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Abstract. For fixed sequences u = (u;)ien, ¢ = (¢i)ien, we consider the
weighted composition operator W, , with symbols u, ¢ defined by « =
(zi)ien — u(z 0 p) = (uixy, )ien. We characterize the continuity and the
compactness of the operator W, when it acts on the weighted Banach
spaces IP(v), 1 < p < oo, and co(v), with v = (v;)ien a weight sequence
on N. We extend these results to the case in which the operator W, , acts
on sequence (LF)-spaces of type 1,(V) and on sequence (PLB)-spaces of
type ap(V), with p € [1,00] U {0} and V a system of weights on N. We
also characterize other topological properties of W, ., acting on l,(V) and
on ap(V), such as boundedness, reflexivity and to being Montel.
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1. Introduction

Shift operators are of interest because many classical operators can be viewed
as such operators and also because they have been through the years a favourite
testing ground for operator-theorists. The basic model of all shifts is the (uni-
lateral) backward shift

B(l‘1,3}2,$3 .. ) = (Ig,x3,$4, .. )

Shift operators in a Banach space setting where first studied by Rolewicz [34],
who showed that for any ¢ > 1 the multiple ¢B of the backward shift B on
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the sequence space [P, 1 < p < 00, or ¢ is hypercyclic. A generalization of the
(unilateral) backward shift is the (unilateral) weighted backward shift

By(21, 22,23 ..) = (wake, W33, W44, .. .),

where w = (wp, )nen is a sequence of non-zero scalars, called a weight sequence.
For instance, the differentiation operator D on the space H(C) of entire func-
tions can be regarded as a particular weighted backward shift operator. Indeed,
we have

De,, = ne,—1, n € Ny,

where (ep,)nen, denotes the canonical basis on H(C) given by e, (z) := 2", for
z € C and n € Ny, and where e_; = 0.

The study of (weighted) shift operators on various spaces of sequences or
functions has made possible to obtain an astounding number of deep results
in the setting of the dynamic properties of linear operators such as topological
transitivity, hypercyclicity and linear chaos (see, e.g., [10,11,17,20,21,28,29,
35,36,40] and the references therein).

In the last years, the attention of the researchers has been attracted by the
study of power boundedness, topologizability and mean ergodicity for linear
operators acting on Banach spaces as well as on locally convex Hausdorff spaces
such as Fréchet spaces or (LB)-spaces (see, e.g., [1-3,14,32,33]). Particular
interest has been devoted to the study of these properties for weighted compo-
sition operators in function spaces or in sequence spaces (see [5,7-9,15,16,23—
26,37] and the references therein). A weighted composition operator W .,
with v = (u;)ien € KN, o = (¢i)ien € NY, when it acts on a sequence space
X C KV is of this type

= (2;)ien € X = Wy () := (wizy,)ien.

(the operator W, . is also called weighted pseudo shift if ¢: N — N is in-
jective). Weighted composition operators acting on sequence spaces are then
a generalization of weighted shift operators. Observe that if p; = ¢ for every
i € N, then W, ,, becomes the multiplication operator defined by M, (z) :=
uxr = (uw;%;)ien, for x € X. For u; = 1 for every ¢ € N, the operator W,
becomes the composition operator defined by Cy(z) := x 0 ¢ = (2, )ien, for
zeX.

As some properties like being a compact operator or a Montel operator
are closely related to the (uniform) mean ergodicity (see, e.g., [4] and the
rerences therein), the aim of this paper is to investigate and to characterize the
continuity, the boundedness, the compactness and the property of being Montel
or reflexive for weighted composition operators W, ., in sequence (LF)-spaces
of type I,,(V) and in sequence (PLB)-spaces of type a,(V), with p € [1, co]U{0}
and V a system of weights on N. K6the echelon spaces and Kéthe co-echelon
spaces are spaces of type a,(V) and 1,,(V), respectively, for particular systems
V of weights.
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The paper is organized as follows. In Sect. 2, we recall general definitions
and results on (LF)- and (PLB)-spaces and on operators acting on these spaces.
Section 3 is devoted to the study of the topological properties of weigthed
composition operators. In particular, in Sect. 3.1 we introduce the sequence
(LF)- and (PLB)-spaces and give their relevant properties. In Sect. 3.2 we
establish when the weighted composition operator W, . acts continuously or
compactly on the sequence Banach spaces [P (v), for p € [1, 00]U{0} (Theorems
3.4 and 3.12). The continuity, the boundedness and the compactness of the
operator W, ,, in the sequence spaces [,(V) and a,(V), for p € [1,00] U {0},
are characterized in Sect. 3.3 (Theorems 3.14, 3.15 and 3.16 for the (LF)-
case; Theorems 3.17, 3.18 and 3.19 for the (PLB)-case). Sects. 3.5 and 3.6
are devoted to establish when the weighted composition operator W, . acting
either on Kothe echelon spaces or on sequence (LF)-spaces of type [,(V), with
p € [1,00] U {0}, is Montel or reflexive, respectively.

2. Definitions and General Results on (LF)- and (PLB)-Spaces

Let E and F be two locally convex Hausdorff spaces (briefly, lcHs for locally
convex Hausdorff space). We denote by L(E, F) the space of all continuous lin-
ear operators from FE into F. In particular, L,(E, F) (Ly(E, F), resp.) denotes
L(E, F) endowed with the strong operator topology 75 (L(F, F') endowed with
the topology 7, of the uniform convergence on bounded subsets of E| resp.).
In case F = E, we simply write L(E), L;(F) and Ly(E).

Let F and F be two IcHs and T be a linear operator from FE into F.
The operator T is called bounded if T" maps some 0-neighborhood of F into
a bounded subset of F. The operator T is called compact if T maps some
0-neighborhood of E into a relatively compact subset of F. We denote by
K(E, F) the space of all compact linear operators from E into F'. We observe
that if T is a bounded or compact operator from FE into F', then it is necessar-
ily continuous, i.e., T € L(E, F'). Moreover, an operator T' € L(E, F) is called
Montel (reflexive, resp.) if T' maps bounded subsets of F into relatively com-
pact (relatively weakly compact, resp.) subsets of F'. In case F is a bornological
IcHs, the assumption on the continuity of 7" is not necessary because in such
a case every linear operator from E into F' mapping bounded subsets of E
into relatively (weakly) compact subsets of F' is continuous. If F is a reflexive
IcHs, then every T' € L(E, F') is reflexive. If E and F are Banach spaces, then
a linear operator T: E — F is Montel if, and only if, it is compact. We refer
the reader to [27] for more details.

In the following we recall some necessary definitions and collect some
results on (LF)- or (PLB)-spaces and on operators acting in such spaces. We
first consider the case of (LF)-spaces.

A IcHs F is called an (LF)-space if there exists a sequence {E,}nen

of Fréchet spaces with E, — FE, 1 continuously such that £ = UneN E,
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and the topology of E coincides with the finest locally convex topology for
which each inclusion FE,, — FE is continuous. In such a case, we simply write
E = ind,,en Ey. The sequence {E, },en is called a defining inductive spectrum
for E. In this paper the (LF)-spaces are Hausdorfl by definition. The space
E = ind,en E, is called an (LB)-space if E,, is a Banach space for all n € N.
An (LF)-space FE = ind,en E,, is called regular if every bounded subset B of
E is contained and bounded in E,, for some n € N. Every complete (LF)-space
is always regular.

An (LF)-space can satisfy stronger regularity conditions.

Let E = ind, ey E,, be an (LF)-space and 7 (7, resp.) denote the locally
convex topology of E (of E,, for n € N, resp.). The (LF)-space E is said to
satisfy the condition (M) ((My), resp.) of Retakh if there exists an increasing
sequence {Up}nen of subsets of E such that U, is an absolutely convex 0-
neighborhood of E,, for all n € N satisfying

Vn € N3dm >n Vu >m: 7, and 7, induce the same topology onU,,

(Yn € N3Im > nVyu >m: o(E,, E;,) and o(Ey,, E},) induce the same topology
on Uy, resp.). An (LF)-space satisfying the condition (M) ((Mp), resp.) is called
acyclic (weakly acyclic, resp.). Every acyclic (LF)-space is weakly acyclic and
also complete (see [41, Corollary 6.5]).

The (LF)-space E = ind,en E,, is called compactly retractive if every
compact subset K of E is contained and compact in E, for some n € N.
The (LF)-space E = ind,en E,, is called boundedly retractive if every bounded
subet B of F is contained and bounded in some step E,, and the topologies of F
and E,, coincide on B. While, the (LF)-space E is called sequentially retractive
if every convergent sequence in F is contained in some step E,, and converges
there. We observe that, in view of Grothendieck’s factorization theorem [22,
p.147], all conditions above do not depend on the defining inductive spectrum
of E.

Recall the following deep result due to Wengenroth [41].

Theorem 2.1 ([41, Theorem 6.4]). For an (LF)-space E = ind,en E,, the fol-
lowing conditions are equivalent:
(1) E satisfies condition (M);
(2) E is boundedly retractive;
(3) E is compactly retractive;
(3) E is sequentially retractive.

The characterization of the continuity of operators between (LF)-spaces is
well-known and due to Grothendieck. The characterization of the boundedness
or the compactness as well as the property to being Montel or reflexive for
operators acting between (LF)-spaces has been given in [31] (see also [16]) as
it follows.

Theorem 2.2 ([31, §2.2]). Let E=indpen B, and F=ind, ey Fy, be two (LF)-
spaces. Let T: E — F be a linear operator. The following assertions hold true:
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(1) Assume that F is reqular. The operator T is bounded if, and only if, there
exists n € N such that for all m € N we have that T(E,,) C F,, and the
restriction T': E,, — F,, is bounded.

(2) Assume that F satisfies the condition (M). The operator T is compact
if, and only if, there exists n € N such that for all m € N we have that
T(E,,) C F, and the restriction T: E,, — F,, is compact.

(3) Assume that E is reqular and F satisfies the condition (M). The operator
T is Montel if, and only if, for all m € N there exists n € N such that
T(E,,) C F, and the restriction T: E,, — F, is Montel.

(4) Assume that E is reqular and F satisfies the condition (My). The operator
T is reflexive if, and only if, for all m € N there exists n € N such that
T(E,,) C F, and the restriction T: E,, — F, is reflexive.

A IcHs E is called a (PLB)-space if there exists a sequence {E,}nen
of (LB)-spaces with E, 11 — E, continuously, for n € N, such that E =
(Mnen En and the topology of E is the coarsest locally convex topology for
which each inclusion E — F,, is continuous. In such a case, we simply write
E = proj, ey En. Clearly, a (PLB)-space E = proj,,cy Ey is complete whenever
E,, is a complete (LB)-space for an infinite number of indices n.

The characterization of the continuity as well as the boundedness and
the compactness for operators acting between (PLB)-spaces has been given in
[6]. We collect these characterizations in the following result.

Theorem 2.3 [6, §2]. Let E = proj, ey En be a (PLB)-space such that the con-
tinuous inclusion & — E, has dense range for alln € N. Let F' = proj,cy Fi
be a (PLB)-space such that Fy is a complete (LB)-space for all k € N. Let
T: E — F be a linear operator. Then the following assertions hold true:

(1) The operator T is continuous if, and only if, for all k € N there exists n €
N such that the operator T' admits a unique linear continuous extention
Ty from E, into Fj.

(2) The operator T is bounded (compact, resp.) if, and only if, there exists
n € N such that for all k € N the operator T admits a unique linear
extension T} : E, — Fy, which is bounded (compact, resp.).

We recall from [6] the following remarks, which are useful for the next
sections.

Remark 2.4 Let E = proj, oy Ern be a (PLB)-space. Let 7,, denote the locally
convex topology of E,, for n € N.

(1) From the proof of Theorem 2.3(1), it follows that for all & € N there
exists n € N such the operator T': (E, 7,,) — F} is continuous also in the
case E = proj,cy By is a (PLB)-space with no dense inclusion in E,, for
any n € N.

(2) From the proof of Theorem 2.3(2), it follows that there exists ng € N
such that the operator T': (E, 7,,) — F} is bounded (compact, resp.) for
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all £ € N also in the case that £ = proj,,cy Ey is a (PLB)-space with no
dense inclusion in F,, for any n € N.

3. Weighted Composition Operators Between Sequence (LF)-
and (PLB)-Spaces

3.1. Sequence (LF)- and (PLB)-Spaces

Throughout the paper, w := KN (where K € {R,C}) denotes the space of all
K-valued sequences, endowed with the locally convex (briefly, lc) topology of
the coordinate convergence. Therefore, w is a reflexive Fréchet space whose
topological dual is the space w’ = K™ of all K-valued sequences with only a
finite number of not-zero coordinates. In particular, «’ is an (LB)-space when
it is endowed with the strong topology.

For all n € N, let Vj, = (vn),cy be a countable family of (strictly)
positive sequences, called weights, on N. We denote by V the sequence (V},)
and we assume that the following two conditions are satisfied:

(1) vp k() < vpgy1(3) for all n,k € Nand i € N;
(2) vp k(1) > vpg1x(9) for all n,k € N and i € N.
The family V is called a system of weights on N.

Given a system V of weights on N, for n,k € Nand 1 < p < oo, we define

as usual

neN

P (vn k) = {2 = (zi)ien € w: |2llpw,, . = I(@ivnr(@))ienllp < 0o},

where || - ||, denotes the [P norm. For p = 0, we set
co(Unk) == {z = (%;)ieN € W: zllglo U k(1) = O} .

Clearly, (I?(vn,k), || - llpw,r), 1 < p < 00, are Banach spaces, and co(vy,x) is
a Banach space with the norm of {*(v, k). Since IP(vy kx+1) is continuously
included into IP(v, 1), the sequence {IP(vy x)}ren of Banach spaces forms a
projective spectrum. Hence, for all n € N and 1 < p < oo, we can consider the
echelon spaces

Ap(Vi) i= () 1P (vn i) and X (Vi) := [ co(vm.r)-
keN kEN

Endowed with the projective topologies A, (V;,) = projien P (vnk) (Ao(Va) =
Projien €o(Vn, k), resp.), these spaces are Fréchet spaces with the topology de-
fined by the corresponding seminorms. We point out that these spaces are
Ko6the echelon spaces.

The sequence {A,(V,,)}nen of Fréchet spaces forms an inductive spec-
trum. Thus, the spaces

LL,(V) = U (V) (1< p<o0)andlp(V):= U Ao(Vi)

neN neN
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endowed with the inductive topologies, i.e., [,(V) = ind,en Ap(Vs) (lo(V) =
ind,en Ao(Vy,), resp.) are (LF)-spaces.
We say that the system V of weights on N satisfies the condition (W Q)
(or is of type (WQ)) if
VneN3JumeNVE,NeNIKeN,S5>0,
8.t Vi € Nt vy, 1(4) < S(vp,u(2) + v,k (7).
While, we say that the system V satisfies the condition (Q) (or is of type (Q))
if
VneNdumeNVE,NeN,R>03JK eN,5>0,s.t. Vi e N:

) 1 ) .
Vm, (1) < Evn,u@) + Sun k().

The properties of regularity of the (LF)-space [,(V) and the conditions
(Q) and (WQ) are related, as the following theorem of Vogt [39] shows.

Theorem 3.1 LetV = (V,,)
properties hold true:

nen be a system of weights on N. Then the following

(1) For 1< p < oo, the following conditions are equivalent:
(i) V satisfies the condition (WQ);
(ii) 1,(V) is regular;
(ili) 1,(V) is complete;
(iv) 1,(V) is reflexive.
(2) Forp=1,00, the following conditions are equivalent:
(1) V satisfies the condition (WQ);
(ii) 1,(V) is regular;
(ili) 1,(V) is complete.
(3) For p =0, the following conditions are equivalent:
(i) V satisfies the condition (Q);
(ii) 1o(V) is regular;
(iil) 1p(V) is complete.

Vogt [39] also characterized when the (LF)-spaces [,(V) satisfy the con-
dition (M) and (Mj), as stated in the following result.

Theorem 3.2 Let V = (V,,), o be a system of weights on N.

For p € [1,00] U {0}, the (LF)-space 1,(V) satisfies the condition (M) if,
and only if, V satisfies the condition (Q).

Moreover, if p # 1,00, the (LF)-space 1,(V) satisfies the condition (M)
if, and only if, V satisfies the condition (WQ). The (LF)-space 11(V) satisfies
the condition (My) if, and only if, V satisfies the condition (Q).

Given a system of weights V = (v, )n.keny on N, we set VE = (U"vk)nGI\U
for all k € N. Then for k € Nand 1 < p < oo, both the sequences {I?(vy 1) }nen
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and {co(vn,k) tnen of Banach spaces form an inductive spectrum. Hence, we
can consider the co-echelon spaces

ap(VF) = | P(var) (1 <p<o0)and ap(VF) = | co(vn).
neN neN

which are (LB)-spaces when they are endowed with the inductive topologies,
ie., a,(V*) = ind,en P(vn k) (ao(VF) = ind,en co(vn k), resp.). We point out
that these spaces are Kothe co-echelon spaces.

The sequence {a,(V¥*)}ren of (LB)-spaces forms a projective spectrum.
Hence, the spaces

ap(V) == ﬂ apy(VF) (1 < p<o0)andag(V) := m ap(VF),
keN keN

endowed with the projective topologies, i.e., a,(V) = proj,eya,(V*) and
ao(V) = projey ao(VF) are (PLB)-spaces. We observe that by [13, Theorem
2.3 and Corollary 2.8], the co-echelon spaces a,(V*) are complete (LB)-spaces
for every 1 < p < oco. Accordingly, a,(V) = projyeyap(V*) is a complete
(PLB)-space for every 1 < p < co. The (LB)-space ag(V¥), for k € N, need
not be regular. The regularity is ensured by a stronger condition on the sys-
tem V¥ of weights. To see this, we recall that, given a sequence (v, )nen of
decreasing weights on N, the sequence (v, )nen is called regularly decreasing
if given n € N, there exists m > n such that, on each subset of N on which
the quotient “;—7": is bounded away from zero, also all quotients Z—:, k > m, are
bounded away from zero. By [13, Theorem 3.7], the co-echelon space ag(V?*),
for k € N, is regular if, and only if, it is complete if, and only if, it satisfies
condition (M) if, and only if, it is (strongly) boundedly retractive if, and only
if, the sequence V¥ = (Un.k)nen is regularly decreasing. Furthermore, every
co-echelon space a,(V*), for k € N and 1 < p < oo, satisfies condition (M) if,
and only if, it is (strongly) boundedly retractive if, and only if, the sequence
VF = (v, )nen is regularly decreasing.

Finally, we point out that the spaces introduced above are all continuously
included in w with dense range.

3.2. Weighted Composition Operators or Pseudo Shifts

For fixed u = (u;)ieny € w, 0 = (¢i)ien € NV, we can define the weighted
composition operator W, ., acting on w with symbols u, ¢ by setting

Wao(z) == u(x o) = (u;xy, )ien, = = (Ti)ien € w.

Observe that this operator is obtained by composition of two well-known op-
erators: the multiplication operator M, and the composition operator C,. In
fact, when ¢ is the identity map on N, W, , becomes a multiplication opera-
tor which is defined pointwise by M, (x) := vz = (u;z;)ien. If u; = 1 for all
i € N, then W, , becomes a composition operator defined as Cy,(z) :=z0p =
(@, )ien. Clearly, W, , € L(w) for every pair u, p € w.
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Remark 3.3 Let X be a non complete 1cHs, Y be a complete IcHs and u €
w,o € NV If X and Y are continuously included in w (here, X denotes the
completion of X) and W, , € £(X,Y), then the continuous linear extension
Wayet X — Y coincides with W, . Indeed, if we denote by jx: X — w
(by jy: Y < w, resp.) the continuous inclusion of X (of Y, resp.) in w, then
Jy o Way,e = Wy, 0 (jx)|x. Since Wy, , € L(w), by passing to the completion
of X, it follows that jy o Wuﬂa = W, © jx. Therefore, WWP = Waye-

Throughout the paper, we denote by e,,, for n € N, the element (d,,;)ien
of w. We observe that the sequence (ey,)nen forms an unconditional basis for
w.

3.3. The Operator W, , Acting on Weighted I[P Sequence Banach Spaces
We start by studying the continuity and the compactness of the weighted
composition operator W, , when it acts from [”(v) into IP(w), for 1 < p < oo
and v, w two weights on N. We first characterize the continuity as follows. For
p =2 and p = oo the result is given in [26, Theorem 2.3] and in [18, Theorem
2.1], respectively.

Theorem 3.4 Let u = (u;)ien € w, 0 = (©;)ien € NV, let v, w be two weights on
N and 1 < p < co. The weighted composition operator W, , € L(IP(v),P(w))
if, and only if, there exists M > 0 such that

1
— Z luj|Pwi < M, Vne€N, (3.1)

Un Jj€p~t(n)
where the sum is defined equal to 0 if =(n) =0 for some n € N.

Proof Suppose that W, , € L(I(v),{?(w)). Then there exists M > 0 such
that for every x € [P(v)

W (@50 < M2l (3-2)

Fix n € N. Obviously, if p~1(n) = @ then (3.1) is clearly satisfied. So, let
“!(n) # 0. Observe that Wy ,(en) = (uj(en)y,)jen = (Ujdn,p,)jen, where

1 ifn =,
577,,@7 = .
' 0 ifn # ;.

Therefore, applying (3.2) with 2 = e,,, we get that
Yo Pl = [Wag(en)llh ., < Mlleals, = vk,
j€p=1(n)
Conversely, suppose that (3.1) is satisfied. Then for every x € IP(v) we have

W@ I8 =D g Plag,Pwf =7 D7 JuyPlaafPw]

JjEN neN jep—1(n)

=D lwal” Y Py < MY ealPol = Ml .

neN jEP~t(n) neN
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This means that W, , € L(IP(v), P(w)). O

Remark 3.5 For p = oo the operator W, , belongs to L£(1%(v), 1> (w)) if, and

only if, sup,,cy % < 00, see [18, Theorem 2.1]. This is equivalent

to the existence of M > 0 such that
sup |ujlw; < Mv,, VneN. (3.3)
j€p=t(n)

Remark 3.6 Let X be a locally compact Hausdorff topological space. A con-
tinuous map ¢: X — X is called proper if the preimage of every compact set
K in X is also a compact set in X. If ¢p: N — N, then ¢ is proper if, and only
if, lim; o p; = 00, as it is easy to show.

If we assume that ¢: N — N is a proper map, then the operator W, .
belongs to L(co(v), co(w)) if, and only if, W, belongs to L(I*°(v), > (w)).
The proof follows as in [6, Proposition 4] with some obvious changes.

Remark 3.7 The proof of Theorem 3.4 yields for each 1 < p < oo that

| —

W o||P = inf { M > 0: > JulPuw? <M VneN

jep~t(n)

3

(%

In a similar way, one shows for p = co that

Wy plloo =inf S M >0:  sup |ujlw; < Mv, YneN;.
j€p=t(n)
Moreover, we observe that:

(1) If o is one-to-one, then W, , € L(I?(v), P (w)) if, and only if, there exists
M > 0 such that [«
have

[Wa,pll = inf {M > 0: |ug-1(3)| wy-1(n) < Mv,, Vn €N},

(2) Suppose that there exists L > 0 such that A\(¢p~1(n)) < L for all n € N,
where A\ denotes the counting measure on N. If there exists M > 0 such
that w < M, for all n € N, then W, ,, € L(IP(v),IP(w)) and
[Waell < MLYP.

We now deal with the study of the compactness of weighted composition
operators W, ., acting on weighted [? sequence Banach spaces. To obtain a
characterization of the compactness of the operator W, ,,, we need some aux-
iliary results about the dual operator Wy, , of W, , which acts from (I*(w), || -
lp,w) into ({P(v), || - ||p,»)’. For this, recall that if v is a weight on N, then for

1 < p < oo the Banach space (lp/ BE Hp,’;) ((ll (3):1- Hl,l) ,resp.) is

—1ip) | Wo—1(,
e—tmie () < M, for all n € N. In such a case, we

n

v v
the strong dual of the Banach space (I?(v), || - |lpv) ((co(v), || - |loo,0)s Tesp.),
with % + i = 1. Moreover, the following representation for the dual operator
Wy, is valid.
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Proposition 3.8 Let u = (u;)ien € w,o = (pi)ien € NV, let v,w be two
weights on N and p € [1,00) U{0}. If Wy, € L(IP(v),IP(w)), then W, , €

£ (5).0r (L)) and
(1
W, () = > uyy, , Vyel? (w) ,

jep(n) e

where p’ is the conjugate exponent of p if p € [1,00), while p’ =1 if p = 0.
Proof Suppose 1 < p < oo. Then the assumption implies that W, , € £
(lp' (%) NG (%)) Moreover, for every y € [¥’ (i) and z € [P(v) we have

(z, qu,gay> Wy, o, Y) Z UjLp;Yj = Z Z ujxnyj

jEN neN jep—1
neN  jep~1i(n) jep=1(n) neN
_ "1
It follows that W, ,(y) = (Zjep_l(n) ujyj)neN for every y € 1P ().
For p = 0 the proof is analogous. O

To obtain the desired characterization for the compactness of W, , we
will require the following two results.

Remark 3.9 Let ¢: N — N be a map. Then for all J € N there exists N € N
such that for all n > N and j € p~!(n) we have j > J.
Indeed, for a fixed J € N, set N := maxi<;<s¢(j). Fixed n > N and
j € o Y(n),if j < J, then
N = ¢(j) =n>N;

a contradiction.

Lemma 3.10 Let u = (u;)ien € W, = ()ieny € NV let v, w be two weights on
N. I[f Wa, € L(I'(v),1(w)), then the dual operator W, , € L (1o (%) .1 (1))
maps co (%) mnto co (%) and W), 90‘00( eL (co (1) C() (11)))

Proof By Proposition 3.8 we have that W) , € £ (I (1),1°°(1)) is given
by

1
W;,ap(y) = Z U5Y; ) Vy el (w> .
jee () ner

On the other hand, by Theorem 3.4 the continuity of W, , implies the existence
of M > 0 such that

Z lujlw; < Mv,, VneN.
Jj€p~t(n)
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Now, for fixed y € cg (%) and € > 0, there exists jo € N such that %l <%
for all j > jg. On the other hand, by Remark 3.9 there exists ng € N such that
for all n > ng and j € ¢~ !(n) we have j > jo. Therefore, we get for all n > ng

that

doowyl < D wyl= Y |Uj2/j|%

j€p~t(n) j€p~t(n) j€p=1(n)
€
< i Z lujlw; < vpe.
jE€p~t(n)

By the arbitrariness of ¢ > 0, this means that W, ,(y) = (Zjarl(n) ujyj)

neN
belongs to cg (%) Since y is also arbitrary, it follows that Wilwz maps cg (i)
into ¢o (1) and hence, Wigleo(ry €L (co(L),c0 (L)) O

Remark 3.11 Let X,Y be two lcHs. We recall that if 7' € £(X,Y), then T is
o(X,X")—o(Y,Y’) continuous (w — w continuous). Moreover, 77 € L(Y’, X’)
is also o(Y',Y) — o(X’, X) continuous (w* —w* continuous) and o(Y”',Y") —
o(X', X"") continuous (w — w continuous).

It is well-known that there are no compact composition operator from 2
into itself. On the other hand, Singh and Manhas [38] established necessary and
sufficient conditions in order to have a compact composition operator acting
on [%(v), with v a weight on N. An analogous result was given in [26]. In [18]
the authors characterized the compactness of weighted composition operators
in [°°(v). In the next result we extend this characterization in the setting of
IP(v) spaces, for 1 < p < oo, without any addditional assumptions on the
multiplier v and on the map ¢.

Theorem 3.12 Let u = (u;)ien € w, ¢ = (¢;)ien € NV, let v, w be two weights
on N and 1 < p < oo. Then Wy, € K(IP(v),IP(w)) if, and only if,

1 p
(ﬁ 2jep—(n) |uj|pwj)neN <

Proof We distinguish the cases p=1and 1 < p < co.
Case: 1 < p < oo. Suppose that the operator W, , is compact. As

{%: ne N} is a bounded subset of {P(v), it then follows that the set

llenllp,o

{M n e N} is relatively compact in I?(w). On the other hand, the se-

lenllp,v

quence (W) weakly converges to 0 in [P(v), as it is easy to show.
nllpv ) nen

Thus, (M> . weakly converges to 0 in [P(w), thereby implying that
ne

lenllp,v

the set {M 'n € N} is relatively weakly compact in I?(w). Accordingly,

llenllp,v
1
w

the norm topology of IP(w) and the weak topology o (lp(w),lp'( )) neces-

sarily coincide on the set {%f@” n e N}. Hence, mﬁ;j%@ — 0 in P(w).
nilp,v nllp,v
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Since
W (en)[5

lenllp.o

1
=7 Z luj|Pwy,  Vn €N,
jep~t(n)
the thesis follows.
Now, assume that (% 2ico-1(n) |uj|pw§')n€N € c¢p. By Theorem 3.4,

this condition implies that W, , € L(IP(v), ’(w)) with

Wl = | [ 2 32 g oM.
" jeemi(n) nenll s

In order to show that W, ., € K(I?(v),I’(w)), we fix a bounded sequence
(x:)ien of IP(v) and set L := sup,cy ||zil|p,». Since IP(v) is a reflexive Banach
space, there exists a subsequence of (z;);cn, denoted again by (z;);en for the
sake of simplicity, such that (z;);en weakly converges in [P (v) to some z € [P (v).
Accordingly, ||z||p,. < L. Since Wy, 2 IP(v) — IP(w) is also weakly continuous,
it follows that the sequence (W, o (z;))ien weakly converges to Wy, ,(z).

Now, for a fixed € > 0, by assumption there exists ng € N such that

1 epP
P,
WP Z Juj[Pwj < (3L)P

n .
JjE€P~H(n)

for all n > ng. Therefore, we get for all n > ng and i € N that

W (@i) = Wae ()5 0 ZU’WJQCWJ u;wy, [P
JEN

S DD DRI

neNjep—1(n)

=) lzim—wal Y wllul

neN jEp~1(n)
= Z |m1n - $n|p Z ;’7|uj|p
Jj€p~1(n)
+ Z |xzn - xn|p Z w§|uj‘p
n>no j€p~t(n)

ng
<MY bl — x|

n=1
sp
MNEIAL > Vhlwin =l
n>ngo
0 eP(2L)P

< MZvﬁ”xm —xz,|P +

n=1

(3L)P
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Since z; — = weakly in [P(v) and hence, pointwise, there is ig € N such that

P
MZ’IJP|;L‘m —xzp|P < —

n=1
for all 4 > ip. Summing up, we obtain for all 7 > iy that

» eP gP2P »
Wi = Wa,pzllp o < 3p + 3p e

This means that Wy, ,(x;) — Wy, ,(x) in IP(w). So, the proof is complete.

Case: p = 1. Suppose that W, , € K(I'(v),l'(w)). Then W, , € L(I*(v),
I'(w)) and hence, by Lemma 3.10, the dual operator W, , € £ (l°° (1), (1))
maps cg (%) into cg ( ) and T := Wé,ﬂ%(%) eL (co (5}) co ( )) Therefore,
T' € L(I'(v), 1M (w)) is also o (I*(v),co(2)) — o (I*(w), co(+)) continuous, i.e.,
w*-w* continuous (see Remark 3.11). Moreover, 7" = (W _[c,(1))" = Wu,e,
as it easily follows by using standard duality arguments. So, since the se-

quence (ﬁ) N C 1'(v) weakly* converges to 0 in ['(v), the sequence
nllie /e
(Wu#, (ﬁ)) . necessarily weakly* converges to 0 in [*(w). This im-
n v ne
plies that the set {WUW (He:ﬁ) S N} is relatively weakly* compact
in I*(w). On the other hand, by the facts that W, , € K(I*(v),!'(w)) and
Tedho:in€ N} is a bounded set in I! (v), we get that {WU#, (m) NS N}

is a relatively compact subset of I!(w). So, we get that the norm topology of
I'(w) and the weak* topology o (I'(w), co(+)) necessarily coincide on the set

{WU#, (W) S N}. Accordingly, W, . (He:#) — 0 in I*(w). This
means that '

W genlliw _ 1 > luslw; — 0.

leallso " jee ()

Now, assume that ( > jco-1(n) |uj|u)]) € ¢o. By Theorem 3.4, this con-
neN
dition implies that W, , € L(I*(v),*(w)) with

1
Wl = o Z |ujlw; = M.

no- -1
jEp~1(n) neNlloo

In order to prove that W, , € K(I'(v),l'(w)), we fix a bounded sequence
(z;)ien of I'(v) and set L := sup;cy ||@i]|1,0. Since I!(v) — w continuously and
w is a Fréchet Montel space, we have that (z;);en is a bounded sequence in w
and hence, it contains a subsequence convergent in w to some x € w. For the
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sake of simplicity, we still denote the subsequence by (z;);cn. Since
n
Z |xij|'0j <L, VineN,
j=1

by letting @ — oo, it follows that

Z|:Uj|vj <L, VYneN.

j=1

This implies that ||z|1, < L and hence, z € I'(v). Now, to get the thesis it
suffices to proceed as in the proof of the case 1 < p < oo (just to put 1 instead
of p). O

Remark 3.13 The operator W, , belongs to K(I°°(v),[*°(w)) if, and only if,

HWU,Ap(en)Hoc,w — O

we have lim,, _, o (see [18, Theorem 3.2]). This is equivalent

”enHoo,'u

to require that

lim SUPjep—1(n) |uj|w; -0

n— o0 Un

If p=0and ¢: N — N is a proper map, then the operator W, , belongs to
K(co(v), co(w)) if, and only if, it belongs to (1% (v), 1> (w)).

3.4. The Operator W, , Acting on Sequence (LF)- and (PLB)-Spaces

Thanks to the results in Sect. 2 and in Sect. 3.3, we can characterize the conti-
nuity, the boundedness and the compactness of weighted composition operators
in sequence (LF)-spaces of type [,(V) and in sequence (PLB)-spaces of type
a,(V), for p € [1,00] U {0}.

Concerning the weighted composition operator W, ., in sequence (LF)-
spaces of type [,(V) we have the following results. In the first one we charac-
terize the continuity.

Theorem 3.14 Let V, W be two systems of weights on N and ¢ = (p;)ien €
NN u = (u)ien € w. For 1 < p < oo, the following properties are equivalent:
(1) Wyp: (V) = 1,(W) is well-defined;
(2) Wup: (V) = 1,(W) is continuous;
(3) For allm € N there exists n € N such that for all k € N there exist | € N,
M > 0 for which

1

vgz,l(i)

where the sum is defined equal to 0 if =1(i) = for some i € N.

> JuilPut () <M, VieN,
JjEP~L(4)

If p = o0, the following properties are equivalent:

(1) Wy lo(V) = (W) is well-defined;
(2) Wup:lo(V) = (W) is continuous;
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(3) For allm € N there exists n € N such that for all k € N there existl € N,
M > 0 for which

sup  |uj|wn k() < Mupm (i), VieN.
JEPT(4)
If p = 0 and ¢: N — N is a proper map, then Wy ,: lo(V) — lo(W) is
continuous if, and only if, Wy o loo(V) = loc(W) is continuous.

Proof Case 1 < p < oo. Clearly, (2) implies (1) and (1) implies (2) by the
Closed Graph theorem (see, fi., [27, p.57]). Indeed, if (z4)a C 1,(V) is a
net convergent to x in [,(V) and (Wy ,(xa))a is convergent to y in I,(W),
then (z4)a and (W, ,(xq))a converge in w to x and y respectively. Since
Wa,p € L(w), it follows that W, ,(z) = y. This proves that the graph of W,
is closed.

(2)<(3). The weighted composition operator Wy ,: 1,(V) — 1,(W) is
continuous if, and only if, for all m € N the operator Wy, ,: A\p,(Vy) — [,(W)
is continuous. By Grothendieck’s factorization theorem [22, p.147], it follows
that W, , is continuous if, and only if, for all m € N there exists n € N such
that Wi, o1 A\p(Vin) — A\p(W,,) is well-defined and continuous. Since each space
IP(vp,1) is dense in Ap(V;,,), by Theorem 2.3(1), this holds if, and only if, for
all k& € N there exists [ € N such that the operator W, , admits a unique
continuous linear extension (Wuw)iz (V1) — 1P(wp,k). Since Wy, € L(w)
and the spaces [P (v, ;) and P (wy, 1) are continuously included in w, (W, )} =
W, (see Remark 3.3), thereby implying that Wy ,: IP(vpm1) — P(wy) is
continuous. The thesis now follows by applying Theorem 3.4.

For p = oo, it suffices to observe that W, ,: Aoc(Vin) — Acc(W,) is
continuous if, and only if, for all k¥ € N there exist [ € N, M > 0 such that

”Wu,w(x)”oo,wn,k < MH33||oo,vm,za Vo € )‘OO(Vm)~ (3-4)
If we put & = e; € Moo (Vi) in (3.4) for some fixed ¢ € N, we get that

sup |“j|wn,k(j) = ||Wu7w(ei)||oo,wn,k < M”ei”oo,vm,z = MUm,l(ﬂ'
J€PT1()
Since i € N is arbitrary, we can then conclude that (2)=-(3) also for p = cc.

Conversely, suppose that (3) holds true. Then by Remark 3.5, we get that
Wi, € L(1%°(Vn 1), 1% (wn k) and hence, the thesis follows in view of Theorem
2.3(1).

For p = 0, we can argue as in the proof of the case 1 < p < oo, by
obtaining that W, ,: lo(V) — lo(W) is continuous if, and only if, for all m € N
there exists n € N such that for all k& € N there exist [ € N, M > 0 for which
SUPjey-1(i) [Uj|wn k() < Mum (i) for all i € N. So, Wy o1 lo(V) — lo(W) is
continuous if, and only if, Wy, ,: o (V) — loo (W) is continuous. O

The proof of the following characterization of the boundedness of W, ,
in {,(V) is an application of Theorems 2.2(1), 2.3(2) and 3.4, and Remark 3.5.
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Theorem 3.15 Let V, W be two systems of weights on N and ¢ = (p;)ien €
NN u = (u)ien € w. The following assertions hold true:
(1) If1 < p < oo and 1,(W) is regular, then Wy o : 1,(V) — 1,(W) is bounded
if, and only if, there exists n € N such that for all m € N there exists
[ € N such that for all k € N there exists M > 0 for which

1
P jEpT ()
where the sum is defined equal to 0 if =1(i) = () for some i € N.
(2) If p= 00 and lc(W) is regular, then W, o loo(V) — loa(W) is bounded
if, and only if, there exists n € N such that for all m € N there exists
[ € N such that for all k € N there exists M > 0 for which
sup  |ujlwn k() < Mvpm (i), VieN.
JEPT1(4)
(3) Ifp=0, ¢: N — N is a proper map and lo(W) is regular, then W, : lo(V)
— lo(W) is bounded if, and only if, Wy ,: loo(V) = loc(W) is bounded.

Proof For p € [1,00) U {0} the proof follows by arguing as in the proof of
Theorem 3.14 in view of Theorems 2.2(1), 2.3(2) and 3.4, and Remark 3.6. In
particular, for p = 0 one shows that W, ,: lo(V) — lo(W) is bounded if, and
only if, the condition in (2) is satisfied.

For p = 0o we observe that W, ,,: lo(V) — lo(W) is bounded if, and only
if, there exists n € N such that for all m € N the restriction Wy, ,,: Ao (Vin) —
Aoo(W3,) is bounded. By Theorem 2.3(2) combined with Remark 2.4, the op-
erator Wy o1 Aoo(Vin) = Ao (W5,) is bounded if, and only if, there exists [ € N
such that for all & € N the operator Wy o: (Ao (Vin), Tm,i) — 1°(wyx) is
continuous, where 7,,; denotes the lc-topology of I°°(v,, ), i.e., there exists
M > 0 such that

||WU,<,9($)H007wn,k < MHx”oomm,za V2 € Aoo(Vin)-

In view of the inequality above, we can argue as in the proof of Theorem 3.14
to conclude that this is equivalent to require that the conditon (2) is satisfied.
O

In the next result we characterize the compactness of weighted composi-
tion operators in sequence (LF)-spaces of type 1,(V).

Theorem 3.16 Let V, W be two system of weights on N and ¢ = (¢i)ien €
NN u = (u;)ien € w. The following assertions hold true:
(1) If 1 < p < o0 and I,(W) satisfies condition (M), then W, ,: [,(V) —
I,(W) is compact if, and only if, there exists n € N such that for all
m € N there exists | € N such that for all k € N

) 1 .
hmm > JulPut () =0.

1—o00 U
Y jee10)
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(2) If p = 00, loo(W) satisfies condition (M) and the space Aoo(Vyn) is dense
in 1°(vm ) for all m,l € N, then Wy o loo(V) — loc(W) is compact if,
and only if, there exists n € N such that for all m € N there exists | € N
such that for all k € N

L 0 [uj|wn k(5)

1—00 UmJ(’L')

=0.

(3) If p = 0, lo(W) satisfies condition (M) and ¢: N — N is a proper map,
then Wy o lo(V) — lo(W) is compact if, and only if, Wy ,: lc(V) —
loc(W) is compact.

Proof Let 1 < p < oo. By Theorem 2.2(2), W, ,: ,(V) — [,(W) is compact
if, and only if, there exists n € N such that for all m € N the restriction
Wa,o: Ap(Vin) — Ap(Wy) is compact. On the other hand, by Theorem 2.3(2),
this holds true if, and only if, there exists [ € N such that for all £k € N the
operator W, , admits a unique linear extension (W, )% : [P (1) — P (wy k)
which is compact. Since W, , € L(w) and the space I”(vy,,;) and IP(w,, ;) are
continuously included in w, necessarily, (W, ,), = W, (see Remark 3.3), i.e.,
Wi, € K(IP(Vm 1), 1P (wn k). Accordingly, the thesis now follows by applying
Theorem 3.12.

For p = 0, 00 the proof is analogous and so, it is omitted. O

We now turn our attention on the study of weighted composition opera-
tors Wy, in sequence (PLB)-spaces of type a,(V). In view of Theorems 2.3(1)
and 3.4, we can characterize the continuity of W, ., as follows.

Theorem 3.17 Let V, W be two systems of weights on N and ¢ = (p;)ien €
NY u = (u;)ien € w. The following assertions hold true:

(1) If 1 < p < o0, then Wy o ap(V) — ap,(W) is continuous if, and only if,
for all k € N there exists I € N such that for allm € N there exist n € N,
M >0 for which

1

’Ufn,l(i)

(2) If p=o00, then Wy o 4o (V) — acc(W) is continuous if, and only if, for
all k € N there exists | € N such that for all m € N there exist n € N,
M > 0 for which

3 JuylPut () < M, VieN.
JEPT1(3)

sup |uj|wnk(4) < Moy, (3), VieN. (3.5)
jee1()
(3) If p=0, ¢: N — N is a proper map and the sequence W* = (wy, )nen
is reqularly decreasing for all k € N, then Wy, ,: ag(V) — ag(W) is con-
tinuous if, and only if, Wy 4 ass(V) — asc(W) is continuous.
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Proof For 1 < p < oo or p = 0, the characterization of the continuity follows
by arguing as in the proof of Theorem 3.14 in view of Theorems 2.3(1) and 3.4
and Remarks 3.5 and 3.6. In particular, for p = 0 one shows that the operator
Way,e: ao(V) — ag(W) is continuous if, and only if, the condition in (2) is
satisfied.

For p = o0, the space as (V) could be not dense in each as (V?). So, to
show the statement, we proceed as follows.

By Remark 2.4(1), the operator Wy, ,: aoo(V) — aoo(W) is continuous
if, and only if, for all k € N there exists [ € N such that W, ,: (aec(V), 1) —
oo (WF) is continuous, where 7; denotes the le-topology of the co-echelon space
oo (V). Now, for a fixed m € N, let B := {vme:(i) 14 € N} C aoo(V). Then the
set B is contained in {*°(v,,;) and bounded there. Indeed, for all i € N, we
have

€

_ =1.
U1 (2)

’0071)771,1,

Accordingly, B is a bounded subset of (a(V), 7). The continuity of W, ,
from (as(V),7) into aoe(W*) implies that W, ,(B) is a bounded subset of
oo (WF). Therefore, there exist n € N and C > 0 such that

€
LT, |u4wn,k<j>HWu, ()\
Vi (1) jepi(i) CI0)

i.e., (3.5) is satisfied.
Conversely, if (3.5) is satisfied, then by Remark 3.5, this implies that the
operator W, , € L(I1°°(Vs,1),1%°(wn 1)) and hence, the thesis follows. O

<C, VieN,

00, Wn,, k

The characterization of the boundedness of weighted composition oper-
ators in sequence (PLB)-spaces of type a,(V) is contained in the following
result. The proof relies on Theorems 2.2(1), 2.3(2) and 3.4, and Remark 3.5.

Theorem 3.18 Let V, W be two systems of weights on N and ¢ = (p;)ien €
NN u = (u)ien € w. The following assertions hold true:
(1) If 1 < p < o0, then Wy, ap(V) — ap,(W) is bounded if, and only if,
there exists | € N such that for all k € N there exists n € N such that for
all m € N there exist M > 0 for which

1
> |ulPut (j) < M, VieN.
vm,l(z) . —1(; ,
JEP~1(7)
(2) If p= o0, then Wy o ao(V) = aco(W) is bounded if, and only if, there
exists | € N such that for all k € N there exists n € N such that for all
m € N there exist M > 0 for which

sup |ujlwnk(j) < Mop(i), VieN.
jepT1(@)



210 Page 20 of 29 A. A. Albanese and C. Mele Results Math

(3) If p=0, ¢: N — N is a proper map and the sequence W* = (wy, . )nen is
regularly decreasing for all k € N, then Wy, : ag(V) — ag(W) is bounded
if, and only if, Wy, aoo(V) = aeo(W) is bounded.

Proof For p € [1,00) U{0} the proof follows as in the proof of Theorem 3.14 in
view of Theorems 2.2(1), 2.3(2) and 3.4, and Remarks 3.5 and 3.6. In partic-
ular, for p = 0 one shows that the operator W, ,: ag(V) — ao(W) is bounded
if, and only if, the condition in (2) is satisfied.

Let p = co. By Theorem 2.3(2) and Remark 2.4, the operator Wy, o, : aoo(V)
— a0 (W) is bounded if, and only if, there exists [ € N such that for all k € N
the operator Wy, ¢ (aoo(V), 1) — aoo(WF) is bounded, where 7; denotes the
le-topology of the (LB)-space aoo (V).

Fix k € N. The fact that W, ,: (aes(V), 7) — aoe(W*) is bounded im-
plies that there exists a O-neighborhood U of ae (V') such that W, (U N
o (V)) is a bounded subset of an (WF). Since an, (W) is regular, there exists
n € N such that such that W, (U N ax(V)) is contained in [*°(wy ) and
bounded there. Now, for a fixed m € N, set B := {ﬁz(l) i € N} C as(V).
Then B is contained in [*°(v,, ;) and bounded there (see the proof of Theorem
3.14). Accordingly, B is a bounded subset of (as(V),7;). Thus, there exists
A > 0 such that B C A(UNax(V)). It follows that W, ,(B) is also a bounded
subset of [*°(wy, 1). So, there exists C' > 0 such that

e ()

i.e., the condition in (2) is satisfied. Conversely, if the condition in (2) is satis-
fied, then by Remark 3.5 the operator W, , € L(I1°°(Vm,1), 1 (wn,x)). So, the
thesis follows. O

sup |uj|wy k(5) = <C, VieN,

Vi i (1) jep—1()

00, W,k

In the final result of this section, we characterize the compactness of
weighted composition operators in sequence (PLB)-spaces of type a,(V).

Theorem 3.19 Let V, W be two systems of weights on N and ¢ = (p;)ien €
NN u = (u)ien € w. The following assertions hold true:

(1) If 1 < p < oo, then Wy ,: ap(V) — ap,(W) is compact if, and only if,
there exists | € N such that for all k € N there exists n € N such that for
allm e N

1
lim ———— lu;|Pw? , (5) = 0.
i—oo ng,l(l) . Z‘: 7 ok
JEPTL(7)

(2) If p = o0, aso (V) is dense in as (V') for alll € N and the sequence W* =
(Wn,k)nen is regularly decreasing for all k € N, then W, ,: asxc(V) —
aco(W) is compact if, and only if, there exists I € N such that for all
k € N there ezists n € N such that for allm € N

i SWPie() | |wn, K (5)

1— 00 ’Um,l(i)

=0.
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(3) If p=0, ¢: N — N is a proper map and the sequence W* = (wy, . )nen is
regularly decreasing for all k € N, then W, ,,: ag(V) — ao(W) is compact
if, and only if, Wy, aoo(V) = ass(W) is compact.

Proof The thesis follows by arguing as in the proof of Theorem 3.16 in view
of Theorems 2.2(2), 2.3(2) and 3.12, and of the remark thereafter. O

Remark 3.20 The results of this subsection extend to the case p € [1,00) the
characterization of the continuity, the boundedness and of the compactness
of composition operators acting either on sequence (LF)-spaces of type [,(V)
or on sequence (PLB)-spaces of type a,(V) for p = 0,00 given in [6]. The
results above also extend to the case of weighted composition operators the
characterization of the continuity, the boundedness and of the compactness
of multiplication operators acting on sequence (LF)-spaces of type [, (V), for
p € [1,00] U {0}, given in [31].

3.5. Montel Weighted Composition Operators Acting on Kéthe Echelon Spaces
and on Sequence (LF)-Spaces

In this section we give necessary and sufficient conditions in order that a
weighted composition operator acting on Kéthe echelon spaces and on sequence
(LF)-spaces of type [,,(V) is Montel. To this end, we recall a known result about
the relative compactness of subsets of the spaces [P(v), 1 < p < oo, and ¢o(v)
(see, f.i., [30, Chapter 15]), where v is a weight on N. For 1 < p < oo, a subset
K of IP(v) is relatively compact if, and only if, for every £ > 0 there exists
jo € N such that >3°° . ) |z;[Pv} < &P for every z € K. A subset K of cp(v)
is relatively compact if, and only if, for every € > 0 there exists jo € N such
that sup,> ;41 |7;|v; < e for every x € K.

Let A = (an)nen be a Kdthe matriz, ie., a, € w for all n € N and
0 < an (i) < apy1(i) for all 4,n € N. Denote by

A:=Ao(A); = {2 = (n)nen € w: [[(anTn)nenl|oo < 0andz, > 0Vn € N}.

The following useful description of the bounded sets in a Kothe echelon space
is due to Bierstedt, Meise and Summers [13].

Proposition 3.21 Let A = (an)nen be a Kéthe matriz. For p € [1,00) U {0},
a subset B of A\,(A) is bounded if, and only if, there exists @ € A such that

Zi <15.
(“(l))ieN b }

In the following result we characterize Montel weighted composition op-
erators acting on Kothe echelon spaces.

BgBa::{wa: ’

Proposition 3.22 Let A = (ap)nen, B = (bm)men be two Kdthe matrices and
let ¢ = (0i)ien € NV u = (u;)ien € w, with ¢ increasing. The following
assertions hold true:
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(1) If1 <p<ooand Wy, € LIA(A), N\p(B)), then Wy, Ap(A) — A\p(B)
is Montel if, and only if, for everya € A and m € N we have

lim @(n) Y b,(j)u; P =0. (3.6)
JjEp~t(n)
(2) Ifp=0, ¢: N — N is a proper map and W, , € L(Ao(A), No(B)), then
Wao: Ao(A) — Xo(B) is Montel if, and only if, for every @ € A and
m € N we have

lim a(n) sup b (j)ly| =0. (3.7)

n—ee j€p~1(n)

Proof We prove the statement only for 1 < p < oco. The proof for p = 0 is
analogous and so, it is omitted.

Suppose that W, ,,: Ap(A) — A\,(B) is Montel. So, in order to show that
the condition is necessary, we fix @ € A and m € N, and consider the set
Bz = {z € w: ||[(xi(@(i))"")ienl, < 1}. In view of Proposition 3.21, the set
Bgz is bounded in A,(A). By applying the assumption on W, ,, we get that
the set W, (Bgz) is relatively compact in A,(B) and hence, in {P(b,,). Since
{@a(n)e,: n € N} C Bag, it follows that the set {W,, ,(a(n)ey,): n € N} is rela-
tively compact in [P (b,,). On the other hand, the sequence (@(n)e,)nen weakly
converges to 0 in A\, (A), thereby implying that the sequence (W, ,(@(n)en))nen
weakly converges to 0 in A,(B) and hence, also in [P(b,,). But, as the set
{Wu,s(@(n)e,): n € N} is relatively compact in 1P(b,,), the norm topology of
I (by,) and the weak topology of i?(by,) coincide on {W, ,(a(n)e,): n € N}.
Accordingly, the sequence (W, ,(@(n)e,))nen converges to 0 in [P (by,). This
means that (3.6) is satisfied. Indeed, for all n € N we have

W @n)en)ly,, =an) D b0yl

Jj€p~t(n)

Now, suppose that the condition is fulfilled. In order to prove that W, ,
t Ap(A) — Xp(B) is Montel, we fix a bounded set B of A\,(A4). In view of
Proposition 3.21, there exists @ € A such that B C Bg. To conclude the proof,
it then suffices to show that the set W, ,(Bg) is relatively compact in I?(b,,)
for all m € N i.e., to show that for every ¢ > 0 and m € N there exists jo € N
such that »>,. ., bh,(j)|y}| < e? for every y € W, ,(Bg). Hence, for fixed
m € N and ¢ > 0, due to (3.6), we can choose ng € N such that for all n > ng
we have

a'(n) Y bE()|uyl” < e”.
Jj€p~H(n)

If y € Wy o(Bg), then y = (yj)jen = (u;7y,;)jen. Set jo := min ¢~ (ng) (if
0 1 (ng) = 0, we get trivially the thesis). Then, for every y € W, ,(Bz), we



Vol. 78 (2023) Topological properties of weighted Page 23 of 29 210

get

STyl )= >0 g, PG = Y D w8, ()

j=jo+1 j=jo+1 n>no+1ljep—1(n)

. ‘xn|P€P
< Z |zn|” Z |us[Po7, (5) < Z WSEPa

n>nop+1 j€p~1(n) n>no+1

where we used the fact that ¢ is increasing. O

Remark 3.23 If ¢ is an increasing self-map on N, i.e., ¢(i) < ¢(i + 1) for all
i € N, the map ¢ could not be proper. For example, let ¢(i) = 1 for all i € N.
While, ¢ strictly increasing, i.e., p(i) < ¢(i + 1) for all i € N, implies that
lim; o (i) = oo and hence, ¢ is a proper map (see Remark 3.6).

The case p < oo is completely characterized. So, it remains to prove that
the same characterization holds for p = co. In order to do this, we observe
what follows.

Remark 3.24 Let X be the family of all sequence lcHs X satisfying the follow-
ing properties:

(a) The inclusion j: X < w is continuous with dense range;

(b) The dual operator j': wj — X[ has dense range.

We point out that, for any X € X, by (b), the bidual operator j”: X" < w is
a continuous inclusion.

We observe that, for fixed X,Y € X and ¢ € NN, if the composition
operator C, € L(X,Y) (i.e., Cy(x) = x o ¢, for x € X), then the bidual
operator Cj € L(X[,Yy) is given by C7(z") = 2" o ¢ for every 2" € X".
Indeed, if we denote by ® the composition operator by ¢ acting on w and
by jx: X — w (jy: Y < w, resp.) the inclusion of X (Y, resp.) into w, we
have that jy o C, = ® o jx. Passing to the bidual operators, we obtain that
Jy o C = @" o j%. Since w is reflexive, ®” coincides with ® on w. Since j%
and jy are inclusion maps, it follows that C7(z") = 2" o ¢ for every 2" € X"

An analogous result holds for the weighted composition operators, i.e.,
Wy =W/, if XY € X and W, , € L(X,Y), for u,p € w.

u,pr

Proposition 3.25 Let A = (an)nen, B = (bm)men be two Kéthe matrices and
let o = (¢:i)ien € NV u = (u;)ien € w, with @ proper and increasing. If the
operator Wy, € L(Aso(A), Moo (B)), then Wy o: Aao(A) — Ao(B) is Montel
if, and only if, Wy o1 Mo(A) — Xo(B) is Montel.

Proof We first observe that W, ,,: Aoc(A) — Ao (B) is continuous if, and only
if, Wy.o: Ao(A) — Ao(B) is continuous (see Theorem 3.14) and that \o(A)
(Mo(B), resp.) is a closed subspace of A\ (A) (Ao(B), resp.).

If Wit Aac(A) = Ao (B) is Montel and B is a bounded subset of A\o(A)
(hence, of Ao (A)), then the set Wy, ,(B) is relatively compact in Ao (B) and
hence, in A\g(B). This means that W, ,: Ao(A) — Ao(B) is Montel.
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Now, suppose that Wy, ,: Ag(A) — Ao(B) is Montel. By [19, Corollary
2.3], the dual operator Wy : Ao(A); — Ao(B)j; is Montel. Since Ag(A)j; and
Ao (B)’ﬂ are complete (LB)-spaces (see, f.i., [12, Proposition 10]), we can apply
(19, Corollary 2.4] to get that the bidual operator Wy : Ao(A)j — Ao(B)j is
also Montel. Since Ao (A) is the strong bidual of A\g(A) (Aeo(B) is the strong
bidual of \o(B)) and W/ , = Wy, (apply Remark 3.24 with X = \o(4) and

Y = Xo(B)), we get the claim. O

In the next result, we characterize when a weighted composition oper-
ator acting on sequence (LF)-spaces of type [,(V) is Montel. The proof is
an application of Theorem 2.2(3), and of Propositons 3.22 and 3.25, taking
into account that for a system V = (V},),en of weights on N we have that
I,(V) =1ind penAp(Va), for 1 < p < co or p = 0, where each A\,(V},) is a Kéthe
echelon space.

Theorem 3.26 Let V, W be two systems of weights on N and let ¢ = (¢;)ien €
NV u = (u;)ien € w, with ¢ increasing. Let p € [1,00]U {0}. Suppose that 1,(V)
is reqular and that 1,(W) satisfies the condition (M). Moreover, suppose that
the operator W, o : [,(V) — [,(W) is continuous. Then the following assertions
hold true:

(1) If 1 <p < oo, then Wy o: 1,(V) — 1,(W) is Montel if, and only if, for all
m € N there exists n € N such that for every v, € Aoo(Vin)+ and k € N
we have

lim o%,(n) Y wh, (j)u;P =0.

n—oo i
jE€p—1(n)

(2) If ¢: N — N is a proper map, then W ,: loo(V) — loo(W) is Montel if,
and only if, Wy ,: lo(V) — lo(W) is Montel if, and only if, for allm € N
there exists n € N such that for every T, € Aoo(Vin)4 and k € N we
have

lim T, (n) sup  wpk(f)u;| = 0.
n—os jeein)

Theorem 3.26 extends to the case of weighted composition operators the
characterization of when a multiplication operator acting on sequence (LF)-
spaces of type [,(V), for p € [1,00] U {0} is Montel given in [31, Theorem
4.12].

3.6. Reflexive Weighted Composition Operators Acting on Kothe Echelon
Spaces and on Sequence (LF)-Spaces

In the following, we give necessary and sufficient conditions in order that a
weighted composition operator acting either on Kothe echelon spaces or on
sequence (LF)-spaces of type [,(V) is reflexive.
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For p = 1,0, 0o, we will show that a weighted composition operator acting
on Kothe echelon spaces is Montel if, and only if, it is reflexive. In order to see
this, we observe what follows.

Let A = (an)nen, B = (byn)men be two Kothe matrices and fix ¢ =
(pi)ien € NN u = (u;)ien € w. For p = 1,0, 00, assume that Wit Ap(4) —
Ap(B) is continuous. Then we have:

(i) If p = 1, by Schur’s Theorem (see [42]) a bounded subset B of A;(A)
is weakly (relatively) compact if, and only if, it is (relatively) compact.
Accordingly, W, ,,: A1(A) — A (B) is reflexive if, and only if, it is Montel;

(ii) If p = 0 and ¢: N — N is a proper increasing map, we claim that
Way,e: Ao(A) — Ao(B) is reflexive if, and only if, it is Montel. We only
have to show that the condition is necessary. So, suppose that Wy, o, : Ao(A)
— Ao(B) is reflexive. By a result of Grothendieck [22] (see also [27,
p.204]), this implies that W, , = W;:gp (see Remark 3.24) maps Ao (A) =
(Mo(A)5)j in Ao(B). If we set A = Moo (A) 1, then we get that W, ,(A) C
Ao(B). But, this is equivalent to say that for every @ € A and m € N the
sequence (a(@n)Unbm(n))nen vanishes at infinity, that is

lim a(n) sup bm(j)|u;| =0
e j€p~t(n)

Therefore, the condition (2) (see (3.7)) in Proposition 3.22 is satisfied

and hence, the claim is proved.

(iii) If p = oo and ¢: N — N is a proper increasing map, then the weighted
composition operator Wy, ,: Aoo(A) — Moo (B) is reflexive if, and only if, it
is Montel. Indeed, by [19, Corollary 2.3, 2.4] the fact that W, ,,: Aso(4) —
Aoo(B) is reflexive implies that W, ,: Ag(A) — Ao(B) is reflexive. So, in
view of point (ii) above, we can conclude that W, ,: Ag(4) — Ao(B)
is Montel. Thus, by Proposition 3.25 also Wy ,: Aac(A) — Aoo(B) is
Montel.

Therefore, we can give a first characterization. The proof is an application of
Theorem 2.2(3)—(4) and the considerations above, taking into account that for
a system V of weights on N we have 1,(V) = ind penA,(Vy,), for 1 <p < oo or
p = 0, where each \,(V},) is a Kéthe sequence space.

Theorem 3.27 Let V, W be two systems of weights on N and let ¢ = (¢;)ien €
NN, u = (u;)ien € w, with ¢ an increasing sequence. Let p = 1,0, 00. Suppose
that 1,(V) is regular and that 1,(W) satisfies the condition (My). Furthermore,
for p # 1, suppose also that ¢ is a proper map. If W, , € L(1,(V),1,(W)),
then Wy, is reflexive if, and only if, Wy , is Montel.

We now consider the case 1 < p < oo. Since A\,(A) and \,(B) are re-
flexive Fréchet spaces ([12, Proposition 9]), the weighted composition operator
Wa,e: Ap(A) — Ap(B) is clearly reflexive. In this case the following character-
ization is valid. The proof is an obvious consequence of Theorem 3.1.
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Theorem 3.28 Let V, W be two systems of weights on N and let ¢ = (¢;)ien €
NV u = (u;)ien € w. Let 1 < p < oo. Suppose that 1,(W) is regular. The
weighted composition operator W, ,,: 1,(V) — 1,(W) is continuous if, and only
if, it is reflexive.

Theorems 3.27 and 3.28 extend to the case of weighted composition op-
erators the characterization of reflexive multiplication operators acting on se-
quence (LF)-spaces of type ,(V), for 1 € [1,00] U {0}, given in [31, Theorem
4.13] and [31, Proposition 4.14], respectively.
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