Results Math (2024) 79:120
© 2024 The Author(s)
1422-6383/24/030001-23

published online March 16, 2024 I R Its in Math .

https://doi.org/10.1007 /s00025-024-02146-y esults in Mathematics
Check for
updates

Paired Kernels and Their Applications

M. Cristina Camara and Jonathan R. Partington

Abstract. This paper considers paired operators in the context of the
Lebesgue Hilbert space on the unit circle and its subspace, the Hardy
space H2. The kernels of such operators, together with their analytic
projections, which are generalizations of Toeplitz kernels, are studied.
Results on near-invariance properties, representations, and inclusion rela-
tions for these kernels are obtained. The existence of a minimal Toeplitz
kernel containing any projected paired kernel and, more generally, any
nearly S*-invariant subspace of H?, is derived. The results are applied
to describing the kernels of finite-rank asymmetric truncated Toeplitz
operators.
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1. Introduction

Let X be a Banach space, P € £(X) a projection, and @Q = I — P the com-
plementary projection. An operator of the form AP + BQ or PA + QB with
A, B € L(X) is called a paired operator [16,23,24]. In this paper we con-
sider the case when A = M, and B = M, are multiplication operators on
L? := L*(T), where T denotes the unit circle, with a,b € L> := L°(T), and
we denote by S, and X, 5 the operators defined on L? by

Sapf=aPTf+bP"f,  Zapf=P*(af)+ P (bf). (1.1)
Paired operators first appeared in the context of the theory of singular

integral equations [25,26]. Consider the canonical example of a singular integral
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operator on L2,

(Lf)(t) = A) f(t) + B()(Srf)(D), (1.2)
with A, B € L* and

(Sef)(t) = ;PV/TJ(_Z/)tdy, tET. (1.3)

It is well known that, denoting by P* the orthogonal projections from
L? onto the Hardy spaces H? := H*(D) and H? = HZ = (H2)*, respectively,
identified with closed subspaces of L?, we have I = Pt + P~ and Sp =
PT — P~ so that the operator L can be expressed as

L=(A+B)P"+(A-B)P". (1.4)

We may write this as S, with a = A+ B, b = A — B, while its adjoint is a
paired operator of the second type in (1.1),

S:,bf = Ea,E- (1-5)
Paired operators are also closely related to Toeplitz operators of the form
T, = PWPEIQ, (1.6)

where a € L™ is called the symbol of the operator. If we represent S, ; in the
form

P~aPt P bP™
we see that paired operators are dilations of Toeplitz operators. If b € GL*®
(that is, invertible in L°°) we can write

Sup=aPt +bP~ =b (%P+ + P—) , (1.8)

which is equivalent after extension [2] to the Toeplitz operator Ty, [4].

However, paired operators and spaces that turn out to be kernels of paired
operators, called paired kernels, also appear in different guises, for instance in
the study of dual truncated Toeplitz operators [7], in the description of scalar-
type block Toeplitz kernels [14], in the characterization of the ranges of finite-
rank truncated Toeplitz operators [5], and in the study of nearly invariant
subspaces for shift semigroups [22].

We shall consider mainly paired operators of the form S, ;, where the
pair (a,d) is called a symbol pair. These operators have been considered mostly
under particular conditions, such as invertibility in L*°, for a,b or a/b [25,26];
see also [23] and references therein. The operator S, is said to be of normal
type if a,b € GL°°. This is by far the most studied case, but some particular
types of non-normal paired operators have also been considered [9,15,23,24].
We shall assume throughout the paper, more generally, that a,b € L and
the pair (a,b) is nondegenerate; that is, a,b and a — b are nonzero a.e. on T.
We also use the notation P¥¢ = ¢4 for ¢ € L2.

+q Pt +pp—
(P b’ PTOD >:Hi@HE—>Hi@HZ, (1.7)
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Here we shall study in particular the properties of kernels of paired op-
erators, called paired kernels, and their projections into Hi and H?2, called
projected paired kernels. Denoting

kery p = ker Sg p, kerib = Pikera’b, (1.9)

we have that kerT,, = PtkerS,, =: ker(';b for the possibly unbounded

Toeplitz operator T p. If a/b € L*° then kerIb is a Toeplitz kernel, i.e., the
kernel of a bounded Toeplitz operator; otherwise it may not be a closed sub-
space of H? := P*L? However, we can define a one-to-one correspondence
(see Sect. 2) between kerib and ker, j, where the latter is closed because it is
the kernel of a bounded operator. So one can also see paired kernels as being the
natural closed space generalizations of Toeplitz kernels, allowing us to study
the kernels of unbounded Toeplitz operators of the form T, , with a/b ¢ L>
in terms of the bounded operators S, and P* on L?. Tt is thus natural to
ask whether some known properties of Toeplitz kernels with bounded symbols
can be extended or related with corresponding properties of paired kernels or
their projections on Hi. Alternatively one can look at this as studying the
question of how certain properties of a Toeplitz operator extend to a dilation
of the form (1.7).

In the following sections we study several properties of paired kernels
which extend or are in contrast with various known properties of Toeplitz ker-
nels. To compare the case where a/b € L* (and ker;b is a Toeplitz kernel)
with that where a/b ¢ L and to illustrate some natural questions arising in
the latter case, we start by considering in Sect.3 an example which appears
in the study of nearly invariant subspaces for shift semigroups [22]. This leads
to the study of near invariance properties of paired kernels (Sect.4); to the
question of existence of a minimal Toeplitz kernel containing any given ker:’b
and, more generally, any space of the form bker T,, including the closed nearly
S*-invariant subspaces of H? (Sect.5); to investigating the relations between
paired kernels for operators with connected symbol pairs (Sect.6). In Sect. 7
the results are applied to study and describe the kernels of finite rank asymmet-
ric truncated Toeplitz operators [10], showing in particular that, surprisingly,
they do not depend on the range space if the latter is “large” enough.

2. Projected Paired Kernels

Recall that we denote the kernel of a paired operator, which we call a paired
kernel, by

ker, , = ker Sy p (2.1)
and we call
kerib = Pikera,b = P¥ker Sa.b (2.2)

a projected paired kernel.
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Each function f € L? belongs to one and only one paired kernel [6, Thm.
4.6]. On the other hand, for any ¢, € H?,
oy € ker;b — ¢4 €kerT,,

where T,/ is the possibly unbounded Toeplitz operator with symbol a/b de-
fined on the domain

Dyyp = {¢+ € HY: %¢+ € L2}-
Analogously, for the dual Toeplitz operator [7]
Tyt Dyja = {¢> eH2: g e L2} — B2,
defined by
Tyt = P~

we have that ker, , = ker T, Ja-

If a/b € L> then D,/ = Hf_ and we say that ker;:b is a Toeplitz kernel,
i.e., the kernel of a bounded Toeplitz operator.
Paired kernels and their projections into H3 can be related as follows.

Proposition 2.1. The operators

Pt kery — ker;b, Pte = %Qﬁ (2.3)
and
M ker — ker, Mappdy = %¢+ (2.4)
are well-defined and bijective with inverses
(P ikerfy —kery, (P Tn=(1-7)6s  (25)
and
M;/lb : ker;b — ker;b, M;/1b¢_ = 2¢_, (2.6)

and we have PT¢ = PT¢, and My ,(PT¢) = P~ ¢ for ¢ € kergp.

Corollary 2.2. dimker,;, < co <= dimker," p <00 <= dimker,, < oo
and, if these dimensions are finite, then they are equal.

The following is also an immediate consequence of Proposition 2.1, noting
that if ¢, = 0 (or similarly for ¢_) on a set of positive measure then, by the
Luzin—Privalov theorem, it is 0 a.e. on T.

Corollary 2.3. If ¢ € kergyp then ¢ =0 <= ¢, =0 <= ¢_ =
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Note that, although P* is bounded and bijective, its inverse is not neces-
sarily bounded when b € GL*°, since ker;b may not be closed in H i, as shown
in an example in the next section.

Just as we can relate the kernels of Toeplitz operators with those of dual
Toeplitz operators, we can also reduce the study of ker, , to that of kerg', 40 88
the next proposition shows.

Proposition 2.4. ker, , = 2@.
Proof. For ¢_ € H? we have
¢ €ker,, <= a¢y +by_ =0 for some ¢ € H?
< a(zd;) +b(2¢_) = 0 for some ¢, € H?
— b(zp_) + ay_ =0 for some 1p_ € H2
= Z¢_c ker;ﬁ = ¢_ € 2@.
0

From now on we shall mainly focus on the properties of the projected
paired kernels ker;b. To compare the case where b € GL* with that where
b & GL*>, we start by considering a particular example of the latter, which is
used in [22].

3. An Example and Questions it Raises

1 _
Let 6 be the singular inner function 6(z) = exp : ) for € T and let a = 0,
z
b(z) = z + 1. The kernel of S; . ,; is described by
b+

0o, +(z+1)p_ =0, ie.,

=6 (3.1)

Since the left-hand side of this last equation represents a function in the
Smirnov class Ny and the right-hand side represents a function in L%, we
have that both belong to Hi and thus, from

5 P+
g -6, 3.2
z+1 ¢ (32)
we conclude that ¢, /(z + 1) € Ky, where Ky denotes the model space H} &
9H? = ker Ty. It follows that kergz+1 C (2 + 1)Ky and the converse inclusion
is easily seen to be true, so
keré—ﬁz_i_1 =(z+1)Kp. (3.3)

Clearly kerg , | = (1 — zfl) kergﬁ_1 is a closed subspace of L?, since Sj
is bounded, but

Ptkers ., = ker‘;—ﬁz L=+ 1)Ky (3.4)

+
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is not closed [22, Prop 3.2], so P* does not have a bounded inverse.
Note that, while kergz 41 is not closed, it is nevertheless contained in
a (closed) minimal Toeplitz kernel, by which we mean a Toeplitz kernel that

contains kerg—rz 41 and is itself contained in any other Toeplitz kernel containing

ker;

FIURE Indeed, on the one hand,

(2 + 1)Ko =kerj | & K.p = kerTg. (3.5)

=

On the other hand it was shown in [11] that for any nonzero ¢, € H? there
exists a minimal Toeplitz kernel to which ¢4 belongs. Now, kerT,; is the
minimal kernel containing the function

6 —6(0
f:(z—&-l)% Ekeré—tz_H,

since we have

2L 00)8) = 2 + 1)(1 - 900)0),

Z0f =z
z

where (z+1)(1 — 6(0)6) is an outer function in H? (see [12, Thm, 2.2]). Thus
+

0,24+1"

These results naturally raise several questions, especially when compared

with some known results for Toeplitz kernels.

Question 3.1. Having shown that kerj)—"z 41 is not a Toeplitz kernel, one
may ask whether there is any Toeplitz kernel contained in that space. The
answer is negative, due to the near invariance properties of Toeplitz kernels
[11]; these imply in particular that no Toeplitz kernel can be contained in

K¢ is the minimal Toeplitz kernel containing ker

P invariant [11] and ker;{z+1 =

(2 4+ 1)Ky. This equality also shows that, in contrast with Toeplitz kernels,

(z+1)H?, since Toeplitz kernels are nearly

invariant. But do other near

projected paired kernels may not be nearly
z

invariance properties of Toeplitz kernels extend to projected paired kernels?
This is studied in Sect. 4, comparing the two cases where a/b € L™ and a/b &
L.

Question 3.2. On the other hand, there exists a minimal Toeplitz kernel

containing kergz 1 which is Ky, . Is there a minimal Toeplitz kernel containing

any given nontrivial ker:{)b? We answer this question in the affirmative, and in
a more general setting, in Sect. 5, by showing that the closure of any projected
paired kernel admits a representation of the form fkerT, with f € H? and
g € L*°, and we discuss the existence of such a representation for projected
paired kernels. Note that not only can every Toeplitz kernel be written as a
product of the form f ker T, [20], but we also have the same property for other
1= @+ 1)K,

Question 3.3. The relation (3.5) can be rewritten as ker;{ZJrl C kergz’l,
raising the question of what may be the inclusion relations between the two

projected paired kernels: for instance, kergz
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projected paired kernels when we multiply the two elements of the symbol pair
(a,b) by certain functions. For Toeplitz operators we have, for instance, that

h_ € H® = kerTy C kerT}, 4,

where the inclusion is strict if the inner factor of A_ is non-constant [8] and
an equality if h_ is outer in H*°; also,

hy € H* = hykerT), 4 C ker Ty,

where the inclusion is strict if A4 has a non-constant inner factor [8] and an
equality if h is invertible in H*°. We study how analogous inclusion rela-
tions can be established for general projected paired kernels, and whether the
inclusion is strict or an equality, in Sect. 6.

The results are applied to study kernels of (asymmetric) truncated
Toeplitz operators in Sect. 7.

4. Near Invariance Properties

A subspace S C Hf_ is said to be nearly S*-invariant if and only if
f+ €8, f+(0)=0 = S*f, €S. (4.1)

Here S* denotes the backward shift on H?H ie, S*=T;.
Noting that f1(0) = 0 means that zZf, € Hf_ and, in that case, S*f = Z f,
it is clear that (4.1) is equivalent to

f+ S S,2f+ € H_Qi_ — Zf_i_ eS (42)

and we say, equivalently, that S is nearly z-invariant [11]. More generally, if 7
is a complex-valued function defined a.e. on T we say that S C Hi is nearly
n-tnvariant if and only if

fr € Snfy € HY = nf, €8S. (4.3)

In this case if n € L> we can also say that S is nearly T;-invariant.

Toeplitz kernels are closed nearly S*-invariant spaces. Furthermore, in
[11] a large class of functions n was described for which all Toeplitz kernels
are nearly n-invariant, and which includes all functions in H°° and all rational
functions without poles in D¢ U {co}, where D¢ = {z € C: |z| > 1}.

In particular, Toeplitz kernels are nearly f-invariant and nearly 2_120
invariant, where 6 is any inner function and zyp € T UD. As a consequence
of this, we conclude that no Toeplitz kernel can be contained in HH_%_ or in
(z — 20)HZ for zp € TUD.

It is clear from the examples of Sect. 3 that the latter property cannot be
extended to projected paired kernels in general. Other near invaiance proper-
ties of Toeplitz kernels, however, are shared with projected paired kernels.

The following results are simple consequences of the definitions at the
beginning of this section. We assume that ker;b # {0}.
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Proposition 4.1. ker;b is nearly n-invariant for every n € H™>.

Corollary 4.2. ker;b is nearly O-invariant for every inner function 6, and
therefore there exists a function ¢ € ker;b such that ¢4 & QHi,

Corollary 4.3. ker;b is nearly R-invariant for every rational function R
bounded at oo whose poles lie in D.

Naturally, if a/b € L, this property can be extended to every rational
R without poles in D¢ U {co}, since in that case ker;b is a Toeplitz kernel.

It follows from Proposition 4.1, in particular, that projected paired ker-
nels are nearly S*-invariant subspaces of Hi, and so are their closures, by the
following result.

Proposition 4.4. If S C Hi is nearly S*-invariant, then its closure is also
nearly S*-invariant.

Proof. Clearly we may assume without loss of generality that S # {0}. In that
case, since S is nearly S*-invariant, there must exist h € § with h(0) = 1.
Now if f € S with f(0) = 0, then there is a sequence (f,,) in S with f,, — f in
norm and hence f,,(0) — f(0) = 0. Thus for each n we have that f, — f,(0)h
is a function in S vanishing at 0, so f,, — f»(0)h = zg, for some g, € S, and

lim f, = f = lim zg,. Hence (g,,) converges to a function g € S such that
f=zg O

The closed nearly S*-invariant subspaces of Hf_ admit a representation
as a product of the form uKy, where u € Hi and Kj is a model space, which
will be considered in the next section. In the case of the closure of kerl‘b, U
must be outer by Corollary 4.2. ’

The notion of near n-invariance can naturally be extended to ker

a,b’

placing H? by H?2. The following proposition shows that it is enough to con-
sider the problem of near invariance for ker;b.

re-

Proposition 4.5. ker, , is nearly f-invariant in H? if and only if ker;a 1s
nearly n-invariant in Hi

Proof. This is a consequence of Proposition 2.4. Suppose that ker, , is nearly
f-invariant in H?, i.e.,

- eker,,, No- € H? — q¢_ € ker, ;,
and let
@em% ne4 € Hi.

Then z¢, € ker, ,, nzé, € H?, so Nzg, € ker, , by near invariance which,

by Proposition 2.4, implies that no € kergj 4 S0 kerg" . 1s nearly n-invariant

in Hi The converse is proved analogously. O
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Since ker;: , is nearly Z-invariant in H 3_ (equivalently, nearly S*-invariant),
it follows that ker, , is nearly z-invariant in H? . Therefore, if kerib #+ {0},
there exists ¢4 € ker;b with ¢4 (0) # 0 and there exists ¢ € ker, , such that
(2¢—)(0) # 0 (i.e., 14 (0) # 0, where 1 = Z¢_). Analogously, since ker;b is
nearly 2_120 -invariant for any zy € D, there exists, for any 2y € D, ¢4 € ker:’b

with ¢4 (20) # 0 and ¥ € ker, ;, such that 1 (1/z) # 0.

5. Minimal Toeplitz Kernels and Representations of Projected
Paired Kernels

If a/b € L™, then ker:’b is a Toeplitz kernel; but, in general, ker;b may not
even be a closed subspace of H i, as in the case studied in Sect. 3. There it was
also shown that, although ker;{z +1 is not a Toeplitz kernel, one can nevertheless
determine a minimal Toeplitz kernel containing it. It is thus natural to ask if
such a property holds for every projected paired kernel. The answer is in the
affirmative, as one of the consequences of the following theorem.

Recall that a mazimal function ¢, for a Toeplitz kernel ker Ty is one
such that ker T, is the minimal kernel to which ¢,, belongs (see [11]). Every
Toeplitz kernel possesses a maximal function.

Theorem 5.1. Let a € L>\{0} and b € H? such that kerT, # {0} and
bkerT, C H_% Then there exists a minimal Toeplitz kernel containing bker T,,
which is ker T,5 5, , where b, is the outer factor of b. Moreover, if ¢y, 1s a maz-
imal function for ker T,,, then by, is a mazimal function for ker Tip ), .

Proof. Tf ker T, # {0}, let ¢,, be a maximal function of kerT,, and write
¢m = 1O with I inner and O outer in H%. Then

ker T, = ker 150, (5.1)

215

[11, Thm. 5.1]. On the other hand, there exists a minimal kernel for b¢,, €
bkerT, C Hf_ which, if b = b;b, is an inner—outer factorization of b with b;
inner and b, outer, is given by

Kmln(b(ybm) = ker sz = ker sz (52)
b0 b0

Let us show that

Kmin (b)) D bker T,. (5.3)
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1,0
Let ¥4 be any non-zero element of ker T,; then (see (5.1)) 25 oy, e H?
+
and
zI[04b;b, — zZI,04 — o 9
———— (py) = b, Yy €ZH'NL* C zH; = H-. 5.4
O4b, L,tl ~~ O + (54)
eH?  eHiT—~—
€L €EH2 =zH?

Thus b4 € Kpin(bpm) as defined in (5.2), and (5.3) holds. On the other hand,
since bo,, € bkerT,, any Toeplitz kernel containing bker T, must also contain
Kpin(bo), so the latter is the minimal kernel containing bker T,. Finally,
from ker T, = ker T:75- /0, we conclude that

o= AxOs) _ Zmy
O+ O+
for some h_ € GH> (by [13, Cor. 7.8]. Therefore,
b zZbo,
R h_
by~ .04
and it follows from (5.2) that Kuyin(bd) = ker Tz, - O

Corollary 5.2. Fvery subspace of H_|2_ of the form uKy, where u € H_Q‘_ and 0 is
an inner function, is contained in a minimal Toeplitz kernel.

As an example, take the example of Sect. 3, namely (z + 1)Ky. By The-
orem 5.1 we have that the minimal kernel containing (z 4+ 1)Ky is

ker Té% =ker Ty, = Ky,

as shown before.

A well-known theorem by Hitt [21] describes the closed nearly S*-invariant
subspaces of Hi as having the form M = uK, where u € Hi has unit norm,
u(0) > 0, u is orthogonal to all elements of M vanishing at the origin, K is
an S*-invariant subspace, and the operator of multiplication by u is isometric
from K into M. Naturally, one can have K = {0} or K = HZ, but the most
interesting cases are those in which K is a model space Ky = ker Tj.

Corollary 5.3. For every nondegenerate (a,b) there exists a minimal kernel
containing ker:{)b, which coincides with ker;;b if a/b e L.

Proof. By Proposition 4.4, the closure of keril7 is nearly S*-invariant, so we
have that the closure of ker;b is uK, where u € Hf_ is outer, by Corollary
42, and K = H3 or K = Ky with 6 inner. In the latter case, the result
follows from Proposition 4.1, Proposition 4.4, Hitt’s theorem, and Corollary
52. If K = Hi, then, since uHJQr C Hi is closed and w is outer, we must have
u € GH™ anduK:Her. O
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Hayashi showed in [20] that the kernel of every Toeplitz operator T, can
be written as uKy where u is outer, u? is rigid (an exposed point of the unit
ball of H'), § is inner with #(0) = 0, and u multiplies Ky isometrically onto
the Toepliz kernel. It may happen that v € GH® and, in that case, we can
write

uKy = uker Ty = ker Ty, 1 = kerj . (5.5)
Other representations of a similar form can be found for Toeplitz kernels.

For instance, if g € L admits a Wiener—Hopf factorization of the form g =
g—0g4 with g_ € GH>®, g, € GH* and 6 inner, then

ker T, = g; ' ker Ty = g1 ' Ky = kerg,g,l. (5.6)

n
Another example where

ker}, = bkerT, (5.7)

is the case studied in Sect. 3, which is not a Toeplitz kernel. It is thus natural
to ask for conditions under which (5.7) holds and, in general, what is the
relation between kerzb and bker T, for a,b € L> nondegenerate. We have the
following.

Proposition 5.4. For a,b € L™ we have that bker T, N Hi C ker;b and
ker), = bker T, N H} ifandonlyif ker), C bH?. (5.8)
Proof. We have akerT, C H?, so, for any ¢, € kerT, such that b, € HZ,
a(bgy) +b(—apy) =0,
~— =
€H? €H?

and it follows that b, € ker,,. So bkerT, N H3 C kery .

Now, it is clear that bker T, N Hf = ker}, implies that ker;, C bH?.

Conversely, suppose that ker:’b C bHi. Then, for any ¢4 € ker;b we have
o4 = bbby with ¢y € Hi, and therefore, for some ¢_ € H?,

apy +bp_ =0 <= aby +bp_ =0
<~ blayy + ¢_) = 0.

We have the standing assumption that b # 0 a.e. on T, so aypy = —¢_.
We conclude that v, € kerT,, so ¢, € bkerT, N H?, and it follows that
kerf, C bkerT, N H?. O

An immediate consequence of Proposition 5.4 is the following.

Corollary 5.5. If b € H*® then bkerT, C ker;b,

It is clear from the invariance results of Sect. 4 that we can have ker;b -
bHJQr, with b € H°, only if b is outer. Moreover, we have the following.
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Corollary 5.6. If b € H™ is ouler and either (i) a € GL*> or (ii) b € GH®,
then ker;b =bkerT,.

Proof. If b € GH®™ then bH? = H3 and the equality follows from (5.8). If
a € GH™ then

agpy +bp_ =0 < % =—¢;€N+DL2:HJ2r;
NNy

eENT €L?

so ¢, € bH? and again the equality in Corollary 5.6 follows from (5.8). O

6. Inclusion Relations

As in the case of Toeplitz kernels [11], the near invariance properties of pro-
jected paired kernels imply certain lower bounds for the dimension of a paired
kernel containing a given function. For instance, if ¢ € ker,; and ¢4 (0) = 0,
then ker, ;, must also contain the function ¢ € L? with ¢, = Z¢, (note that
this defines ¥ by Proposition 2.1). As another example, using a similar rea-
soning, if there exists ¢ € ker, ;, such that ¢ € GHi or ¢_ € OH? where 6 is
inner but not a finite Blaschke product, then ker, ; is infinite-dimensional.

On the other hand, it is easy to see that, if §; and 65 are inner functions,
then

ki C ker, (6.1)

+
T 10,685 ab’

We may then ask if the inclusion is strict and, in that case, how much “smaller”
ker(‘;)1 v95 is with respect to ker;b and, in particular, when it is {0}. More
generélly, one may ask what are the relations between two paired kernels, or
two projected paired kernels, whose symbol pairs are related by multiplication
operators.

Note that, since a nontrivial paired kernel cannot be contained in a differ-
ent one, and indeed their intersection is {0} (see [6]), obtaining, for example,
a paired operator analogue of the property ker Tp, C ker T, (valid for g € L™
and 6 inner, nonconstant) is possible only by saying that kerg,  is isomorphic
to a proper subspace of ker, ;. Alternatively, taking Proposition 2.1 into ac-
count, we can say it in an equivalent and simpler way as kery, , C ker;, (cf.
Proposition 6.1).

In the following propositions we present several inclusion relations be-
tween projected paired kernels which generalise similar properties valid for
Toeplitz kernels, using in particular the near invariance properties of Sect. 4
to establish strict inclusions.

We recall that, for any n € L, ker, ;, = keray by, SO ker;b = ker"

an,bn”

Proposition 6.1. (i) If h_ € H>® then keribm - ker;b - ker;hﬂb,



Vol. 79 (2024) Paired Kernels and Their Applications Page 13 of 23 120

(ii) If h_ is outer, then

(a) ker;bh kera by if T € L™,

(b) kerj, ,=kers, if = FEL™
(iii) If h_ has a non-constant inner factor, then

+
ker, ,, & kera , C ker!, b

Proof. (i) ap+ +bh_¢_ =0 = a¢pL +b(h_¢_) =0 and
apy +bp_ =0 = (ah_)p+ +b(h_¢_) =0.

(ii) Let now h_ be outer. We start by proving the second equality (ii)(b).
We have

o a
ah—¢++b¢— =0 <= hi = *gd?.t,_ < hi = ffgb_;'_
Since the left-hand side of the last equation is in the Smirnov class A’y when

h_ is outer and the right-hand side is in L? if a/b € L>°, we have under these
assumptions that ¢_/h_ € H%,s0 ¢, € ker:’b since a¢4 + bqb—_ =0, and thus

keri‘hﬂb C ker;b. The equality follows from (i).

Next, we have that

o o a
a¢++b¢7 =0 = a¢++bh7h_ =0 = E —m¢+,
and we conclude analogously that ;ZZ— € H? so ker:’b - ker;“’bhi. Again the

equality (ii)(a) follows from (i).

(iii) Suppose that h_ has a non-constant inner factor. If ker; , C kerzbh_
then, for any ¢ € L? such that a¢, +bp_ = 0 we must also have ¢»_ € H? such
that apy +bh_t_ = 0. Thus ¢_ = h_¢)_. This implies that ker, , C h_H?,
which is impossible by Corollary 4.2 because h_ has a nonconstant inner factor.
So ker:bh - ker;:b

A similar argument shows that kera p & ker b g

Proposition 6.2. Suppose that a/b € L™ and zy € T. Then ker!
ker”

az,b*
Proof. kera(z 20)b = ker:{z(z—zo)/z

20)/z € H>® and its conjugate is 1 — Zyz, an outer function in H°. O

a(z—z0),b

, = ke » by Proposition 6.1(ii), since (2 —

As an immediate corollary we have:
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Corollary 6.3. Let g € L™ and 29 € T. Then ker Ty, yn = ker Ty n.

Remark 6.4. This corollary allows us to generalize several results from [8, Sec.
6], in particular Theorems 6.2 and 6.7 in [8], which deal with the relations
between ker Ty, and ker Ty, for a finite Blaschke product 6, to the case where
the symbol has zeros of integer order on T.

Proposition 6.5. (i) If hy € H™ then
hykerf, ,Ckerf, and hykerS, CkerS,, .
(ii) If hy € GH®, then

+  rert — p—llart
hiker,, , =ker,, =hi"ker, ., .

(iii) If h4 has a non-constant inner factor, then

+ + + +
hikery, , Cker,, and hiker,, Cker,,, .

a,b -

Proof. (i) We can write (ahy)py +bp_ = 0 as a(h4d+) + bp— = 0, from
which h+kerj{h+’b C ker;b; then if ¢4 € ker;b we have a¢; + bp_ = 0 for
some ¢_ € H?, so, since a(hy¢1) + (bhy)p_ =0, we have hy ¢, € ker:’bm.

(ii) If hy € GH™, then from ag; + bp_ = 0 we obtain ahy(prhi") +
bp_ = 0, so ker;b C h_s_kerjh%b and we have equality from (i). The second

+
—1
ah+ b

(iii) If A4 has a non-constant inner factor, we cannot have ker: y C hyH?

equality follows from A7 'ker = hi'kerf,, .

nor ker;thr C h+Hi by the near-invariance result of Corollary 4.2. g

As a consequence of Proposition 6.1 (ii) and Proposition 6.5 (ii) we have
the following.

Proposition 6.6. Let B = B_gB, € L, where B*! e H® and Bfl € H*°.
Then

ker:&b = B;lker:g’b and ker;Bb = B+ker:7gb.
Proof.
¢+ S kerIBﬁb <~ dJop_: GB¢+ +bp_ =0,

that is, aB_gB4 ¢4 + bp_ = 0.
We write this as 3¢_ : ag(By¢y) + b(¢p_B-") = 0. Equivalently, Ji)_ :
ag(Bioy) + by = 0.
Finally, this holds if and only if B, ¢, € ker, ,, i, ¢; € B} 'ker) ,.
The other identity is proved similarly.

Corollary 6.7. If h_ € GH> then kerzb = ker(jhﬂb = ker:h,lb = ker;hﬂb.
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Proof. We have ker;b - ker:{hﬂb; conversely,
ah_¢p +bp_ =0 = ady +bh1p_) =0
= ¢4 € ker;b,
SO ker;b = kera""hﬂb = ker;'ibh:1 and, replacing h_ by h=' we conclude that

* — hert
ker, , =ker, ., . O

Since the inclusion in (6.1) is strict when 6; or 6 is not constant or,
equivalently, ker;% - ker;b when 6 is a non-constant inner function, one may
ask whether the dimensions of those two spaces can be compared, as in the
case of Toeplitz kernels. The following theorem generalises analogous results
obtained in [3, Sec. 2] and [8, Sec. 6] for Toeplitz kernels, and can be proved
in a similar way.

Theorem 6.8. Let 6 be a non-constant finite Blaschke product. Then
(1) ker:&b is finite-dimensional if and only if ker;b 18 finite-dimensional.
Similarly for ker:ﬂb,
(i) If dim ker:;b =d < oo and dim Ky > d then ker:&b = {0}.
(iii) If dimker], = d < oo and dim Ky = k < d, then dimker}, , = d — k.
Note that by Proposition 2.1 and Corollary 2.2 the same result holds if
we replace ker;b by ker,, etc. When ker:{)b is not finite-dimensional, one can
still compare it with ker:fe’l7 by means of the following decomposition.
Theorem 6.9. Let 6 be a non-constant finite Blaschke product. If 8 has k zeros
in D, counting multiplicities, in which case we can write 6 = B_z¥B, with
B e H_ and Bfl € H*, then there exist ;4 € Hi (G=0,....,k—1) with
¥j+(0) =1, for each j such that the following direct sum decomposition holds:
kerib = sz+ker2'9’b + span{vYo4, 214, - .. ,zkilw(k_lﬂ_}

= zkker:zk}b + span{ o4, 214, . . ., zk_lw(k,lH}.

Proof. By Proposition 6.6 it is enough to consider ker:zk, b Since ker;b is
nearly S*-invariant, there exists ¥gy € ker;b with ¥4 (0) = 1; let ¢o_ be
given by atoy + bpg— = 0. Then for any ¢4 € kerzb7

¢4 — ¢4 (0)hoy
z

adpy +bp_ =0 <= az + a4 (0)por +bp_ =0

= az% +b(¢- = 6+(0)3h0-) =0,
SO
by = % € ker,

and 61 = 2y + ¢4 (0)voy-
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Therefore ker” b= zkeri'z » @ span{yo}.

Proceeding analogously with keraz by keraz2 by ,kelriz,c,1 p» We get
kerib = zk’ker;k’b @ span{tot, 214, - - ., zk*1¢(k_1)+},
where ;1 € H* and 1,4 (0) =1 for all j =0,1,...,k— 1. O

We now obtain a description of some related projected paired kernels that
will be used in the next section to study truncated Toeplitz operators: kerp Lpat
kerzpl,p2 and kerp1 aps = kerap1 ps» Where p1 and po are polynomials of degrees
ny and ng respectively without common zeros, and « is an inner function. Note
that kerp L.p» Can be related to a new class of Toeplitz-like operators introduced

in [17-19]: see [6].

Proposition 6.10. Let p; and ps satisfy the assumptions above, and let more-
over p; = pipPiTPiE, for i = 1,2, where the zeros of p;n, pir and p;g are in D, T
and E = D¢, respectively, and we denote by n;p, n;r and n;g the corresponding
degrees. Then

( ) kerpl po {0} if no < m :=nor + nir + Nog + Nip;

(ii) kerp1 pa = P11P21P1DP2E Py —m—1, where Py, forl € NU {0}, denotes the
space of all polynomials of degree less than or equal to £, and
dim kerpl P2 = N2 —M = Nop — N1p — N1T
if ng > m.
Proof.
P19+ + P20 =0 <= p1d4y = —p2d— = — PorP2EP2D P— = Gny—1,
—_——
degree no
where g,,,_1 is a polynomial of degree less than or equal to ne—1. Since Gna—1 €
2
H? and qn;;l S Hi, Gn,—1 must be of the form ¢,,_1 = porP2Ep1TPIDY, Where
1
q is a polynomial. Thus if no — 1 < m then ¢,,—1 = 0 and (i) holds. Also, if
ny > m then (ii) holds. O

Proposition 6.11. With the same assumptions and notation as in Proposition
6.10, let a be a nonconstant inner function. In the case that o is a finite
Blaschke product, let deg o denote the number of zeros of «, counting multi-
plicity. Let d = nop — nip — nyp > 0.
(i) kelr;rp1 e = {0} if « is not a finite Blaschke product or dega > d > 0.
(ii) dim kerap1 po = d—dega if a is a finite Blaschke product with deg o < d.
In this case, factorizing o = B_z° B with Bl € H® and Bf_l €
H*®°, we have that kelrap1 s = =B lkerzdegap s , where the projected paired
kernel on the right-hand side is described in Proposmon 6.10
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Proof. (i) If v is not a finite Blaschke product or dega > d, then (i) holds
by Theorem 6.8.
(ii) If degv < d then

ker" = ker™,

.
api,p2 B_zdeeaB_ py,ps B+ ker

zdeg @py py

by Proposition 6.6.

Analogously, we have:

Proposition 6.12. With the same assumptions and notation as in Proposition
6.11, and assuming that dim kert  =d=nop—nip — nit > 0, we have

P1,P2
+ _ plp..+ _ plp.+
ker&php2 =B~ kergdcgaphpz =B~ kerphzdcgapz,

+

by, zdegap, 15 described in

where o = B_2z%°8* B, as in Proposition 6.11 and ker
Proposition 6.10.

Proof. The first equality follows from Proposition 6.6 and the second from the
definition of ker™. O

7. Kernels of Finite-Rank Asymmetric Truncated Toeplitz
Operators

Paired operators can also be defined in the matricial setting. They appear in
the literature [7,16,23] as operators on (L?)"™ with n x n matricial coefficients
A, B e L((L*)").

In most cases A and B are multiplication operators and in that case the
paired operator takes the form

Tap=APT +BP~ with A, B € (L>)"*". (7.1)

One can, however, consider other possible generalizations of scalar paired op-

erators, for instance

Tap: (L))" — L2, Tap=APT + BP~ with A, Be L((LH)" L?)

(7.2)
or, considering in particular multiplication operators,
Tap=AP" +BP : (L»)" — L*  with A,Be (L>)"*",
A=lalisy m  B=[ilis (7.3)

The kernels of operators of this form are defined by the Riemann-Hilbert
problem

Zai¢i+ =- Zbﬂbi—, ¢ix € H. (7.4)
i—1 im1

The latter have appeared in recent works: see, for instance, [1] and [14].
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We apply here the results of the latter, together with those of previous
sections, to study the kernels of finite-rank asymmetric truncated Toeplitz
operators (ATTO for short) of the form

ALY Ky — Koy, A} = PagPy i, (7.5)

where 6, « are inner functions, Py and P, denote the orthogonal projections
from L? onto Ky and K, respectively, and ¢ € L™ is called the symbol of the
ATTO.

Indeed, if we define P; to be the projection Pj(x,y) = z, then we have

ker AL = P ker Tg, (7.6)
where G has the matrix symbol
6 0
e 9. -

Now it was shown in [14, Thm. 3.1 and Cor. 3.4] that the kernels of block

Toeplitz operators with symbols of the form (7.7) are of so-called scalar type,

i.e., can be described as scalar multiples of a fixed vector function, and can be

obtained from a pair of functions f,g € F2, where F consists of all complex-

valued functions defined a.e. on T, provided that f and g satisfy the relation

Gf=g.
To present the results from [14] that will be used here, it is useful to settle

some notation, as follows:

(i) if f = (f1, f2) € F2, then we say that f is left-invertible in F if and only

if there exists f € F2 such that f7f = 1, and, in that case, f7 is called
the left inverse of f in F;

(ii) we define Hx = {h € H : Xh € H} for any subspace H C (L?)" and any
X e ]:nxn;

(iii) for any matricial coefficients A, B with elements in F let us define Ty pf =
AP* f+ BP~ f for f € (L?)™ and write 54,5 = A(H?)" N B(H2)".
With this notation we can formulate Corollary 3.4 in [14] as follows.

Theorem 7.1. Let f = (f1, f2) and g = (g1, 92) belong to F? and such that
G}]: = g with G € (L®)**2. If § := §(ger gy p7,— g7 = {0}, then kerAj;a =Kf,
where

K= FTUHR) ppr 0 GTI(HE)?]gqr- (7.8)

We now apply Theorem 7.1 and the results of the previous sections to
study the behaviour of an ATTO of the form (7.5) with finite rank. As ex-
plained in [10, Sec. 3] we are led to take the symbol to be
N

HPS _1(t oan 4 (t
¢ 9R+—ozR +Z 1( ) 1(3),
(z = t;)"

Jj=1

(7.9)

where
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(i) Ry are rational functions vanishing at co, such that R_ has no poles
in D°UT and R4 has no poles in DU T;

(i) t; e T (j = 1,...,N) are regular points for § and «, i.e., § and «
are analytic in a neighbourhood of each ¢; (in which case 6, which can be
extended to a definition outside D by 0(z) = (1/%) for |z| > 1, is also analytic
in a neighbourhood of t i);

(iii) P _; and P, _1 are the Taylor polynomials of order n; — 1, relative
to the point tj, for a and for 6, respectively.
Defining
n 71(t ) Q2
RI =R, + 2 = , 7.10
2 + Z ) 5D2+ ( )
N pd
Pn —1 (tj) Ql
R =R_ — i = , 7.11
! ; (z—t;)% €Dy (7.11)
where
N N
H (z—1t;)", with deg& =nr ::an, (7.12)
j=1 j=1

and ()1, Qs are polynomials, Do, is the denominator of R, with n_ zeros
(including multiplicities) in D¢, and D;_ is the denominator of R_, with n,
zeros in D, we can write, from (7.9),

¢=0Ry, —aR;_. (7.13)
Then G in (7.7) takes the form

0 0
G = {93% aR. OJ (7.14)

and one can verify that f, g € F2, defined by

f= [ﬁj = {9391_] - [5811] ’

g1 1 1
= = = 5 7.15
o= (o) = ] - Lo i
satisfy Gf = g and have left inverses, respectively,
ff=10 0, g =@ o (7.16)

To apply Theorem 7.1, we start by showing that the assumption S = {0}
in Theorem 7.1 is satisfied when K, is “large enough”.

Proposition 7.2. Let G be given by (7.14) with o such that dim K, > m :=
ny +n_ +nr, and let f,g be defined as in (7.15). Then S = $(get Gy f7,—g7 =

{0}.
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Proof. We have det G = af and S is defined by

a <¢1+ + Sg ¢2+> =¢1_ + 5g2+ P2

2" EDy di + Qo

— — (€D
D17 (ED1—¢p14 + Qro24) = Doy pr—
Pt P
= aDyith, =2""T""Dy 9, (7.17)

where 3 € H:. So ¢ = ¢y +9_ € SoDyy,—2"—trTp, = {0}, by Corollary
2.3 and Proposition 6.11 (i) (with p;1 = Doy, po = —2"-T"D; | nop =
ny +n_ +ny and nyr = nip = 0) and it follows that the left-hand side of
(7.17) is

o (¢1+ + 5%&5%) = EDOZ,W =0

and, of course, analogously for the right-hand side of (7.17), so § = {0}. O

Next we characterise the spaces [(H?)? ] v and [(H 3)%y57 in (7.8). Note
that

. 1 0 _ 1 0
[t = |:R1— 0} and gg§' = [R2+ o} 7 (7.18)
SO
(P14, 024) € [(HY)?];jr <= Ri_¢ny € H} <= ¢11 € ED1_H}
(7.19)
and
2 2 5D2+ 2
(p1-,p2—) € [(H?)?] 50 <> Ros¢r_ € H: < ¢1_€ g 1~
(7.20)

We can now formulate the main result of this section.

Theorem 7.3. Let ¢ be given by (7.13) and (7.10)~(7.12), and let dim K, >
m = ny +n_ + nr. Then ker Ty and ker AZ’O‘ do not depend on o and we
have

1

ker TG = ng_D2+ ker ngm |:R
1—

} and  ker AY* = ED1_Do ker Ty,m.

This holds, in particular, for any infinite-dimensional K,,.
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Proof. By (7.8), (7.19) and (7.20)

B 2 EDay 2
IC = [9 O] [EDEEH+:| ﬂ [1 0] |:zn'—;g H:|

EDoy

Zn_+nqr

H2

=0ED,_HI N
= éng_keI‘T
0D

- S
) 2n_+nT

) +
= QSDl_keréDl,z”**'nT,szJr
N +

= 98D1_D2+kerézn++“7+/,LT’
= 98D1,D2+ ker ngm,

where we used Proposition 6.12, and the result follows from Theorem 7.1. [

—1

Note that, if 2™ divides 6 then kerTj,. is the model space Ky/,m, so
ker Ai’a is isomorphic to Ky, m.

Acknowledgements

The authors are grateful to Yuxia Liang and an anonymous referee for helpful
comients.

Author contributions Both authors contributed to the research in this manu-
script, and they read and approved the final manuscript.

Funding This work was partially supported by FCT/Portugal through
CAMGSD, IST-ID, projects UIDB/04459/2020 and UIDP/04459,/2020.

Data Availibility Data sharing is not applicable to this article as no datasets
were generated or analysed during the current study.

Declarations
Conflict of interest The authors have no relevant financial or non-financial
interests to disclose.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

120 Page 22 of 23 M. C. Camara and J. R. Partington Results Math

References

[1] Aniceto, P., Camara, M.C., Cardoso, G.L., Rossell6, M.: Weyl metrics and
Wiener-Hopf factorization. J. High Energy Phys. 5, 124 (2020)

[2] Bart, H., Tsekanovskii, V.E.: Matricial coupling and equivalence after extension.
Operator theory and complex analysis (Sapporo, 1991), 143-160, Oper. Theory
Adv. Appl., 59, Birkhauser, Basel (1992)

[3] Benhida, C., Camara, M.C., Diogo, C.: Some properties of the kernel and the
cokernel of Toeplitz operators with matrix symbols. Linear Algebra Appl. 432(1),
307-317 (2010)

[4] Camara, M.C.: Toeplitz operators and Wiener-Hopf factorisation: an introduc-
tion. Concr. Oper. 4(1), 130-145 (2017)

[5] Camara, M.C., Carteiro, C.: Toeplitz kernels and finite rank truncated Toeplitz
operators. Recent trends in operator theory and applications, 43—-62, Contemp.
Math., 737, Amer. Math. Soc. (2019)

[6] Camara, M.C., Guimaraes, A., Partington, J.R.: Paired operators and
paired kernels. In: Proc. 28th International Conference on Operator Theory
(Timisoara), to appear. arXiv:2304.07252

[7] Camara, M.C., Kli$-Garlicka, K., Ptak, M.: (Asymmetric) dual truncated
Toeplitz operators. Operator and norm inequalities and related topics, 429-460,
Trends Math., Birkhéuser/Springer, Cham (2022)

[8] Camara, M.C., Malheiro, M.T., Partington, J.R.: Model spaces and Toeplitz
kernels in reflexive Hardy space. Oper. Matrices 10(1), 127-148 (2016)

[9] Camara, M.C., Malheiro, M.T., Partington, J.R.: Kernels of unbounded Toeplitz
operators and factorization of symbols. Results Math. 76(1), 10 (2021)

[10] Camara, M.C., Partington, J.R.: Asymmetric truncated Toeplitz operators and
Toeplitz operators with matrix symbol. J. Oper. Theory 77, 455-479 (2017)

[11] Camara, M.C., Partington, J.R.: Near invariance and kernels of Toeplitz opera-
tors. J. Anal. Math. 124, 235-260 (2014)

[12] Camara, M.C., Partington, J.R.: Multipliers and equivalences between Toeplitz
kernels. J. Math. Anal. Appl. 465(1), 557-570 (2018)

[13] Camara, M.C., Partington, J.R.: Toeplitz kernels and model spaces. The diver-
sity and beauty of applied operator theory, 139-153, Oper. Theory Adv. Appl.,
268, Birkhauser/Springer, Cham (2018)

[14] Camara, M.C., Partington, J.R.: Scalar-type kernels for block Toeplitz operators.
J. Math. Anal. Appl. 489(1), 124111 (2020)

[15] Castrigiano, D.P.L.: Unbounded Wiener-Hopf operators and isomorphic singular
integral operators. Complex Anal. Oper. Theory 15(3), 63 (2021)

[16] Clancey, K.F., Gohberg, 1.: Factorization of matrix functions and singular in-
tegral operators. Operator Theory: Advances and Applications, 3. Birkh&user
Verlag, Basel-Boston, Mass. (1981)

[17] Groenewald, G.J., ter Horst, S., Jaftha, J., Ran, A.C.M.: A Toeplitz-like operator
with rational symbol having poles on the unit circle I: Fredholm properties.

Operator theory, analysis and the state space approach, 239-268, Oper. Theory
Adv. Appl., 271, Birkhauser/Springer, Cham (2018)


http://arxiv.org/abs/2304.07252

Vol. 79 (2024) Paired Kernels and Their Applications Page 23 of 23 120

[18] Groenewald, G.J., ter Horst, S., Jaftha, J., Ran, A.C.M.: A Toeplitz-like operator
with rational symbol having poles on the unit circle II: the spectrum. Interpola-
tion and realization theory with applications to control theory, 133-154, Oper.
Theory Adv. Appl., 272, Birkh&user/Springer, Cham (2019)

[19] Groenewald, G.J., ter Horst, S., Jaftha, J., Ran, A.C.M.: A Toeplitz-like operator
with rational symbol having poles on the unit circle I1I: The adjoint. Integr. Equ.
Oper. Theory 91(5), 43 (2019)

[20] Hayashi, E.: The kernel of a Toeplitz operator. Integr. Equ. Oper. Theory 9(4),
588-591 (1986)

[21] Hitt, D.: Invariant subspaces of /2 of an annulus. Pacific J. Math. 134(1),
101-120 (1988)

[22] Liang, Y., Partington, J.R.: Nearly invariant subspaces for shift semigroups. Sci.
China Math. 65(9), 1895-1908 (2022)

[23] Mikhlin, S., Prossdorf, S.: Singular integral operators. Springer-Verlag, Berlin,
1986. Translated from German by Albrecht Béttcher and Reinhard Lehmann
(1986)

[24] Prossdorf, S.: Some classes of singular equations. North-Holland Mathematical
Library, 17. North-Holland Publishing Co., Amsterdam-New York (1978)

[25] Shinbrot, M.: On singular integral operations. J. Math. Mech. 13, 395-406 (1964)

[26] Widom, H.: Singular integral equations in L,. Trans. Am. Math. Soc. 97, 131-
160 (1960)

M. Cristina Camara

Center for Mathematical Analysis, Geometry and Dynamical Systems,
Instituto Superior Técnico

Universidade de Lisboa

Av. Rovisco Pais

1049-001 Lisbon

Portugal

e-mail: ccamara@math.ist.utl.pt

Jonathan R. Partington
School of Mathematics
University of Leeds
Leeds LS2 9JT

UK

e-mail: j.r.partington@leeds.ac.uk

Received: August 31, 2023.
Accepted: February 6, 2024.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



	Paired Kernels and Their Applications
	Abstract
	1. Introduction
	2. Projected Paired Kernels
	3. An Example and Questions it Raises
	4. Near Invariance Properties
	5. Minimal Toeplitz Kernels and Representations of Projected Paired Kernels
	6. Inclusion Relations
	7. Kernels of Finite-Rank Asymmetric Truncated Toeplitz Operators
	Acknowledgements
	References




