and weights w; and wj, i.e., u is a so-called Cantor
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0 1

W wo

“,'1-’ W w9 Wty w2

Figure 1. Approximating Cantor measures of levelsn =0, 1,2

measure. Following [19], for n € N we define the approximating Cantor measures of
level n by

pn(B):=3" 3" 1l [y BeB(O, 1),

xe{l,2)n i=1

where I, := (Sy; o-+-08y,) ([0, 1]), x € {1,2}". The approximating Cantor mea-
sures of levels n = 0, 1, 2 are illustrated in Fig. 1. We denote the distribution function
of u by F and the distribution function of u, by F;, forn € N. Then, |F — F,|loc — O
(see [19, Proposition 4.2]) as well as supp(u) C supp(u,) for n € N and Theorem
5.11 can be applied. Hence, for f € (C[O, 1%, the unique solution {u, () : t > 0} to

du, b
?(t) = Aunun(t)z

un(0) =7, f
converges to the unique solution {u(z) : t > 0} to
L 4y = Alu
— @) = Alu@),
dt "
u0) = f
with respect to the uniform norm as n tends to infinity.

Finally, we connect both applications.

Example 6.3. Lete > 0, n € Nand let u, w,, {u() : t > 0} and {u,(¢) : t > 0} be
defined as in Example 6.2. We define i, . by

o HUn +€)\l
Hn,e ‘= 1+e

i.e. analogously to Example 6.1, and {u, (¢) : t > 0} to be the solution to

’

du -
0= Al une(t),

Mn,e(o) = ”n,sf,
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where 7, . is an embedding as previously defined. Further, let € [0, co0) and § > O.
By Example 6.2, there exists ng € N such that for all n > ng we have

lu(@) — un ()] )
u( un()oo<§'

By Example 6.1, for each n > ny there exists &, > 0 such that for all ¢ < &, we have

)
”un(t) - Mn,e(t)”oo < 7

Hence, for all n > ng, & < &, we have

Ju(®) —un e, <.

Thus, the heat in a rod with mass distribution given by a Cantor measure diffuses
approximately like the heat on a rod possessing a strictly positive mass density which
is small off the Cantor set.

7. Directions for further research

Remark 7.1. Consider the heat equation (2) with initial value given by the Delta dis-
tribution 8, : g — g(y) for y € supp(u). Then, the heat kernel

P y) =Y e Mgl (). (1.x) € 10.00) x (0, 1]
k>1

solves the equation in the distributional sense, where {Af, k> 1} are the ascending
ordered eigenvalues and {(p,f, k> l} the L, ([0, 1], i)-normed eigenfunctions of AZ
on L>([0, 1], ). The heat kernel is of particular importance in the context of the
associated Markov process (see the remark below) and stochastic partial differential
equations (see [7,8]). Itis an open question whether weak measure convergence implies
pointwise convergence of the corresponding heat kernels for each (¢, x, y) € (0, 00) x
[0, 11%.

Remark 7.2. The operator AZ on L>([0, 1], ) is the infinitesimal generator of a
Markov process, called a quasi-diffusion (see, e.g., [27,30-32]). Convergence of semi-
groups raises the question of whether the associated Markov processes also converge
weakly. If i, — w, our results imply that for each f € (CIO, l])Z, t € [0, c0) and
each starting point x € [0, 1]

E [f (xf;(z))] =T) f(x) > TP f(x) = [f (Xb(t)>], n— 00,

where X? is associated to AZ and X’ is associated to Azn. We denote by [E the
expectation with respect to the law of the appropriate process. This could be extended
to a proof of convergence of all finite-dimensional distributions, and tightness would
then also be required in order to establish that X 3 — X’ weakly in the Skorokhod
space of cadlag functions.
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Remark 7.3. Let u be of full support. Consider the analogue of the wave equation

d%u b
m(t) = Aju(t), t €0, 00)
on L2([0, 1], w). This hyperbolic equation describes the motion of a vibrating string
with mass distribution w such that, if it is deflected, a tension force drives it back
towards its state of equilibrium. If i were not of full support, the string would have
massless parts. It is not clear how to interpret massless parts of a string. We suppose
that the motion of such a string behaves approximately like the motion of a string with
very little mass on these gaps, analogous to our results about the diffusion of heat.
Assume that u(0) € D (A%) and, for reasons of simplicity, that the initial veloc-
ity vanishes. Then, there exists a unique solution on L, ([0, 1], ) given by u(t) =
C(t)u(0), t > 0, where {C(¢) : t > 0} denotes the strongly continuous cosine family
of AZ (see, e.g., [40]). We have already shown that i, — w implies strong resol-
vent convergence of the corresponding operators restricted to continuous functions.
It is well-known that this implies convergence of the corresponding cosine families
{Cn(2) : t > 0}, which implies convergence of the solutions to the corresponding wave
equation, provided that there exists M > 0 and w > O such that foralln > 1,7 > 0
1C. (O] < Me®!! (see [25]). Proving that the restriction of C(¢) to (C|O, 1])2 is the
cosine family of Az (and analogously for 1,,) and verifying the above estimate would
be a way to establish the desired convergence of solutions to the wave equation.

Remark 7.4. The Krein—Feller operator AZ can also be defined with respect to a
measure (4 with atoms, see, e.g., [29] for a model in this direction. If w is atomless,
the weak convergence implies uniform convergence of the corresponding distribution
functions, which we have used to prove convergence of the corresponding generalized
monomials (see Remark 5.2). For a measure with atoms, it would be required to
find such convergence results without this uniform convergence property. Further, a
representation of the resolvent density needs to be developed (see Lemma 3.1 for
atomless measures).
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