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Abstract. Let By be the Euclidean ball of CV. The space H®(By) of
bounded holomorphic functions on By is known to have a predual, de-
noted by G*°(By). We study the functions in H*(By) that attain their
norm as elements of the dual of G*°(By). We also examine similar ques-
tions for the polydisc algebra H° (DY) and for the space of Dirichlet
series D> (Cy.).
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1. Introduction

Ando [1] proved that the Banach space H*°(D) of bounded holomorphic func-
tions on the unit disc D has a unique isometric predual. Let us denote it
by G°°(D). By the Bishop-Phelps theorem, the set NA(G*° (D)) of functions
f € H*(D) which attain their norm as elements of the dual of G*(D) is a
norm-dense subset of H*°(D). Fisher [6] showed that f € H>*(D),||f|| = 1,
attains its norm as an element of the dual of G*(D) if and only if the radial
limits f*(w) of f in the torus T satisfy that the set {w € T : |f*(w)| = 1}
has positive Lebesgue measure on T. The aim of this article is to investigate
versions of Fisher’s result for the Banach space of bounded holomorphic func-
tions on the N-dimensional ball and the N-dimensional polydisc. Our main
results are Theorems 5 and 8 and Propositions 6 and 7 in the case of the ball.
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The case of the polydisc is treated in Sect. 3. The final section deals with the
Banach space of bounded Dirichlet series.

Let X be a complex Banach space. Its open unit ball is denoted by Bx
and its closed unit ball by Ux. The space of all holomorphic functions on
Bx (i.e. the C—Fréchet differentiable functions f : Bx — C) will be denoted
H(Byx). The Banach space H*(Bx) of all bounded holomorphic functions f
in H(Bx) is endowed with the supremum norm || f|lec = sup,cp, |f(x)|. We
denote by 7y the compact-open topology on H*(Bx), that is, the topology of
uniform convergence on compact subsets of By. Recall that 79 is Hausdorff
and coarser than the norm topology. Let Uy~ ) denote the closed unit ball
of H*(Bx). The vector space G*°(Bx), given by

G™(Bx) ={p € H¥(Bx)" : Q|Uuyo s, 18 To-continuous}

is a Banach space when endowed with the dual norm. By using the Ng-Dixmier
Theorem [12], Mujica [11], proved that the topological dual of G*(Bx) is
isometrically isomorphic to H>(Bx). We abbreviate this fact by

G>=(Bx)* = H®(Bx).

For each © € Bx we denote by d, : H*®(Bx) — C the evaluation d,(f) :=
f(x) at the point x. Clearly d, is 79 continuous. Moreover, the vector space
span{d, : x € Bx} is a norm-dense subset in G*°(Bx). Indeed, {0, : x €
Bx } separates points of H*(By). Hence span{d, : = € Bx} is a subspace
of G*®(Bx) that is w(G*>(Bx), H*®(Bx))-dense in G*(Bx). Thus it is is
also norm-dense subset of G*°(Bx). We collect the following consequence for
reference later in the paper.

Lemma 1. If F is a closed subspace of G™(Bx) containing {6, : = € Bx},
then F = G™(Bx).

Let Y be a Banach space. The set of norm attaining functionals is defined
to be the following subset of Y* :

NA(Y) :={y* €Y : there exists y € Y, ||y|| = 1 such that ||y*|| =y*(v)}

The Bishop—Phelps theorem (see, e.g., Theorem 8.11 in [2]) ensures that the
set NA(Y) of norm attaining functionals is a norm-dense subset of Y*. As
a consequence, for each non-trivial, complex Banach space X, there exists
a norm-dense subset NA(G*(Bx)) of H*(Bx), such that for every f €
NA(G*>(Bx)), there exists an element ¢ € G*(Bx) with ||¢| = 1 such
that

£l = & (f)-
The aim of this paper is to study those functions f € H*>(Bx) that attain their
norm as elements of the dual of G*(Byx), that is, those f € NA(G*(Bx)).
We mainly concentrate on the case X = (CV,|.||2) and hence, Bx is the
N-dimensional Euclidean ball which henceforth will be denoted By.
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In the one dimensional case, By = I and its boundary is the torus
T ={z€C: |z| =1}. In this case, by a result by Fatou, there is an isometric
isomorphism between H°°(ID) and

H>®(T) := {g € L®(T) : g(k) = /Tw_kg(w)dml(w) =0, k=-1,-2,.. }

The isometric isomorphism H* (D) — H>(T) is given by
H>*(D) — H>(T)
fF—1r

where the radial limit

fr(w) = lm f(rw)

exists almost everywhere on T (With respect to the Lebesgue normalized mea-

sure on T, denoted by dmi(w) = £, where w = e™.) From this point of view

H>(D) £ H>(T) is a closed subspace of L>(T), and hence it is a dual space.
In fact, if H}(T) is the closed subspace of L(T) given by

H&(T):{feLl( /f Jw"™dmy (w) =0, for alln:O,l,Z,...},
then
H(T) = (L (T)/H)(T)) -

Ando in [1] proved that H*° (D) has a unique isometric predual. Accordingly,
LY(T)/HL(T) = G>(D). As far as we know, it is an open question for N > 2
whether there is a unique predual of the corresponding H°°-spaces in the case
of the N-dimensional ball and the N-polydisc. In this paper, we will introduce
another natural predual and show, in Theorems 5 and 10, that it coincides
with G*(Byx).

The characterization of norm attaining elements of f € H* (D) was ob-
tained by S. Fisher in 1969.

Theorem 2 (Fisher [6, Theorem 2|). Let f be an element of norm one in
H® (D). The function f attains its norm as an element of the dual of L*(T)/
H}(T) = G*=(D) if and only if f*(w) = lim,_1- f(rw) (a.e. in T) satisfies
that

{weT: [f(w)] =1}
has positive Lebesque measure on T.

In this paper, in Sect. 2, we explore several variable versions of Fisher’s
result. We also examine, in Sects. 3 and 4, similar questions for the polydisc
algebra H°° (D) and for the space of Dirichlet series D>(C. ).



82 Page 4 of 20 R. M. Aron et al. Results Math

2. The Case of the Euclidean Ball
Recall that the Euclidean open unit ball in CV is
By i={z=(a1,...,on) €CV: [ally i= {/laP+— + enP < 1}
The unit sphere in CY is
Swi={z=(a,0 o) €Y el = TP+ H [P = 1}

(Observe that this is not completely standard notation since the usual notation
for the N-dimensional real sphere in RV is Sy _1.)

By on we denote the unique rotation-invariant positive Borel measure
on Sy for which

UN(SN) =1.

In other words, oy is the Haar measure of the N-dimensional sphere.
In [15, p.84], the space H>(By), is defined as

H®(By) = {feHBN Il = sup 17(: ><oo}.

The ball algebra is the Banach subalgebra of H*(By) given by
A(By) :=={f:Bx — C: fis continuous on By and holomorphic on By}.

Finally, by A(Sy) = A(By) N C(Sn), we understand the restrictions of the
elements of A(By) to the sphere Sy, i.e.

A(Sn) = {fisy : [ € A(BN)}.

By the maximum modulus theorem, the mapping 7 : A(By) — A(Sn) defined
by 7(f) := fisy is an isometry.

Hardy spaces have a dual definition. The Hardy space H*(Sy) is the
weak-star closure of A(Sy) in L>®(Sy,on). i.e.

H®(Sy) = mw(Loo(SN)le(SN)).

As the polynomials are dense in A(By) we have that span{zﬁ B e N}
is a ||.||s dense subspace of A(By). Hence, span{w® : 8 € NJ'} is ||.||oo denbe
in A(Sy). Thus

w(Loo (S L1(S
H>(Sy) = span{w” : 3 € NV} ( VSN,
At this point, we show that H*°(Sy) and H*(By) are isometrically
isomorphic. We need some notation and results that can be found, for example,
in the books [15] and [16]. The invariant Poisson kernel of By is the kernel
function Py : By X Sy — [0, +o0]

(L[

- <zuw> PN

Py(z,w) :=
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The Poisson integral P(g) of a function g in L*(Sy, o) is defined, for z € By,
by

Pn(g)(2) :== g P(z,w)g(w)don (w).

We have that Py : H®(Sy) — H*(By) is a linear isometry onto.
To prove that this mapping is onto, the concept of Kordnyi, or K-limit,
of a holomorphic function on By is needed. For @ > 1 and w € Sy we set

Dy (w) == {z eCN:jw—2z< %(1 - |z|2)}

Clearly D, (w) C Byn. We say that a function F': By — C has K-limit A € C
at w € Sy if the following is true: For every o > 1 and for every sequence (z;)
in D, (w) that converges to a point w € Sy, we have that F'(z;) converges to
A and write

(K —lim F)(w) = A

The following result (see e.g. [15, Section 5.4.]) is important and very
useful for our paper.

Theorem 3. If f is a function in H>®(By) then f has finite K-limits f* on-
almost everywhere on Sy. Moreover, f* € H®(SN), [/ lc = ||f]loo and

Pn(f*) = /.
In other words, the mapping f — f* is a linear isometry from H*(By) onto

H>(Sy).

We also need the following well known fact, a proof of which is given for
the sake of completeness.

Lemma 4. Let X be a Banach space and let Y be a weak-star closed subspace
of X*. The subspace

Y, ={zeX:y(x)=0, foraly” €Y},
satisfies
Yii={as* e X*: 2*(x)=0, forallz €Y, } =Y,
and 'Y is isometrically isomorphic to (X/Y,)*.

Proof. Clearly, by the definition, Y C Y. Assume that the reverse inclusion
is not true. Hence there exists zf € YiH\Y.

Since Y is w(X*, X) closed and convex we can find ¢ : X* — C,
w(X*, X)-continuous, such that

p(ag) = 1 and ¢(y*) =0,
for all y* € Y. Since ¢ is weak-star continuous, there exists o € X such that

p(a”) = 2" (o),
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for all #* € X*. Thus, z{(x¢) = 1 and y*(z¢) = 0 for all y* € Y. Hence xg
belongs Y, . But, z§ € Yf, which, by definition implies

x5(xo) = 0.

This is a contradiction.
Finally, we have (X/Y))* = Yit =Y, as follows from [10, Theorem
1.10.17] for example. O

Now we define
() = {g € Lasw) = [ aw)swhdontu) =0 foral £ € A(sw)}.

Since

A(G o) e ’ w(Loo(Sn),L1(S
HOO(SN) — A(SN) (Lo (Sn),L1(SN)) :span{wﬁzﬂENéV} (Loo (SN ), L1( N)),

the subspace H®(Sy) C Loo(Sn) is w(Loo(SN), L1(Sn))-closed in Lo (Sn)
and

HY(Sw) = {g € Lusw)+ [ glw)f(w)dox(w) =0, forall f € H“(SN)}

= {g € Li(Sn): g(=p) = / g(w)w’don(w) =0, for all 3 € Név} .
SN

In the notation of Lemma 4, with X = L1(Sy), X* = Loo(Sy) and YV =
H>(Sy) (which is weak-star closed in X*), we have

YL = H*(Sn)L = Hy(S),

Yi = H}(Sy)" = H®(SN).
Lemma 4 implies the isometric isomorphism

H>(Sw) = (L(Sn)/H (5n)) "

Next we show that G°(By) and L'(Sy)/H}(Sy) are isometrically iso-
morphic. Thus, these two natural preduals of H*>(By) coincide, and so the
extension of Ando’s result on the uniqueness of the predual of H>°(D) to sev-
eral variables is still open.

Theorem 5. For every N € N we have that
LY(Sn)/Hy(Sn) = G=(By)
1sometrically.

Proof. First we prove that L'(Sy)/H}(Sy) C G*(Bny).
Let [p] € LY (Sn)/HE(Sn) and g € H*®(Sy). The duality is given by

<lelyg >=/S p(w)g(w)don (w) :/s (p(w) +n(w))g(w)doy (w),

for every p € L1(Sy) and every n € Hg(Sn).
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We identify L*(Sy)/Hg(Sn) as a subspace of the dual of H*°(Sy) in the
following natural way. Define Tj,) : H*(By) — C by

Ti(f) =< o], f* >= / o (w) f*(w)doy (w).

SN

We check that Tj, belongs to G*°(By) for every equivalence class [p] €

L'(Sn)/Hg(Sn).
Clearly
711 ()] S/S o) f* lscdon (w) = llpll2 [ f]loo-
N
Hence, T}, belongs to H>*(By)*. This fact and the equality ||T},|| = ||[¢]|| are

consequences of the isometric isomorphism H>(Sy) L (L1 (SN)/H(%(SN))*
and Theorem 3.

Let us check that Tj, is 79-continuous when restricted to the closed unit
ball UHOO(BN) of HOO(BN)

By Theorem 3, we know that if f € H*(By) and f* € H>(Sy) is its
K-limit that exists a.e. in Sy, then

f(2) = /S Puy (2. w) f* (w)dor (1)

for all z € By. Conversely, if h € H>®(Sy), then Py(h) € H>®(By) and we
have

a.e. on Sy.

For each z € By the mapping Py(z,.) : Sy —]0, +00[ is continuous on
Sn. Hence Py(z,.) € L'(Sy).

Given (fn) U {f} C Ugee(py) such that (f,) converges to f with re-
spect to the compact-open topology on By, we have (f) U{f*} C Ugeo(sy)-
But Uge(sy) is a weak-star closed subset of Upe(g,) which, in turn, is a
w(L>®(SN), L*(Sy))-compact set. Since L'(Sy) is separable, it follows that
Une(sy) 18 a metrizable compact set with the weak-star topology. Consider
now any subsequence (fy ) that is w(L>(Sy), L' (Sn))-convergent to some
h € Ugeo(sy)- We will have

Py (h)(2) :/S Py (z,w)h(w)do n(w)
=< Pn(z,.),h >= klim < Pn(z,.), fn, >
= lim PN(z,w)f;:k_ (w)do N (w)

k—o0 SN
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for all z € By. Hence,
h(w) = Pn(h)"(w) = f*(w)
a.e in Sy. We have just proved that the only weak-star adherent point of (f;)

is f*. Thus (f;) weak-star converges to f*. In particular

Tig) (f / [ (w)e(w)doy (w)
<[l fr>= lim <g], f >
ILm T (fn)

and T, is continuous with the compact-open topology when restricted to the
closed unit ball of H*°(By); i.e. Ti, € G*(Bn).
For the other inclusion observe that

5.(f) = Pu(f*)(z) = / Puy (2, w) f* (w)dow () = Tipy oo (F),

SN

for every z € By and every f € H*>*(By). Thus
span{é, : z € By} C L*(Sy)/Hy(Sn).
The conclusion follows from Lemma 1. O

Theorem 5 permits us to get a sufficient condition for a function on
H*>(By) to attain the norm.

Proposition 6. If f is an element of H>(By) of norm one such that the set

E:={weSy: [f (w)] =1},

has positive o measure in Sy, then f attains its norm as an element of the
dual of L*(Sn)/HL(Sn) = G=(By).

Proof. Define ¢ : Sy — C by

£ (w :
o |f*§w§‘a'N71(E)’ ifwek
p(w) = .
0, otherwise.

We have that ¢ is a bounded measurable function on Sy. Thus ¢ € L*(Sy)

and
1
/S ety () = /E dow (w) = 1.

Define T, : H*(By) — C by

Tiy(9) =< [¢],g" >= /S p(w)g* (w)doy (w).
N
By Theorem 5, T[g,] S Ll(SN)/Hé(SN) = GOO(BN) and
ITi01(9)] < [lg*]lsolllls = Nlglloslllls = llgllso>
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for every g € H>*(By). Hence

1Tl < 1.
But
Tio(f) = /S () [ (w)dory (w) [dow(w) =1 = |If]
N
and f in the dual of G*°(By) attains its norm at Tj). O

A partial converse to the above proposition is the following.

Proposition 7. If f is an element of H*(By) of norm one such that there
exists p € L' (Sy) with |¢|l1 =1 and Tjy,)(f) = 1, then

on({w e Sy + |f*(w)] =1}) > 0.

Proof. We denote E = {w € S : |f*(w)| =1}.
Assume that on(F) = 0.
Let

an{wESN: 1 (w)] < ”_1}.

n

Clearly Sy \ B = U2, K,,.
We have that Tj,) € G*°(By) and is of norm one since

1= T (f) < [P flloo = eIl < llpll = 1.

For each n, we get

/ [p(w)ldor (1) + / elwlldon(w) =1= [ flulpwydy (o)
SN\ Kn

Ky

N /SN\K” Fw)p(w)don (w / fw)p(w)doy (w)
< [ Iedon () + /K | whetw)ldy )

< /SN\Kn lo(w)|don (w) + n; 1/ o (o).

n

Thus, [, |¢(w)|don(w) = 0. Since n is arbitrary, we get

/ [p(w)|dory (1) = 0.
SN\E

But, by hypothesis ox(F) = 0 and finally we arrive at the contradiction

-/ Ity () =0
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A subset E of Sy is called a peak set if there exists f € A(By) such that
f(z) =1 for every z € E and |f(z)| < 1 for every z € By \ E. Every peak set
is a null set.

A result by Fatou states that every compact subset of T of Lebesgue
measure zero is a peak set of A(D), a fact which is instrumental in the proof
of Fisher’s Theorem 2. On the other hand, there are null sets on Sy (respec-
tively in T?V), which are not peak sets [15, 10.1.1 and 11.2.5] (respectively [14,
Theorem 6.3.4, p. 149-150]). We do not know if the converse of Proposition 6
is true or not. But, if we restrict ourselves to functions in A(By) that attain
their norm, we get the following characterization in terms of peak sets.

Theorem 8. Let f be an element of A(By) of norm one. The function [ attains
its norm as an element of H>*(By) if and only if the set

E(f) ={we Sy : [f(w)] =1}

1s not a peak set.

Before presenting the proof we need some notation and a lemma.

We recall that a complex Borel measure p on Sy is a Henkin measure
(See [15, 9.1.5, p. 186]) if

im [ fu(w)dp(w) = 0,

n—0o0 SN

for every sequence (f,,) contained in the closed unit ball Uy (g, of A(By) that
converges uniformly to 0 on the compact subsets of By, that is, converges to 0
in the 1y topology in By. (By the Montel theorem, a sequence (f,,) contained
in Ua(p,) converges to 0 in 7o if and only if converges to 0 pointwise on By ).

Lemma 9. (1) For every Henkin measure u there is T € G™(By) such that
T(f) = [ [flw)dp(w)
SN

for each f € A(By), and |u]l > |||
(2) If T € G=(Bn), then there is a Henkin measure 1 on Sy such that

7()= [ flwdn(w)
for each f € A(B), and ||ul| = |IT]].

Proof. (1) Define T} : A(By) — C by
T1(9) :=/S g(w)dp(w).

Clearly, Ty is a continuous linear form on A(By) which is 7g-continuous
on Ugpy) and

T3l < flpell-
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Given f € H*(By), the function f.(z) := f(rz), 0 < r < 1, belongs
to A(By). In addition, (f,) converges to f uniformly on the compact
subsets of By and

el < L1 = sup o]l (1)

By [15, 11.3.1], since u is a Henkin measure, the limit

r—1—

lim /S fr(wdn(w) = lim Ti(f;) € C.

exists for every f € H>®(By).
We define T : H*(By) — C, by

T(f) := 7,l_i)nla_ T (fr)-
T is linear and T € (H*(By))*, since
IT(HI < sup [T (f)] < I3

for every f € H*(By). Moreover, | T = ||T1]|-
We claim that the restriction of Th to Ua(p,) is To-uniformly continuous.
Indeed, given € > 0 there are a compact subset K of By and § > 0 such that
IT1(g)| < eif g € Ugpy) and sup, .k |9(2)| < 6. Hence, if g,h € Uy, and
sup,cx |9(z) — h(z)| < 6, then
g—nh
2

T1(9) = Ta(h))| = [2T0( )| < 2e.

Since Uy is To-dense in Uge (), there exists a unique i 2 Uges(By)
—— C that is 79-continuous and such that

T1(g) = T1(9),

for all g € Uypy). Given f € Ugs(py), then (f,) C Uy, and (f,) con-
verges to f in 79 as r — 1—. Thus

Ti(f.) = T1(f),

in C. But Ty (f,) = Ty (f,) for each r € [0,1] and T3 (f,) converges to T(f) by
definition. This implies ﬁ(f) = T(f) for each f € Ug~(p,). We have obtained
that the restriction of T to Uy (py) is 7o continuous. This, by definition,
implies that T belongs to G*=(By ).

(2) If T € G*(By), the restriction of T' to Ug~(p,) is 70 continuous. If we
define Ty : A(By) — C, by T1(g) := T'(g), then T; is continuous for the
sup-norm, ||T1]| < [|T|| and Ty is To-continuous on Uy(py). By (1), we
have

T(P] = lim [T = Jim (73(7)] < [Ty sup ] = 72011
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for every f € H*(By). Thus, |Ti|| = ||T||. We can consider T :
A(Sy) — C. By the Riesz theorem, there is a complex Borel measure
w1 on Sy such that

Ta(h) = | hw)duto),

for every h € A(By) with |71 = ul(Sw) = [|ull.
The properties of 77 imply that p is a Henkin measure. O

Now we give the proof of Theorem 8&:

Proof. Assume that f € A(By), ||f|]| =1 and that E(f) is not a peak set. By
[15, 10.1.1] there exists a Borel measure p, such that p(E(f)) # 0 such that

ho)= [  hdp(w), )
for every h € A(By).
Define
) {0 if ze Sy \ E(f)
9:) =9 = .
wisey i 7 € ()

Since g is bounded and measurable, g € L(|p|). Hence, the measure g|p|
defined by g|p|(M) = [,, gd|p| for Borel measurable sets M is absolutely con-
tinuous with respect to p. The measure p is Henkin (this fact is a direct con-
sequence of (2) and the definition of Henkin measure as given in [15, p. 187]),
and so g|p| is also a Henkin measure by [15, 9.3.1]. We set T} : A(Bny) — C.

Ty(h) = /S h(w)g(w)d|p|(w).
We have

Tu(f) = : flw)g(w)dlpl(w) =1,

and

ol(E(f))
Ty (h)] < /S In)lgwldipl(w) < e

for every h € A(By) with ||| < 1, and we have g|p| a Henkin measure such
that

:17

Ti(f)=1 and [Ty =1.
By Lemma 9.(1), there is T' € G*(By) with ||| = ||71]| = 1 such that
T(h) = Tu(h),

for every h € A(By).
In particular, T(f) = 1 and f attains its norm on G*°(By).
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Suppose now that f € A(By), ||f|| = 1, satisfies that E(f) is a peak set
and that there is T € G™(By), ||T|| = 1 with T'(f) = 1. To get a contradic-
tion we are going to give an argument that follows closely the one given in
Proposition 7:

By Lemma 9.(2) there exists u a Henkin measure such that

70) = | hw)dn(w)

for every h € A(By) and

1Tl =T = [ul(Sy) =1.

e

By [15, 9.3.1] || is also a Henkin measure. Hence, by [15, Lemma 11.3.3] (sce
also [15, Lemma 11.3.1]), |u|(E(f)) = 0. Let

K, = fwe sy rwr <",

n

Clearly Sy \ E(f) = U2 K.
We have that, for each n,

[l (SN A\ Kn) + |pl(Kn) = |pl(Sv) =1 =T(f) = /S |/ (w)[d]p|(w)

/SN\Kn | f(w)]d]p) (w) + / | f(w)ld]p|(w)
SLMKdM

= |ul(Sw \ Kn) + & (I).
This implies |u|(K,) = 0 for each n and |p|(SN\E(f)) = 0.
Therefore, 1 = |p|(Sy) = [ul(Sn \ E(f) + [pl(E(f)) = O,

0w

contradiction.

3. The Case of the Polydisc

For a fixed N € N, the N-dimensional Poisson kernel [14, p. 17] Py : DV x
TV — (0, 00) is defined as

J
It is well known ( [14, Theorem 3.3.3, p.45]) that if f € H°° (DY) then the

limit

fr(w) = Tim f(rw)

r—1—
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exists almost everywhere in TV, and
1) = [ Pxewf wdmy(w) @
T

for all z € DV. As a consequence there exists an isometric isomorphism
H>®DY) — H>(TV)
f—1r

W (Lo (TY), L1 (TV))

where H*°(TV) := A(TY) ,
AMDN) = {f: DY ~cC: f is continuous on D" and holomorphic on DV}
and

A(TN) = {fizv : f € ADY)}.

By the maximum modulus theorem A(DY) and A(TY) are isometrically iso-
morphic. By Fejer’s theory for the polydisc we have

H>(TV) := {9 € L(T) : g(a)

= / w™g(w)dmy(w) = 0, for all a« € ZV \ N(])V}.
N

On the other hand, by applying Lemma 4,

= (LY(TV)/HE(TV))",

H>(TV) =
where

HY(TN) = {feLl(TN f(— f YwPdmy (w) = 0, forallﬁeNév}

= span{w=*: for all a € ZN \ N}

Very similar arguments to the ones given for the N-dimensional Euclidean
ball can be given for the N-polydisc to obtain the following results.

Theorem 10. For every N € N we have
LN(TY)/Hy(TV) = G (D).

Proposition 11. Let f be an element of H* (DY) of norm one such that the
set

Ei={weT": |f(w) =1},

has positive Lebesque measure (in TV ). Then f attains its norm as an element
of the dual of L*(T™)/HE(TYN).
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Proposition 12. If f is an element of H>® (DY) of norm one such that there
exists o € L' (TN) with [|¢|ly =1 and Ti,(f) = 1, then the set

{weT: |f*(w) =1},
has positive Lebesgue measure in the polytorus TN .

Ezample 13. The following example, which is inspired by [3, Theorem 3.1],
shows that a polydisc (for N > 1) version of Theorem 8 does not hold. Let
f:DxD — C be the function f(z,w) := (1/2)(1 + z), which belongs to
A(D x D). This function does not attain its norm on G (D x D). Indeed, if it
did, the function g(z) = (1/2)(1 + z), as an element of H>°(D), would attain
its norm on G°°(D), because H*°(D) is canonically isometrically contained
in H>*(D x D). But the function g does not attain its norm on G°°(D) by
Fisher’s Theorem 2, because {z € T | |g(z)| = 1} = {1}. On the other hand,
E(f) ={(z,w) € TxT| |f(z,w)] =1} = {1} x T, as it is easy to check.
The set E(f) is not a peak set of A(D x D). Otherwise, it would be a zero set;
see [14, 6.1.2. Theorem, p.132]. But if a function h € A(D x D) vanishes on
E(f), then h(1,w) € A(D) vanishes on T. The maximum principle then implies
that h vanishes on {1} x D, and therefore, there is no function h € A(D x D)
vanishing only in E(f). Observe that E(f) is a null set in T x T which is not
a peak set.

4. The Case of the Space of Dirichelt Series D>°(C,.)
Let D>°(C,) denote the Banach space of the Dirichlet series D(s) = Y 77 | %=

convergent and bounded on the right half plane C; endowed with the T;ui:):e—
mum norm. We refer the reader to [4] and [13] for detailed information about
this space.

The space D>(C,.) is a closed subspace of the Banach space H*(C,.) of
all bounded holomorphic functions in the right half plane C; endowed with
the supremum norm. Since, by the Montel theorem, the closed unit ball of
H®(C,) is Tg-compact, we can apply the Dixmier-Ng theorem [12] to obtain
that

G (Cy):={R € H>(C4)" : the restriction of R to Uge(c,) is 7o continuous},

is a predual of H>(C,).

It is well-known that the spaces H*(Cy) and H*>°(D) are isometrically
isomorphic. We are going to show that their preduals are also isometrically
isomorphic.

Proposition 14. H>*(C,.) is isometrically isomorphic to H*(D), and G*=(C,.)
is isometrically isomorphic to G (D).
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Proof. It is enough to consider the Cayley transformation ¢ : C\ {1} —
C\ {-1} defined by

1+2
The Cayley transformation is a biholomorphic mapping with inverse
1,y 8—1
v =

Actually it is also biholomorphic from D onto C4, and it is a homeomor-
phism from T \ {1} onto {ti : ¢ € R}. Clearly the composition operator
T, : H®(Cy) — H*(D) defined by

To(9) = go e,
for g € H*(Cy) is an isometry with inverse (T,,)~" = Tj,-1. Its adjoint T} :
H>(D)* — H*(C4)* is also an isometric isomorphism with

(Ty) ' =T

It is enough to check that 7.5(G*(D)) = G*>°(C..) to prove that G>*(D) and
G (C4) are isometrically isomorphic.
Let R € G*(D). We have

T;(R)(g) = R(Ty(9)) = R(g o)

for all g € H>*(C,). Let K C D be a compact set. The set ¢(K) is a compact
subset of Cy. Take (g,,) and ¢ in the closed unit ball of H>°(C,) such that
(gn) converges with respect to the compact open topology on C, to g. Since
(gn) converges to g uniformly on p(K), we have (g, o @) converges to g o ¢
uniformly on K = ¢~ !(p(K)), for every K. Thus, (g, o ¢) converges to g o ¢
with respect to the compact open topology on D. Hence, (R(g, o)) converges
to R(g o) and we get

T;(R) € GZ(Cy).
Analogously we obtain T77_, (G*(C4.)) € G**(D), from which it follows that
G=(Cy) = T 0 T-1 (GX(C4)) € THG=(D)).
O
Remark 15. Recall that for any fixed o > 1 and w € T the Stolz region is
S(a,w)={z€D : |z—w| <a(|]l —|z|)} (]9, Definition 8.1.9. ]). Since w is
an accumulation point of S(c, w) it makes sense to speak about the limit at w

of any function f : S(a,w) — C. Actually, in [9, Theorem 8.1.11], it is proved
that if f € H*>°(D) the following equality holds on T

ff(w) = lim f(z),

z€S (o, w)—w

almost everywhere with respect to the Lebesgue measure.



Vol. 79 (2024) Norm Attaining Elements of the Ball Algebra Page 17 of 20 82

In [4, p. 286 and 287] it is observed that if g € H>*(C.), then there exists
a Lebesgue null set A C R such that the limit

li it) == g™ (i
Jim g(r +dt) := g” (i)
exists for every t € R\ A and actually that

g (it) = T,(9)(2).

In other words, the “horizontal” limits of ¢ exist a.e. and coincide with the
Fatou radial limits of its associated function T,(g) belonging to H>(ID).

lim
2€8(a,p1(it))—p =1 (it)

We can now get the following consequence of Ando’s Theorem [1] and
Fisher’s Theorem 2.

Corollary 16. The space H*(Cy.) has a wunique predual. Moreover,
g € H*(Cy) with | g|lc, =1 is norm attaining if and only if the set

E:={teR: |¢g"(it)| =1}
has positive (including +00) Lebesgue measure.

Proposition 17. D*°(C,.) is a dual space.

Proof. By a result of F. Bayart (see e.g. [4, Theorem 3.11]), it is known that if
(Dy,) is a bounded sequence in D*°(C,.) then there exists a subsequence (D, )
and a Dirichlet series D € D*°(C,) such that for every o > 0 the sequence
(Dp,,) converges to D uniformly on C, := {s € C; Res > o}. Thus, if we
denote by 74 the topology of uniform convergence on these half planes C,,
Bayart’s result says that the closed unit ball of D>°(C.) is a compact set.
Now the Dixmier-Ng theorem [12] implies that

G=(Cy) :={R €D (C4)" : the restriction of R to Upse(c,) is T4 continuoust}, (4)

endowed with the topology induced by D>°(C,)* is a predual of D>(C,.).
O

We can now get a positive result about norm attaining elements of
D>(C.) with respect to that predual.

Proposition 18. Consider the space D*(CL) as the dual of G°(C,). Given
D € D*(Cy.) of norm one, if the set

E:={teR: |D*(it)] = 1}
has positive (including +00) Lebesque measure, then D is norm attaining.

Proof. As D*(C,) is a closed subspace of H*(C,), we can consider D €
H>(C,). By Corollary 16, we know that there exists R € G*(C_) such that

IR| = 1= R(D).
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Recall that R € H*(C,)* and satisfies that the restriction of R to Uge(c,)
is 7p continuous. We denote by S the restriction of R to D>°(C,). Since
Up=(c,) C Upe(c,) we have that S is 79 continuous when restricted to
Ups(c,)- The theorem of Bayart [4, Theorem 3.11] implies that Upe(c, ) is
a compact set with respect to 7. The compact open topology 79 on C; is
Hausdorff and weaker than 7 on that ball. Hence both topologies coincide on
Upe(c,) and S € G*(C, ). Moreover

L=|IR[| = [IS]| = [S(D)| = S(D) = R(D) = 1,
and D attains its norm. O

It is natural to ask whether the converse of Proposition 18 holds. Actually,
by the Hahn-Banach theorem one can extend R in G°(C4) to an element T'
belonging to H>°(C)* with the same norm. But we don’t know if it is possible
to choose an extension 7" in G*(C,.).
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