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Abstract. We identify an incorrect estimate in the proof of one of princi-
pal theorems from Marchwicki and Miska (Results Math, 2021. https://
doi.org/10.1007/s00025-021-01479-2) and demonstrate that the original
construction of a special series with unique subsums remains valid when
using a weaker estimate that we prove to be true. Additionally, we present
a weaker version—without the uniqueness of subsums—of the Thm. 2.1
from Marchwicki and Miska (2021), but with a very simple proof based
on the concept of semi-fast convergent series.
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The main goal of this short note is to expose an incorrect estimate in the
intricate proof of one of the principal theorems of the recently published paper
[2]. The proof is based on a very delicate and complicated construction of a
special convergent series and we have decided to write this note as an extension
of the forementioned paper, assuming in particular that the reader will be
familiar with all preliminaries and notation used in the paper [2] which allows
us to use identical notation and definitions without adding any preliminaries
to this note. The theorem whose proof requires an amendment is the following
[2, Thm. 2.1].

Theorem 1. Let C = {n1 < ny < ng < ---} be an infinite subset of N. Then
there exists a non-increasing sequence () of positive real numbers such that
the series > | @y, is convergent, {n e N: x, > r,} =C,{neN: z, <
rn } = C° and A(xy,) = U(xy,). In particular, A(z,) is a Cantor set.
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The first part of the original proof [2, pp. 4-6] is devoted to the definition
an auxiliary sequence (y,,), the main sequence (z,) and to some crucial prop-
erties of these sequences. The second part of the proof [2, pp. 6-7] deals with
uniqueness of subsums which is then used to conclude that the achievement
set A(x,) necessarily is a Cantor set. However, it came to our attention that
one estimate in the second part is incorrect. Namely, in the second line from
the top on the seventh page of the article the Authors claim that

S e Y

neFNI neGNIy

€ [2™ ™ ypgn, 27 kg |

when
|Fﬂ]k| = \Gﬂ[k\ and FnlI 75 GNlI. (1)

However, under the assumptions (1), we have for any m between 1 and

Ng4+1— Nk
2

i {
Nk+1—Nk

= 27y — > 2 Y1 (2)
i=1

i=Np41—ng—m+1

S - Y

ABC I, ANB =1, |A:|B:m}
neA neEB

and hence, in the case (1), |Zn€ka D DR | can take the value

X{ E Ty, — g Tyl :
Ngp1—Nk

neA nebB
= max ZQ Yk+1 — Z 27 Yt

"k+1_ﬂk
1§m<\‘ i=npy1—nr—m+1

m—1 1 1
> Y+l max (ZQ_ +27n_2”k+1—”k—m>

k41" "k
1SWSL%J i=1

1
> Yk+1 (1— 27,11)7

that is, the estimate

0#ABCI, AnB =0, |A|B}

< 27y

S - Y

neFNI neGNIy

could fail in the case (1) when ng; — ng > 5.
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Fortunately, the original proof can be rescued by observing that the equal-
ity (2) yields—in the discussed subcase—the following estimate
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and hence (see [2], lines 6-9 from the top of the page 7)
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and the last inequality is exactly(!) the inequality 2™ ""*yp > r,, | 4+ Y41
(with k replaced by k + 1) that was proved on page 5 of [2].

We conclude this note with a weak version of the Thm. 2.1 from [2] that,
firstly, preserves the crucial part of the thesis of the theorem and, secondly,
admits a rather simple proof based on the omission of the argument of A(z,) =
U(x,) and on the use of the concept of semi-fast convergent series instead.

A series > x,, with monotonic and positive terms convergent to 0 is called
semi-fast convergent [1] if it satisfies the condition

Ty > 5 Tl
k:xp<zy

If > x, is a semi-fast convergent series, then there exist two uniquely deter-
mined sequences, (ay) of positive numbers decreasing to 0 and (Ny) of positive
integers such that

k—1 k
T, = for ZN]- < i < ZNj,
j=0 j=0
where we put Ny := 0. The numbers ay are the values of the terms of the

series > x, and N} is the multiplicity of the value a4 in the series. Thus, we
can identify

Zfl?n = Z(Oék, Ni) or (zn) = (ar, Ni)
and the sum of the series is Yz, = > (g, Ni) = Y poq @i N
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Below is the weaker version of the Thm. 2.1 from [2] that can be proven
by means of semi-fast convergent series.

Theorem 2. Let C' = {ny < ng < ng < ...} be an infinite subset of N. Then
there is a non-increasing sequence (x,,) of positive real numbers such that the
series Y o |y converges, {(n € N: z, >r, } =C,{neN: z, <r,}=C°
and A(xzy) is a Cantor set.

Proof. Define ng := 0 and choose any xog > 0. Further, let I, := {ni_1 +
1, ng—1+2,...,n} for £ € N. Then we define by induction a sequence
(2)ien such that
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The following estimate holds for the ng-th remainder of the series Zf; T
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Thus (z;)ien = (g, Ng)ren with ap = Zp, and Np = ng — ng_1, that is,
Yoo, x; is a semi-fast convergent series and hence A(z;) is a Cantor set by the
Thm. 16 from [1].

Clearly, the equalities {(n e N: z, >r, } =C,{neN: z, <r,} =C°
hold for the series. O



Vol. 78 (2023) More on Kakeya Conditions for Achievement Sets Page 5 of 6 113

Acknowledgements

We wish to express our gratitude to the anonymous referee for careful reading
of the paper.

Funding The research of the first author is supported by the Grant of the
Polish National Science Centre No. UMO-2019/34/E/ST1/00094.

Data Availibility Our manuscript has no associated data.

Declarations
Conflict of interest There are neither conflicts of interest nor competing inter-
ests.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

[1] Bartoszewicz, A., Filipczak, M., Prus-Wisniowski, F.: Semi-fast convergent se-
quences and k-sums of central Cantor sets. Eur. J. Math. 6, 1523-1536 (2020)

[2] Marchwicki, J., Miska, P.: On Kakeya conditions for achievement sets. Results
Math. (2021). https://doi.org/10.1007/s00025-021-01479-2

Piotr Miska

Faculty of Mathematics and Computer Science, Institute of Mathematics
Jagiellonian University

ul. Lojasiewicza 6

30-348 Krakéw

Poland

e-mail: piotr.miska@uj.edu.pl


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s00025-021-01479-2

113 Page 6 of 6 P. Miska et al. Results Math

Franciszek Prus-Wisniowski

Instytut Matematyki

Uniwersytet Szczecinski

ul. Wielkopolska 15

70-453 Szczecin

Poland

e-mail: franciszek.prus-wisniowski@usz.edu.pl

Jolanta Ptak

Doctoral School

Uniwersytet Szczecinski

ul. Mickiewicza 16

70-384 Szczecin

Poland

e-mail: jolanta.ptak@phd.usz.edu.pl

Received: December 27, 2022.
Accepted: March 5, 2023.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



	More on Kakeya Conditions for Achievement Sets
	Abstract
	Acknowledgements
	References




