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Abstract. We give necessary and sufficient conditions on an m-isometry
to have an invertible m-isometrical extension. As particular cases, we give
a useful characterization for a general m-isometrical unilateral weighted
shift and for ¢-Jordan isometries. In particular, every ¢-Jordan isometry
operator has an invertible (2¢ — 1)-isometrical extension.
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1. Introduction

In the last twenty years there has been an intense research activity on m-
isometries. In this paper, we focus our attention on characterizing m-isometries
that have an invertible extension that is also m-isometry.

The notion of m-isometric operator on a Hilbert space was introduced
by J. Agler [2] and studied in detail shortly after by J. Agler and M. Stankus
in three papers [4-6]. These publications can be considered the first ones to
initiate this topic of study.

An operator T' € L(H), the algebra of all bounded linear operators acting
on a Hilbert space H, is called an m-isometry, for some positive integer m, if

m
3 (m)(—mk‘T*’ka =0,
k=0 k
where T™ denotes the adjoint operator of T. When m = 1, we obtain an
isometry. It is said that T is a strict m-isometry if either m = 1 or T is an
m-isometry with m > 1 but it is not (m — 1)-isometry.

As one should expect, m-isometries share many important properties with
isometries. For example, the following dichotomy property: the spectrum of an
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m-~isometry is the closed unit disc if it is not invertible or a closed subset of the
unit circle if it is invertible [4]. Also, if T' is an m-isometry, then T is bounded
below; that is, there exists M > 0 such that ||Tx| > M||z| for every z € H.

Given an m-isometry T' € L(H), we are interested in research conditions
which guarantee the existence of a Hilbert space K and an operator S € L(K),
which is an extension of T, such that S is an invertible m-isometry. To say that
S € L(K) is an extension of T € L(H) means that K contains an isometric
subspace to H, which we denote also by H, and the restriction S|y from H to
H coincides with T

Problem 1.1. Characterize those m-isometric operators which have an invert-
ible m-isometrical extension.

In 1969 Douglas [13] obtained that any isometry in a Banach space has
an invertible isometric extension, also valid in a Hilbert space context. So, the
case m = 1 holds. For m > 2, first immediate consideration is that m must be
odd, since every invertible m-isometry with even m is an (m — 1)-isometry by
[4, Proposition 1.23].

Our problem is similar to others that arise naturally in Operator Theory
and can be formulated in very general terms as follows. Given a class C of
operators, for example defined on Hilbert spaces, and given a property P
relative to those operators, we wish to characterize the operators that have an
extension in the class C with property P.

Let T € L(H) and S € L(K) with H a closed subspace of K. Denote by
Py the orthogonal projection of K onto H and by J the inclusion of H into
K. Tt is said that

e Sisa lifting of T if PyS =T Py.

e S is a dilation of T if T = PyS™J, for every n € N.
Many authors have studied, for a given bounded linear operator T' € L(H),
some additional properties of extension, lifting, or dilation of the operator T.
The following results are known and respond to these problems:

e Every contraction has an extension which in turn has a unitary lifting.
Thus, every contraction has a unitary dilation. Also, a contraction has a
lifting which is an isometry. See [16].

e Every isometry has a unitary extension. See [13].

e Every operator T such that the norms of its powers grow polynomially
has an m-isometric lifting for some integer m > 1. This lifting can be
also extended to an invertible m-isometry. See [9].

Notice that the norms of the powers of an m-isometry have a polynomial
behaviour (see part (1) of Proposition 2.1). However, there are operators such
that those norms have a polynomial behaviour that are not m-isometries. In [9],
the authors study lifting and dilations which are m-isometries. In particular,
they obtain that if 7" is an m-isometry, then 7" has an (m + 3)-isometric lifting
with other additional properties.
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A special class of m-isometric operators is the ¢-Jordan isometries; that
is, operators which are the sum of an isometry and an /-nilpotent operator
which commute. It is known that every ¢-Jordan isometry is a strict (2¢ — 1)-
isometry, but the converse is not valid. However, every strict m-isometry on
a finite dimensional Hilbert space is an L;U—Jordan isometry operator. See
[3,12,17] for more details.

Another natural and important examples of m-isometries are certain
weighted shift operators. In [1,11], the authors obtained a characterization
of weighted shift which are m-isometric.

We summarize the contents of the paper. In Sect. 2, we define a bilateral
sequence of operators associated to an m-isometry that allow us to transfer
important information of the m-isometry to the bilateral sequence, that it will
be an important tool in the paper. In Sect. 3, we present some necessary con-
ditions to obtain an invertible m-isometrical extension. The main results are
given in Sect.4 where we obtain characterizations for an m-isometry to have
an invertible m-isometrical extension. Finally, in Sect. 5, we present particular
classes of m-isometries for which one can obtain nice results. In particular, we
give a useful characterization for a general m-isometrical unilateral weighted
shift and for ¢-Jordan isometries. In particular, every ¢-Jordan isometry oper-
ator has an invertible (2¢ — 1)-isometrical extension.

2. Some Previous Results

In this section, we define a bilateral sequence of operators associated to an m-
isometry, that allow us to transfer important information of the m-isometry to
the bilateral sequence that it will be relevant for obtaining necessary conditions
for having an invertible m-isometrical extension.

Any polynomial of degree less or equal to m—1 is uniquely determined by
its values at m distinct points. If ag, a1, ..., am—1 are given real (or complex)
numbers, then the unique polynomial p of degree less or equal to m — 1 satisfy-
ing p(k) = ay, for all k € {0,1,...,m — 1} is giving by Lagrange interpolating
polynomial

m—1 2 _j
p(z) = ay —t
k=0  o<j<m-1 0]
ik
Note that
m—1
p(n) =) apby(n)
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with
n—j mek_in(n—=1)...(n—=k)---(n—m+1)
be(n) = - =(-1)
081;[71_1 k—j El(m —k —1)!
ik

(2.1)

where (n/;\k) means that the factor (n — k) is omitted.

Given T € L(H), define the bilateral sequence by

m—1

Dy =Y bp(n)T** T, (2.2)

k=0

for every n € Z. Clearly D,, € L(H) and it is self adjoint operator for every
n € Z.

Denote p, (k) := (Dyx, x) for every x € H and k € Z.

Given T € L(H), denote T > 0 if (Tx,x) > 0 for every x € H \ {0} and
we call it strictly positive operator.

We concentrate now on the family (D,,)nez of operators which arise from
a fixed m-isometry. Indeed, the bilateral sequence (D,,),cz has some interest-
ing properties that will be important tools to solve Problem 1.1.

Proposition 2.1. Let T € L(H) be an m-isometry and (D, )nez be operators
defined by (2.2). Then
(1) [11, Theorem 2.1] & [4] D,, = T*"T" and p,(n) = (Dyx,z) = ||T"z|?* >

0 for every x € H\{0} and n € N U {0}. Henceforth, there exists the
square Toot D}/2 of Dy, for every n € N U {0}.

2) D, is invertible for every n € NU{0}.

3) T**D,T* = D, 1} for everyn € Z and k € N.

4) Lety € R(T*) for some k € N. Then p,(—k) = ||z|?, where y = T*x.

5) If D_,, > 0 and invertible, then D_j > 0 and invertible for every k €
{1,2,--- ,n—1}.

Proof. (2) Let n € N. By [[14] Theorem 2.3] & [[10], Theorem 3.1] any power

of T', T™ is an m-~isometry, so, T™ is bounded below. Hence

IDnz|ll|z]l = (Dpz, 2)| = (Dpz, ) = |T"2||* > M(n)?||=||?,

where M (n) > 0. That is, D,, is bounded below. Then trivially D, is invertible
since D, is self adjoint operator. (3) It is enough to prove the required equality
for k = 1. Observe that

pro(n) = |T"Ta|® = |T"  2|* = pa(n + 1),
for every n € N and
(Dps1z,x) = pe(n+ 1) = pro(n) = (D, Tz, Tx) = (T"D, Tz, x)
for every n € Z. (4) Let y = T*z for some k € N and = € H. Then
py(n) = prig(n) = pe(k +n),
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for every n € N. Therefore p,(n) = p,(k + n) for every n € Z. (5) Let k €
{1,2,--- ,n—1} and = € H\{0}. If D_,, > 0, then by part (3),

(D_jpx,x) = (T *D_, T" *z,2) = (D_,T" %z, T"*z) > 0. (2.3)
Since T"~* is bounded below and by (2.3), we have that
|DYEal? = DT Fal® > M

So, the result is obtained since D_y, is a self adjoint operator. O

We close this section by studying the bilateral sequence (D,,),cz associ-
ated to unilateral weighted shift which are m-isometries.

Let H be a Hilbert space with an orthonormal basis (e, )nen. Recall that
the unilateral weighted shift given by Sy,e, = wpe,+1 on H, where w, =

1
p(n(Jr)) with p a polynomial of degree m — 1, is a non invertible strict
p(n
m-isometry, [1]. Also
n p(j +n)
e, (n) = ||Sw€j||2 = |wjwjyq - "wn+j71|2 = W (2.4)

The following proposition gives an explicit expression of the operator D,,,
when T is an m-isometrical unilateral weighted shift operator.

Proposition 2.2. Let H be a Hilbert space with orthonormal basis (en)nen and
let S, € L(H) be an m-isometrical unilateral weighted shift with weight se-
quence w = (wp)nen- Then

(1) D, is a diagonal operator for every n € Z, with diagonal

m—1 Jj+k—1
= > bu(n) T lwel,
k=0 (=5

where by(n) is giving by (2.1).
(2) Let n € Z. The following conditions are equivalent
(a) D, is invertible.
(b) Dy > 0.
(¢) Au(4) >0 for every j € N.

Proof. (1) By [1], there exists a polynomial p of degree m — 1, such that the

weights are given by w,, = p(”+1) . So,
m—1 JJrk*l
Dpej = b(n)SiFSke; = Z b (n H lwe|?e;
k=0 =)

,_n

Z bk + k) €j = )\n(j)ej ) (2'5)
k=0
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where

m—1 .
: p(j +k)
An(G) =D bi(n)——=—. (2.6)
,; p(j)

(2) It is immediate by (1). O
In general, the converse of part (5) of Proposition 2.1 is not valid. A
suitable choose of the weight sequence gives an example such that D_;, > 0

and D_(,41) is not positive for some ¢ € N.
Ezample 2.3. Let ¢ € N and define py(n) := (n + ¢)(n + ¢ + 1). Then S,

with weight w,, = 1/% is a 3-isometry and it satisfies that D_,, > 0 and

invertible for n € {1,---, ¢} and D_(441) is not. In fact,
Ay == _Uta-nmtg-ntl)
" Pq(j) G+al+g+1) 7

forn € N. If n € {1,--- , ¢}, then we have that —¢ — 14+ n < —g+n < 0.
Hence, A_,,(j) > 0, for every j e N. If n = ¢+ 1,
iG—1)
J+a)+aq+1)
Hence A_(;41)(1) = 0 and consequently (D_,1)e1,e1) = 0.

)‘—(q+1)(j) = (

3. Necessary Conditions of Having an Invertible m-isometrical
Extension

In an attempt towards solution of finding necessary conditions to obtain an
invertible m-isometrical extension, we draw upon an interesting connection
between D_; > 0 and the invertibility of D_; with the existence of a particular
m-isometrical extension. Notice that in the following theorem we do not obtain
an invertible m-isometrical extension.

Theorem 3.1. Let T € L(H) be an m-isometry. The following statements are
equivalent:

(i) There exist a Hilbert space K O H and an m-isometry S € L(K) such
that S\ = T and R(S) = H.
(i) D_1 >0 and D_; is invertible.

Proof. (i) = (ii): Let z € H and y = S~'2 € K. For n € Z, denote
m—1 m—1
Dy =Y be(n)S™*S*, Dy =Y bp(n)T*T"
k=0 k=0

and for n € N
Pe(n) = [|8"|?,  pa(n) := T x|?,
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where bg(n) is given by (2.1). Then

Then (D_jz,z) = |jy||> = (D_12,2) > 0 for all z € H. Also

1Syll* _ ll=ll*
112 1IS1?

ID_1z||lz] > (D_1z,z) = ||y|? >

So, D_1; > 0 and bounded below. Hence D_; is invertible since D_; is self
adjoint operator.
(7i) = (i): Consider the vector space H x H with a new seminorm

11(h, K)|| = | DY (Th + 1))
and the subspace
N:={(h,h)e Hx H : |||(h,h)]|]|] =0}.
Let K := (H x H)/N with the quotient norm
[11(h, 1) + NI|| := [ DT + 1))

Then K is a normed space. Let us prove that ||| - ||| satisfies the parallelogram
law. For v = (h,h’) + N and v = (g,¢') + N in K we have

u+olll? + [l = vl|” = (D_s(Th + b’ + Tg +¢'), Th+h +Tg+g)
+{(D_(Th+h —Tg—¢),Th+h' —Tg—g')
=2(D_1(Th+ k), Th+h') +2(D_1(Tg+¢'),Tg+g")
— 21l ul* + 2] Jo]| -
Henceforth, K is a pre-Hilbert space. The linear mapping ¢ : K — H defined
by ¢((h,h’) + N) = Th + 1’ is an isomorphism. Indeed, ¢ is bounded since
D_; is an invertible operator. It is clear that ¢ is onto and bounded below

since the square root of D_; is a bounded operator. Hence K is complete and
so it is a Hilbert space. Moreover,

[11(h, 0) + NI|[2 = | DY2(Th)||* = (D_yTh, Th) = (T*D_yTh, h)
= [ Dohll* = [Ih]|*.

So K contains H as a subspace and we identify h € H with (h,0) + N € K.



233 Page 8 of 21 T. Bermudez et al. Results Math

Define S on K by ((h,h’) + N) := (I'h + 1/,0) + N. The operator S is
well defined and bounded:
1S ((h,B") + N)III* = II(Th + B',0) + NI||* = |IDXF(T(Th + 1))||?
= (D_1(T(Th+ 1)), T(Th+ k")) = (Do(Th + K'), Th + ')
= ITh+ K'|[* < [DZ|P DY (Th+ W)
= IDZ221%11(h, 1) + | 2.
Clearly S is an extension of T'. Let h € H. We have identified h with (h,0)+N €
K and S((h,0)+ N) = (Th,0) + N. Also SK = H.
Let us prove that S is an m-isometry. Let uw = (h,h') + N € K and write
y:=Th+h' € H. We have that Su = (y,0) + N, S¥u = (T*~1y,0) + N and
[[1S%ul||? = [IDY2(TFy) |2 = |75 y||? for k € N. So

m

S0 (st = o+ 3o (7 s
S+ 0 (i
- ]é(—l)k(f)py(k_ 1) =0,

since p, has degree less or equal to m — 1. Hence S is an m-isometry. O

The following result gives necessary conditions of having an invertible
m-isometrical extension.

Proposition 3.2. Let T € L(H) be a strict m-isometry.

(1) If T is invertible, then p,(n) = |[|[T"z||*> > 0 for every x € H \ {0} and
n € Z.

(2) If T has an invertible m-isometrical extension S, then p,(—k):=| S~ z|?
> 0 for every x € H\{0} and k € N, where p,(n) := || T"z|* for n € N.
In particular, the degree of p, is even for every x € H \ {0}.

(3) If there exists an invertible m-isometrical extension of T, then D, > 0
and invertible operator for every n € Z.

Proof. (1) Part (3) of Proposition 2.1 yields that T*"D_,,T" = Dy = I for
n € N. So, for every z € H\{0} and n € N,

pz(—n) = (D_px,x) = (T*"T "z, x) = ||T_”gc||2 >0,

since T~! is an m-isometry.
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(2) Let x € H and n € N. Denote by

m—1

pa(n) : = (Dyz,x) = Y by(n)|[T ||
k=0
» m—1

Pe(n) : = (Dna,z) i= ) bi(n)]|S"z]?,
k=0

where S is an invertible m-isometrical extension of T'. Clearly, p,(n) = p(n) is
a polynomial of degree less or equal to m—1. Observe that p,(—n) = p,(—n) =
|S~"z||? for every n € N. O

Remark 3.3. (1) Observe that part (2) of the above Proposition implies that
the degree of p, is even if p,(n) > 0 for every n € Z. Indeed, this is a
different way to prove that there are no invertible strict m-isometries for
even m. See also [4, Proposition 1.23].

(2) The conditions D,, > 0 and invertible operator for every n € Z are not
sufficient to define an invertible m-isometrical extension of T'. Indeed,
invertibility of D,, would suffice to construct an unbounded m-isometrical
extension of T' with dense range.

Proposition 3.2 allow us to obtain that some m-isometries have not an
invertible m-isometrical extension.

Remark 3.4. Let T € L(H) be a strict m-isometry. Denote p,(n) := || T"x||?,
forn € Nand z € H \ {0}. Then
(1) If m =1, then p,(n) > 0 for every z € H\{0} and n € Z.
(2) If m is even, then there exist g € H and ng € Z with ng < 0 such that
pwo (n0) S 0.
(3) If m is odd, then it is possible that p,(n) > 0 for every € H \ {0}
and n € Z or there exist xo € H and ng € Z with ng < 0 such that
Yz (nO) <0.

In the following examples we present different behaviours of p,(n) with
negative integer n for unilateral weighted shift.

Ezample 3.5. Let p(n) = n™ ! with odd m. It is clear that pe, (n) := [|Sle;|[|* =

. m—1
(J + ) and p, (—j) = 0. So, S,, can not have an invertible m-isometrical
J

extension.

Ezample 3.6. Let p(n) == H?:ll(mn +4) with odd m. It is clear that
m—1

II_, mG+n)+i)
T i +i)

pe; (n) = [|Spe;|* =
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If j > n, then pc,(—n) > 0. In other case, pc,(—n) > 0 since m — 1 is even.
As we will see later, S, has an invertible m-isometrical extension by Theorem
5.1.

4. Characterization of Having an Invertible m-isometrical
Extension

The main result of this paper is to obtain, for a fixed m-isometry, characteri-
zations of having an invertible m-isometrical extension. In Proposition 3.2, we
proved that a necessary condition is that the bilateral sequence of operators
(Dy)nez must be strictly positive and invertible.

Now, we are in position to prove the main result.

Theorem 4.1. Let T € L(H) be an m-isometry and let (Dy,)necz be the bilateral
sequence defined by (2.2). Denote pi(n) := (Dyx,x) for every x € H\{0} and
n € Z. The following statements are equivalent:

(i) There exist a Hilbert space K D H and an invertible m-isometrical oper-
ator S € L(K) such that Sjg =T.
(1) pg(3) > 0 for every x € H\{0}, and j € Z and

LG+ 1 .
sup{p(j—’.—):;JSEH\{O}7 jEZ}<oo. (4.7)
Pz (7)
(i11) D,, > 0 and invertible for every n € Z, and
D_
sup{mzxeﬂ, lz] = 1, neN}<oo. (4.8)

Proof. (i) = (ii): Let x € H \ {0}. Then
187 2] = |77 2 )|* = pu(j +1) > 0
for j € Z and
Pa(j+1) _ [157 |

- < 2
R .

So, we get (4.7).

(73) = (791): By parts (1) and (2) of Proposition 2.1 we have that D,, > 0
and invertible for n € N. By hypothesis, D; > 0 for j € Z since p,(j) =
(Djx,z). Let us prove that D_,, are bounded below for every n € N. The
condition (4.7) yields that there exists M > 0 such that

pe(=n+1) _ ps(0) _ |lz|?
pm(*n)z M Z Mn = Mn
hence
2

—n

Mn’
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for every x € H \ {0} and n € N. Therefore D_,, is bounded below for n € N
and hence invertible.

It is remained to prove (4.8). Indeed, (4.8) is an immediate consequence
of (4.7) using the identification p,(j) = (D;z,x) for every x € H\{0} and
Jj €.

(7ii) = (i): Let V be the vector space of all sequences (hy,hs,...) of
elements of H with finite support, that is, there exists n € N such that h; =0
for j > n. Define a new seminorm on V' by

11(ha, ha, - DI = (D, ),

where n € N is any integer satisfying h; = 0 for j > n and y := Z?zl Tn=Ih;.
The seminorm ||| - ||| does not depend on the choice of n. Indeed, if h; =0
for j >n, r=n-+ng with ng € N, and y = Z?:o T Ih;, then

<D_,. Z T" 7 hy, ZTh>

j=1 i=1

n+no ] n—+no )
— <D_(n+n0)T"0 > 1" hy | T (Z T”—lhi>>
j=1 i=1

n n

=<T*"°D—<n+no>T"° 2 T"h 7ZT”ihi>=<Dnyay>

j=1 i=1

where the last equality is by part (3) of Proposition 2.1.

Let N := {(h1,h2,...) € V : |||(h1,h2,...)||]| = 0} and let K be the
completion of V/N.

Let us prove that K is a pre-Hilbert space. For that, it is enough to prove
that ||| - ||| satisfies the parallelogram law. Let v := (hy,ho,---) + N, v :=
(91,92,---)+ N € V/N, n € N such that h; = 0 = g; for j > n and z :=
Z?:l T hj, y = Z?:l Tm 7g;. Then

[llw+ol[[? + [[Ju = 0[P = (D_n(z +y), 2 +y) + (Dn(@ — ),z — y)

=
= 2(/[Jull[* + [[[o]]*).
(

For each h € H we have |||(h,0,0,...)+N|||? = (D_1Th,Th) = (Doh, h)
= ||]*.

Let L be the closed subspace generated by (h,0,---) 4+ N with h € H
and define ¢ on H taking values on L by ¢(h) := (h,0,---)+ N. Then ||h]|* =
[||#(R)|||?> and R(¢) = L. For each h € H we can identify h with (h,0,...)+N €
K. So, K contains H as a subspace.

Define S on V/N by S((h1,ha, )+ N) := (Thy + ho,h3,---) + N €
V/N. Then the definition of S is correct and S is bounded. Indeed, let u :=
(hi,ha,---) + N € V/N, n € N such that h; = 0 for j > n and y :=
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Z?:l Tnijhj. Denote (%1,%2,‘ . ) = (Thl —+ hg,hg,' . ) Then
WSulll® = [I(Thy + ha, ha, -+ ) + N||[* = (D_(n-1)7,9)

where
n—1 " n—1 "
Jo= T IRy =T (Thy +ho) + > T" ' Thy=y.
j=1 j=2

Then ||[Sul||* = (D_(,—1)y,y) = py(—n + 1). Repeating the process we have
that

115%ull[* = py(—n + k),

for £k =0, ... m. Therefore
> () lstull = o= () Joul-net 1) =0,
k=0 k=0
since p, has degree less or equal to m — 1. By continuity, S is an m-isometry.
It is easy to see that R(S) D V + N. So the range of S is dense, and
consequently S is an invertible m-isometry. O

Moreover, the invertible extension S € L(K) is defined uniquely (up to
the unitary equivalence) if we assume that S is minimal, i.e., K = \/, 5, S™FH.

We will prove that the converse of part (3) of Proposition 3.2 is not true
in general, that is, if D,, > 0 and invertible for n € Z are not sufficient to
have an invertible m-isometrical extension of an m-isometry. Firstly, we need
a previous result on m-isometries.

Proposition 4.2. Let (T,,)nen C L(H) be a uniformly bounded sequence of m-
isometries. Then T =Ty ® Ty @ --- is an m-isometry on (*(H).

Proof. Since (T},)nen is a uniformly bounded, then T =T, @ To @ - - - is well-
defined on ¢?(H).

Let = (x1,29,---) € (?(H). Denote p,, (k) := ||T¥x,||?. Since (T,,)nen
is a sequence of m-isometries, then (p., (k))nen is a sequence of polynomials
of degree less or equal to m — 1. Fixed k € N,

pa(k) o= | T | = Y | Thwnll* = Y pe, (k)
n=1 n=1

is a polynomial of degree less or equal to m — 1. Hence T is an
m-isometry. O

It is possible to exhibit an example of m-isometry with odd m such that
D,, > 0 and invertible for every n € Z but not fulfilling the hypothesis of
Theorem 4.1. In order to simplify the presentation we include an example
with a 3-isometry.
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Example 4.3. Let q,(j) := 52 + (2 — %) + 1. Let H be a Hilbert space with
an orthonormal basis (e, j)n jen and K := ¢?(H). Define T' € L(K) by

an(j+1)

Te, ;=
d qn(7)

€n.j+1

for any n,j € N. Then

(1) T is a 3-isometry on K.

(2) pu(k) > 0 for every x € K\{0} and k € Z, where p,(n) := ||[T"xz||? for
n € N.

(3) D,, > 0 and invertible for n € Z.

(4) There is no invertible 3-isometrical extension of T

Proof: It is clear that ¢,(j) > 0 for n € N and j € Z.
Let . = (z1,22, ) = (0 Qn1€n1, D g An2€n2, -+ ) € K. Then

T($1,$2, o ) = (07T1.'1717T27372, e )7

where

o0 o

Tix; ="T; (Z an,iemi) = Z QU i Wh, i€ it 1

n=1 n=1

and
_ [an(it+1)
Wp i 1= || s
Qn(Z)

By Proposition 4.2, the operator T is a 3-isometry, since T, is a 3-isometry for
every n € N and also (T},)nen is uniformly bounded, that is

P+ 1
sup T, < sup (i +1)

<M
n,1eN Qn()

for some positive constant M.
Let us prove that p,(k) > 0 for every x € K\{0} and k € Z. Let © =
(mla T2, - ) - (220:1 an,len,l, Zzozl an72€n)27 s ) € K\{O} and k (S N Then

pe(k) = || T*||? = |0, ,0, TxTh—1 - Thwy, Ths1 T - - - Towa, - - - |2
2

= (k41
0130+ 0,3 ey 2 e )

n=1
2

> e (k4
MIEIN )”en,kﬂ
= e n(J

- Z | n,g|2q"(k(+)” >0
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for k € N. Notice that

(n+1)(n+2)
2

is a diagonal operator given by D_pen, j = A_,(k, j)e, ; where

1
D_, = [—n(n+ 2T+ MY g

, 1 , , .
An(k,j) = 50:G) (n+1D)(n+2)gk(G) —n(n+2)qr(G + 1) +n(n+ g +2))
S ('2(n2+2n+2)+ '(—”—2 +dn? — 27 +4n—3+4)
201 () \” % k k
’I’L2 2
—?—1—671 +4n+2) > 0,

for n,k,j € N. So, it is immediate that D_,, is invertible for n € N.
In order to finish the proof, let us prove that there is no invertible 3-
isometrical extension of T'. Taking into account that

pen,l(il) _ Qn(O) —n
pen,l(72) qn(—1) ’

we ha\/e (ha‘

o) TEEAO jez}:oo.

5. Some Particular Cases

In this section, the goal is to study two different examples of m-isometries,
the /-Jordan isometry and unilateral weighted shift that are m-isometries for
some m.

In the case of unilateral weighted shift we can obtain a nice characteriza-
tion of invertible m-isometrical extensions of an m-isometry, as a consequence
of Theorem 4.1.

Theorem 5.1. Let H be a Hilbert space with orthonormal basis (e, )nen and
let Sy, € L(H) be an m-isometrical unilateral weighted shift associated to the
weight w := (wp)nen. Then Sy, has an invertible m-isometrical extension if
and only if pe,(n) > 0 for every n € Z, where pe, (n) := ||S"e1]|*> for n € N.

Proof. If S, has an invertible m-isometrical extension S, then p,(n) := || S™z||?
> 0 for every x € H\{0} and n € Z, by Proposition 3.2. Hence p,, (n) > 0 for
n € 7.

Let us prove the sufficient condition. Suppose that p., (n) > 0 for n € Z.
A first consequence is that m is odd. By equality (2.4), pe, (n) is a polynomial
of degree m — 1. Hence

lim P 7 2) (cn+1)

=1
n—oo  pe,(—n)

)
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and
inf{pel(_n—’—l) : nEN} > 0.
Pe, (—TL)
Let K be a Hilbert space with (e, )nez an orthonormal basis. Define T € L(K)
by Tze,, = Bnent1 where 3, = pzl(n)l) for n € Z. By [1, Theorem 19] we
pel n—

have that Tj is an m-isometry, since pe, (n) is a polynomial of degree m — 1
by (2.4). Moreover, T is an invertible extension of .S, and the desired result
is proved. O

Remark 5.2. In the above theorem, it is possible to obtain the same infor-
mation with different elements of the orthogonal basis, as a consequence of
equality (2.4). Indeed, in the conditions of Theorem 5.1 the following state-
ments are equivalent:

(1) S, has an invertible m-isometrical extension.

(2) pe,(n) >0 for n € Z.

(3) pe,;(n) >0 for n € Z and some j € N.

(4) pe;(n) >0forne€Zand jeN.

Let us obtain a first approach to ¢-Jordan isommetries. In the next result
we obtain that any 2-Jordan isometry operator admits an invertible 3-isometric
extension, as a particular case of Theorem 4.1.

Corollary 5.3. Let T € L(H) be a 2-Jordan isometry operator. Then T has an
wnvertible 2-Jordan isometry extension.

Proof. Let T be a 2-Jordan isometry operator, that is T'= A + @, where A is

an isometry and @ is a 2-nilpotent operator such that AQ = QA. By (2.2) we

obtain that

(n+1)(n+2)
2

=1 -n(A*Q+Q*A) +n’Q*Q.

nin+1)
2

D_, = I—nn+2)T*T + T*T7?

Then

(D_nz,2) = ||z]|* = n((Qz, Az) + (Az, Qx)) + n*[|Qz|.

Let us prove that (D_,z,z) > 0 for every € H such that ||| =1 and n € N.
It is enough to prove that

n?| Q| + 1> 2nRe((Az, Qx)), (5.9)

where Re(z) denotes the real part of z. If Re((Az,Qz)) < 0, then (5.9) is
clear. Assume that Re({(Az,Qz)) > 0. Then

Re({Az, Qr)) = [Re((Az, Qu))| < [(Az, Qu)| < [|Az|[[|Qz| < [|Q]]

If [(Az,Qx)| = || Az||||Qz|, then the vectors Az and Qz are linearly de-
pendent, so there exists A such that Qx = AAz. Then A = 0, since 0 =
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1Q%z|| = |A?||A%z|| = |A\|? and therefore ||Qz|| = 0, which is an absurd with
Re({(Az,Qz) > 0. If [{Az, Qx)| < ||Az||||Qz||, then

2nRe({Az, Qz)) < 2n||Qx| < n2Han||2 +1.

So, (D_px,x) > 0 for every x € H such that ||z|| =1 and all n € N.
In order to get the result, it is enough to prove that (4.8) is bounded. Let
x € H such that [|z|| =1 and n € N. Then

{D-nt1z,7) _ | 2Re({Az, Qu)) + (=2n + )| Q|

(D_wa) - 2nRe((Az,Qa)) + n?|Qa?

2Re((Az, Qz)) + (—2n + 1)[|Qz|)?
1 —2nRe({(Ax, Qx)) + n?||Qx||?

<1+‘

2[QI + (2n — D]QI
1= 2@ - n2[lQI
converges to zero as n tends to infinity. Hence

) <D_7L+1£E, 13>
bup{ (D_nz, )

<1+

x e H, |z|| =1, neN}<oo.
U

Corollary 5.4. Let T, C € L(H) such that TC = CT.
TC

(1) If T is an isometry, then T := (O T

extension on K D H® H.

(2) If XT is an isometry for some X\ € C, then AT = A (gg) has an

) has an invertible 3-isometric

invertible 3-isometric extension on K D H ® H.

Proof. (1) Tt is clear that T = (gg + 8%’) is a 2-Jordan isometry
operator. Therefore the result is consequence of Corollary 5.3.
Applying (1) to the operator AT we obtain (2). O

A similar result of part (1) of Corollary 5.4 was obtained in [8, Corollary
4.4]. That is, if T € L(H) is a contraction and C' € L(H) such that TC = CT,
then 7 has a 3-isometric lifting on K D H @ H.

In the next theorem we can improve Corollary 5.3. Indeed, we prove that
every ¢-Jordan isometry has an invertible ¢-Jordan isometry extension. The
first part of our proof is based in the construction by Douglas [13], as it is
presented by Laursen and Neumann in the monograph [15, Proposition 1.6,6].

Theorem 5.5. Let T € L(H) be an {-Jordan isometry. Then there exist a
Hilbert space K and S € L(K), such that H is isometrically embedded in
K and S is an invertible (-Jordan isometry extension of T.
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Proof. As T is an ¢-Jordan isometry, there are an isometry A € L(H) and an
C-nilpotent operator ) € L(H) such that AQ = QA and T = A+ Q.

Let Ky be the linear space of all the sequences u = (u,)nen in H such
that there is m € N satisfying t,, r = A¥u,,, for k € N. Define, for u,v € Ko,

(u, v)g := lim (up,v,) ,
n—oo

being (-,-) the inner product on H. Note that there exists m € N such that
<u7navm> = <Akum7AkUm> = <um+kvv77l+k>7 so the sequence (<Un,’t}n>)neN is
eventually constant, that is, there exists ko € N such that (u,,v,) is constant
for n > ko. It is routine to verify what (-,-)¢ is a semi-inner product on Kj.
Therefore K is a semi pre-Hilbert space. Moreover,

ull§ := (u,w)o = Tim (un,un) = limun||*
n—o0 n—00

defines a seminorm || - ||o on K.

Let M := {u € Ko : (u,u)o = ||u[|2 = 0}. Then M is a closed subspace
of Ky and we consider the quotient space K(/M. In this space are defined, for
u,v € Ko,

(u+ M,v+ M) := (u,v)g and
lu+M|? = (u+ M,u+ M) = (u,u)o = |[ull§,
and we obtain that Ky/M is a pre-Hilbert space.
Denote by K the Hilbert space what it is the completion of Ky/M. The

operator J € L(H,K), defined by Jx := (A"%)neny + M for x € H, satisfies
that

[Jz|| = (A" @) nen + M|| = [[(A"2)nenllo = Tim [[A%| = [[Az] = |z,
hence J is an isometry. So K contains an isometric copy of H. It is clear that
J(H) is a closed subspace of K.

In order to define B € L(K), we define an isometry on Ky/M by
B((un)nEN + M) = (Aun)nEN +M )

for every (up)nen + M € Ko/M. Note that B is a linear isometry whose range
contains Ko/M; in fact, given (v,)nen + M = (V1, ..., Uy AV, A%, ...) + M,
we have that
B((0, ...,0, v, Avpy, A%, ) + M) = (0, ...,0, Avy,, A%, Aoy, ) + M
N—— SN——

= (V1 , Vm, AV, A%0p, -+ ) + M.

As Ky/M is dense in K, we have that B can be extended to an invertible
isometry defined on K. Moreover, B can be considered as an extension of A
since, for © € H,

BJx = B((A"2)pen + M) = (A" 2) ey + M = JAz .
That is, BJ = JA.
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Define P € L(K) in the following way

P((un)néN + M) = (Qun)nEN +M,

for every (up)nen + M € Ko/M. It is clear that P is an ¢-nilpotent. Let us
prove that B and P commute. Taking into account that AQ = QA, we have
that
BP((un)nen + M) = B((Qun)nen + M) = (AQup)nen + M
= (QAun)neN +M = P((Aun)neN + M)
= PB((tun)nen + M) .

for every (un)nen+M € Ko/M. Therefore, S := B+ P € L(K) is an {-Jordan
isometry that extends T'. Moreover, S is an invertible since o(S) = o(B) and
B is an invertible isometry. So the proof is finished.

An operator T € L(H) is a doubly ¢-Jordan isometry if T = A+ Q
is an ¢-Jordan isometry operator such that the ¢-nilpotent @ € L(H) which
commutes with A also commutes with A*. For all scalar A with |[A| = 1 and an
{-nilpotent operator @), we have that A\I + @ is a doubly ¢-Jordan isometry.

Corollary 5.6. Let T € L(H) be a doubly £-Jordan isometry. Then there exist a
Hilbert space K, such that H is isometrically embedded in K and an invertible
doubly 0-Jordan isometry extension S € L(K) of T.

Remark 5.7. We use the notation of the proof of Theorem 5.5.
(1) Tt is easy to prove that the orthogonal subspace of J(H), J(H)> is the
closure of the subspace of all classes

(un)nEN + M = (ula "'aum7Aum7A2uma ) + M e KO/M

such that u,, € R(A™)*.
(2) The decomposition K = J(H) @ J(H)* gives rise to the representation
of B as a operator matrix:

B= (E(})l gz) (5.10)

being By € L(J(H)), By € L(J(H)*,J(H)) and B € L(J(H)'). Notice
that J(H) is a closed invariant subspace of B.

(3) The operator P is defined by the following operator matrix, associated
to the decomposition K = J(H) ® J(H)*,

P= (Pgl ﬁ;) (5.11)

being P, € L(J(H)), P, € L(J(H)*, J(H)) and P3 € L(J(H)"). Notice
that J(H) is a closed invariant subspace of P.
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(4) If T is a doubly ¢-Jordan isometry, then P, = 0 in (5.11). For this
purpose only it is necessary to prove that if (u,)neny + M € J(H)",
then P((un)neny + M) € J(H)L, and that BP* = P*B. In fact, given
U = (Ut ooy Uy Ay, A%Upy, ...) such that u,, € R(A™)*, we have that
Qu,, € R(A™)* since, for all z € H,

(Qupm, A™x) = (U, Q" A™x) = (U, A" Qx) =0,

because Q*A = AQ*. Therefore P((up)neny + M) = (Qui, ..., Qup,
AQu, A2Quyy,...) + M € J(H)*. Hence P(J(H)*Y) C J(H)* .
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