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Abstract. Inspired by Jaming’s characterization of the Fourier transform
on specific groups via the convolution property, we provide a novel ap-
proach which characterizes the Fourier transform on any locally compact
abelian group. In particular, our characterization encompasses Jaming’s
results. Furthermore, we demonstrate that the cosine transform as well as
the Laplace transform can also be characterized via a suitable convolution

property.
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1. Introduction

It is well-known that the Fourier transform satisfies the convolution property.
More precisely, let G be a locally compact abelian group with a Haar measure

~

w and a dual group G. The Fourier transform is a map F : L'(G) — Cy(G)
given by the formula

FI0) = [ @) duta), )
G
whereas the Fourier convolution x# : L'(G) x L'(G) — L'(G) is given by

frgla) = /G F(w)g(a —u) du(u). (2)

For the sake of convenience, from this point onwards we will write dz and du
instead of “du(x)” and “du(u)”, respectively. The following Fourier convolution
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property (see Lemma 1.7.2 in [3], p. 30) holds for every f,g € L*(G):

F(f *79) = F(f)F(9).

Jaming (partly inspired by the works of Alesker, Artstein-Avidan, Faif-
man and Milman on product preserving maps, see [1]) proved that the con-
volution property characterizes (to a certain degree) the Fourier transform
if G = R,S',Z or Z, (see [5]). His paper inspired Lavanya and Thangavelu
to show that any continuous *-homomorphism of L'(C?) (with twisted con-
volution as multiplication) into B(L?(RY)) is essentially a Weyl transform
and deduce a similar characterization for the group Fourier transform on the
Heisenberg group (see [8,9]). Furthermore, Kumar and Sivananthan went on to
demonstrate that the convolution property characterizes the Fourier transform
on compact groups (see [7]).

Studying the topic we realized two things that prompted us to write this
paper. Firstly, Jaming’s characterization of the Fourier transform need not be
restricted to particular cases G = R, S',Z or Z,. There is a unified approach
for all locally compact abelian groups, which we demonstrate in the first part
of Sect. 2.

Secondly, we discovered that the Fourier transform is not the only integral
transform that can be characterized via the convolution property. In the second
part of Sect. 2 and in Sect. 3 we explain that cosine and Laplace convolutions
characterize cosine and Laplace transforms, respectively.

2. Fourier and Cosine Transform

As we have agreed in the Introduction, let G stand for a locally compact abelian
group with Haar measure p and dual group G. The formula for the Fourier
transform and Fourier convolution are given by (1) and (2), respectively. We
start off with a well-known fact:

Lemma 1. For every function g € LY(G) and x,y € G the following equality
holds

Lyg*r Lyg = g*F Latyg,
where for every z € G the operator L, : L'(G) — LY(Q) is given by

L.f(u):= f(u—2).

The following theorem generalizes Theorems 2.1 and 3.1 in Jaming’s pa-
per (see [5]).

Theorem 1. Let T : LY (G) — C*(G) be a linear and bounded operator. If it
satisfies the Fourier convolution property

T(f*rg9)=T()T(9)
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for every f,g € L'(G), then there exists an open set E C G and a continuous
function 0 : E — G such that

F(f)ob ] E,
riie = { TR 0
Furthermore, if we assume that T satisfies the additional property
T(Lyf)(¢) = ¢(z) - T(f)(#) (4)

for every f € LMG), ¢ € G and x € G, then 0£(¢) = .

Proof. We begin by defining
pi= () T on= () {scd 1w -of.
feLy (@) feL (G)

which is obviously a closed set. Next, we define
E:=G\D= {¢ €G Jrerie) T()(9) # 0}7

which is open. If ¢ € D = @\E then the equality (3) is obvious. Hence, we
choose ¢ € E and consider a nonzero, linear functional T} : L!(G) — C given
by Ts(f) == T(f)(¢). We pick g. € L'(G) such that Ty(g.) = 1 and define a
function x4 : G — C by the formula

Xo(2) := Ty(Lage).

Let us remark, that the choice of g. need not be unique, so there might be
many functions xg corresponding to ¢.

We will now focus on proving various properties of the function y,. To
begin with, we observe that for every =,y € G we have

Leninal

Ty(Lag:)Ty(Lygs) = Ts(Lags x5 Lyge) =" To(g« %7 Latyg«)
=T, (9*)T¢(Lw+y9*) = T¢(L:1:+y9*)-
Taking the complex conjugate reveals the equation
Xo(2)Xs(y) = Xo(z + 1),

which holds for every z,y € G. Furthermore, since Ty is a continuous linear
functional, then Lemma 1.4.2 in [3], p. 18 implies that x4 is continuous. It is
also nonzero (as x4(0) = 1) and bounded, since for every € G we have

X6 (@) < T (Lag)| < [Tsll - 1 Lagell = [Toll - llg-ll- (5)

Next, we argue that |x4(x)| =1 for every € G. Indeed, suppose there exists
Z € G such that |x4(Z)| # 1. Since

1= [xs(0)| = [xs(Z = )| = [xs(T)l[x0(—7)|
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then either |x(Z)| > 1 or |x¢(—Z)| > 1. Without loss of generality, we may
assume that the former is true. Consequently, we have

im s(nz)] = o (@)]" = s,
which contradicts boundedness of x,. Hence, we conclude that |x4(z)| =1 for

every x € G. This means that x4 € G. We put 07 (¢) := x4 and observe that
by Lemma 11.45 in [2], p. 427 (or Proposition 7 in [4], p. 123) we have

F(f) 0 05 (6) = /G f(@)xo(@) da = /G F@)Ty(Log,) da

=Ty (/G f(x)Lag. da?) = Ty(f *F g«)

=Ty(f)Ty(gx) = Tp(f)

for every f € L'(G). This is the equality (3).

In order to see that fx is continuous we invoke (again) Lemma 1.4.2
in [3], p. 18 and conclude that the map z — T(L,g.) is continuous. Con-
sequently, the family (T(Lyg.))zex is compact in C*(G) for every compact
K C G. In particular, by the Arzela—Ascoli theorem, the family (T(L,g+))zex
is equicontinuous at every ¢, € E, i.e., for every € > 0 there exists an open
neighbourhood U, of ¢, such that

T (Log:) (@) — T(Lag«)(94)] < €
for every ¢ € U, and x € K. This implies that
sup |x¢(z) — xg.(2)| <€
rEK
for every ¢ € U,. In other words, as ¢ converges to ¢,, x, converges to X, ,
which proves continuity of 67 and concludes the first part of the proof.

For the second part, we assume that the operator T satisfies (4). Hence,
we compute that

Xo(#) = T(Eeg)(9) L 5() - T(9.)(8) = 9(0) - xo(0) = 3(2)
for every ¢ € E and = € GG, which concludes the proof. O

We move on to show that the cosine transform admits a similar con-
volution characterization. The cosine transform is a map C : L'(G) —
Co(COS(@)) given by the formula

) = /G f(@)x(a) dr, (6)
where

COS(G) = {x € C(G) x £ 0, Vayea X(@)x(y)= }
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Functions in COS(G) are called cosine functions on group G, since for G =R
we have

COS(G) = {x — cos(yz) y € R}.
The cosine convolution x¢ : L' (G) x L*(G) — L'(G) is given by
glx+u)+g(z—u
Fregte) = [ s o)y, Q0

2

Let us recall a property of the cosine convolution which will be crucial in
the sequel (see Theorem 2 in [6]):

Lemma 2. Let v,y € G. If g € L*(G) is an even function, then

Losvg+ Lo
Lyg*c Lyg = g*c M- 9)

Before we present a characterization of the cosine transform we need one
more technical result:

Lemma 3. Let T : L'(G) — C*(COS(Q)) be a linear and bounded operator,
which satisfies the cosine convolution property

T(f*cg) =T(f)T(g) (10)

for every f,g € LY(Q). If p € COS(G) is such that T(f.)(¢) # 0 for some f. €
LY(G), then there exists an even function g. € L*(G) such that T(g.)(¢) # 0.

Proof. Let + : G — G be the inverse function t(z) := —z and let T} :
L'(@) — C be a nonzero, linear functional given by T, (f) := T'(f)(¢). Then

(fou) % (o / foulu :r—i—u)‘;f(ﬁ—u) "

H;*“/ Flu) - x—u)—;—f(x—l—u)
G

du= f+c f
for every f € L'(G). This leads to

To(f o )Ty(f) =To((for) e ) =Ty(f *c f) = Ty(f)?

for every f € L'(G). Consequently, we have Ty (f. o t) = Ty(f.). Finally, we
put g« := f« + f« ot and observe that

Ty(g+) = To(fr + fror) =Ty (fi) + Ty(fu 0 0) = 2T (fs) # 0,
which concludes the proof. O

We are now ready to demonstrate a counterpart of Theorem 1 for the
cosine transform:
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Theorem 2. Let T : L'(G) — C*(COS(Q)) be a linear and bounded operator.
If it satisfies the cosine convolution property (10), then there exists an open
set E C COS(G) and a continuous function 0c : E — COS(G) such that

C(f)o8 if E,
rie = { S G 1)
Furthermore, if we assume that T' satisfies the additional property
L, L_,
7 (ELEE=) (0) = o00) - TU)0) (12)

for every f € LY(G), ¢ € E and x € G, then 0c(¢) = ¢.

Proof. The proof follows the same lines as the proof of Theorem 1. We define
£~ {0 €COS(O) Fyeie T 0

and (as before) argue that it is an open set. For ¢ € G\ E we have T(f)(¢) = 0
for every f € LY(G), i.e., (11) is satisfied. Thus, for the rest of the proof we
choose ¢ € F.

Next, we consider a nonzero, linear functional T, : L'(G) — C given
by Ty(f) :== T(f)(¢). By Lemma 3 there exists an even function g, € L'(G)
such that Ty(g+) = 1, which we use to define a function x4 : G — C by the
formula

Xo(7) 1= Ty(Lags)-
As in Theorem 1 we study the properties of x4 and see that

— it is nonzero due to x4(0) = 1,
— it is bounded due to (5),
— it is continuous due to Lemma 1.4.2 in [3], p. 18.

Furthermore, we have

LemmaZ2 Lz g« + Lz— gx
Ty(Lygu)Tp(Lygs) = Ty(Loge xc Lyg) =7 T, (g* e .

2
Ty(Latygs) + T (La—yg)
:T¢(g*)- o\ Loty 5 o\ Lz—y
_ Ty (Lavygs) + T (La—ygs)
2
for every x,y € G. This can be written as
_ Xe(@+y) +xs(z—y)
2

for every x,y € G. We conclude that x4 € COS(G), which in particular means
that

Xo ()X (y) (13)

Yoly) = Xo(y) +2X¢(—y) (14)
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for every y € G. We put 6¢(¢) := x4 and observe that by Lemma 11.45 in [2],
p. 427 (or Proposition 7 in [4], p. 123) we have

C(f) o Oe(s /f 2)x(@ da:(l)/f +X¢( Xo(@) + Xxo(=2)
/ f zg*) "‘2T¢(Lfa:g*) dx

* Lw*
_T¢(/f zg+ g dm)

=Ty(f *c g«) = T¢(f)T¢(g*) =Ts(f)

for every f € L'(G). This demonstrates the equality (11). To conclude the
first part of the theorem we observe that 6 is continuous due to the same
reasoning as in Theorem 1.

For the second part of the theorem we compute that

12 Lyg.+ L_59. L,g. +L_,9.
o) Ty(gn) B, (Lot Loste) [ Lat W) EE0 )
G
r+y)+ -
:/ g*(y)'x¢( y) 2X¢(y ) dy
(13)
= Xo(x) ; 9+(W)xs (W) dy = X (x)T(9x)
for every ¢ € E and « € G. Dividing by T4(g+) we conclude the proof. O

3. Laplace Transform

In the previous section we focused on Fourier and cosine transforms, character-
izing them via suitable convolution properties. The purpose of the current sec-
tion is to demonstrate that the Laplace transform enjoys a similar characteriza-
tion. Let us recall that the Laplace transform is a map £ : L'(Ry) — Cp(R4)
given by

C()(y) = / T e () de

Unlike in the previous section, when discussing the Laplace transform we
assume that both spaces L'(R,) and C?(R,) comprise of real-valued (not
complex-valued) functions.

If the Laplace convolution x, : L'(Ry) x L'(R,) — LY(Ry) is given
by

f e gz / fwg( — ) du (15)
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then it is well-known that following equality (see Theorem 2.39 in [10], p. 92)
holds for every f,g € L*(R,):

L(f % 9) = LNL(9)- (16)

Similarly to the previous section, our goal is to “reverse the implication” and
ask whether there are any other operators satisfying (16). A (almost) negative
answer will constitute a characterization of the Laplace transform in terms
of the Laplace convolution (15). To this end, we need the following auxilary
lemma:

Lemma 4. Let g € L>®(Ry) and let D be a dense subset in L*(Ry). If
f(z)g(x) dz =0
Ry
for every f € D, then g = 0.

At last, we are ready to characterize the Laplace transform in terms of
the Laplace convolution property:

Theorem 3. Let T : L'(Ry) — C*(R.) be a linear and bounded operator. If
it satisfies the Laplace convolution property

T(fxcg)=T()T(9) (17)

for every f,g € L*(R..), then there exists an open set E C Ry and a continuous
function 0z : E — Ry U {0} such that

T ={ FD P e . (18)

Furthermore, if we assume that T satisfies the additional property that there
ezists t, € Ry such that

T(Ly. f)(y) = e " T(f)(y) (19)
for every f € L*(R,) and y € E, where

Lo f(x) = {f@ —t) o>t

0 0 < <t
then 0,(y) = y.

Proof. Just as in Theorems 1 and 2 we commence the proof by defining
B {y€Re Spenmy T £0).

If y € Ry \E then T(f)(y) = 0 for every f € L'(R;) and thus the equality
(18) holds. Hence, we focus on y € E and define a nonzero, linear functional
T, : L'(Ry) — R given by T,,(f) := T(f)(y). As the dual of L'(Ry) is
L>(R4) then there exists a nonzero function x, € L (R,) such that
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[ o do
0
for every f € L'(Ry).
By Fubini’s theorem we have

T,(f e g) = / T f e gy, () du = / N / " F(0)g(u—v)xy(u) dvdu

:/oo /OO F)g(u — v)xy (u) dudv
wt / / f(0)g(uw)xy(u+v) dudv

for every f,g € L*(R4). Since T}, is nonzero we pick g. € C.(R;) such that
Ty(g«) = 1. By the Laplace convolution property (17) we have

Ty(f *c g+) = Ty (f)Ty(9:) = T,(f)
for every f € L*(Ry). This implies that we have

// f(0)gs(u)xy(u+v) dudv*/ f(w)xy(v) do,

or equivalently

/000 f(v) </OOO gu(w)xy(u+v) dU—xy(v)> do — 0

for every f € L'(R,). Since

oo [T gt o) di- )
is a L>°—function then by Lemma 4 we conclude that
W)= [ g o) du
0

for every v € Ry. We use this integral functional equation to establish conti-
nuity of x,. For a fixed v, € Ry and h € (—v.,v,) we have

Ixy (Vs +h) =Xy (vs) \—‘/ (u)xy(utvs+h) du— /000 g (U)xy (u + vs) du

oo

oo

g(u=v. — 1)y () du= [ g.(u=v)x,(w) du

Vx

vet+h

</ g =00 = 1) = g u = )y 1) d
Vit

vye+h
+ / 19 (= ) Py (w)] dus

*

< Iheolloo (/ g0 (w2 — ) — g (u—03) du+ug*|\ooh) |
ve+h
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Since g, is continuous and compactly supported and h € (—v.,v,) then there

exists some constant C such that the function
oo

h — |9« (u = v = h) = g« (u —v4)| du
ve+h

C
=/ 9t — 02 — 1) — gulu — v.)] du
ve+h

is continuous and takes the value 0 for h = 0. Consequently, we have
Tin [x (0 + h) — xy (0)] = 0,

establishing the continuity of x,.
For the second time we use the Laplace convolution property (17) to
obtain

[ st e avae= [7[7 s dud

which we rewrite as
[T s (s 0 - xy@r) dude =0

forevery f,g € LY(Ry). Since (u,v) — Xy (u+v)—x, (v)xy(u) is a L% —function,
then by Lemma 4 we have

Xy (U 0) = Xy (V)xy ()

for every u,v € Ry.

Suppose, for the sake of contradiction, that there exists some u € Ry
such that x,(a) = 0. It immediately follows that x,(v) = 0 for every v > 4.
Next, since

o\ 2
0= x(®) =y ()
then x, (%) = 0. An inductive reasoning establishes that x, (2%) = 0 for every
n € N. This means that x, = 0 and consequently, 7}, = 0. This contradicts
our choice of y € E (made at the beginning of the proof) so we assume that
Xy(u) # 0 for every u € Ry. By a standard (an easy) argument we establish
that x,(u) = e *" for some z € Ry U {0}. We set ,(y) := z.

To conclude the first part of the proof we need to demonstrate that 6,
is continuous. We fix y. € E and observe that since 7}, is a nonzero func-
tional, then there exist a,b € Ry such that T'(L(4p))(y«) # 0. By continu-
ity of T'(1(4,)) there exists an open neighbourhood U, C E of y. such that
T(Lap)(y) # 0 for y € Us. Next, we define h : Ry U {0} — R with the

formula

h(z) = / " (20)
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This function is clearly continuous on Ry and (as strictly monotone) has a
continuous inverse. Consequently, for every y € U, we have

b
T(1iap)(y) = / 0w gt = h(Be ().

This implies that 6, = h~'o T(1(qp))|v, is continuous at y. as a composition
of two continuous functions.
For the second part of the proof, we have

1)) D T (L ) = / Lo f(x)e 0% dy

= / flz— t*)e_eﬁ(y)”’ dx
t

(o]
:/ F@)e et gy
0

= e O T(f)(y)

for every f € L'(R,) and y € E. For every y € E we choose f € L'(R,) such
that T'(f)(y) # 0 to conclude that 0,(y) = y. O
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