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Abstract. In this paper, we prove several fundamental properties on um-
bilics of a space-like or time-like surface in the Lorentz–Minkowski space
L
3. In particular, we show that the local behavior of the curvature line

flows of the germ of a space-like surface in L
3 is essentially the same as

that of a surface in Euclidean space. As a consequence, for each positive
integer m, there exists a germ of a space-like surface with an isolated
C∞-umbilic (resp. C1-umbilic) of index (3 − m)/2 (resp. 1 + m/2). We
also show that the indices of isolated umbilics of time-like surfaces in L

3

that are not the accumulation points of quasi-umbilics are always equal
to zero. On the other hand, when quasi-umbilics accumulate, there ex-
ist countably many germs of time-like surfaces which admit an isolated
umbilic with non-zero indices.
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Carathéodory conjecture.

1. Introduction

We denote by E
3 the Euclidean 3-space and by L

3 the Lorentz–Minkowski
3-space of signature (+ + −). An immersion f : U → L

3 defined on a neigh-
borhood U of the origin o := (0, 0) ∈ R

2 is said to be space-like (resp. time-like)
if its induced metric (i.e. the first fundamental form of f) is Riemannian (resp.
Lorentzian). An umbilic (resp. a quasi-umbilic) is a point, where the shape
operator Af of f is a scalar multiple of the identity transformation (resp. has
an eigen-equation with a double root but Af is not diagonalizable). Quasi-
umbilics never appear on a space-like surface, but may appear on a time-like
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surface. We note that the principal curvatures of a time-like surface may not
be real-valued. The location of the umbilics on a surface S in R

3 does depend
on the choice of the ambient metric R

3 = E
3 or R3 = L

3. In fact, even when p
is an umbilic of a space-like surface S in L

3, the point p may not be an umbilic
point if we think of S as lying in E

3 in general (see Example 3.1).
In this paper, we focus on the study of curvature line flows of surfaces in

L
3, and so we only consider space-like surfaces and time-like surfaces whose

principal curvatures are real. An index of an isolated umbilic on a given regular
surface is the index of one of the curvature line flows of the surface at that
point, which takes values in the set 1

2Z of half-integers. For a curvature line
flow F around an isolated umbilic o in the domain of definition of a space-like
or time-like surface in L

3, we can construct another curvature line flow F⊥

associated with F satisfying (F⊥)⊥ = F (see Proposition C and Remark 3.2).
When the surface is space-like, the indices of these two flows at o coincide.
In particular, for a given isolated umbilic on a space-like surface, its index is
uniquely determined. On the other hand, when the surface is time-like, the
two indices at o might be different (cf. Theorem F, see also Example 4.7).

Since the turn of the 21st century, Tari [4] proved an analogue of the
Carathéodory conjecture for closed convex surfaces in L

3, and Fontenele and
Xavier [3] showed the non-positivity of the index of an isolated umbilic on a
surface in E

3 which is negatively curved except at the umbilic. The present
article, inspired by these works, investigates the behavior of the curvature line
flows on space-like surfaces and time-like surfaces.

In the authors’ previous work [1] with Fujiyama, the existence of isolated
C1-differentiable umbilics with arbitrarily high indices was shown by two ways.
One is to use the inversion sending the point at infinity in E

3 to the origin
as an umbilic, and the other is the method using the “Ribaucour parameter”
described in the Appendix of authors’ previous work [1] with Fujiyama, by
which the pair of curvature line flows of a surface in E

3 can be transformed
into the pair of the eigen-flows of the Hessian of a certain smooth function
(see [2] where Ribaucour’s parameters are explained in terms of Ribaucour’s
transformations). We call this procedure Ribaucour’s reduction, which is the
keystone of the method of this paper. In fact, we first show that Ribaucour’s
reduction can be modified for space-like surfaces in L

3. Using the modified
reduction, we show that the pair of curvature line flows around a given umbilic
of a space-like surface in L

3 can be realized as a pair of the curvature line flows
around the corresponding umbilic of a certain regular surface in E

3. By this
with the result in [1], we can deduce the following assertion:

Theorem A. For each positive integer m, there exist a neighborhood U of the
origin o ∈ R

2 and a space-like C∞-immersion (resp. C1-immersion) g : U →
L
3 satisfying the following properties:

(1) g is C∞-differentiable and has no umbilics on U\{o},
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(2) o is an isolated singular point of each of the curvature line flows of g with
index (3 − m)/2 (resp. 1 + m/2).

Motivated by the main theorem of [3], we show the following:

Proposition B. The index of an isolated umbilic o on a space-like surface in
L
3 whose Gaussian curvature is positive except at o is non-positive.

We next consider time-like surfaces, and then introduce an analogue of
Ribaucour’s reduction as in the case of space-like surfaces in L

3. Using it, we
show the following:

Proposition C. Let U be a neighborhood of the origin o ∈ R
2 and h : U →

L
3 a C∞-differentiable time-like surface which has no umbilics on U\{o}. If

there exists a C1-differentiable curvature line flow F on U\{o} whose index
at o is n/2 ∈ 1

2Z, then F canonically induces another curvature line flow
F⊥ (satisfying (F⊥)⊥ = F) whose index at o is −n/2. Moreover, if F is
Cr-differentiable (r ≥ 1), then so is F⊥.

When o is not an accumulation point of quasi-umbilics, the following
assertion holds:

Proposition D. Let h : U → L
3 be a time-like surface as in Proposition C,

which has a curvature line flow F on U\{o}. If h has no quasi-umbilics on
U\{o}, then the index of the flow F at o is equal to zero. In particular, if the
Gaussian curvature of h is negative on U\{o}, then the index vanishes.

In this proposition, the assumption that h has no quasi-umbilics on U\{o}
is necessary. If it is dropped, more than two C1-differentiable curvature line
flows with non-zero indices might exist (cf. Example 4.7). In fact, we can show
the following two assertions:

Theorem E. Let h : U → L
3 be a C∞-differentiable time-like surface whose

principal curvatures are real-valued. If o ∈ U is a point such that there are no
umbilics on U\{o}, then there exists a C1-differentiable curvature line flow on
U\{o} with zero index.

Theorem F. There exist countably many real analytic time-like surfaces with
non-positive Gaussian curvature which admit a pair of real analytic curvature
line flows with an isolated umbilic with indices ±1.

Even when the curvature line flow F is real analytic, there might be
no real analytic curvature line flows other than F and F⊥ (cf. Remark 4.5
and Example 4.6). The authors do not know of any Cr-differentiable (r ≥ 2)
curvature line flows on time-like surfaces having isolated umbilics whose indices
I satisfy |I| > 1.

In Tari [4], the non-existence of umbilics on the time-like part of a convex
surface in L

3 was pointed out (see Remark 4.3).
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2. Preliminaries

Let λ(x, y) be a C∞-function defined on a certain open neighborhood U of
the origin o := (0, 0) of the xy-plane. Assuming λ(o) = λx(o) = λy(o) = 0, we
consider the symmetric matrix

Hλ(x, y) :=
(

λxx(x, y) λxy(x, y)
λxy(x, y) λyy(x, y)

)
,

which is the Hessian of λ. We suppose that o is a scalar point of Hλ, that is,
Hλ(0, 0) is a scalar multiple of the 2 × 2 identity matrix. In addition, we also
assume that there are no scalar points of Hλ on U other than o. We denote
by Iλ the index of one of the eigen-flows of the matrix Hλ(x, y) at o. We
remark that the index of the other eigen-flow is equal to Iλ (see Fact A.1 in
the Appendix). We set

fλ(x, y) := (x, y, 0) − λ(x, y)ν(x, y) + λ(x, y)e3, (2.1)

which gives a C∞-regular surface in E
3 defined on a neighborhood of the origin

o, where e3 := (0, 0, 1) and

ν :=
1

1 + λ2
x + λ2

y

(
2λx, 2λy, λ2

x + λ2
y − 1

)
(2.2)

is a unit normal vector field of fλ. In this setting, (x, y) is called Ribaucour’s
parametrization of fλ. The following fact is classically known (cf. [1, Appendix
A]):

Fact 2.1. The origin of E3 is an isolated umbilic of fλ whose index coincides
with Iλ.

Remark 2.2. One can show that p ∈ U is an umbilic of the surface fλ if and
only if (λxx − λyy, λxy) vanishes at p (see the proof of Ando et al. [1, Fact
A.1]).

Here, we give elementary examples:

Example 2.3. We consider an ellipsoid

x2

a2
+ y2 +

z2

b2
= 1 (1 < a ≤ b). (2.3)

When a = b, the ellipsoid has two umbilics of index 1, and when a < b, it has
four umbilics of index 1/2 (cf. [5, Sect. 16]).

Example 2.4. We consider the function λ(x, y) := x4−y4. Then Hλ is diagonal,
and o is an isolated scalar point of Hλ. So, the associated regular surface fλ

[cf. (2.1)] has an isolated umbilic at o, whose index is equal to zero.

Example 2.5. We consider the polynomial

λ(x, y) := Re(ζn) (ζ := x + iy, n ≥ 3). (2.4)
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Since (λ)ζζ = n(n − 1)ζn−2/2, the winding number of the complex-valued
function λζζ with respect to a counterclockwise circle of small radius centered
at the origin o is equal to n − 2, and the associated regular surface fλ has an
isolated umbilic at o with index 1 − n/2 (cf. [1, (B-1)]).

In these examples, the following well-known fact can be observed.

Fact 2.6. For each positive integer m, there exists a C∞-regular surface in E
3

having an isolated umbilic whose index is equal to (3 − m)/2.

3. Umbilics of Space-Like Surfaces in L
3

In this section, “space-like surfaces” always mean space-like regular surfaces.
As in the case of regular surfaces in E

3, space-like surfaces in L
3 has exactly two

distinct principal directions at each non-umbilic point. So, around an isolated
umbilic, a pair of curvature line flows is induced. In this section, we investigate
them. More precisely, we modify Ribaucour’s reduction given in [1, Appendix
A] for space-like surfaces in L

3 and prove Theorem A. We first give an example
of a space-like surface with umbilics:

Example 3.1. We let Ea be the ellipsoid given in (2.3) by setting a = b. If
a > 1, then umbilics of Ea as a surface in E

3 are the two points (0,±1, 0).
However, if we think of Ea as lying in L

3, then these points (0,±1, 0) lie on
the time-like part of Ea and cannot be umbilics in L

3 (cf. Remark 4.3). In fact,
by a straightforward calculation, one can check that the space-like part of Ea

has exactly four space-like umbilics 1√
2
(±√

a2 − 1, 0,±√
a2 + 1) in L

3.

We let g : U → L
3 be a space-like immersion defined on a neighborhood

U of the origin o in the xy-plane. Since we are interested in local properties of
surfaces, we may set

g(x, y) := (x, y, φ(x, y)),

where φ is a C∞-function satisfying φ(o) = φx(o) = φy(o) = 0. We denote by
“·′′ the Lorentzian inner product on L

3, and consider the point

Q(x, y) := (ξ(x, y), η(x, y), 0)

in the xy-plane satisfying

Q + μe3 = g + μν (e3 := (0, 0, 1)), (3.1)

where μ is a certain C∞-function on U and

ν(x, y) :=
−1

δ+(x, y)
(φx(x, y), φy(x, y), 1)

(
δ+ :=

√
1 − φ2

x − φ2
y

)

is a unit normal vector field of g, that is, |ν · ν| = 1. Comparing the third
components of the both sides of (3.1), we obtain the relation

μ =
φδ+

1 + δ+
.
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Since (0, 0) is a critical point of the function φ, we have μ(0, 0) = 0 and
dμ(0, 0) = 0 and so dg = dQ holds at (0, 0). In particular, (ξ, η) can be taken
as a new local coordinate system centered at o. Differentiating (3.1) by ξ and
η respectively, and taking the Lorentzian inner products of the both sides of
them with ν, we have

Qξ · ν − μξν3 = −μξ, Qη · ν − μην3 = −μη,

where ν = (ν1, ν2, ν3). Since Qξ = (1, 0, 0) and Qη = (0, 1, 0), we obtain the
following:

μξ =
−ν1

1 − ν3
, μη =

−ν2
1 − ν3

,

which correspond to the stereographic projection of the hyperbolic space

{(x, y, z) ∈ L
3; x2 + y2 − z2 = −1, z < 0}

to the xy-plane. By this, as an analogue of (2.2), we obtain

ν(ξ, η) =
1

μ2
ξ + μ2

η − 1
(2μξ, 2μη, μ2

ξ + μ2
η + 1). (3.2)

So we have that

g(ξ, η) = (ξ, η, 0) − μ(ξ, η)ν(ξ, η) + μ(ξ, η)e3, (3.3)

which is an analogue of (2.1). We call the above procedure space-like Rib-
aucour’s reduction and the coordinate system (ξ, η) space-like Ribaucour’s
parametrization of g. Let γ(t) be a regular curve in the ξη-plane. This curve is
an orbit of one of the curvature line flows of g if and only if d(ν ◦ γ)(t)/dt and
d(g◦γ)(t)/dt are linearly dependent. By the same argument as in [1, Appendix
A], the equation det(ν, dg, dν) = 0 characterizes the curvature line flows of g,
and (3.3) yields that

det(ν, dg, dν) = det

⎛
⎝ν1 dξ dν1

ν2 dη dν2
ν3 μξdξ + μηdη dν3

⎞
⎠, (3.4)

where “det” means the determinant function. Since g is space-like, we have
ν2
1 + ν2

2 − ν2
3 = −1 and

μξν1 + μην2 = 1 + ν3. (3.5)

By (3.2), it holds that

dν = −dk

k
ν +

2
k

(dμξ, dμη, μξdμξ + μηdμη), (3.6)

where k := μ2
ξ + μ2

η − 1. By (3.4)–(3.6), we have (see again [1, Appendix A])

det(ν, dg, dν) =
2
k

det

⎛
⎝ ν1 dξ dμξ

ν2 dη dμη

μξν1 + μην2 − 1 μξdξ + μηdη μξdμξ + μηdμη

⎞
⎠
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=
2
k

det

⎛
⎝ ν1 dξ dμξ

ν2 dη dμη

−1 0 0

⎞
⎠ =

−2
k

(dξ, dη)Sμ

(
dξ
dη

)
, (3.7)

where

Sμ :=
(

μξη (μηη − μξξ)/2
(μηη − μξξ)/2 −μξη

)
.

Thus, the curvature line flows of g just coincide with the null direction flows
of Sμ (see the Appendix in this paper for the definition of null directions).

Remark 3.2. If v := u(∂/∂ξ)p +v(∂/∂η)p is a tangent vector at p ∈ U giving a
null direction of Sμ, then v⊥ := −v(∂/∂ξ)p +u(∂/∂η)p is the 90◦-rotation of v
giving also a null direction of Sμ. So if F is a curvature line flow of the space-like
surface g, then the 90◦-rotation F⊥ in the ξη-plane also gives a curvature line
flow of g. This fact is one of the strengths of Ribaucour’s parametrizations.
As a consequence, the curvature line flows of g can be considered as a pair
(F ,F⊥).

The characteristic vector field vSμ
(cf. the Appendix) of Sμ is given by

vSμ
= 2μξη

∂

∂ξ
+ (μηη − μξξ)

∂

∂η
.

The 90◦-rotation of this vector field is (μξξ −μηη) ∂
∂ξ +2μξη

∂
∂η , which coincides

with the characteristic vector field of the Hessian Hμ of the function μ. By
Proposition A.3 in the Appendix, the null direction flows of Sμ are obtained
by the 45◦-rotation of the eigen-flows of Sμ in the ξη-plane. Thus, the null
direction flows of Sμ can be identified with the eigen-flows of Hμ. Using these
discussions, we obtain the following:

Theorem 3.3. For a given C∞-function μ on a neighborhood U of the origin o
in the ξη-plane, the map g : U → L

3 given by (3.3) with (3.2) is a space-like
immersion. Any congruence class of germs of space-like immersions in L

3 is
obtained in this manner. Moreover, p ∈ U is an umbilic if and only if Hμ is
a scalar matrix at p. If p ∈ U is not an umbilic, the principal directions of
g at p can be obtained by the eigen-directions of Hμ. In particular, if o is an
isolated umbilic of g, then the pair of curvature line flows of g exists around o
and they have the same index at o.

Proof. It is sufficient to show that p is an umbilic point of g when Sμ vanishes
at p, which follows from (3.7), since det(ν, dg, dν) vanishes at p if and only if
p is an umbilic. �

Using Theorem 3.3, we prove Theorem A in the introduction:

Proof of Theorem A. We fix a positive integer m. By Fact 2.6, there exists a
regular surface f in E

3 which has an isolated umbilic whose index is equal
to (3 − m)/2. Then there exist a new local coordinate system (x, y) and a
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C∞-function λ(x, y) such that f is expressed as (2.1) with (2.2). The pair of
curvature line flows of f coincides with the pair of eigen-flows of Hλ, and the
isolated umbilic of f corresponds to an isolated scalar point of Hλ.

By setting μ := λ, we define a regular space-like surface g in L
3 given

by (3.3) with (3.2). By Theorem 3.3 [see also (3.7)], one of the two curvature
line flows of g coincides with either of the eigen-flows of Hλ, and the isolated
scalar point of Hλ corresponds to an isolated umbilic of g. So the index of the
isolated umbilic of g is (3 − m)/2.

We next consider the C1-differentiable function

λm(ξ, η) = |z|2 tanh
(|z|−aRe(zm/|z|m)

)
(z := ξ +

√−1η, 0 < a < 1)

given in [1]. By setting ξ = ρ cos t and η = ρ sin t (ρ > 0), the function λm

induces a function

λ̃m(ρ, t) := ρ2 tanh(ρ−a cos mt)

of variables ρ, t. In [1, Sect. 6], it was proved that the indices of the eigen-flows
of Hλm

at o are equal to 1+m/2. By setting μ := λm, the immersion gm defined
by (3.3) with (3.2) is C1-differentiable at o, and C∞-differentiable on V \{o}
for a sufficiently small neighborhood V of o. The indices of the curvature line
flows of gm at o are equal to 1 + m/2. Thus, Theorem A is obtained. �

It is well-known that the Gaussian curvature of a (space-like or time-like)
surface in L

3 has the opposite sign of that of the same surface in E
3 (thinking

of E3 as the space R
3 with the canonical Euclidean metric). Regarding this,

we now prove Proposition B:

Proof of Proposition B. Let g(ξ, η) be the space-like immersion given by (3.2)
and (3.3) using a C∞-function μ defined on a neighborhood U of the origin
of the ξη-plane. We let IIg := LSdξ2 + 2MSdξdη + NSdη2 be the second
fundamental form of g. We may assume that (0, 0) corresponds to the umbilic
o. From now on, we will show the following equivalency:

IIg is negative definite ⇐⇒ Hλ is negative definite ⇐⇒ IIfλ
is negative definite,

where IIfλ
is the second fundamental form of the surface fλ induced by λ := μ

in the Euclidean 3-space. Then, by applying the theorem in [3], we can conclude
that the indices of the curvature line flows of fλ at o are non-positive, and
so, the space-like surface g at o has the same property. By a straightforward
computation, we have

LS =
2μξξ

qS
+

4μ(μ2
ξη + μ2

ξξ)
q2S

, MS =
2μξη

qS
+

4μμξη(μξξ + μηη)
q2S

,

NS =
2μηη

qS
+

4μ(μ2
ξη + μ2

ηη)
q2S

,
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where qS := 1 − μ2
ξ − μ2

η. Hence

LSNS − M2
S =

4
(
μξξμηη − μ2

ξη

)
DS

q4S
, (3.8)

where

DS := q2S + 2μ(μξξ + μηη)qS + 4μ2(μξξμηη − μ2
ξη).

Since

μ(o) = μξ(o) = μη(o) = 0, (3.9)

we have qS > 0 and DS > 0 at (ξ, η) = o. So there exists a neighborhood
V (⊂ U) of o such that qS and DS are positive on V . Then (3.8) implies that
LSNS − M2

S < 0 is equivalent to

μξξμηη − μ2
ξη < 0 (3.10)

on V \{o}. We then set λ := μ, and let fλ(ξ, η) be the regular surface given by
(2.1) and (2.2). The second fundamental form IIfλ

of the surface fλ in E
3 can

be written as IIfλ
= LEdξ2 +2MEdξdη +NEdη2. Again, by a straightforward

computation, we have

LENE − M2
E =

4
(
λξξληη − λ2

ξη

)
DE

q4E
, (3.11)

where qE := 1 + λ2
ξ + λ2

η and

DE := q2E − 2λ(λξξ + ληη)qE + 4λ2(λξξληη − λ2
ξη).

Since λ = μ, the inequality (3.10) is equivalent to LENE − M2
E < 0 (that is,

the Gaussian curvature of fλ is negative) on W\{o} for a sufficiently small
neighborhood W of o. Thus, by the theorem in [3], the indices of the curvature
line flows of fλ at o are non-positive. So, we obtain the conclusion. �

4. Umbilics of Time-Like Surfaces in L
3

In this section, “time-like surfaces” always mean time-like regular surfaces.
For time-like surfaces in L

3, even at non-umbilic points, principal directions
might not exist in general, and even if the directions exist, the two principal
directions might coincide (such cases happen when they coincide with a null
direction of the first fundamental form). In this section, as in the case of space-
like surfaces, we give an analogue of Ribaucour’s parametrization for time-like
surfaces and prove Proposition C. We let h : U → L

3 be a time-like immersion
defined on a neighborhood U of the origin o in the yz-plane. We may set

h(y, z) := (ψ(y, z), y, z),
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where ψ is a certain C∞-function defined on U satisfying ψ(0, 0) = ψy(0, 0) =
ψz(0, 0) = 0. We consider the point Q(y, z) := (0, ξ(y, z), η(y, z)) satisfying

Q + μe1 = h + μν
(
e1 := (1, 0, 0)

)
, (4.1)

where μ is a certain C∞-function on U , and

ν(y, z) :=
−1

δ−(y, z)
(1,−ψy(y, z), ψz(y, z))

(
δ− :=

√
1 + ψ2

y − ψ2
z

)

is a unit normal vector field of h. Comparing the first components of the both
sides of (4.1), we have

μ =
ψδ−

1 + δ−
.

Since (0, 0) is a critical point of the function ψ, we have μ(0, 0) = 0 and
dμ(0, 0) = 0. In particular, dh = dQ holds at (0, 0), and (ξ, η) can be taken as
a new local coordinate system centered at o. Differentiating (4.1) by ξ and η
respectively, and taking the Lorentzian inner products of both sides of them
with ν, we have

Qξ · ν + μξν1 = μξ, Qη · ν + μην1 = μη.

Since Qξ = (0, 1, 0) and Qη = (0, 0, 1), we have

μξ =
ν2

1 − ν1
, μη =

−ν3
1 − ν1

,

which correspond to the stereographic projection of the subset {(x, y, z) ∈
L
3; x2 + y2 − z2 = 1}\{x = 1} of de Sitter plane to the yz-plane. So we have

ν(ξ, η) =
1

−1 − μ2
ξ + μ2

η

(1 − μ2
ξ + μ2

η,−2μξ, 2μη) (4.2)

and

h(ξ, η) = (0, ξ, η) − μ(ξ, η)ν(ξ, η) + μ(ξ, η)e1 (4.3)

analogous to (2.1) and (3.3). We call the procedure time-like Ribaucour’s reduc-
tion and (ξ, η) time-like Ribaucour’s parametrization of h. Since h is a time-like
surface, ν2

1 + ν2
2 − ν2

3 = 1 holds. So we have μξν2 + μην3 = 1 + ν1. By (4.2),
we have

dν = −dk

k
ν +

2
k

(−μξdμξ + μηdμη,−dμξ, dμη),

where k := −1 − μ2
ξ + μ2

η. As in the case of space-like surfaces, we have [cf.
(3.7)]

det(ν, dh, dν) = det

⎛
⎝ν1 μξdξ + μηdη dν1

ν2 dξ dν2
ν3 dη dν3

⎞
⎠ =

−2
k

(dξ, dη)Tμ

(
dξ
dη

)
,

(4.4)
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where

Tμ :=
(

μξη (μηη + μξξ)/2
(μηη + μξξ)/2 μξη

)
. (4.5)

Thus, if a curvature line flow of h on U\{o} exists, then it corresponds to a
null direction flow (see the Appendix) of the symmetric matrix Tμ.

Remark 4.1. We consider two matrices

T =
(

c (a + b)/2
(a + b)/2 c

)
, Ť := E2

(
a c
c b

)

=
(

a c
−c −b

) (
E2 :=

(
1 0
0 −1

))
.

Then the null vectors of T coincide with the eigenvectors of Ť . So the null
vectors of Tμ coincide with the eigenvectors of the matrix Ťμ := E2Hμ, where
Hμ is the Hessian matrix of the function μ.

Using the above observation, we can show the following:

Theorem 4.2. For a given C∞-function μ on a neighborhood U of the origin
in the ξη-plane, the map h : U → L

3 given by (4.3) with (4.2) is a time-like
immersion. Any congruence class of time-like immersions in L

3 is obtained
in this manner. Moreover, p ∈ U is an umbilic (resp. an umbilic or a quasi-
umbilic) if and only if Tμ (resp. det Tμ) vanishes at p. If p is not an umbilic,
the principal directions of h at p can be characterized by the null vectors of Tμ

of (4.5).

Proof. It is sufficient to show the assertions on umbilics and quasi-umbilics.
We first consider umbilics of h. It is sufficient to show that p is an umbilic
point of h when Tμ vanishes at p, which follows by the same reason as the
proof of Theorem 3.3.

We next consider quasi-umbilics of h. By (4.4), p ∈ U is a quasi-umbilc
precisely when Tμ has a unique null-dierction, that is, when detTμ = 0 but
Tμ �= 0 at p. So we obtain the conclusion. �

As an application of Theorem 4.2, we prove Proposition C in the intro-
duction.

Proof of Proposition C. By Theorem 4.2, we may assume that the time-like
immersion h : U → L

3 is given by (4.3) with (4.2) associated with a C∞-
function μ defined on a neighborhood U of the origin in the ξη-plane. We let
F be a C1-curvature line flow of h on U\{o}. Then F is generated locally by
a null vector field

(v(ξ, η) :=)u(ξ, η)
∂

∂ξ
+ v(ξ, η)

∂

∂η
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of Tμ. For simplicity, we set

2Tμ(ξ, η) =
(

a(ξ, η) b(ξ, η)
b(ξ, η) a(ξ, η)

)
(a := 2μξη, b := μηη + μξξ). (4.6)

In this situation, v(ξ, η) is a null vector of Tμ(ξ, η) if and only if

0 = 2(u, v)Tμ

(
u
v

)
= (u, v)

(
au + bv
bu + av

)
= a(u2 + v2) + 2buv. (4.7)

Since the right hand side of this equation is invariant when swapping u and v,
the vector field

v⊥(ξ, η) := v(ξ, η)
∂

∂ξ
+ u(ξ, η)

∂

∂η

also yields a principal direction of h at each point (ξ, η) ∈ U . Then v⊥ gen-
erates another curvature line flow F⊥. By definition, (F⊥)⊥ = F and F⊥ is
Cr-differentiable (r ≥ 1) if and only if F is Cr-differentiable. Since the trans-
formation (x, y) �→ (y, x) in R

2 is orientation reversing, the index of F at o is
n/2 (n ∈ Z) if and only if the index of F⊥ at o is −n/2, proving the assertion.

�

Remark 4.3. If we denote by

ET dξ2 + 2FT dξdη + GT dη2, LT dξ2 + 2MT dξdη + NT dη2

the first and the second fundamental forms of a time-like surface h, then as an
analogue to (3.8) and (3.11), one can show that

LT NT − M2
T =

4
(
μξξμηη − μ2

ξη

)
DT

q4T
, (4.8)

where qT := 1 + μ2
ξ − μ2

η and

DT := q2T − 2μ(μξξ − μηη)qT − 4μ2
(
μξξμηη − μ2

ξη

)
.

If h is strictly locally convex, then μξξμηη −μ2
ξη is positive at (ξ, η) = (0, 0). In

this case, the Gaussian curvature of h is negative. Since ET = −GT = 1 and
FT = 0 at (ξ, η) = (0, 0), the sign of the determinant of the shape operator is
negative near (0, 0). So, h does not admit any umbilics on a neighborhood
of (0, 0), which confirms the observation of Tari [4] mentioned in the last
paragraph of the introduction.

Proof of Proposition D. For simplicity, we write Tμ as in (4.6). Since h(ξ, η)
has no quasi-umbilics on U\{o}, there are two distinct principal directions at
each (ξ, η) ∈ U\{o}. By Theorem 4.2, Tμ has two null directions at (ξ, η).
Hence

0 > 4 det Tμ(ξ, η) = a(ξ, η)2 − b(ξ, η)2 ((ξ, η) ∈ U\{o}).
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We let P (TpU) be the projective space associated to the tangent space TpU at
each point p of the open submanifold U of R2. We denote by

TpU 
 v �→ [v] ∈ P (TpU) (4.9)

the corresponding canonical projection. We set v = ±
(

cos θ(ξ, η), sin θ(ξ, η)
)T

,

and consider a null direction field [v] of Tμ defined on U\{o}, where the su-
perscript “T ′′ denotes the transposition of the matrix. Then, the identity

0 = vT

(
a b
b a

)
v = a + b sin 2θ (4.10)

holds on U\{o}. Since |b| > |a|, the function sin 2θ never attains the values
±1 on U\{o}. So we conclude that the index of the flow at o induced by [v] is
equal to zero, proving the first assertion.

We next consider the case that h is negatively curved on U\{o}. Since h
is a map into L

3, matrix Tμ associated with h has two distinct null directions
at each point of U\{o} (in this setting, μξξμηη −μ2

ξη is positive on a sufficiently
small neighborhood of o). Thus, there are no quasi-umbilics on U\{o}, and we
obtain the second assertion. �

Example 4.4. If we set μ(ξ, η) := ξ2 + ξ4 − η2 + η4, then the time-like surface
h(ξ, η) associated with μ (cf. (4.3)) has an isolated umbilic at o := (0, 0).
Since Tμ has two distinct null directions away from o, the surface h has no
quasi-umbilics. So, by Proposition D, the index at o is equal to zero. Since

μξξμηη − μ2
ξη = 4

(
6ξ2 + 1

) (
6η2 − 1

)
< 0,

(4.8) implies that the Gaussian curvature of this surface near the origin is
positive.

We next prove Theorem E:

Proof of Theorem E. We set

a := 2μξη, b := μξξ + μηη. (4.11)

Since h has real principal curvatures at each point, the function b2 − a2 is
non-negative on U , and so there exists a continuous function φ such that
φ2 = b2 − a2. We set

v1 := (−b + φ)
∂

∂ξ
+ a

∂

∂η
, v2 := −a

∂

∂ξ
+ (b + φ)

∂

∂η
.

Then these two vector fields yield null vector fields of Tμ in the ξη-plane. Since

det(v1,v2) = det
(−b + φ −a

a b + φ

)
= (b2 − a2) − b2 + a2 = 0,

v1 and v2 are linearly dependent at each point on U . Moreover, v1 and v2 do
not have common zeros on U\{o}: Assuming for a contradiction, v1 = v2 = 0
at some point p ∈ U\{o}. Then we deduce that a = b = 0 at p. Then, by
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Theorem 4.2, p is an umbilic, contradicting our assumption that there are no
umbilics on U\{o}. Since v1 and v2 are continuous vector fields, they generate
a C1-curvature line flow F0 defined on U\{o}.

As one of the possibilities of φ, we may set φ := sgn(b)
√

b2 − a2. Since

(b2 − a2 + bφ)(b2 − a2 − bφ) = −(b2 − a2)a2 ≤ 0, (4.12)

we have b2 − a2 − bφ ≤ 0 and so

(φ − b)2 − a2 = 2(b2 − a2 − bφ) ≤ 0.

Then we have

a2 − (b + ϕ)2 = −2(b2 − a2 + ϕb) ≤ 0.

So if we regard the ξη-plane as the Lorentz–Minkowski plane of signature
(+−), then the vector fields v1 and v2 cannot point in space-like directions.
Consequently, the indices of the flows F0 and F⊥

0 are equal to zero. �

Remark 4.5. In the above proof, if v1 and v2 are real analytic, then the func-
tion φ must be a real analytic function. For a given real analytic function germ
Ψ, a real analytic function germ ψ satisfying ψ2 = Ψ is uniquely determined
up to ±-ambiguity whenever it exists. Thus, if a real analytic curvature line
flow F exists, there are no real analytic curvature line flows other than F and
F⊥.

Even when a time-like surface is real analytic, the corresponding curva-
ture line flows might not exist:

Example 4.6. When μ(ξ, η) := ξ3 + ξη3, we have [cf. (4.11)]

Tμ =
(

3η2 3ξ(η + 1)
3ξ(η + 1) 3η2

)
, E2Hμ = 3

(
2ξ η2

−η2 −2ξη

)
.

So o is an isolated umbilic and the discriminant of the eigen-equation of
(1/3)E2Hμ is 4(ξ2 + 2ξ2η + ξ2η2 − η4), which is a continuous real valued
function but not C1 can be negative on a sufficiently small neighborhood of o.
So the resulting curvature line flows F and F⊥ exist only partially. C1-C2.

On the other hand, if μ(ξ, η) := ξ3η + ξη3, the origin o is an isolated um-
bilic and the equation |ξ| = |η| ((ξ, η) �= (0, 0)) gives the set of quasi-umbilics.
Since the eigenvalues of E2Hμ is ±3i(−ξ2 + η2), the resulting curvature line
flows do not exist.

Let h be a time-like surface whose principal curvatures are real-valued on
a neighborhood of an isolated umbilic o. By Theorem E, the existence of a C1-
differentiable curvature line flow whose index is equal to zero at the umbilic is
guaranteed. However, when quasi umbilics accumulate at o, there might exist
another curvature line flow whose index does not vanish at o as the following
example shows:
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Figure 1. The flows generated by v1 (left), generated by v2

(center) and the flow F1/2 (right)

Example 4.7. If we set μ(ξ, η) := ξ2η2 + (ξ4 + η4)/6, then we have

Tμ(ξ, η) = 2
(

2ξη ξ2 + η2

ξ2 + η2 2ξη

)
.

Hence, the two vector fields

v1 := −ξ
∂

∂ξ
+ η

∂

∂η
, v2 := η

∂

∂ξ
− ξ

∂

∂η

are both real analytic null vector fields of Tμ, and generate two curvature line
flows F1 and F⊥

1 whose indices at o are −1 and 1, respectively (see the left
and the center of Fig. 1).

On the other hand, we denote by F1/2 a C1-differentiable curvature line
flow induced by [v2] if η ≤ −|ξ| and [v1] if otherwise. Then F1/2 has index
−1/2 at o (see the right of Fig. 1). Hence taking into account the flows F0

and F⊥
0 given in the proof of Theorem E as well as F⊥

1/2, the time-like surface
associated with μ admits curvature line flows whose indices take values 0,±1/2
and ±1.

As a generalization of this example, we prove Theorem F:

Proof of Theorem F. We let j denote the imaginary digit of the para-complex
numbers, that is, j2 = 1 and any para-complex number can be written in the
form a+ jb (a, b ∈ R). The function μ in Example 4.7 can then be rewritten as
μ(ξ, η) = Re(ξ + jη)4/6. As a generalization, we set μm(ξ, η) := Re(ξ + jη)m

for each positive integer m(≥ 3). For the sake of simplicity, we set μ := μm,
and denote by h(ξ, η) the corresponding time-like surface [cf. (4.3)], which can
be considered as an example analogous to Example 2.5. Then

Tμ = m(m − 1)

(
Im(ξ + jη)m−2 Re(ξ + jη)m−2

Re(ξ + jη)m−2 Im(ξ + jη)m−2

)

holds. We set N2[a + jb] := a2 − b2 (a, b ∈ R), which plays an analogue of the
square of the norm of a complex number for a para-complex number. In fact,
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one can easily check the identity N2[(a + jb)(c + jd)] = N2[a + jb]N2[c + jd]
for a, b, c, d ∈ R. Using this, we obtain

det Tμ

m2(m − 1)2
=

(
(Im(ξ + jη)m−2)2 − (Re(ξ + jη)m−2)2

)

= −N2[(ξ + jη)m−2] = −N2[ξ + jη]m−2 = −(ξ2 − η2)m−2.

Moreover, we have

μξξμηη − μ2
ξη

m2(m − 1)2
=

(
Re(ξ + jη)m−2

)2

−
(
Im(ξ + jη)m−2

)2

= − detTμ

m2(m − 1)2
.

(4.13)

If m is an odd integer, then detTμ takes positive values when |η| > |ξ|, and
near such a point (ξ, η), the curvature line flows of h do not exist.

So, we set m = 2n (n ≥ 2). By (4.13), the Gaussian curvature of h is
then non-positive. To simplify notations, we define two real-valued functions
α, β of ξ, η by

α + jβ := (ξ + jη)n−1. (4.14)

Then we can write

Tμ

m(m − 1)
=

(
Im(α + jβ)2 Re(α + jβ)2

Re(α + jβ)2 Im(α + jβ)2

)
=

(
2αβ α2 + β2

α2 + β2 2αβ

)
,

and

v(ξ, η) := −α(ξ, η)
∂

∂ξ
+ β(ξ, η)

∂

∂η
, w(ξ, η) := β(ξ, η)

∂

∂ξ
− α(ξ, η)

∂

∂η

yield a pair of C∞-differentiable null vector fields of Tμ. Obviously, the origin
o is an isolated zero of these vector fields.

We first consider the case that n is odd and set n = 2k +1 (k ≥ 1). Then
α = Re(x + jy)2 with x + jy := (ξ + jη)k. Since Re(x + jy)2 = x2 + y2 for
x, y ∈ R, the function α is non-negative, and the indices of v and w at o are
equal to zero.

We next consider the case that n is even. Each point (ξ, η) ∈ L
2 can be

identified with the para-complex number ξ + jη. Motivated by the definition
of α and β [cf. (4.14)], we set Φ : L2 
 (ξ, η) �→ (ξ + jη)n−1 ∈ L

2. Then, any
space-like (resp. time-like) vector of L2 can be written as

(−1)σrE(jt) (resp. (−1)σrjE(jt))

where E(jt) := cosh t + j sinh t, σ ∈ {0, 1}, r > 0 and t ∈ R. Since n − 1 is
odd, we have

Φ((−1)σrjτE(jt)) = (−1)σrn−1jτE(j(n − 1)t),

Φ((−1)σr(1 ± j)) = (−1)σ2n−1rn−1(1 ± j) (t ∈ R, σ, τ ∈ {0, 1}). (4.15)
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There are four sectors separated by the two lines ξ = ±η in L
2. From (4.15),

we observe that Φ maps each of these sectors to itself as an orientation pre-
serving diffeomorphism. So the indices of v and w at o are equal to −1 and
1, respectively. As this construction is applicable for each even integer n(≥ 2),
we obtain Theorem F. �

Remark 4.8. In this paper, we used modified Ribaucour’s parametrizations to
prove all of the assertions and to construct examples. Instead one may use
the method of (orthonormal) moving frames except for Theorems A, F and
Proposition B. In this case, the Hessian matrix of the function associated with a
modified Ribaucour’s parametrization corresponds to the second fundamental
matrix associated with the moving frame method (cf. Remark 4.1). However,
when constructing umbilics with a given index, the method of our modified
Ribaucour’s parametrizations will be simpler than that using moving frames,
as demonstrated in the proofs of Theorems A and F.
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Appendix A. Null-Direction Flows of Traceless Symmetric
Tensors and Eigen-Flows of Symmetric Tensors

Let U be a neighborhood of the origin o in the xy-plane, and

S = s11dx2 + 2s12dxdy + s22dy2

be a symmetric tensor field on U , which can be identified with the matrix-
valued function expressed as S = (sij)i,j=1,2 (s21 := s12). Suppose that o is
an isolated scalar point of S. Then, at each point p ∈ U\{o}, we may assume
that there exists a pair of unit vectors (v1,v2) satisfying Svi = λivi (i = 1, 2)
and λ1(p) �= λ2(p) (see [5, Sect. 14]). Although vi (i = 1, 2) have ±-ambiguity,
they define the elements ξi := [vi] (i = 1, 2) in the projective space associated
with the tangent space TpU at each p ∈ U\{o} [cf. (4.9)]. Each of these two
fields ξ1 and ξ2 is called an eigen-directional field of S (cf. [5, Sect. 14]). We
remark that ξ1 is perpendicular to ξ2 at each point of U\{o}. We define the
vector field

vS := d1
∂

∂x
+ d2

∂

∂y
(d1 := s11 − s22, d2 := 2s12) (A.1)

on U , which is called the characteristic vector field of S. Since o is an isolated
scalar point of S, o is an isolated zero point of vS . The following assertion is
well-known (cf. [5, Proposition 15.4]):

Fact A.1. If o is an isolated scalar point of S, then the indices Indo(ξi) (i = 1, 2)
of the eigen-directional fields (i.e. the indices of the eigen-flows) at o satisfy

Indo(ξ1) = Indo(ξ2) =
1
2
Indo(vS) ∈ 1

2
Z,

where Indo(vS) is the index of the vector field vS at o.

We next define “null directions”:

Definition A.2. A tangent vector v at p ∈ U is called a null vector if S(v,v) =
0, and the 1-dimensional vector subspace spanned by such a null vector is
called a null direction of S at p.

If detS > 0, then its null directions never exist. If detS < 0 (resp.
det S = 0) at p ∈ U , then there exists a pair of null directions (resp. a unique
null direction) at p. In particular, if s11 + s22 = 0, that is, S is a traceless
symmetric tensor, then detS ≤ 0. Moreover, these directions are represented
as vectors v1 ±v2, where v1 and v2 are linearly independent unit eigenvectors
of S, that is, S has the two null directions at each point of U\{o}, which are
obtained by 45◦-rotation of the eigen-directions if S is a traceless tensor. So,
we obtain the following:

Proposition A.3. Each of the null direction flows of a traceless symmetric ten-
sor S is obtained by the 45◦-rotation of an eigen-flow of S.
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