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Abstract. In this paper we consider trigonometric series with p-bounded
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1. Introduction

It is well known that there is a great number of interesting results in Fourier
analysis established by assuming monotonicity of Fourier coefficients. The fol-
lowing classical convergence result can be found in many monographs (see for
example [3,18] or [1]).

Theorem 1. Suppose that b, > b, 11 and b, — 0 as n — co. Then a necessary
and sufficient condition for the uniform convergence of the series

ansinmc (1.1)
n=1

is nb,, — 0 as n — oo.

This result has been generalized by weakening the monotonicity condi-
tions of the coefficient (see for example [2,14]). We present below a historical
outline of the generalizations of this theorem.

W Birkhiuser
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In 2001 Leindler defined (see [8] and [10]) a new class of sequences named
as sequences of Rest Bounded Variation, briefly denoted by RBV'S, i.e.,

o0
RBVS = {a = (a,) €C: Z |Ara,| < Clay,| for all m e N} ;
n=m
where here and throughout the paper C' = C (a) always indicates a constant
only depending on a and A,a,, = a,, — ap4, for r € N.
Denote by MS the class of monotone decreasing sequences, then it is
clear that

MS C RBVS.

Further, Tikhonov introduced a class of General Monotone Sequences GM S
defined as follows (see [16]):

2m—1
GMS = {a = (a,) €C: Z |Ata,| < Clay,| for all m € N} .

n=m

It is clear that
RBVS C GMS.

The class of GM S was generalized by Tikhonov (see [15]) and indepen-
dently by Zhou, Zhou and Yu (see [17]) to the class of Mean Value Bounded
Variation Sequences (MV BV S). We say that a sequence a := (a,,) of complex
numbers is said to be MV BV S if there exists A > 2 such that

2n—1 C An
S sl <SS
k=n k=[n/\]

holds for n € N, where [z] is the integer part of x. They proved also in [17]
that

GMS C MVBVS.

Theorem 1 was generalized for the class RBV' S in [8], for the class GM.S
in [16] and for the class MV BVS in [17].

Next, Tikhonov [13,15,16] and Leindler [9] defined the class of f—general
monotone sequences as follows:

Definition 1. Let 8 := (f,,) be a nonnegative sequence. The sequence of com-
plex numbers a := (a,,) is said to be S— general monotone, or a € GM (3), if
the relation

2m—1

Z |A1an| S Cﬁm

n=m

holds for all m € N.

In the paper [15] Tikhonov considered i.e. the following examples of the
sequences [3,:
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(1) 18p = lan|,
(2) 28, = ZESZ][H/C] l2e] for some ¢ > 1.
It is clear that GM (18) = GMS. Moreover, Tikhonov showed in [15]
that
GM (1) € GM (23) = MVBVS.

Tikhonov proved also in [15] the following theorem:

Theorem 2. Let a sequence (by,) € GM(23). If n|b,| — 0 as n — oo, then the
series (1.1) converges uniformly.

Further, Szal defined a new class of sequences in the following way (see

[11]):

Definition 2. Let 5 := (5,,) be a nonnegative sequence and r a natural number.
The sequence of complex numbers a := (a,) is said to be (5,r)—general
monotone, or a € GM (3, r), if the relation

2m—1
> 1Avan| < CB
holds for all m € N.

It is clear that GM (8,1) = GM (). Moreover, it is easy to show that
the sequence

belongs to GM (13,2) and does not belong to GM (13). This example shows
that the class GM (10) is essentially wider than the class GM (15). In [11]
Szal showed more general relations

GM(2f3,1) C GM(203,7)

for all r > 1.
In the paper [11] Szal generalized Theorem 1 by proving the following
theorem.

Theorem 3 [11]. Let a sequence (b,) € GM (23,1), where r € N. If n|b,| — 0

as n — 0o and
oo [r/2]

Z Z ‘br-n+k - br-n+r7k| < o0 fO’f’ r> 3a

n=1 k=1

then the series (1.1) converges uniformly.

In the paper [4] Kérus defined a new class of sequences in the following
way:
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Definition 3. The sequence of complex numbers a := (a,) is in the class
SBV Sy (Supremum Bounded Variation Sequence), if the relation
2m—1 2m
|Ajan,| < — sup lak|
P

holds for all m € N, where (b(n)) is a nonnegative sequence tending monoton-
ically to infinity depending only on a.

In the paper [4] Kérus also proved the following theorem:

Theorem 4. Let a sequence (b,) € SBV Ss. If n|b,| — 0 as n — oo, then the
series (1.1) converges uniformly.

Next Tikhonov and Liflyand defined a class of GM S, () in the following
way (see [7], [6]):

Definition 4. Let 5 = ((,) be a nonnegative sequence and p a positive real
number. We say that a sequence of complex numbers a = (a,) € GMS,(B) if
the relation

2m—1 %
(Z |A1an|”> < CBm

n=m

holds for all m € N.

It is clear that GM S, (8) = GM ().
The latest class of sequences was defined by Kubiak and Szal in [5] as
follows:

Definition 5. Let 5 := (8,) be a nonnegative sequence, r a natural number
and p a positive real number. The sequence of complex numbers a := (a,) is
said to be (p, 8, r) — general monotone, or a € GM (p, 3,7), if the relation

2m—1
(Z |Aan|> < CBn

holds for all m € N.

It is clear that GM (p, 3,1) = GM S,(3) and GM (1, 3,r) = GM(j3,r).
Further we will consider the following sequence:

sBalg) = = sup m< Z W) ,

m>b(n

where (a,) C C,a, — 0 as n — o0, ¢ > 0, (b(n)) is a nonnegative sequence
SU.Ch that b(n) " and b(n) — oo as n — oo. It is clear that SBVSy =
)

( 73ﬁ( 71)
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In the further part of our paper we will consider the following series:

Z by, sin(cnx), (1.2)
n=1

Z ay, cos(enx), (1.3)
n=1

i Cpetn®, (1.4)
n=1

where ¢ > 0.
In the paper [5] Kubiak and Szal showed the following embedding rela-
tions:

Theorem 5. Let ¢ > 0,7 € N and 0 < p1 < ps. Then
GM(p1,38(q),) € GM(p2,36(q),7).

Theorem 6. Let p > 1, ¢ >0, 11,70 €N, ry < ro. If r1 | 7o, then
GM(p,36(q),m1) € GM(p,353(q),r2).

Moreover they proved in [5] the following generalization of Theorem 1:

Theorem 7. Let a sequence (b,) € GM (p,30(q),r), wherep,q > 1, r € N and
b(n) > n forn e N. If

n?"v |bp] — 0 as n — o (1.5)

and

s 2
Zbk sin (fﬂﬂ-k‘) < o0, forr >3,

k=1

for alll =1,...,[5] — 1 when r is an even number and | = 1,...,[5] when r is
an odd number, then the series (1.2) is uniformly convergent.

Theorem 8. Let a sequence (a,) € GM (p,306(q),r), where p,g > 1, r € N and
b(n) > n forn € N. If

91
n° 7 lay| — 0 as n — oo

and
> <2[7r )
Zakcos —k ) < o0,
k=1 "

for alll =0,1,...,[5], then the series (1.3) is uniformly convergent.
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Theorem 9. Let a sequence (¢,,) € GM (p,35(q),r), where p,g > 1, r € N and
b(n) >n forn e N. If

21
n° v ey — 0 asn— o0

and
che(z%k)i < 00,
k=1
for all1 =0,1,...,[5], then the series (1.4) is uniformly convergent.

In this paper we will show that Theorems 7, 8, 9 are true under weakened
assumptions in case p > 1.

2. Main Results

We have the following results:

Theorem 10. Let a sequence (by,) € GM (p,38(q),r), where ¢ > 1, p > 1 and
reN. If

nlnn|b,| — 0 as n — oo (2.1)
and
- 21
Zbk sin <7Tk> < 0o, forr >3, (2.2)
k=1 "
for alll =1,...,[5] — 1 when r is an even number and | = 1,...,[5] when r is

an odd number, then the series (1.2) is uniformly convergent.

Proposition 1. There exist an xg € R and a sequence (b,) € GM (p,30(1), 3)
for p > 1 with the properties nb, — 0 as n — oo and (b,) ¢ GM(1,303(1),3),
for which the series (1.2) is divergent in xg.

Theorem 11. Let a sequence (a,) € GM (p,35(q),r), where ¢ > 1, p > 1 and
reN. If

nlnnla,] — 0 as n — oo

and

- 2
Z aj, cos (Tk) < 00, (2.3)
k=1

for alll =0,1,...,[5], then the series (1.3) is uniformly convergent.
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Theorem 12. Let a sequence (¢,) € GM (p,38(q),r), where ¢ > 1, p > 1 and
reN. If

nlnnlc,| — 0 as n — oo

and
che(z%k)i < 00, (2.4)
k=1

for alll =0,1,...,[5], then the series (1.4) is uniformly convergent.

Remark 1. Tt is clear that if a sequence (b,,) satisfies the condition (2.1) then
it fulfills the condition (1.5) with p > 1, too. Therefore, from Theorem 10 we
get Theorem 7 is case p > 1. The same remark applies to Theorems 11, 8 and
Theorems 12, 9, respectively.

3. Lemma

Denote, for r € Nand k£ =0,1,2... by

. cos(k+ L)z sin (b +3) @
Dy.r(x) = ﬁ’ Dy r(x) = %
2 2

the Dirichlet type kernels.

Lemma 1 . [11,12] Let r,m,n € N,l € Z and (ax) C C. If z # 217”, then for
m>n

m-+r
Z agsin(kx) Z A aka r Z aka —(
k=m+1
n+r—1
+ Y Dy () (3.1)
k=n
and
m m B m—+r B
Z ay, cos kx = Z Ayap Dy (x) — Z ax Dy, ()
k=n k=n k=m+1
n+r—1

+ Z ag Dy, (x). (3.2)
k=n
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Lemma 2 [5]. Let r,m,n € N;l € Z and a = (a,) C C. If x # 257”, then for
m>n

m—+r

m

E akezkz § :A are 7, 5 T E akefz(kfi)x
2Sln

k=n

k=m+1
n+r—1 )
+ Z akez(kg)z> .
k=n
Lemma 3. Let n, N € N. Then forp>1

n+N 1
— _dk <1
/HNP klnk np.

Proof. This inequality is true for p = 1. Consider the function
fp) = (n + N%)p
for p > 0. We get:
#(p) > (n + N%)p_l %nlnN > 0 for all p > 0.

It means that the function is non-decresing with respect to p.
Thus:

P
n_|_N:f(1) Sf(p) = (n—I—N%) for p > 1.
Hence we get that:
1\P
In(n+N)<tn(n+ N7 ) (3.3)

Therefore, integrating by substitution with Ink = ¢ and using (3.3), we get

n+N 1 In(n+N) 1 )
/ , ——dk = / —dt =In(In(n 4+ N)) — In(In(n + N»))
n 1

inb FInk .
1 N 1 N
g [ RN ) pML)Z} <lnp
1n(n+]\75) ln(n—kNF)
and the proof is completed. O

4. Proofs of the Main Results
4.1. Proof of the Theorem 10
Let € > 0. Then from (2.1) and (2.2) we obtain:
nlnn |b,| <e, (4.1)

()

< e, (4.2)
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and
n+N
21
Z by, sin (kﬁ) <e, (4.3)
k=n T
for all n > N, and N € N, where [ = 1,...,[5] — 1 when r is an even number
and [ = 1,..., [§] when 7 is an odd number. Denote by

Tn () = Z by, sin(ckz).
k=n

We will show that
ITn (2)] < € (4.4)

holds for any n > max{N.,2} and = € R. Since 7,, (0) = 0 and 7, (Z) = 0 it
suffices to prove (4.4) for 0 <z < Z.

First, we will show that (4.4) is valid for z = 2I% where [ is an integer
number such that 0 < 21 < r. Using (4.2) we get

<217r>‘
Tn | — <e€
rc

Now, we prove that (4.4) holds for % <z < % + 7%, where 0 <270 <.
Let N7 = N» (x) > r be a natural number such that

20w s 2l 7r
—+————— << —+ —. (4.5)
e ¢(N+1)r ¢ ¢Nw»
Then
n+N% —1 n+N 0o
Ta () = Z by, sin(ckz) + Z by, sin(ckz) + Z by, sin(ckx)
k=n k::n-&-N% k=n+N-+1

=7V (@) + 7 (2) + 77 (2).

Applying Lagrange’s mean value theorem to the function f (x) = sin(ckx) on
the interval [%, m] we obtain that for each k there exists y; € (M x) such

that ' "
21 21

sin(ckx) — sin (kﬁ> = ck cos(ckyy) <x — W) .

r

rc
Using this we get

1
n+NP—1

2l nN -1 2l
7'7(11) (x) = Z ckby, cos(ckyy,) <x — Tc) + Z b sin (kr>

k=n k=n
=70 (@) + 7 ().



236 Page 10 of 19 M. Kubiak and B. Szal Results Math

From (4.3) we have

712 (x)’ <e.

By (4.5) and (4.1)

2w ntNE - 2 ntNE -1 cklnk
(1.1) _ = _ =
‘Tn (:C)‘ < (gc rc) kg ck b| < (:1: ) kE_ bk

— re Ink

Using Lemma 3 we obtain

(2) nt nt klnk‘ n+N 1
- by sin(cka)| < mnE =k
@) Zl esin(ckz)| < Zlklnk| k|<€A+N; KInk
k=nitNP k=n+NP
<elnp.

If (b,) € GM (p,35(q),r), then using Lemma 1, we get

0o 29t (n4+N+1)—1

Z Z by, sin(ckx)

J=0 k=2i(n+N+1)

Tn(3) (z)

o0
<>
j=0
29t (4 N41)4r—1 29 (n4+N+1)+r—1

+ Z by, cos (k— %) cr — Z by, cos (k— %) cx}

k=2i+1(n4+N+1) k=2 (n+N+1)

oS {21+1(n+N+1)1 27t (4 N4+1)+r—1

1 29t (n4N+1)—1
- r
2sin (crz/2) Z (b = brer) cos (k + 5) “
k=27 (n+N+1)

1
F S — E E _ E
= 2|sin (erz/2)] s i bl 1

k=27 (n+N+1)

29 (n+N+1)+r—1
+ > |bk| ¢ -

k=23 (n+N+1)

k=2it1(n4+N+1)

Further applying the Holder inequality with p > 1, the inequality ~fz — 21 <
|sin 762 | (z € [22, 20 4 Z] and 0 < 21 <r), (4.5) and (4.1), we obtain

=

1 00 21t (n4 N4+1)—1

Sma | 2 el

=0 k=27 (n+N+1)

7,3 (2)
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_1 . ]
2ty N+1)—1 \ P 29 (et N+1)4r—1 27T (nd N41)+r—1
)DINEY EEETD DI TR S 1
k=27 (n+N+1) k=27 (n+N+1) k=27+1(n+N+1)

1 o ; -1
(N+1)7 &) C @+ N+1)' 7
wTan Z : sup m
21+ N+1)  >p2i(nrN+1)

> |bk| + > |0 |

| 2ol i YN+ +r—1 29+ (g N+ 1)+r—1
k=21 (n+N+1) k=27+1(n+N+1)

1 oo
N+1)» C
= 7( - ) g - T sup ml_%
" (27 (n+ N +1))? m>b(27 (n+N+1))

2%‘:1 klnk [be]\ "+2]("“§)“1klnk|bk|
klnk | klnk
k=m k=27 (n+N+1)
20t (g N41)+r—1

n Z klnk |bgl

v kink
k=2i+1(nt N+1)

€N+1%oo C . 2m—11q5
<Y r s m1“<2<k)

=0 | (27(n+ N +1))? m>b(2/ (n+N+1))

27 (n+N+1)+r—1 1 21 (np N4+1)+r—1

+ > ot > %

k=27 (n+N+1) k=2i+1(n+N+1)
1 oo
N+1)» C
< e(N +1) Z | i sup (mk%m_lm%)
r =0 L(29(n+ N 4 1))» m>b(2/ (n+N+1))

+%r (27(n+ N + 1))7%

Elementary calculations give:

¥ (z)‘ < Mi{(2j(n+N+1)); (C+ ;)r)}

r -
Jj=0

SdN+Upw+%ﬂ§i<£ySe@Hjﬂ 1

Finally, we prove that (4.4) is true for 2% + T < g < W7 where
0<2(+1)<r
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Let M# := M7 (z) > r be a natural number such that

2(l4+ 1) ™ <x<2(l+1)7r7 ™

— < . (4.6)
re cM¥ re o(M+1)v
Then
neMP 1 M o0
Tn () = Z by, sin(ckz) + Z by, sin(ckz) + Z b, sin(ckx)
k=n b S k=n+M+1

=7 (@) + 7 (2) + 70 (x).

Applying Lagrange’s mean value theorem to the function f () = sin(ckz) on

the interval {m, W} we obtain that for each k there exists z; € (x, W)
such that
2(1+1 2(1+1
sin <k(+)7r> — sin(ckx) = ck cos(ckzy,) (H—)F - x) .
r rc
Using this we get
n+]\/f% —1
2(0+ D)
W (z) = kb ko) [ —
T () ,;n ckby, cos(ckzy,) ( - x)

1
n+MPpr—1
. 2(l+1)m
§ b po T T ) (4 (4.2) ().
+ 2. ksm< " ) T () + 1y ()

From (4.2) we have

{42 (x)’ < e.

By (4.6) and (4.1)

2(1+1 My -1 nHME -1
‘T#.D@)g(w_w) S okl <y Kk

rc = Mr = Ink
e
< —.
“ In2
Using Lemma 3 we get
n+M n+M n+M
klnk 1
(5) ’: by, sin(ckz)| < b / —dk
w@| =] 3 besin(ckn) < 30 il <e [
k=n+MP k=n+MP

<elnp.
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If (b,) € GM (p,38(q),r), then by Lemma 1

oo 2/ (n4+M+1)—1
Z Z by, sin(ckz)
j=0 k=2i(n+M+1)
27t (n4M+1)—1
Z (bk — br4+) cos ((k + g) cm)

2sin ( crm/2) { k29 (T M4 1)

(O (z) | =

27t (n M 41)4r—1 - 27 (n+M4+1)+r—1 -
+ bucos (k= 3 ) eo - biccos ((k = 3) eo)
’ Z L COS 2 cx : Z k COS 2 cx
k=2i+t1(n+M+1) k=2 (n+M+1)
o {2j+1(n+M+1)1 20t (n 4+ M+1)+r—1

> [bre — brtr| + > [br |

T P DD
2 |sm (crx/2)| =0 | k=2/(n+M+1) k=271 (n+M+1)

+ )

20 (n+M+1)+r—1
[br |
k=27 (n+M+1)

Next, applying the Holder inequality with p > 1, then using Lemma 1, the

inequality
2(0+1)—

(4.6) and (4.1), we get

Loy < [sin 7g2| (:1:6 [QlﬂJrl M} and()<2(l+1)§1">7

rc’ rC

1 00 29+ (n4M+1)—1 P
™ (@)| < gr Ty T > bl
™ j=0 k=2 (n+M+1)
20 (nd-M+1)—1 1_% 29 (n4+-M+1)+r—1 29 (nd M +1)+r—1
> 1 + > |br| + > ||
k=27 (n+M+1) k=2i+1(n+M+1)

k=27 (n+M+1)

20(n+M+1) b2 (ntM41)

M1i°o C@m+M+1) 7> ! :
+ Z Tl )) sup < Z |bk|l1>

29 (n+M+1)+r—1 20t (nd- M41)4r—1 1 0
\E

+ S b | + > |bi| p = E:

k=23 (n+M+1) k=2it1(n+M+1) =0

1

2m—1 a7

-1 klnk|b A

{—F sp miTh §:<4£4Lﬂ>

(29 (n+ M+ 1))17 m>b(29 (n+M+1)) = klnk
27 (- M +1)+r—1

J(n . .
+2<+%f” 1kmkwu+ kInk [by|
_ Kok klnk
k=2i(n+M+1) k=2i+t1(n+M+1)

(M +1)7 c 1
sup mo o q

< Sy _ -
r =0 L(27(n+ M + 1)) m>b(2i (n+M+1))
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2mo1 g\ a\ @ 27 (n+M+1)+r—1 27+1(n+M+1)+r—11
(S0)) s 4 X g

k=m k=27 (n+M+1) k=21 (n+M+1)

e

Elementary calculations give

)? i{ ¢ sup

=0 L(29(n 4+ M + 1))» m>b(2i (n+M+1))

'@\»—'

-

(mlfém mq) —+r (2](n+M+ 1))_% + %T (Qj(n"’M—"_ 1))_; }

Joining the obtained estimates the uniform convergence of series (1.2)
follows and thus the proof is complete. O

4.2. Proof of Proposition 1

Let for n € N:
Tty When n =1 (mod 3),
Taterry» When n =2 (mod 3),
an = m7 when n =0 (mod 3) and n # 0 (mod 6),
. 1 , when n =0 (mod 6).
n—3) 1n(n—2) it In(n+1) v | )

First, we prove that (a,) € GM (p,33(1),3) for p > 1. Let

A, ={keN:n<k<2n—1and k=1 (mod 3)
B,={keN:n<k<2n-1and k=2 (mod 3)
C,={keN:n<k<2n-1and k=0 (mod 3) and k # 0 (mod 6)},
D,={keN:n<k<2n—1and k=0 (mod 6)}.

2
}

)
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Using elementary calculations we get

2n—1
{Z lar — ag+3]” } { 7 lak —argsl’ + Y lak — akys|”

k€A, keB,,

1
! 3
+ Y Jar —argsP+ Y ak—ak+3|p} —{ > Fmk D)
keC, k€D, kEA,
-3 F 1 1 !
k+3)nE+4)| & [kh(E+1)  (k+3)n(k+4)
p
1 1
+ Z o o 142
et Eln(k+1) kln(k+1) (k+3)""7 In(k + 4)
1 1 "\’
+ + -
kez,; k—3) 1n =2)  pemk+1) (K+3)In(k+4)
1 1 P 1
Pk - + 3 e
{keAn kEln(k+1) (k+3)In(k+4) ol kEln(k+1)
1 P 5 !
e | s
(k+3)In(k+ 4] E2 | (k+3)""> In(k +4)
1
P P
1 1
+ - + :
k;})( k—3) 1n(k:—2) (k+3)In(k + 4) k1+;ln(,€+1)> }
Moreover

1 1 |k +3)In(k +4) — kEIn(k + 1)]
kin(k+1) (k +3) ln(k: +4)’ T k(k+3)In(k+ 1) In(k + 4)
25+ 3In(k + 4)
= k(k+3)In(k + 1) In(k + 4)
61n(k + 4) 6
S+ Din(k+4) Kk +1)

for k >1 and
1 1 B |(k+3)In(k +4) — (k — 3)In(k — 2)|

(k—3)In(k—2) (k+3)In(k+4)|  (k—3)(k+3)In(k — 2)In(k +4)
(k—3)|In(k +4) —In(k — 2)| + 6In(k + 4)
(k—3)(k+3)In(k — 2) In(k + 4)
% +6Iln(k+4)
- ,
“(k=3)(k+3)In(k —2)In(k + 4)
- 12 - 48
k-3 (k+3)In(k—2) ~ k2In(k + 1)

<
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for k > 6. Thus

P P P
48 1
Y ] D +
vec. ( " n k+1)> kEDn<k21ﬂ<k+1> k1+i1n<k+1>) }

1

2n—1 1 Py 1 L
<498 > | < 49117n;
= \ ke In(k + 1) e ln(n +1)

1
—a9— L <urt Z|ak|<147* sup Z'a’f‘

nln(n+1) — Mm>b(n) /o,

=N

Hence (a,,) € GM (p,30(1),3). Now, we will show that (a,) ¢ GM(1,35(1), 3).
We have

2n—1

Z lak — arss| > D o — arys| =

keChp

1 1
kln(k+1)  kln(k+1)

1
B k; (k+3)"% In(k + 4)
1 n 1

(n+3)" 5 In(n+4)12 ~ 48(n+3)7 In(n +4)

On the other hand, we get

2m

1 1
— sup Z lak] < C—.
T m>b(n) Eem n

Therefore, the inequality

2m

Z lar, — ar+3] < Cf sup Z lak]| .

m>b(n

can not be satisfied if n — oco.
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Now, we will show that the series (1.2) is divergent in zy = 2. We have
6N+5

Z ag sin(kzo) = Z Z agk+1 Sin ((6k + l) Z (agk sin(4m)
k=6

k=11=0

2 2
~+ agr41 sin <(6k + 1)§7r> + agr42sin | (6k +2)= ) + agk43 sin <(6k + 3)§7r>

2
+a6k+4 sin ((Gk + 4)§7r> + agk+5 sin < (6k +5)— ))

- i) (3 ()
+ack+s <— sin <§W>>) = sin ( ) f: [(a6k+1 — a6r+2) + (a6k+4a — a6k+5)]

= sin @w) i {((6k+1)1?;1(6k+2) (6k + 2) 11n(6k—|—3)>

k=1

w

1
+ ((6k+4) In(6k +5)  (6k 4 5) In(6k + 6))}

> sin @w) é K(Gk 12 1?;(6k +2)  (6k+2) 11n(6k + 2)>

3 1
+ <(6k: +5)In(6k +5)  (6k + 5)In(6k + 5) )}

=sin <§w> kgl ((6k+2)12n(6k+2) + (6k+5)12n(6k+5)>

. (2 1
24sm<77r) Z—HooasNﬂoo.
3 )= (6k + 5) In(6k + 5)

This ends our proof. O

4.3. Proof of Theorem 11

The proof is similar to the proof of Theorem 10. The only difference is that
we use (2.3) and (3.2) instead of (2.2) and (3.1), respectively. O

4.4. Proof of Theorem 12

The proof is similar to the proof of Theorem 10. The only difference is that
we use (2.4) and Lemma 2 instead of (3.1) and Lemma 1, respectively. O
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