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Abstract. In this paper, we introduce the complex form of a-Bernstein—
Kantorovich operators. Respectively, upper quantitative estimates for the
complex a-Bernstein—Kantorovich operator and its derivatives, Voronovskaya
type result and the exact order of approximation of these operators are
studied.
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1. Introduction

The approximation of functions with positive linear operators is one of the
most important research area of applied mathematics. Especially, Bernstein
polynomials play an significant role in approximation theory, thanks to their
simple structure and advantages in computation. In 1912, Bernstein was in-
troduced the classical Bernstein polynomials as follows:

B, (¢;7) = z:];)ga (Z) (Z) (-7 neNandre[0,1] (1)

for ¢ € C[0, 1]. For many years, many researchers focused on the discovery and
modifications of Bernstein polynomials to get better convergence. Recently,
Chen et al. [1] have constructed a generalization of the Bernstein operator,
which depends on «a as follows.

Tn,a(@; T) = Z Pp P%Cfp) (1), (2)
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where ¢, = ¢(£), a € [0,1] and

() = Kn;2> (1_a)r+(z_§> (1—a)(1—1)

+ (Z) ar(l - 7)} (1 — )L

Because the a-Bernstein operators are suitable structures for continuous func-
tions on [0, 1], authors constructed the following a-Bernstein—-Kantorovich op-
erators for integrable functions on [0, 1] and investigated their many approxi-
mation properties (See [2,3]).

Kpalpir) =300 / ot 3)

n+1

In addition to all these, recently, new definitions and studies have been
made due to the increasing interest of researchers in complex operators in
approximation problems [4-19]. One of them was introduced and studied by
Nursel Cetin. In Cetin [1], introduced the a-Bernstein operator in the complex
domain as follows:

n
Tya(9:0) = 0p pS(0), (4)
p=0

where ¢, = ¢(2), a €[0,1], ¢ € C.
The above-mentioned studies motivated us to define the a-Bernstein—
Kantorovich operator in the complex region as follows:

K50 - S0 o (£ ©

p

where a € [0,1] and ¢ € C. For a = 1, these operators are reduced to the
classical complex Bernstein—Kantorovich operators [6]. Throughout the paper,
Dg :={¢ € C:|(|] < R} be a disc in the complex plane C and the space of all
analytic functions on Dg denote by H (Dg) . Also, for ¢ € H (Dgr), we assume
that ¢ (¢) = 32,2, auc”.

The paper is organized as follows. In Sect. 2, we give some auxilary re-
sults for the proofs of the main theorems. In Sect. 3, we obtain respectively,
upper quantitative estimates for the K, o (¢; () and its derivatives on compact
disks. Finally, we obtain Voronovskaja type results and the exact degrees of
approximation a-Bernstein—Kantorovich operator and their derivatives.
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2. Auxiliary Results
Lemma 1. For all p € NU{0},n € N,a € [0,1] and ¢ € C, we have

N (B d }
KaaleiO =Y (1) =T e (6)

=0

where e, (() = (M.

Proof. From 5, we can write,

1
Koy (00 = 3 90 O ( )
n I 0 1 /

0
I
- (a) tﬂ Jp]
z 03 [ (1) gt
15

j=

n 1
e IGTLC ( Vot [ o
0 j=0

J

hs)

7
MZ e 650

=0

<.

Lemma 2. For all¢ € D,, a € [0,1] and 1 < r, we have
|K77,04 (e,u; <)| < 7““, IS N. (7)
Proof. We know that (see [1])

From 6, we obtain

. |
, 0 U .
K i€ < 3 (1) = T i)

s (5)7
(n+1)" = \J

IN

Lemma 3. For all « € [0,1] and n,u € N, ¢ € C, we have
1—- / 1—-
Koo (e4i€) = S (000 (i) + 0+ U] B i)

e > (%) (n T; ) (=) T s
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’ mi)*‘—luz_% () (50 (5) Gl e o
—By—1(e5;0)} (8)

where K, (e,; ) complex Bernstein-Kantorovich operator (see [9]).

Proof. From [1], we have

Q=9 (1, (e5:0)) —Tn,a<ej+1;<)—[c L no} Ty e (e5:0)

;
B (1;a> (%1) (Byr (e5615C) — Booi (e:0)}

+ ““n‘ VB, (e5:0). 9)

Differentiatin g K, » (e,; () with respect to ¢ # 0 and using (9), we have

¢(1-9) . U TS e 0))
o (€ Q) (WH)#Z()(#_HU T (a (e530)

(77+ D & Z ( ) (,u—]]—i—l){ o (€5+1;C)

~[o+ (—no} Ty (e5:0)
l—« n—1 g _ _
~(50) (1) B - B e
+a(1an<ej;<>}.
n
by some calculations we get
K (e Q) = L (10 e ) + e+ B2 K i)
pt1 .
w41 7’ .
+gz—%( J )(77+1)"+1(u J+2) fre (€3¢)
- o l1—« n—1 n’ .. B ..
1
pi—1 o a(l—=<) .-
3 (1) ot rrn e @0 - 0
_¢=9 (@) (o - 1-9 o 1
n (157 (03 )) +[C+ n }KW(‘“OJF(LML2)(TI+1)“+1

utl - .
ptl i, (ut+D)n—jn+1) .
+;< J )(n+1)“(ufj+2){ (k+1)(n+1) }T”""(J’C)
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+i (M) (1;a) (n;1>j (n+ ¥ Z,Hl) Bo-r(ega) = B (e
at-o,
n

(GM;C)

= ca=9) (Kn,q (e;L?O)I + {C + (1= C)} Ko (eus; Q)
n n

+‘§(“f1>( 4 j+2){(u+1)n—j(n+1)}Tw(ej;o

=0\ J n+ D) (n— (p+1)
+jz“;) (lJL) (17_70‘) (77;1>J (n+ 1" 7(7;—3'—&-1) {By-1(ej+1) — By-1(ej)}
_MKW (en;€) -
n

Here we used the identity
( ! ) (M 1) j
J—1 i) (u+1)

Forn e N,¢ € C, p € NU{0} and « € [0, 1], if we denote

B (©) = Ky (€50 = 4 (0) = g™ = S0 Suu=1) ¢+~

then it is clear that degree(E;, , o ({)) < p. Using the above recurrence and by
simple calculations, we get the following Lemma.

pcht —

Lemma 4. For all o € [0,1] and n,u € N, we have

Eypa () = “n‘ D Ky (ep1:0) — €1 () + CEypr (O)

(h=1) uor g _ —2(¢ (1-¢)
Jrn(nJrl)C -0~ 2(n+1) n T

+Z( ) n+1)“7(7;—g+1) {M_jn(wrl)}Tn,a(ej;C)

+j§0 (MJ_' ) (ngl)J (I;Q) (n+1)“7zj1 (u—g) (Dot les)

a(l-9¢)
n

n,o (ep,fl; C)

e G

—By-1(e )} - Ky (eu—1§o

Proof. It is immediate that E, oo (¢) = Ey 1,0 (¢) = 0.
Using the formula (8) we get

S (K fenmri€) = e (O +

W=Vt
n

En,u,a (C) =
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+{<+<1;¢>] (E 1a<c)+2(nfi) (o= 1) ch—?
+::)(M;1)(1;a) (52 o B (o)
~Bymr ()} = K, (i

2 () G {2 e

1—2¢ uch p(p—1)¢1(1—¢)
2(n+ 1) 2(n+1)
With a simple calculation, we get the following relation.

I

Enpa (C) = ¢ (1,,]_ 9 (Knya (G;Lfl% Q —eu-1 (C))’ +C¢Ep 1,0 (C)
(l‘ - 1) =1 o — 1 (1 C) . .
77(77+1)< 1=9- 2( —|—1)< n K (ep-1;¢)

+Z( )(77+1)“?;—j+1){ﬂn_]77(n+1)} Thp,a (€53 6)

+§,(”;1) (l;a) (n;I)‘(nH)“n]‘l (o g P lean)

a(l-9)

—By-1(e5)} -

Ky (ep-1;¢) -
O

3. Approximation by Complex a-Bernstein-Kantorovich-Type
Operator

In this section, we start with the upper quantitative estimates for the new
operators and its derivatives attached to an analytic function in a compact
disk of radius 1 < R and center 0.

Theorem 5. Suppose that « € [0,1] and ¢ € H(Dg).
(i) Let r € [1, R) be arbitrary fized. For all |¢| <r and n € N, we have

Ky (56) — 0 ()] < Mn“") (10)

where

0< M(p)=(@d+a) Y laup(p+1)r*

p=1
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(i) If 1 <r < ry < R are arbitrary fized and p € N, then for all |(| < r and
n € N, we have

M, (¢)p!
KD) (9:¢) — o (0)] < ,7(180)32

where M, (@) is given as in (1).

Proof. (i) To estimate |K, o (¢;¢) — ¢ ()], firstly, using above recurrence 8 we
get

Ko (04 €) = € ) = U2 (06 (e ) € (K 01 €) = €01 (0)
- MK?} (eu—1§<) + MKU,Q (eu—1§o
n n
1—« n—1\r"1t et
+< n >< n ) (n+1)r1 {Bn-1 (ew) = Bu-1 (eu-1)}

+Z< >(n+ )nzil—j+1) {Wu_(ii];:l)}Tma(ej;C)

o 32:0 #lilfj <M;2> <1:7a> <’7;1>j (77-1-1)“71j1 (n—34)
{Bn-1(ejt+1) — By—1(e;)} (11)

and secondly, we can estimate the above two sums (11) as:

(77+1)“Z( )i na(ey,4)|

1 ”_1<u—1> p w ' i
< )T T )
W+U“(;% i) p—jp—j+1 pwoopml )

nk—1
+ r#
(n+1)*
2+ )"t L 2ut
(n+1)* T (n+1)
and
p—2 . . . _ j i
ujﬁ(u : 2) (1 a) (n 1) n (By_1 (e501)
Su—1-j\ J U UVANUE SV (TR
—By—1(e;)}

< (5 i (S (57 255 2 o

+[Bn—1 ()|}
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(=) p=DE=1+D ()=
S nin+ 1) (r+ ) < 7 ( + )-

Also, it is known that, from Theorem 1.0.8 in [9], we have

%
|P’; (c)\ < ;||PMHT, forall [¢|<r, 7>1,

where P, ({) is a complex polynomial in ¢ of degree < p.
Therefore, from the recurrence formula 11 we get

|CH1—C|‘

Koo (5 ¢) —en (O] < Kn.a ewC)‘+|C||Kna(eu 150) —ep—1 (0]

all =¢

Ky (ep1:0)| + n<| Koo (e 1: )

2(1— ) 2u+1
(m+1)

rr—1 4 T“_Q)

rh

+

(7"” +T”71) +

n
(1—a)(u—1)(
n
rl+r)p—1
n
a(1+r)7ﬂ“71+ (1+7)

+

< ”Kna(eu 1)” +7|Kna (ep—1;¢) —ep—1(Q)]

(1-

rel @) (r“—l—’r‘“*l)

2u+1 o 2(1-o)(p—1)
e T
SQ(M—U

rp—1 +r”’2)

2« 2
™+ 7 |Kya (ep—1;¢) —en—1 (¢ + 77"” + ET“

2(1— 2+ 1 2(1— -1
n ( a)r”-i- AL A-)(u-1) ,

n (n+1) n
dp+20+142p(1 — )

=7|Kna(ep-15¢) —en—1 (] + , s
Now, by taking = 1,2, ..., in the inequality
|Kn,a (e,u; C) —€u (<)|
< 4u+2a+1+2u(1—a)ru
n
+T4(uf1)+2a+1+2(u71)(17a)76“71
n
pp2de = H20 4142w -1 -a) o
n
+...+r“_14+2a+1+2(1_a)r
n
< 4+2571a)r“(u+,u—1+...+1)+u(2a+1)r“

2+ 0-a)ppp+)+p2a+1)
U

"z
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< Ara)pp+l)
n
Since K, o (;() is analytic in Dg, we can write

(12)

C) = Z auKn,oz (e,u; C) y C € Dg,
=0
which together with (12) immediately implies for all |¢| < r

‘Kna(QOC | <Z|au|| e;u ) eu(C)‘

(4 +a
< 7Z|cﬂ|u(u+1)r“
-
(ii) For the simultaneous approximation, denoting by - the circle of radius
r < ry and center 0 (where r; > r > 1), by the Cauchy’s formulas it follows
that for all |¢| <7 and n € N we have

( K « %07 SD(U)
Kb (93€) — ) < 27”/ o dv,

which by (10) and by the inequality |v — (| > r1 — r valid for all || < r and
v € 7, we have

®) (0 ) |K, ©;v) — ¢ (v)]
D0 -e < Z / i
<£!MT1( ©) 27w M, (p)plr
21 n  (rp—r)Ptl g(ry — )P+l
which proves (ii). O

In the next Theorem, we obtain the Voronovskaja type formula with a
quantitative estimate for complex a-Bernstein—Kantorovich operators.

Theorem 6. Letr € [1,R) and ¢ € H (Dg). Then for alln € N and o € [0, 1],
we have

K (61€) = 9(6) = 55590 = $H530 )
< i2 Z lap| {(43 = Ta) p(p — 1)*} r# + % >+ 1)t
2

Proof. Using reccurrence formula (8) and simple calculation leads us to the
following relationship:
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Enpa (€)= % (Kn,a (ep-15¢) —eu—1 (C))/ +CEn u—1,a (€)
(/1'_ 1) n—1 _
77(77+1)C (=9
+ oy € = Ty i)+ gy (1 T ) Toe (es)

_ 1 _ nM71 e . 1 e . _ =1
2(n+1) <1 (n+1)“*1>T"’a( PO T (T (eu=25€) = ¢*77)

(w2 o L= (m
2(n+ 1" Tn’a(”_1’<)+(n+1)“j§o(ﬂ'>

nd pn—3n+1)
(h—J3+1) %

(K (ep1iC) — eps (O)) (““n‘ O) L ; D (Ko (ep-110) — e (0))

l—a(/n—-1 =1 n“*l
S () e B ) — et )

¢hTt(l—a) (0 (=DFTTY l-a (p—1\MT gt o) e
" n <1 (77+1)”*1>Jr n ( n ) (n+1)rt (B (en) =en (€

(-G SR () (50 (5

o i) — By 1 (er
(,’7+1),u.—1 (,U‘*j) {Bn—l( i+ ) By ( J)}

16
= Z 1,. (13)
p=1
Firstly, the estimate of I3 are Ig as follows
—1
n(n+1)
-1
IIs] < (=1

9 (77 I 1)2 |Tn,a (eu—l; C)‘ 9 (77 + 1)2

Secondly using the known inequality

Ty, (55€)

ol (1+7),

to estimate I5, Ig, Iy, I13, 115, I16-
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L ot pw—1
|I5‘_ +1(1 (n+1)#71)‘ na(uyC)|—( +1) Hv

! — 17“_1 e . ;17‘#—1
[T6] < 2+ 1) (1 (77+1)u71) Ty, (en—15¢)] < 2+ 1) ,
! pp—1) 7 AW
|Ig<(77+1)”];0< J )(u—j)(u—j—l)(u—j+1)<1 L un)
< 2u(p—1) (n+ )" p_2m(p—1)
(n+1)" (m+1)°> 7
\I13\§€#71(1_a) 1—(77_1)“:1 §2(1_O‘)(H—1)r#,1’
n (n+ 1)t n(n+1)
‘115‘<¢#(1—a) 1—(77_1)“71 20=a)u=1) ,
a n (n+ 1" n(n+1) ’
= w—2 n—1 11—« n—1 j nJ .
Iw<;0< J )uflfj( n )( n ) (n+1D* 1 (u— ){B" 1(e5+1)
—Bn-1(ej)}
A-)w=1) y1 u—2
SRS (= ). (15)

Finally we estimate Iy, I7, I1g, I11, I12, I14. We use [9, Theorem 1.1.2], [1, The-
orem 2.4] and Theorem 5(i)

|14] + \[7| + |Io| + [T11]| + 12| + [114]

o1 o
< (77 5 |CH — Ty,a (en; Q)| + 201+ 1) ’Tn,a (eu—1;¢) — ¢ ’
1 1
+ ad+r) | Ky (ep—15¢) —eu—1 (C)| + a+r) (K0 (eu—15C) — eu—1 (¢)]

1-— 1-—
+ TO‘ 1Byt (eu—1;€) — €1 (O)] + T"‘ 1Byt (€45 ¢) — eu ()]

1 {(3u(u+ 1) +#> (ljyrr)ru,l . 2u(unf 1)7‘“}

“(m+1) 2
2(n1+1) {(3(u;1)u+(u_1)) (1‘;7’)7“#72_"_2(/'5717)7(/1*2)7,#71}
+a(1+7") {2(u*1)urkl}+ (4+a) {2(/1*1)/@4“71}
n n n n
n l;a{3T(1+r)(g77—2)(u—1)ru_3}+ 1;01{37"(1%"2)”(#—1)#,"#—2}

(i6)
Using (12), (14), (15) and (16) in (13) finally we have

r(l+7r)
n

[Bra ()] < (Ko (130 = €um1 () |+ 7 B0 (<))
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(p—1) ph—1 r
+n(n+1) (1)

(p=1 , p=1 o 2=l (A-a)(p=1)
Torn T e PIEES)
I-a)p-1) , (A-a)E-1) (k=1 4 92)
n(m+1) n(m+1)
(I+r) (3up+1) pt 2= 1)
n(n+1)< 2 +H)T * n(n+1)
(I+7) (3p—1Dpu p2, (=D =2)
2n(n+1)( 2 +u_1)r HEEICES)
4 2op (1 —n;) A+7) n (4+a)(1 :;) (w=Dp
G304 W=D -0 -a) 4 3A+NA-)pp-1)
2n? 21?2

r(l+r)p—1
T r ||K17,a (eu—l) - eu—1||7« +r |E77,u—1,a (C)l +
up—-1)A~-a) , n Sulp —1a n bulp+1) 4
n? n? n?
—1D(1+7r)4+« —1 B 23 —1
(p=1)(A+r)( Jp=Dp L By ()] + H(L; )
n 7 7
up—1) (1 ~a) , n 3u(p —Va N bu(p+1)
2 2 2
n 7 7
2(4 + — 1) 23 (1 —1
<7 |Epu-1,a Q)]+ ( 04)7/;2(,& ) 4+ M(n,“z )r“
N up—1) (A ~a) ,  3up-1a , N Su(p+1)
n? Un U
(43 —Ta)p(p—1)7% ,  Sup+1) ,
772 r” + 172 r

28u(p—1) ,

< 2

<+

+

<7|Enpu-1a Q)]+
As a consequence, we get

2
|En e (O < (43 — Ta) p (p :’21) + 5p(p + 1)7"#

In conclusion,

1-2¢

‘K (10 =2 (O = 57 (O - ci-c)

< au] 1By e (0]

pn=0
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43 7a
(anm (1) rﬂ+—2|aﬂ|u PR
n=

pn=2

Note that since ¢ (¢) = D s appt (o — 1) (p = 2)¢H~ 3 and 2 (¢) =
ZZOZQ appt (p— 1) ¢*~2, and sumation of these two series is absolutely conver-
gent for all [(| < R, it easily follows that (43 — 7a) > 2, |a,|pu(p — 1)2rH +
53y lap] p(p+1)r < oo m

Remark 7. In hypothesis of in ¢ in Theorem 5 choosing « € [0, 1] as n — oo,
it follows that

lim (7 +1) [K,0 (9;0) — ¢ ()] =

n—00 2

1_QC /

o () + =D

—L" () an

Finally, in the next Theorem, we present the order of approximation in
Theorem 5 is exactly %

Theorem 8. Suppose that 0 < o <1 and ¢ € HD).
(i) If ¢ is not polynomial in ¢ of degree =0, then for all r € [1, R) ,we have
1
Ko (9) =l ~ o neN
where the constants in the equivalence depend on r and .
(i) If 1 < r < rx < R and ¢ is not a polynomial in ¢ of degree < max

{l,p—1}(p € N), we have

| & o) = o

1
~ =, 1 € N
ron
in Dg, where the constant in the equivalence depend on r,r1,p and p.

Proof. (i) Taking in to account Remark 7, there exist constants 0 < Dy, Dy <
oo independent of 7 such that

Dy <n[|Kpa(p) = ¢ll, < D2

from which it readlily follows that

2 < Ky (0) — o, < 22
n n
in D,.. Therefore, we get the desired result.
(ii) Denoting by p the circle of radius r < rjand center 0 (where r €
[1,71)), we have the inequality 71 —r < |v — (| valid for all || < and v € p.
Using the Cauchy’s formula, for all |(| <r and 7,p € N, we obtain

® (@~ P [ Ena (30) —0(v)
K 510 = () = o1 [ 7o e
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Thus, from Remark 7 we get

1-2¢ ,
2

Jim g [K2 (¢:0) - 07(0)] = [
uniformly in D,.

It remains to show that ¢({) is not constant. Indeed, supposing that
(1=20)¢'(Q)+C (1= ) "() = 0 for all [¢] < r, that is (¢ (1 — )¢/ (¢))' = 0
for all |¢| < r. The last equality is equivalent to ¢ (1 —¢) ¢’(¢) = C for all
[¢| < r with ¢ # 0. Therefore we get ¢'(¢) = C(f—fo, for all |¢] < r with
¢ # 0. But since ¢ is analytic in D,., we necessarily have C' = 0, which implies
©'(¢) = 0 and ¢(¢) = const for all ¢ € D,.

Therefore, there exist constant 0 < M; < My < oo independent of 77 such
that

My < HK% (p) — pP|| < Ms,
which readly follows that
M1 M2
=L <K@ @) - <=2
Ui r Ui
in D,.. This completes the proof. O
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