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Abstract. In this paper we introduce a new general multivariate fractal
interpolation scheme using elements of the zipper methodology. Under
the assumption that the corresponding Read-Bajraktarevic operator is
well-defined, we enlarge the previous frameworks occurring in the litera-
ture, considering the constitutive functions of the iterated function sys-
tem whose attractor is the graph of the interpolant to be just contractive
in the last variable (so, in particular, they can be Banach contractions,
Matkowski contractions, or Meir-Keeler contractions in the last variable).
The main difficulty that should be overcome in this multivariate frame-
work is the well definedness of the above mentioned operator. We provide
three instances when it is guaranteed. We also display some examples
that emphasize the generality of our scheme.
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1. Introduction

In 1986, M. Barnsley (see [3]), based on the concept of iterated function system
(for short IFS) introduced by J. Hutchinson (see [10]), developed the theory
of fractal interpolation functions which turned out to be an impressive device
in the study of non-linear phenomena in nature.

A fractal interpolation function (for short FIF) is a continuous function
interpolating a given set of data such that its graph is the attractor of some
IFS. Such functions offer two benefits: the free choice of scaling factor and
the self-similarity feature. In relation to the classical approximants, FIF's yield
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a more detailed approximation for non-smooth functions. Ergo they are used
in image compression, signal processing, bio-engineering etc. [14] and [18] are
excellent treaties on the topic of fractal interpolation.

Later on, in 1990, P. Massopust (see [13]) generalized the concept of FIF
by constructing fractal interpolation surfaces. For more results along this line
of research, see, for example, [4,6,8,11,12].

In 2002, V. Aseev (see [1]) introduced the concept of zipper which pro-
vides another way to construct self-similar sets. See also [2]. Later on (see [5]),
in 2020, this methodology of zipper was used to derive a univariate interpola-
tion scheme. For some other connected works (including the study of zipper
fractal interpolation surfaces) see: [9,19,24-26].

In this paper we introduce a multivariate fractal interpolation scheme
using elements of the zipper methodology. In Sect. 3, under the assumption
that the corresponding Read-Bajraktarevic operator is well-defined, we enlarge
the previous frameworks occurring in the literature, considering the constitu-
tive functions of the iterated function system whose attractor is the graph of
the interpolant to be just Edelstein contractions (i.e. contractive) in the last
variable (so, in particular, they can be Banach contractions, Matkowski con-
tractions, or Meir-Keeler contractions in the last variable). The main difficulty
that should be overcome in this multivariate framework is the well definedness
of the above mentioned operator. We provide three instances when it is guar-
anteed. The first one is presented in Sect. 4 and the other two (concerning the
bivariate case) in Sects. 5 and 6. Finally, in Sect. 7, we display some examples
(linked with the settings considered on Sects. 5 and 6) which emphasize the
generality of our scheme.

2. Preliminary Facts

Definition 1. A function f : X — X, where (X, d) is a metric space, is called
a Meir-Keeler contraction if for every € > 0 there exists § > 0 such that for all
z,y € X the following implication is valid:

e<d(z,y)<e+d = d(f(z),f(y)) <e.

Definition 2. A function f : X — X, where (X, d) is a metric space, is called
an Edelstein contraction (or contractive) if for all z,y € X the following im-
plication is valid:

r#y = d(f(z), f(y) < d(z,y).

Theorem 1 (see [15]). If (X,d) is a complete metric space and f : X — X
18 a Meir-Keeler contraction, then f is a Picard operator i.e. there exists a
unique fized point x* and limnﬁoof["](x) = z* for all z € X, where f
means fo---o f.

—_—

n-times
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Theorem 2 (see [7]). If (X,d) is a compact metric space and f: X — X is a
Edelstein contraction, then f is a Picard operator.

Remark 1. It is well-known that each Banach contraction is a Meir-Keeler
contraction and each Meir-Keeler contraction is an Edelstein contraction. On
compact spaces, the family of Edelstein contractions coincide with the family
of Meir-Keeler contractions (see [15]).

Given a metric space (X, d), by P, (X) we designate the set {A C X | A #
() and A is compact} and by h we denote the Hausdorfl-Pompeiu metric.

Definition 3. A pair ((X, d), (fi)ie{l,Z,...,n}) := & is called an iterated function
system (for short TFSs) if (X, d) is a complete metric space and f; : X — X is
continuous for each i € {1,2,...,n}.

The function Fs : Pep(X) — Pep(X), given by

Fs(K) = U fi(K),

for all K € P.p(X), is called the fractal operator associated with S.
If Fs is a Picard operator, then its fixed point Ag is called the attractor of S.

Theorem 3 (see [10]). In the framework of Definition 3, if f;’s are Banach
contractions, then Fs is a Picard operator.

Theorem 4 (see [17]). In the framework of Definition 3, if f;’s are Edelstein
contractions and X is compact, then Fs is a Picard operator.

Let us recall the basic facts concerning the fractal interpolation functions
which are due to Barnsley (see [3]).
Let us consider:
— {(z4,y:) € R? | i €{0,1,...,n}} aset of data points such that zo < z1 <
“ e < mn
- I =[xo,x,] and I; = [x;-1, ;] for all ¢ € {1,2,...,n}
— L;: I — I, given by
Ll(.’E) = a; T + bi7
forall x € I and i € {1,2,...,n} such that L;(z) = ;-1 and L;(x,) =
x; foralli e {1,2,...,n}
- K € P.,(R) such that {yo,y1,....yn} C K
— F; : I x K — K Lipschitz with respect to the first variable, Banach
contraction with respect to the second variable and satisfying

Fi(wo,y0) = yi—1 and Fi(xn,yn) = i,
foralli e {1,2,...,n}
— the IFS § = ((I x IC, ||112), (Wi)ie{lyzrn,n}) ,where W; : I x K - I x K
is given by

Wi(z,y) = (Li(z), Fi(z,9)),
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for all (z,y) € I x K and i € {1,2,...,n}.
Then Fs is a Picard operator and there exists a unique continuous func-
tion f*: I — K such that

Gy = As and f*(z;) = yi,

for all i € {0,1,...,n}, where G; denotes the graph of the function f.

The functions obtained in this way are called fractal interpolation functions
(for short FIF's).

Later on P. Massopust (see [13]) generalized Barnsley’s theory. He introduced
the fractal interpolation surfaces which are continuous functions f*: D — R,
where D C R? is a triangular domain, that interpolate certain sets of data
{(asi,yj,zij) | 1€ {1,2,...,n},j S {1,2,...,m}} CD.

3. Contractive Zipper FIF on R"
Let n € N,mq,mg,...,m, € N and
{(Ililainzv o 7xninvzi1i2...in) S IRn+1|p S {1a 27 sy n}a Z.p S {07 17 .. 7mp}} )
be a given set of data such that
Tpo < Tp1 <+ < Tpmy,,
for all p € {1,2,...,n}.
Let us choose the signature € = (,,);_;, where
ep = (Ep1,€p2, -1 Epm,) € {0,117,

We use the following notation:

I, = [xpovxpmp]v Iy, = [xp(z'p—l)axm'p]’

C=1I xIyx - x1In, Ciiyei, = T1iy X Ingy X -+ Ins,,
forall pe {1,2,...,n} and i, € {1,2,...,mp}.
Remark 2. Note that

Ip = U Ipip

ipe{1,2,...,mp}

C= U Chmln

pef{1,2,...,n}
ipe{1,2,....,mp}

and

Let Ly;, : I, — Ip;, be given by
Lpip (z) = Qpi, T+ bpipy
forall z € I,p € {1,2,...,n} and i, € {1,2,...,m,}, where

_ ‘Tp(ip_fpip) - xp(ip_l+€pip)

apip -

acpmp — Tpo
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and

b o xp(ip_fpip) 7xp(ip_1+ap’ip)
pip T xp(ip_l"'epip) - T —x Lpo-
pmMy p0

Remark 3. Note that
|apip| < 17
forall pe {1,2,...,n} and i, € {1,2,...,mp}.
Let L;,...;, : C — C;,...;,, be given by
Lll’Ln (1'17.’1;2, ceey (En) = (Llil (x1)7 L2i2 (fL'Q), ceey ann (xn)) )
for all z, € I,, p € {1,2,...,n} and i, € {1,2,...,m,}.
Remark 4. Note that, for all p € {1,2,...,n} and i, € {1,2,...,mp},

(i) Ly,...;, is one-to-one.
(i) If:

€pi, = 0, then Ly; (1,0) = Tp(i,—1) and Ly;, (Tpm,) = Tpi,;
€pi, = 1, then Lp; (2p0) = xpi, and Ly, (Tpm,) = Tp(i,—1)-
(iii) Consequently
Lllln (x1617x262’ ceey xnen) = (‘Tlal(m)a L2os(ez)s -+ s xnan(en)) y

for all e, € {0,m,} and p € {1,2,...,n}, where

)iy —1+4ep, ife, =0,
oplep) =1 . ‘ fo —
ip — Epi, ife, = m,.

Let us consider K € P.,(R) such that
{zivig.in, | PE€{1,2,...,n},i, €{0,1,... ,mp}} CK

151

(1)

and for all p € {1,2,...,n} and i, € {1,2,...,mp}, we consider Fj;, ;, :

C x K — K satisfying the following two conditions:
(i)
Filiz.“in (xlel s X255+ -3 Lne, s Zelegwen) = Zgy(e1)oa(e2)-on(en)s

for all e, € {0,mp};

(2)

(ii) there exist r,;, € [0,00) and an Edelstein contraction map h,j,..4, : K —

K such that

|Fil~--in(xlv s 71'nvz) - Fil»--in(xlla .. -axiwz/”

n
<Y ity — @l By (2) = iy (2)],
p=1

for all (z1,...,%n,2), (x],...,2,,2") €C x K.
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Let us consider the IFS
S =((C XK, 1N2)s Wisigoin ) pe 1,2, m}ip {1,200 imp}) 5
where W, 4,...i, : C x K — C x K is given by
Wiligei, (T1, 22, ..o, Tp, 2)
= (Liyigi, (1,22, T )y Fiyig. i, (X1, T2y ooy 2, 2))

for all (z1,22,...,2n,2) €Cx K,pe{1,2,...,n} and i, € {1,2,...,mp}.
Let G* be a closed subset of

G={f:C— K| fis continuous, f(x1,- .-, Tni,)
=2z, forallpe {1,...,n},i, € {0,m,}}

endowed with the uniform metric p and let us suppose that the Read-
Bajraktarevic type operator T : G* — G* given by

T(f)(xla T2y 7xn):Fi1.uin (L;l11" (x17x27 cee 737”), f(L;IZW
(Il,l‘g, R zn))) 5
forall f € G*, (x1,22,...,2n) € Ciyovi,,p € {1,2,...,n}and i, € {1,2,...,m,}
is well-defined.

Remark 5. If n = 1 it is well-known that T is well-defined. For n > 2 the issue
of well-definedness of T" becomes problematic. In Sects. 4, 5 and 6, we will work
under some supplementary conditions which guarantee that T is well-defined.

Lemma 1.
T(f) (@15 T20ns - - Tniy) = Ziyin...ins
forall f € G*,pe{l,2,...,n} and iy, € {0,1,...,mp}.
Proof. For f e G*,pe{1,2,...,n} and i € {1,2,...,m,}, we have
T(f)(@1iy, T2y -+ s Tniy,)

= Firigein (Lt (@100, T2050 -y @i ) [ (Lish i (10, T20ys -, Tni,))
(i) Fiiy. i, (x1617x262, <oy Tney, s f($1e17$2e27 cee ,wnen)
= Liiin...0p (mlel sy L2eny -+ 7xnen726162~~-8n)
2
= Ziyig...in>
where

S L if epi, =0,
p = .
07 if Epip = 1,

for all p € {1,2,...,n}.
Similarly, we get the conclusion if i, = 0 for some of p € {1,2,...,n}. O
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Theorem 5. T is a Meir-Keeler contraction, so it is a Picard operator.

Proof. Let us choose an arbitrary € > 0.
Taking into account Remark 1, for all p € {1,2,...,n} and i, € {1,2,...,m,},
there exists d;,4,..4, > 0 such that, for all z € C and z,2’ € K, the following
implication is valid:
e<|z—2|<e+0iiyin = |Fiig.in(€,2) = Fijiy.a,(2,2)] <e.
Let f,g € G* such that
e<p(f,g) <e+y,
where
d=min{d;,4,. 4, | p€{L,2,...,n},ip € {1,2,...,mp}}.

Claim.

|Fiyig.in (@, f(2)) = Fiyig., (2, 9(2))] < e,
forallz € C,pe{1,2,...,n} and i, € {1,2,...,m,}.
Justification of the claim.
If e <|f(z) — g(x)|, then we have
|Fi1i2~~in (LC, f(.’IJ)) - Fi1i2min (ac,g(x))| <é,

since f(z), g(x) € K and [f(z) — g(z)| < p(f,g) <e+9.
Otherwise

3)
| Firig...in (@, f(2)) = Fiyiy..a, (2, 9(@))] < |f(2) — g(2)] <e.
Now the justification of the claim is complete.
Thus, we get

p(Tf,Tg) = max |Tf(z) — Tg(x)
= max max |Fy, i, (L;lll (z), (L1, (@)
pe {1727~--7n} xecil’”in ! n 1 n
ip S {1,2, 7mp}

_1 _1 Claim
= By (L, (2),9(L5 L (@) < e
Hence, T is a Meir-Keeler contraction and via Theorem 1, we conclude that T’

is a Picard operator. 0

Remark 6. Based on Theorem 5, there exists a unique function f* € G* such
that

T(f*) = f* and lim TI"(f) = f~,

n—oo

for all f € G*.
So, taking into account Lemma 1, we get

f* (xlil y L2igy - - 7xm'n) = Zitig..in>s

forall pe {1,2,...,n} and i, € {0,1,...,mp}.
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Remark 7. (i) For

1-— max Api
. ip€{l,....mp} | plp' Remark 3
f = min > 0,
pe{l,...,n} 1+ max Tpi,

ip€{l,....mp}

let us consider the metric dg, on R"*!, given by

n
do((z1, 22, .. mpn, 2), (2], 2h, ... 2}, 2)) == Z lzp — x| 4+ 0]z — 2|,
p=1
for all (w1, 2,...,%n,2), (¥),2h, ..., 2l,2") € R*TL

Note that dy and the Euclidean metric are equivalent.
(ii) If two metrics are equivalent, then the corresponding Hausdorff metrics
are also equivalent.

Theorem 6. W;,;,...., is an Edelstein contraction with respect to dg for all
pe{l,2,...,n} and i, € {1,2,...,mp}.

Proof. Note that

lapi, | + Orpi, <1, (4)
forall pe {1,2,...,n} and i, € {1,2,...,mp}.
Since hj,4,...i, is an Edelstein contraction, we obtain

n

dO(WiliQ---in (.’171,,@2, ey Ly, Z), WiliQ---in (:v/l, 3?/2, . ,.’L‘;N Z/))
n
= Ly, (€p) = Lpi, (2)| + 01 Fsy i (1, Ty 2) = Fiy i (2,20, 7))
p=1

3) &
< D lapi, | +0rpi, )y — 2| + 0lhiy i, (2) = hiy i ()]

p=1

(4) - / 9 / _d / / /!
< Z\xp—xp\—i— |z — 2| =do((x1, 22, ..., Tn, 2), (X1, T5, ..., T3, 2')),
p=1

for all p € {1,2,...,n},i, € {1,2,...,m,} and (21, 22,..., 2y, 2), (2], 25, ...,
x), 7)€ Cx K with (z1,22,...,2Tn,2) # (2], 25, ..., 20, 7). O

Corollary 1. Fs is a Picard operator.

Proof. In view of Remark 7, (C x K, dp) is compact, and the Hausdorff metrics
corresponding to ||.||l2 and dy are equivalent.

From Theorem 6 and Theorem 4, we can conclude that Fs is a Picard operator
with respect to the Hausdorff metric corresponding to dy.

The equivalence of Hausdorff metrics corresponding to ||.||2 and dy ensures that
Fs is a Picard operator with respect to the Hausdorff metric corresponding to
Iz 0
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Proposition 7.
Gy =A
Proof. Since f* is the fixed point of T', we have
Wisigewin (Gpe) = {Wisiseuiy, (ff fr(@) [z €eC}
= { 11820+ 'Ln ) Fi1i2min (x’f*(x))) | xr < C}
= {(Liyigerin (@), [ (Liyigei, (%)) | @ € C}
={(z, f*(@) | z € Ciyinoin }s
for all pe {1,2,...,n} and i, € {1,2,...,mp}.
Therefore
Gy = U Wiy (Gye) = Fs(Gy-).
pe{1,2,....n},i,e€{1,2,....omp}

Since G+ € Pp(C x K), the uniqueness of the fixed point of Fs implies that

Gy = As. O
Remark 8. Since from Proposition 7 and Remark 6, we have
Gy = As
and
J( @10y, 2053 Tniy) = Zigig.ins
for all i, € {0,1,...,m,} and p € {1,2,...,n}, we call f* a contractive mul-

tivariate zipper fractal interpolation function.

4. The First Instance When T is well-defined

In this section we work under the following supplementary conditions which
are natural in view of [16,20,23]:

(a)
ep =1(0,1,0,1,...) or g, = (1,0,1,0,...),
for all p € {1,2,...,n};
(B)

Fi1i2---in(l'>z) :Fé(ilig...in;j)(xvz)v (5)
forallz = (v1,22,...,2,) € Cwithw; =2, 2 € K,j €{1,2,...,n},p€
(1,2, = 1,5 +1,....n}ip € {1,2,.. . omp}i; € {1,2,...,m; — 1}
and e; € {0, m;}, where

il...ij_l(ij+1)ij+1...in ifj € {1,2,...,7’},—1},
i (in + 1) if j = n;

0(irda .. in;j) = {
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()
Gg'=g.

Lemma 2. T is well-defined.

Proof. Let f € G* and i = (41,12, ...,0,) € {1,2,...,m; —1} x{1,2,...,m3 —
1} x o x{1,2,...,m, — 1}.
Let us consider x = (21, 22,...,2,) € C; N Cs(;y5) for some j € {1,2,...,n}
with z; = xje; .

For p € {1,2,...,n}, let us denote 2/, = L 1 (xp).

p Pip
Viewing z as an entity belonging to C;, T'(f)(x) is
F; (x’l,...,xjmj,...,x’n,f(x’l,...,zjmj,...,x’n)) , ifej; =0,
Fi (.’Ell,...71’j0,...71’%,f(x/1,...,.’Ejo,...,.’E;L)), ifejij =1
and viewing x as an entity belonging to Cs;.;y, T'(f)(z) is

; ifej(i,41) =0,
W) g4 =1
Taking into account (a) and (/3), we conclude that T f(z) is the same in both

situations.
Now, let us consider

Fsagy (@, zj0, oy xn, f(2, .o 20,000, 27,))
F(i5) (x’l,...,xjmw...,x;,f(x’l,...,xjmj,...,x

T = (z1,%2,...,%n) € Ci N Cs(ii5) N Cs(izj+1) N Con (i)

for some j € {1,2,...,n — 1} with z; = x;;; and 211 = 2(j11),,,,, where

5% (is ) 1= iv-djo1 (i 4+ 1) (i1 + Dijyo--in ifj€{1,2,...,n -2},
’ itin ... (in1 4+ 1) (i + 1) ifj=n—1

By the previous argument, T'(f)(z) is the same if we consider:

-z €C; and x € Cs(;,5);

— @ € Cs(iyj41) and @ € Cs=(4;5);

—z€Cand x € C5(i;j+1).

Thus, T'(f)(z) does not depent an viewing x as an entity of C;,Cs(;,),

Co(isj+1) OF Con(isj)-
By continuing this process, we infer that T(f) : ¢ — K is a well-defined
continuous function.
In view of Lemma 1, we conclude that T'(f) € G* for all f € G*. O

5. The Second Instance when T is well-defined

In this section we work under the following supplementary conditions which
are inspired from [12]:

(@) n =2
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(8)
e, =1(0,1,0,1,...),
for all p € {1,2};
(v) Fiip : C x K — K is given by
Fiiy (21,22, 2) = @iy @1 + Biyin®2 + Yiyin 0122 + h(2) + M4y,
for all (x1,292,2) € C x K and (i1,42) € {1,2,...,m1} x {1,2,...,ma},
where @i, iy, Bijig, Visi, and 7;,4, are constants and h : K — K is an
Edelstein contraction;

(0)
G*=g6.
The ‘join-up’ condition (2) implies
1

(Tn = 20)(Ym — Yo)

T R(ir—e1;)(ia—1+ez;) T A(i1—1+e1;)(iz—ez;)

— (h(znm) + h(z00) — h(zn0) — h(zom))) ,
 (Biyme10) (iam1eny) — Z(ia—1ters) (i—Tte;) ) — (R(2n0) = A(200)) = Vi, i, Yo (Tn — o)

Qi gy = ’

Yiyia = (Z(h—au)(iz—Ezj) t 2(iy—14er:) (i2—1+e2;)

Ty —20
Bis _ (Blim14e10) (ia—eay) ~Z(ir—en) (iatesy)) — (A(20m) —h(200)) =i, i, @0 (Ym — o)
1119 —
v Ym —Yo
and

Miyia = Z(iy—eq;)(ia—e2;) — XigigTn — ﬂiﬂéym — YiyigTnYm — h(an),

for all (i1,42) € {1,2,...,m1} x {1,2,...,ma}.
The function Fj,;, : C x K — K can be written as
Fii, (xlvx% Z) = h(Z) + Z (Zkle - h’(zol’l(kl)a;l(kz)))
(k}l,kz)e{ilfl,igfl}x{il,iz}
Qo (ha)ors (k) (15 22),

for all (z1,22,2) € C x K and (i1,12) € {1,2,...,m1} x {1,2,...,ma}, where
o (k) == MpEpi, %f k= Z:p -1
my(1 —ep,) ifk=ip,
for all p € {1,2} and ®;,;, : [T10,T1m,] X [®20, T2m,] — [0,1] with j, €
{0,mp},p € {1,2}, are given by
(T1m, — 1) (22 — 220)
(T1m, — 210)(T2m, — 20)’

o (z) = (x1 — @10) (w2 — 20)
T (5171m1 - Ilo)($2m2 - 120)7

(T1my — 21) (T2m, — 22)
(961m1 - $10)($2m2 - 3720)
(w1 — 3310)(332m2 — T9)
(Ilm1 - $10)(I2m2 - 51720)

for all x = (1‘1,1‘2) S [-T107$1m1] X [(L‘go,l‘gmz}.

(I)O()(SC) = ) (D0m2 (.’E) =

(I)mlo(x) =
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Lemma 3.
F; s, (Lﬂi (1), 22, 2) = Fliy 11)is (Lfé1+1)($1)a9627 z),
for all (i1,i2) € {1,2,...,m1 — 1} x {1,2,...,ma} and (z1,22,2) € {z1; } X
[T2(is—1), T2iy] X K, if my # 1, and
F, i, (1, LQ_; (22),2) = Fil(ig-l-l)(xla L2_(£2+1)(9:2), z),
for all (i1,i2) € {1,2,...,m1} x {1,2,...,ma — 1} and (x1,22,2) €
[T1(5,— 1), T1iy | X {224, } X K, if ma # 1.
Proof. Let us assume my # 1 and (i1,i2) € {1,2,...,m1 —1} x{1,2,...,ma}.
Observe that:
(i) If iy = 2ny + 1, for some ny € N, then we have
Fiyig(2,2) = h(2) + (231 -1)(ia-1) = P(20051(1-1))) Roos 1 (15—1) (¥)
+ (261 -1)iz — h(ZOogl(iz)))(I)Oaz_l(ig)(‘r)
+ (Ziy(12-1) — h(zmlagl(iz—n))‘I’mlggl(ig—n(m)
+ (%iyip — h(zmla,;l(12)))(137”10;1(1‘2_1)(33)7 (6)

for all (z,2) € C x K;
(ii) If 43 = 2ny, for some n; € N, then we have

Fiip(z,2) =h(z) + (Z(il—l)(iz—l) - h(zm102—1(i271)))@m102—1(i271)(m)
F (2-1is = M2 071(15) Priny 052 (1) ()
+ (%1 (12-1) — h(ZOUQI(iQ—l)))‘1)0051(1'2—1)(33)
+ (Ziliz - h(zog;1(¢2)))q)og;1(ig)(x)v (7)
for all (x,2) € C x K.
Note that

_ _ Tim, if iy =2nq + 1 for some ny € N,
Lu& (#10) = L1(£1+1)($1z‘1) = { '

(8)

T10 if i1 = 2ny for some ny € N,

Thus, if i1 = 2ny + 1, for some n; € N, then we have

_ (6)
Filiz (lei (xl)vx% Z) = h(Z) + (Zil(izfl) - h(zmlogl(ig—l)))
(I)mlagl(hfl)(‘rlml s 1‘2) + (Zilig - h(Zmla’gl(ig)))(bmldgl(igfl)(Ilml’IQ)

and

_ (7)
Faysnyi (L, 4 (@1),22,2) = 0(2) + (2iy 1) = B2 0201 1)))

<I>mlagl(@fl)(frlmu552) + (2iyis — h(zmlggl(ig)))(bmlggl(igfl)(Ilml"TQ)?

for all (1,2, 2) € {Z1i, } X [T23i,—1), T2in] X K.
Then we have

Filiz (szi (1'1),1'27 Z) = F(1'1+1)1'2 (L;él+1)($1),$27 2)7
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for all (21,2, 2) € {213, } X [Ta(i,—1), T2i,] X K, if iy = 2n1 +1 for some n; € N.
Similar arguments ensure that the above equality is true if i1 = 2n,, for some
n, € N.
In the similar way, we can prove

Filiz (xlv L2_zi (Ig), Z) = Fil(i2+1)(x17 L2_(12+1) (932), Z)v
for all (i1,i2) € {1,2,...,m1} x {1,2,...,my — 1} and (z1,29,2) €
[T1(i,—1)> T14, | X {24, } X C. O
Lemma 4. T is well-defined.
Proof. Let f € G* and (i1,i2) € {1,2,...,m1 — 1} x {1,2,...,mg — 1}.
Let us consider

(r1,22) € Ciyi, NC (i1+1)ia — ={z1, } x [502(12 1)s T24,).
We have

Fiiy (L5 (14,), Laih (2), f (L (214,), Lk (22)))

Lcmma 3 _ _
F(11+1)12 (L1(11+1)(331i1)»L2z2($2) f(Lui ($1i1)7L212(x2))>
®) _ _ _ _
= Flii+1)i, (L1(§1+1)($1i1)7L2£ (z2), f (Llélﬂ)(ﬂiul)aLml (332))) -

Thus, Tf(x1:,,22) is the same if we view (214, 22) as an element of C; ;, and
as an element of C(;, 41)i,-

In a similar manner, we prove that T'f(x1, x2;,) is the same if we view (x1, 22;,)
as an element of C; ;, and as an element of C;, (j,+1)-

By using Lemma 1, we conclude that T'(f) € G*. O

Remark 9. Similarly we can extend this construction to an arbitrary n € N.
Let us choose

e, =1(0,1,0,1,...),

for all p € {1,2,...,n}.
Let us consider sz i, - C x K — IC given by

Firigin (129, 0, 2) = D Qiigin (T3 + D Qigigein (1, J2) 5,25,

1<j1<j2<n
I Z Qivig.oin (J1: 25 - o Jp) T Ty - - T,
1<j1<j2 < <jp<n
T Yiats... (1 2 )(Ele Tn + h(Z) + iy i
B Z Z Ciyig.riin (J15 025 - -3 Jp)Tj Ty - T, + M(2) + g

p=11<j1<j2 < <jp<n
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forall zp, € I,z € K,pe {1,2,...,n} and 4, € {1,2,...,m,}, where o4, .,
and a,4,..4, (J1,72, .-+, Jp)’s are constants, and h : K — K is an Edelstein
contraction.

Then we can prove that

Filio.. i, (1177 Z) = Fé(iligu.in;j)(xv 2)7
for all = (z1,22,...,2,) € C with z; = Lj_i}(xjij) = Lj_éﬁl)(xﬂj), z €
K.je{l,2,....n},pe{l,2,....5—1,j+1,...,n},ip, € {1,2,...,m,} and
ij € {1,2,...,m; — 1}, where
(5(21227,7“]) — 217/7—1(2]+1)27+17'n %fij{l,Q,...,n—l},
i1ig ... (in + 1) if j =n.
The previous equality guarantees that T’ is well-defined (see Lemma 2 and
Lemma 4).

6. Third Instance when T is well-defined

In this section we work under the following supplementary conditions which
are natural in view of [21,22]:

(a) n=2;

(8)

e *
Zi10 = Zilmg = Zoiz = zmliz =z ’

for all iy € {0,1,2,...,m1} and i € {0,1,2,...,ma};
(7) Fi,i, : C x K — K is given by
Fiyiy (21,22, 2) = Qiyiy®1 + Biyin®2 + ViyinT1%2 + Riyiy (2) + iy,

for all (x1,29,2) € C x K and (i1,i2) € {1,2,...,m1} x {1,2,...,ma},
where o, iy, Biyiys Vivi, a0d 7;,4, are constants and h;,;, : K — K is an
Edelstein contraction;

(6)
G =1{feG| f(wi,22) = f(T1m,,22) = f(x1,220) = f(21, T2m,) = 2"
for all x; € I1, 29 € Ir}.
Lemma 5. T is well-defined.

Proof. Let f € G* and (i1,i2) € {1,2,...,m; — 1} x {1,2,...,mqy — 1}.
Let us consider

(214,,2) € Ciyay mc(il—i-l)ig = {z,} x [$2(¢2—1)7$2z‘2]
and A € [0, 1] such that
Tro = (1 — )\)xg(b,l) + A\%2i,.



Contractive multivariate zipper... Page 15 of 22 151

Since Lo, (T2e,,) = Ta(iy—1) and Lo, (T2¢,,) = T24,, We obtain

Ly, (2) = Loy (1 = N@oi,—1) + Aa2i,) = (1= ) Ly, (25, -1)) + ALz, (23,)
= (1 - A)w2€21 + )‘372622' (9)

Using the notation

mq if €14y = 0, 0 if €2iy = O,
€11 = . €21 = .
0 if €1i, = ]., mao if €2iy = ].,

mo if €9iy = 0, 0 if €1(i1+1) = 0,
€90 = . €12 = .
0 if €2iy = 1, my if E1(i1+1) = 17
treating (z1;,,2) as an entity belonging to C;,;,, we have

Tf(xliqu) = Fi1i2 (Llizi (xlil)ngii(‘rQ)vf (Llizi (x1i1)’L;ii (xQ)))

emar 4, ii — N
R aé ) Fi1i2 (x16117L2il (l‘g), f (1‘1611 ? Lmi (1‘2)))

9 *
(:) 112 (1'1511, (1 - /\)‘T2621 + )\932622,2 )

= QiyiyTley, + Biviy (1= AN)T2ey; + AT2es,) + ViyinTrey, (1= A)T2eyy + AT2e,,)
A hiyin (27°) + Mgy

= (1= A) (QiyinTrey, + BiriaT2es; + ViriaTier, T2eny + Niyin (27) + Niyiy)

+ A (QiyiyT1rey, + BiriaTesy + ViriaTlers T2enn + Piyin (27) + Niyiy)

= (1= N)Fiyiy (T1e115T2e51527) + AFiyiy (T1eyy, Teny, 27)

2
= (1= N)2iy(ia—1) T Aziyiy

and treating (x14,,72) as an entity belonging to C(;, +1yi,, similarly, we obtain
Tf(x1iysw2) = Flay+1)i (Lfélﬂ)(xln)iz_ii (x2), f (Lfélﬂ)(xul)iz_é (362)))
= F(i1+1)i2 (xleua ngi (‘TQ)’ f (371612 ) L;zl (.’1,‘2)))
= F(i1+1)i2 (xleu’ (1 - )‘)'r2€21 + /\x26227Z*)
= (1 - /\)F(i1+1)i2 (zlemv ‘T2€2132*) + /\F(i1+1)i2 (‘T1€127 x2€2272*)
= (]. — )‘)Zil(ig—l) + )\ZiliQ'
Thus, T f(x14,,2) is the same in both situations.
In a similar manner, we prove that T'f(x1, x2;,) is the same if we view (21, 22;,)
as an element of C; ;, and as an element of C;, (j,+1)-

By using Lemma 1, we conclude that T'(f) € G.
Similar arguments ensure that

Tf(x1e,, (1 = N)@o@iy—1) + AT2i,) = (1 — N)Zey (ig—1) + Meyi, = 2°
and
Tf((1 = N)@1,—1) + AT1iy, Tae,) = (1= A) 23, —1)es + Aije, = 275
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for all A € [0,1],41 € {1,2,...,m1},i2 € {1,2,...,ma},e1 € {0,m1} and
e € {07m2}.
Consequently
Tf(z1e,,22) = Tf(21,22¢,) = 27,
for all @1 € I}, 22 € Iz,e1 € {0,m1} and es € {0, m2}.
Hence, T(f) € G* for all f € G*. O
Remark 10. Let us consider an arbitrary data set
A= {(215,, T2iy, 2ivin) € R [ i1 €{0,1,...,mu} i €{0,1,...,ma}},
with 2,0 < zp1 < -+ < Xpm, for all p € {1,2}.
Let us choose another data set
A = {(jlilafi'%gagiliz) eR3 | i1 € {—170, oo, myp + 1},
io € {—1,0,...,ma + 1}},

such that:
(1) Tp(—1) < Tpo <+ < Tp(my,+1) for all p € {1,2};
(ii) 5}11'1 = l‘lil,i‘giz = T24y and Ziliz = Ziyig for all il € {0,1,. .. ,ml} and
io € {0,1,...,ma};
(lll) 21'1(_1) = Zil(m2+1) = 2(_1”2 = 2(7-”1_;’_1)1'2 for all ’1:1 S {*1, 0, oo, my + 1}

and g 6{71,0,...,77124*1}.

Then based on Remark 8 and Lemma 5, for the data A, we get a contrac-
tive multivariate zipper fractal interpolation function f. : [Z1(_1), T1(m,+1)] ¥
[To(—1)s T2(mat1)] — K and its restriction to [210, T1m,]| X [T20, T2m,] interpo-
lates A.

7. Examples
Let us consider the data set

{(14y> Taiy, 2iyin) € R® | 1,02 € {0,1,2}}
with

1
x10 = 0,211 = = 1,220 = 0,191 = 5 T2z = 1

and

1
200 = 201 = 202 = 220 = 221 — 222 = 210 — 212 = iazll =

[N

For i1,i2 € {1,2}, let us consider h;,,, : [—1,1] — [—1, 1], given by
1 1 1 1
hi1(z) = 52, hia(z) = 522, ho1(2) = ;Tz, 22(2) = Z'za

for all z € [-1,1].
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The first example
For €1 = e5 = (0,0), we consider

1 1
Lii(z1,22) = (49617 2932> )

1 1
Fii(zy,20,2) = VRaEZ + hii(z) + 3

1 1 1
Lis(z1, ) = <4x1, Stz + )
1 1 7
Fro(z1,22,2) = 70T gt + hi2(z) + 35
3 11
L =
21(21, 2) <4x1+4 37 ),
! 1 ~11
For(z1, 29, 2) = 12 T e + h21(2) + 36
3 11 1
L = — [ — —
22(21,22) (4:131 + 7 2x2 + 2> ,
1 7
Foo(w1,22,2) = —— (21 + 22 — 2122) + ho2(2) +

4 16°
for all 21,25 € [0,1] and z € [-1,1].

The second example
For 1 = (0,1) and €2 = (1,0), we consider

1 —1 1
Ly (x1,22) = <49€1, - T2 + 2) )

1 1 1
Fii(z1,22,2) = —1 — —x122 + h11(2) + 3

4 4
1 1 1
Lis(x1,x2) = <4331, 5% + 2) )

1 1 7
Flg(l‘l,xg,z) = —T1 — —T1X2 + h12(2’) + —=

4 4 32’
-3 -1 1
Lgl(l‘l,xg)— ( 1 T+ 1, D) $2+2>
1 11
2 =g — - - —
21(1’1,1’2,2) 4.’2':1 4$1$2+h21(2’) 36’

-3 1 1
Lo (1, 22) = <4CE1 +1, 5T + 2) ;

1 1 3
151 BTt haa(z) + 16’

for all z1,25 € [0,1] and z € [—1,1].
Note that, for both examples, we have

Fao(xq,0,2) =
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0.5

0.45

FIGURE 1. The graphical representation for the first example

Fi iy (21,22, 2) € [—1,1],

for all z1,z2 € [0,1],2 € [-1,1];
— Fj,i,’s satisfy the condition (2);
— Fj,i,’s are Lipschitz with respect to 21 and x2;
— Fj,i,’s are Edelstein contractions with respect to z;
— Fj5 and Fb; are not Banach contractions with respect to z;
the condition () from Sect. 6 is satisfied.
Therefore, according with Remark 8, there exist contractive multivariate zip-
per interpolation functions (which are called contractive fractal interpolation
surfaces). Their graphical representations are given in Fig. 1 and Fig. 2.

The third example Let us consider:
— the data set

{(@14y, T2, 2i115) € R? | d1,i2 € {0,1,2}}

with
210 = 0,211 = 1,212 = 2,220 = 0,221 = 1,292 = 2
and
1 3 1 1 3
200 = 55200 = 7,202 = 1,210 = 5 21 = 1,212 = 5720 = 1,201 = = 1,

— the signatures e, = e = (0, 1),
— the Edelstein contraction map h : [0,2] — [0, 2], given by
z

he) = 1o
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0.5

0.45

FIGURE 2. The graphical representation for the second example

for all z € [0, 2],

Ty T —5x 23x 11z
Lu(wr, ) = (?172) Fu(en®2,2) = 5=+ Tor + 55
1
h -
Fh()+ 5,
T —T T 19z 1T
L12(IE1,{E2): (?laTQ+2>7 F12($1,1?2,Z):2—i—|— 602 — ;02
1
Wz) — —
+h(z) - 15,
—x T —11z Tx 13z1x
LQ]_(Z']_,%Q)Z (Tl+2’72>a F21($1,I2,Z): 24 : _ﬁ 6(1] 2
2
-z - —x Tx 37x1x
L22(.’E17.’IJ2) = (Tl + 27 Tz +2> 7F22(x17x2vz) = Tl - E(z) + 2410 2

2
h —
+ (z)+3,

for all z1,22 € [0,1] and z € [0,2]. Since all the conditions from Sect. 5
are satisfied, there exists a continuous contractive fractal interpolation
surface whose graphical representation is given in Fig. 3.
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FiGUure 3. The graphical representation for the third example
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