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Abstract. In the paper we study properties of a lower porosity of a set in
a normed space (X, || [[). Two topologies p(X, || [|) and s(X, || [|) on X
generated by the lower porosity are defined. Relationships between these
topologies and, previously defined by V. Kelar and L. Zaji¢ek, topolo-
gies p(X,|| ||) and s(X, || ||) are studied. Applying topologies p(X, || )

and s(X,|| ||) we characterize maximal additive class of lower porous-
continuous functions. Some relevant properties of defined topologies are
considered.
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1. Preliminaries

Porosity of a set, defined in [4], is the notion of smallness more restrictive than
nowhere density and meagerness. It can be defined in arbitrary metric space.
The main idea is that we modify the ”ball” definition of nowhere density by
the request that the sizes of holes should be estimated. Usually, the notion
of the (upper) porosity of sets is used in many aspects, see for example [4-
6,10,12,13]. We deal with the lower porosity, which also be considered in some
papers, [11,12]. Tt is known that there are big differences between the lower and
the upper porosities. In [12,13] some properties of the lower porosity in metric
spaces are presented, whereas in [11] some properties of the lower porosity on
R? and of lower porouscontinuous functions f: R? — R are studied.

Let N and R denote the set of all positive integers and the set of all
real numbers, respectively. For f: X — Y and Z C X, by f;z we mean the
restriction of f to Z. For the whole paper (X,| ||) denotes a normed space.
The symbols cly Z, int7 Z and bdy Z denote the closure, the interior and the
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boundary of Z C X with respect to a topology 7 in X. The open ball in
(X, || II) with the center z € X and the radius ¢ > 0 is denoted by B(z, 0).
Similarly, by S(z, o) and B(x, ) we denote the sphere and the closed ball with
the center x and the radius p, respectively. By Ox we denote the zero element
of X.

We will also consider spaces (R™,]| |ln), (R™,|| |lmax) for n > 1 and
(loos || llsup)s where || ||, is the natural norm in R™, || ||max is & norm in R”
defined by ||(z1, ..., Zn)|lmax = max{|z;|: ¢ = 1,...,n}, lo is the space of all
bounded real sequences and || ||sup is a norm in I defined by ||(z1, ..., 2n)|lsup =
sup{|z;|: ¢ > 1}. Spaces (R™,]| |lmax) and (lso, || |lsup) Play important role in
our paper and we will need some their properties.

For eachn>1and ¢ € {—1,1}", ( = ({1, ..., (n), we define

HS ={x=(x1,...,2n) ER": Vi <n (2; <O0if ¢ =—1 and x; >0if ¢ =1)}.
For each ¢ € {-1,1}*, ¢ = ((1,(a, - - .), we define
HS ={z = (z1,72,...) €loo: Vi > 1 (z; <0if ¢ =—1 and z; > 0if ¢ =1)}.

Lemma 1.1. Let (X, || ||) be (R™, || |max) 07 (Iso: || |lsup). For each R > 0 and
for each ball B(z,n) C B(0x,R) such that n € (£, %) there ezist y € X and
¢Ce{-1,1}" or ¢ € {—1,1}*¥ such that

B(y,n— %) c B(z,n) N H N B(0x, &).

Proof. (See Fig. 1) it is enough to show that for each interval (o, 3] C [-R, R],
where 8 — a = 27, there exists (a1,1) such that §; — a; = 2n — g and
(a1, 81) € (5,0) U (0, 5).

If 0 € [, 8] then 8 > n or a < —n. Therefore as (aq,51) we take (0,3) or
(a,0), because n > n+(n—42) =2n—Z.1f 0 & [a, 3] then (R—2n, &) C (a, B)
or (—&,2n— R) C (a, 8). Then £ — (R —2n) = 2n — &, which completes the
proof. O

Let (X,|| [|) be a normed space. By 7| we denote a topology in X
generated by || ||. Sometimes we consider another topology 7 in X. We say
that f: X — R is 7-continuous at some x € X if f is continuous as a function
[ (XT) = Ry ,)

Now, we recall definitions of the (upper) porosity and the lower porosity
in a normed space. These notions can be defined in an arbitrary metric space
but we present them only for a normed space (X, || ||), because only such the
case will be considered in the paper. Let U C X, x € X and R > 0. Then,
according to [4,12], by v(x, R,U) we denote the supremum of the set of all
0 > 0 for which there exists y € X such that B(y,0) C B(z,R) \ U. The
% is called the (upper) porosity of U
Uzx)forUcC X and z € X.
y(z,R,U)

R

number p(U,x) = 2limsupp_, o+

at z. Obviously, p(U,z) = p(clz; |

Similarly, the number p(U, z) = 2liminfp_,o+ is called the lower
porosity of U at z. Clearly, p(U,z) = p(cly, | U,z) and p(U,z) < p(U,z) for
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INTRE)

FIcURE 1. Construction in (R?, || ||max)

U C X and z € X. Moreover, for U € V C X we have p(V,z) < p(U,x),
p(U,z) € [0,2] and p(U,z) € [0,1] if z € clg;  U. We say that U C X is
(upper) porous (lower porous) at x € X if p(U,z) > 0 (p(U,x) > 0). Similarly,
we say that A C X is (upper) strongly porous (lower strongly porous) at z € X
if p(U,z) =1 (p(U,z) = 1).

Theorem 1.2. Let (X, || ||) be a normed space, A C X, x € X and p(A,z) > 0.

Then there exists a sequence of closed balls (E(gcn, gn)) not necessary pair-

n>1’ -
wise disjoint, such that lim, o T, = T, 0, < % forn >1, Ur" B(xn, 0,) N

A=10 and
p(A, x) ( U (Tn, 0n), ) = liminf 2ng,.

Proof. For every n > 1 put v, = sup {0: Iyex (B(y,0) C B(z, L)\ 4)} and
choose a closed ball E(xn,gn) C B(z, L)\ A such that g, > v, (1- ).

n2
Denote B = X \ U,~; B(zy, 0,). Since A C B, we get p(B,z) < p(A, z). Fix
n > 1 and choose any R € (Tﬂ’ f} Then
2y(z,R,A) _ 27, 20, 20,1°
vz R, 4) T on 2o
R o (=) ey nol

On the other hand,

1
’Y(%R’B) Z’Y(xan%_l’B) ZQn—%(%—#_l)an—m
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and
1
2’7('7’" Ra B) 2‘9"‘ - n(n+1) 1
> = 2non — ——.
R - L ne n+1
n
We have showed that for each n > 1 and for each R € (n%‘_l? %] the following
inequalities
2y(z, R, A) 2v(z, R, B) 1
" < 20, d ————=>2ng9, — ——
R < ety R = ane n-+1

are true. Hence

p(A, x) <liminf 2ng,n i 1= liminf 2ng,, - lim = liminf 2ng,

n—oo n — n—oo n—oo N — n—oo
and
x, R, B)

L .2 . 1 .
Q(B,x):hlr{rggf bl zhnrggéf <2n9n—n+1> :hnrggf%gn-

Finally, p(A,z) = p(B, z) = liminf,, o 2ng,. O

In [13] and [7] L. Zajicek and V. Kelar introduce two topologies using the
notion of (upper) porosity and (upper) strong porosity.

Definition 1.3 [13]. Let A C X and = € X. We say that A is (upper) super-
porous at x if AU B is (upper) porous at  whenever B is (upper) porous at
x. A set A is said to be p-open (porosity open) if X \ A is (upper) superporous
at any point of A.

Definition 1.4 [7]. Let A C X and = € X. We say that A is (upper) strongly
superporous at x if AUB is (upper) porous at  whenever B is (upper) strongly
porous at x. A set A is said to be s-open (strongly porosity open) if X \ A is
(upper) strongly superporous at any point of A.

The system of all p-open sets in (X, || ||) forms a topology p(X, || ||), which
will also be called the p-topology or the porosity topology, [13]. The system
of all s-open sets forms a topology s(X, || ||), which will be called s-topology
or the strong porosity topology, [7]. Obviously p(X,| ||) and s(X,| ||) are
finer than the initial topology. On a non-trivial normed space neither s(X, || ||)
is finer than p(X,|| ||) nor p(X, || ||) is finer than s(X, || ||), [7]. The both
topologies are completely regular, [7].

The aim of our paper is to describe the properties of topologies s(X, || ||)
and p(X,| ||) which are generated by the lower porosity in a similar way as
s(X, ]| ) and p(X, || ||) were generated by the standard (upper) porosity. Sec-
tion 2 describes relationships between topologies s(X, || ||), p(X, || 1), s(X, || 1),
p(X, [l |I) and 7), which are quite interesting. First of all, we show that
7| C s(X, || [|). We give examples of spaces in which this inclusion is proper
and examples of spaces in which we have equality. The more, we prove that
there are two equivalent norms in R™ such that in the first we have a proper
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inclusion and in the second we have equality. Namely, 7 |, = s(R", || ||,) and
Tj o G S(R™, | [ma)- T particular, s(R™, || [ln) # s(R™, | lmax) although
7| llwax = Z) |I..- Then we show that the inclusion p(X, | [[) C p(X, || [|) holds
in every normed space. Next, we define two geometrical conditions (A) and
(B) such that the condition (B) implies the condition (A) and every con-
sidered by the authors normed space satisfies the condition (A4). We prove
that the inclusion s(X,| ||) € p(X,| ||) holds under the condition (A) and
s(X, 1) € s(X,] |I) holds under the condition (B). It turns out that the
condition (B) is not necessary. There is no other general relationships between
considered topologies. Some other examples and properties are presented. Cru-
cial keys in presented examples play spaces (R™, || [lmax) and (lso, || |/sup)-
The last section presents some applications of topologies s(X, | ||) and
p(X, || ||). Namely, we define lower porouscontinuous functions, following ideas
of J. Borsik and J. Holos from [1], and we describe maximal additive classes
for some types of lower porouscontinuity in terms of topologies s(X, | ||) and

p(X D)
At the end of the section we prove a useful technical lemma.

Lemma 1.5. Let 3> 0 and § € (0, g) Then for every o > 0 we have

sup{b_ba: [a,b] € [6, 8]\ (a,2a)} >1-,/%.

Proof. Let us consider three cases. First, consider the case where 2a > f.
5_

Then [4, g] N (o, 2a) = 0 and 2?5 =1- %5. Similarly, if o < ¢ then [2a, 8] N

(a,2c) = 0 and ﬁf% >1- %. Finally, in the case where a € (0, g) we have

([6, @] U [2ex, B]) N (v, 2c) = . Consider two functions ¢, 1 : (4, g) — R defined

by p(a) = 22 =12 and ¢(a) = ﬁf# =1- %0‘ Then ¢ is increasing, v is

e} [e3

decreasing and ¢(a) = ¥(a) if £ = %“, ie. a= %’6 Moreover, ¢ ( 55) =

1p< ?):1—\/‘27:1—,/2;.&11061— 2ggl—%s,theproofis
2

completed. O

2. Relationships between topologies generated by porosities

Analogously, as in the case of the standard (upper) porosity we can define
lower superporosity, lower strong superporosity and topologies p(X, || [|) and
s D

Definition 2.1. Let A C X and x € X. We say that A is lower superporous at
z if AU B is lower porous at  whenever B is lower porous at z. A set A is
said to be p-lower open (lower porosity open) if X \ A is lower superporous at
any point of A.
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Definition 2.2. Let A C X and = € X. We say that A is lower strongly super-
porous at z if AU B is lower porous at « whenever B is lower strongly porous
at z. A set A is said to be s-lower open (lower strongly porosity open) if X \ A
is lower strongly superporous at any point of A.

A simple check shows that the system of all p-lower open sets in (X, || ||)
forms a topology p(X,]|| ||), which will also be called the p-topology or the
lower porosity topology. The system of all s-lower open sets forms a topology
s(X, || |I); which will be called s-topology or the lower strong porosity topology.

Remark 2.53. Let (X,] ||) be a normed space. For every E C [0,00) let Ag =
{z € X: ||z]| € E}. Then p(Ag,0x) = p(EU—E,0) and p(Ag,0x) = p(E'U
—FE,0).

Ezample 2.4. Let (X, | ||) be a normed space and E = [0,00) \ Ur—; {5}
We claim that Ag € (p(X, || ) " p(X, [ 1D)\ (s(X, 11D U s(X D) O Zy ).
Clearly, p(X \ Ap,0x) = 3 and p(X \ Ag,0x) < 3. The more, X \ A is
neither strongly superporous nor lower strongly superporous at Ox. Hence,
Ap ¢ s(X, || ) Us(X, | ). Obviously, A ¢ 7 |.

On the other hand, it is clear that X \ Ag is superporous and lower
superporous at every x € Ag, x # 0x. Moreover, for every B C X and
B(z,m) € X \ B we can find y € B(z,n) such that B(y, min{Z, }|y|[}) C
(X\ B)N Ag. Therefore, X \ Ap is superporous and lower superporous at Ox.
Finally, A5 € p(X, | [) 1 p(X, | |).

Ezample 2.5. Let (X, || ||) be a normed space and E = [0,00) \ U>",[%, 4]

n=2lnls nl

We claim that Ag € (s(X, || [[) 0 p(X, [ 1))\ (p(X, [ 1D U s(X 111DV Tyy).
Clearly,

2
(0X7n|27X\AE) <

nl

(X\AE70X) < lim

n—oo

—_

DN | =

Hence, X'\ Ag is not lower strongly superporous at Ox and Ag ¢ s(X, || ||). Let
2
B = Ag. Then p(B,0x) —llmnﬂmw 1 and p(BU(X \4Eg),0x) =
p(X,0x) = 0. Thus X \ Ag is not superporous at Ox and Ag ¢ p(X,| |)-
Obviously, Ag ¢ 7).

It is clear that X \ Ag is lower superporous and strongly superporous at
every x € Ag, x # OX Take any B C X satisfying p(B,0x) = 2¢ > 0. Choose
ng, kg > 2 such that o <¢ ko < ng and 27(0’(71%’}?‘3) > ¢ for every R < W
Take any n > ng and R €4, @ 71)!]. If R €[4, 5] then

2y(0x, R, BU(X\ 4p)) _ 2y(0x. 57, B) = Gty e 2

R - k() % kO kO (n + ].)
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and if R € [® L] then

nl (n—1)!
2 B)— 2
R R ko = 2

Therefore, p(BU (X \ Ag),0x) > 3=, X \ Ag is lower superporous at 0x and
Ap € p(X, [ 1))

Take any B C X satisfying p(B,0x) = 1 and R € (0,1). Let R €
[ﬁ, #) Choose B(zgr,nr) C X \ (BU{0x}) such that ||zg| +nr < R,

nr > v(0x, R, B) — £ and ||zg| — nr > ﬁ Since p(B,0x) = 1, we have

n

limsupg_o 28 = 1, limsupp_q+ Hw;ﬁ = 1 and liminfz_ g+ Hii”;gg =
0. Applying Lemma 1.5 with 8 = ||zg| + nr and § = ||zr|| — nr we obtain
2(O0xllzrll+nr,BUXN\AR)) - 1 /2Ulzrll=18) Therefore
Tzrl+nr = lzrll+nr
2 2 _
p(BU(X\ Ag),0x) = limsup i > 1 —liminf 2sll = nr) =
r—o+ llzrll + 1R R—07 \ |zgll +nr

Hence X \ Ag is strongly superporous at Ox and Ag € s(X, || ).

Theorem 2.6. Let || ||max be the mazimum norm in R™ and Ty be the natural
topology in R™. Then s(R™, || [|max) 2 TN

Proof. The inclusion s(R™, || [[max) D 7| || = Znv is obvious. Let us take U =
(R™\ (R x {0,—1}) U {0, }, where 0,, = (0,...,0) € R™. Certainly, U ¢ Ty.
We claim that U € s(R™, || |lmax)- It is easy to see that R™\ U is lower strongly
superporous at every x € U \ {0,}. Take any V' C R™ such that V is lower
strongly porous at 0,,. For every R > 0 choose B(xg,nr) C B(0,,2R)\V
such that ng > v(0,,,2R, V) — (2R)?. By Lemma 1.1, we can find yz € R™ and
& € {—1,1}" such that

B(yR,nR — %) C B(Z‘R,’I?R) n I{5 N B(On,R)
Therefore v(0,,, R,V U (R" \ U)) > ng — &. Hence
29(0,, R,V U(R"\ U))

p(VU(R"\U),0,) = lim

R—0+ R
_ 2 _
> qim DO 2R V) —AQR)T 2R op
R—0t 2R R—0+t

Thus R™\ U is lower strongly superporous at 0,, and U € s(R", || ||max), which
completed the proof. O

Remark 2.7. Repeating arguments from the proof of Theorem 1.2 one can
prove that 7). is a proper subset of s(loo; || [lsup)-

We will show the equality s(R™, 7y) = 7, but first we need two technical
lemmas.
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ot 3¢

FIGURE 2. B(z,7) in (R?,]| |2)

Lemma 2.8. Let U = [0,00) x R"™1 be a subset of (R",|| ||,). Then v(0,, 2t,
(R™\U) U{(t,0,...,0)}) < 2t for every t € (0,00).

Proof. Choose any t € (0,00) and let y; = (¢,0,0,...,0) € R™. Suppose to the
contrary that there exists B(x,n) C U\ {y;} such that n > 2t (see Fig. 2).
Then

(1) 1 > 2t

(2) Vo2 < 5t—3t

(3) llz = yelln > 3¢,
where © = (21, %2,...,2,). Then 2% — (z1 — ) > 3% — 3t = ¢, by (1).

Therefore, by (1) and (3) we obtain

5
6

n n
2
doal=al— (w1 -7+ (@ —t)?+ ) af >3+ 47 = B> (3)°,
i=1 =2
which contradicts (2). O

In the sequel we will need the notions of cone and halfspace in R”. Let
a,b € R", a # band ¢ € (0,%). The cone c(a,b,p) with vertex a, angle ¢
and axis ab is defined as c(a, b, ¢) = {x € R": |<(ab, ax)| < ¢}. Moreover, by
h(a,b) we denote the halfspace h(a,b) = {x € R": |<(ab, ax)| > T }.
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Lemma 2.9. Let ¢ € (0, %) satisfy tan < 2. If (ag)ren C ¢(0n, (1,0,...,0),¢)
is a sequence in (R™, || ||n) converging to 0, then

p ((—00,0) x B* U {ar},0,) < L.

Proof. Let aj, = (a},0,...,0), where ay = (a},a5,...,aF) for & > 1. Then
W = tan <(0pam, 0,a,,) < tany < 55 and

Y(On, 3 llat, llns(=00,0) x R*H U, {ax})
< (0n, %”a;nHWJ (—00,0) x Rty {am})
< Y(0n, 3llag, [In, (—00,0) x R U {a, }) + llar, — amlln
for every m > 1. By Lemma 2.8,

V(On; 3llamlln, (=00,0) x R* T U U {ax}) _ Fllamlln + gzllamlln _ 55 _ 1

$latnlln - $latnlln 3%
for every m > 1. Hence p ((—00,0) x R" U pZ {ar},0,) < 35F < 1, which
completed the proof. O

Since porosity does not change under any isometry, we obtain the follow-
ing corollary.
Corollary 2.10. Let ¢ € (0,%) satisfy tangp < 2—14 and a,b € R", a # b. If
(ar)ken C cla, b, @) is a sequence converging to a then

p(h(a,b) UUpe {ar},0,) < 1.

Theorem 2.11. Let || ||, and Ty be the natural norm and the natural topology
in R™, respectively. Then s(R™, || ||,) = In.

Proof. Obviously, Ty C s(R™, || |ln). Let us take any U ¢ 7n. There exist
ap € U and a sequence (ag)r>1 C R™\ U converging to ag. Then we can find
b e R"and ¢ € (0,%) such that a # b, tanp < i and c(a,b, ) contains
infinitely many elements of (ay)g>1. Let V' = h(a,b). Obviously p(V,a) = 1.
But

B(v U (R™\ U),a) <p (h(a,b) U kLJl{ak},a> <1

by Corollary 2.10. Hence U ¢ s(R™, 7y), which completed the proof. O

Corollary 2.12. For every n > 2 there exist equivalent norms || ||*, ]| || in R™
such that s(R™, || |') = Ty and s(R™, || ||*) 2 Tn. In particular, s(R™, || [|') &
s®R™ |1 ]1?).

Question 2.13. For which norm || || in R™ the equality s(R™, || ||) = Zn holds?

Question 2.14. For which normed space (X, || [|) the equality s(X, | ||) = 7}
holds?
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Lemma 2.15. Let (X, || ||) be a normed space. If U € p(X, | ||)Us(X,| ||) then
p(X\U,z) >0 for every x € U.

Proof. Take any U C X such that p(X \ U,z) = 0 for some z € U. There
2v(z,R,,X\U)

exists a sequence (Ry,),>1 such that lim,,_.. Lepe== = 0. In particular,
R, > 4v(z, Ry, X \ U) for almost all n. Without loss of generality we may
assume that this is true for all n > 1. Take any y € X such that ||z — y|| = 1.
Let ,, :x_i_W(y_x) and??n - M for n > 1.
Define A = X \ Uy, B (z+ 22 (y —2), &=) and B = X \ UL, B (2, mn).
Taking a subsequence if necessary, we may assume that X'\ A and X \ B consist
of pairwise disjoint balls. Then p(A,z) = 5 and p(B,x) = 1. We claim that
P(AU (X \U),2) = 0 and p(BU (X \ ), ) <
Fix n > 1and R € [Ry41, Ry). If R € [E2, R »] then
2@, B,AU(X\U)) _ 29(2, R AUX\U)) _ 41(@ B X\ U)
R - Ba - R,
and if R € [Ry,41, &] then
2y(z, R, AU (X \U)) - 2y(z, Rpy1, AU (X \U)) - 2y(z, Rpt1, X\ U)
R - Ry - Ry '
Since lim, M =0, we obtain p(AU (X \U),z) =0.
Again, fix n > 1 and R € [Ryy1, Ry If R € [4y(x, Ry, X \ U), R,,] then
29(2, R, BU(X\D)) _ 21 R, BUK\D)) _ 210 R X\U) _ 1
R = 4y(z,R,, X\U) ~ 4y(z,R,,X\U) 2
and if R € [Ry41,47(x, Ry, X \ U)] then
2y(z,R,BU (X \U)) - 2y(z, Rpt1, BU (X \U)) - 2y(x, Rpt1, X\ U)
R - Rn+1 o Rn+1 .

Since lim,,— oo %”;’X\w =0, we obtain p(BU (X \U),z) < 1 < 1. O

Theorem 2.16. Let (X, || [[) be a normed space. Then p(X, | [|) & p(X, || [])-

Proof. Let us take any U ¢ p(X, | ||). Then X \ U is not lower superporous
at some xo € U. Hence there is V C X satisfying p(V,z¢) = 2¢ > 0 and
p(VU(X\U),20) = 0. If p(X \U, zo) = 0 then, by Lemma 2.15, U ¢ p(X, || ||)
at once. Therefore we may assume p(X \ U,z0) > 0. Hence zg € clg; (V).
Moreover, there exist a decreasing sequence of reals (Ry,),>1 tending to 0 such
that

2y(xo, Rn, VU (X \U))

RTL

Since p(V, xq) = ¢, for every n > 1 we can find an open ball B(x,,,n,) for which
B(xpn,nn) C B(xzo, Ry) \ V and 1, > v(xo, Ry, V) — %. Since z¢ € clg; “(V),
we obtain 7, < [|zg — x|

=0.
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Define A = X \ ;" ; B(zyn, ). Then

7RTL7 V) — Bu ‘/7 x
p(A,xo) > limsup ;—n > lim sup 7(20 )= > p(V: zo) =c

Without loss of generality we may assume that 1% > % for every n. Thus
R, < ¥ and L + ||z, — 20| > 37y, > cR,. On the other hand, V C A and

2v(x0, Ry AU (X \ U)) 27(xo, R, VU (X \ 1))

n— o0 Rn © n—oo Rn
Therefore
o 29(@o, B — w0 LAUXAD)) - qe 29 (@0, Bn, AUXAU
lim sup £ QMJ,_HQJ EQJOH < limsup W(ﬁ-‘r\lz —(zoh s -
n—oo 2 " n—00 2 !
< lim sup 2v(@o, Rn , AU(X\U)) __ 0.

cR,
n—oo

Fix n > 1 and take any R € [R,+1, Ry,). Then

2y(2o, RAUX\V)) _ 29(z0, - Fl[zn—20[,AVX\V)) - 2y(x0, 3" +[lzn—20|,AV(X\UV))
R - R = B-tlzn—zoll

f01“ R € [777" + ||xn _xOH;RTL])

2v(x0, B[z —xo|,AUX\U)) _ 2v(z0, B +|zn—x0|,AU(X\U))
ln—zol|— 2= - T (n+llzn—z0ll)

2y(zo,R,AU(X\U))
Y (Zo = S

for R € [||[zn — z0|| — %, |20 — w0l + 5] and

Mn+1

27(20, RLAUX\D)) 2y(2o, L 4@ 1 — o, AU(X\U))
R - lxnt1—zoll4+—"5

for R € [Ryq1, |0 — 2ol — %+]. Hence, p(AU (X \ U),z9) = 0 and X \ U is
not superporous at xg. Therefore U ¢ p(X, || [|). Thus p(X, | [|) € p(X, || ||)-
By Example 2.5, p(X, || [|) # p(X, || [})- )

Lemma 2.17. Let (X, | ||) be a normed space and o € X and let (B(xn, Mn))n>1
C X\ {zo} be a sequence of balls such that lim, . T, = To, N > Nnt1 and
lzn — xoll > l|Tn+1 — @o|| for every n > 1. Then

(1) if limy, o 2=l — 0 then p (X \ ULy B(wn,mn),70) = 1;

nt1—20|[+7nt1

(2) if limsup,,_, ., ”z”x”_w <1 then p(X \U,—1 B(2n, 1), x0) > 0.

nt1—2o|[+Nnt1

Proof. Let A= X\U,—, B(zn,mn), o = ||z, — 20| =1 and B, = ||, — 0| +
1, for n > 1. In both cases limsup,,_, 5“—11 < 1, by assumption. Therefore
Bny1 > ay, for almost every n and we may assume that this is true for every
n. Fix n > 1 and take any R € [3,,+1, On]- Then y(xo, Bny1, 4) > 6"“%0‘" and

v(xo, R, A) > ﬁ"“{a" + ng"“. Therefore,

27(9307R7 A) > 6n+1 -, + R~ ﬂn—&-l > ﬂn+1 — Qp
R T Bari+(B=Bar1) T Banr
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o) /)

FIGURE 3. Construction of B(y,,d,) in (R%, | ||l2)

(Observe that 1nequahty ‘H'c > ¢ holds for every 0 < a < b and ¢ > 0.) Hence

2 R,A _
p(A, xg) = limin fM > liminfﬂ"L =1 — limsup
R—0*F n—00 n+1 n—00 ﬁﬂr‘rl
which completed the proof. O

Lemma 2.18. Let (X, || ||) be a normed space, zg € X, 5 € (0,1) and let
(B(xn,mn))n>1 C X\{z0} be a sequence of balls such that lim,,_. m =1
and Bl|lzn — xo|| > |Tn+1 — Tol| — N1 for every n > 1. Then we can find
a sequence (B(Yn,0n))n>1 C X \ {zo} of balls satisfying the following three
conditions:

(1) p(X \ Un 1 (y’ﬂ7 n)a$0) = 1;
(2) Nyn+1 = 2ol + ont1 = Bllzn — wol| for every n > 1,
(3) for every n > 1 points xg, z, and y, are collinear and ||y, — xo|| — 6, =

[0 = zol| = 7n-

Proof. Fix 8 > 0. Let 6 =n; and §,, = ﬁ”‘”"*lﬂ”o“;Hzn*IOIHW" forn > 1. By
assumptions 0n > 0 for every n. Similarly, let y; = x; and y, = z, + (6, —
Tn

Mn) oty forn>1, (see Fig. 3).

Clearly, xo, z,, and y,, are collinear, ||y, — zo|| — 6 = ||xn — 0|l — 7 and

lYn+1 — 2ol + 01 = |21 — xoll + 20011 — 10 = Bll2n — 20|

for every n > 1. Therefore

lim lyn — xol| — dn BRT |z — 2ol| — 1

= =1.
n—oo ||yn+1 — ol + Ons1 n—oo |y — ol|
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FIGURE 4. ®(z,y, 2z, ) in (R%| ||2)

Hence p (X \ U,—; B(Yn,0n),z0) = 1, by Lemma 2.17, which completed the
proof. O

Definition 2.19. Let o € (0, 1) and z,y, 2 be collinear points in a normed space
(X, ]| ||) such that y is between x and z. By ®(z,y, z, &) (see Fig. 4) we denote
a set

¢(x?y7z7a) =
={te X: |t -zl <llz =yl +allz -yl and ||t — z|| < [lz = yll + allz -y} .

Definition 2.20. We say that a normed space (X, || ||) satisfies condition (A) if
for every € > 1 there exists a € (0, 1) such that for every collinear z,y,z € X,
where y is between x and z, we have

‘1)(33’%2’04) cB (y’€||x - y”) .

Remark 2.21. All considered by the authors normed spaces satisfy condition
(A). Is there a normed space that does not satisfy condition (A)?

Theorem 2.22. If a normed space (X, || ||) satisfies condition (A) then s(X, || ||)
Cp(X, [ 1)-

Proof. Let us take any U ¢ p(X, || ||). Then X \ U is not superporous at some
xo € U. Hence there is V' C X satisfying p(V,z9) = ¢ > 0 and p(V U (X \
U),z9) = 0. Since p(V,z9) = c¢, there exist a sequence of pairwise disjoint
open balls (B(@n,nn))n>1 such that lim, oo = xo, B(@n,nn) NV = 0
and lim,, ”IO_ZI% = p(V,z9) = ¢ and since p(V U (X \ U),x0) = 0,
27 (o, [|[Zo =2 || +10m, VU(X\V))
Teo—enl+7n

lim,, — o0 = 0. Without loss of generality we may
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2y(zo, |20 —zn |l +10, VU(X\U)) < <
lzo—zn[[+nn 8

assume that n, > %CHxn — x| and for every
n>1.

Since (X, || ||) satisfies condition (A), we can find ag € (0, §) such that for
every collinear x, y, z € X, where y lies between x and z, we have ®(x,y, z,a) C
B (y, (1+ §)||lz — yl|) for every a < ap.

Let 1), = ||zn — zo||(1 — n%_l) If need be taking a subsequence, we may
assume that

lns1 — zoll + 71 < Ellzn — 20l for every n. (2.1)
Obviously, p(X \ UZO:I B(xn,n),),x0) = 1.

By Lemma 2.18, there exists a sequence (B(¥n,0n))n>1 C X \ {zo} of
balls such that p (X \ U,—_; B(Yn:0n),20) = 1, 2o, Zn, Yy are collinear, x,, is

between z¢ and yn, ||yn — Zoll — 6n = ||z — 20|| — 7}, and
lYnt1 — 2ol + Ons1 = §llzn — 20| for every n > 1. (2.2)
Let z, = xo — (Yyn—1 — x@% for n > 1. Then zq, z,,yn_1 are
collinear, z( lies between z, and y,—1 and ||xg — z,|| = ||zo — ynl. Let

A =X \U;_i(B(y2n—1,02n-1) U B(22n, 625,)). Obviously, p(A,z¢) = 1. Since
X0, Zan, Yan—1 are collinear and g is between ya,—1 and 225, B(y2n—1,02n,-1)N
B(z2n,025,) = 0. Moreover, by (2.1) and (2.2) if any ball is contained in (X \
A)NB(xo, ||T2n—1 — ol +nh,,_1) then it is contained either in B(y2n—_1, 02n—1)
or in B(wo, §[|xen—1 — o).

We claim that p(AU(X\U),z0) < 1. Let R,, = ||z, — 20| + 7], for n > 1.
Obviously, lim,,_, m = 1. Fix n > 1. Assume that there exists a ball
B(z, 0) contained in B(zg, Rop—1), disjoint from A U (X \ U) and such that
0 > |lzan—1 — ol — G llr2n—1 — xo|. Then B(z,0) ¢ B(zo, {llz2n—1 — ol|)
and therefore, B(z,0) C B(y2n-1,02n-1) C B(Yyan—1, |[y2n—1 — xo||). Since
0> (1 =) lz2n—1 —xoll, [|2 = von—1ll < |y2n—1 — Ton—1ll + L7201 — 20]|-

On the other hand, since B(z, 0) C B(xo, R2p—1) and 0 > (1-%2)||x2,—1—
xol, we obtain ||z — zo|| < (1 + F)||z2n—1 — xol|. Therefore, z € ®(xq, 2,1,
Yon—1, ) C B(w2n—1,(1+ §)[[r2n—1 —20l|). It follows that B(z, 0) N B(z2n-1,
72n—1) contains a ball disjoint from AU (X \U) with radius at least §||z2,—1—
Zol|, a contradictions. Therefore any ball contained in B(zg, R2,—1) and dis-
joint from AU (X \ U) has a radius less than (1 — %)||z2,—1 — @ol|. Thus

2(1 — 20)||wgy_q1 —
P(AU (X \ U, 20) < limint 2. 2”';2 ool g e,
Hence, X \ U is not lower strongly superporous at xg and U ¢ s(X, || ||). The
proof is completed. O

Definition 2.23. We say that a normed space (X, || ||) satisfies condition (B) if
for every € > 0 there exists @ € (0,1) such that for every collinear z,y,z € X,
where y lies between x and z, we have

(I)($,y,2, O[) cB (ya5||$ - y”) .
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Remark 2.24. Obviously, if a normed space (X, | ||) satisfies condition (B)
then (X, | ||) satisfies condition (A).

Theorem 2.25. If a normed space (X, || ||) satisfies condition (B) then s(X, || ||)
C s(X, (1D

Proof. Let us take any U ¢ s(X, | ||). Then X \ U is not strongly superporous
at some xo € U. Hence there is V C X satisfying p(V,z) = 1 and p(V U (X \
U),z0) = 1 —c¢ < 1. Since p(V,xg) = 1, there exists a sequence of pairwise
disjoint open balls (B(zn,nn))n>1 such that lim,_ .o x, = x0, B(xn,nn) N

V =0 for n > 1 and lim,_ Hmfg’m = p(V,zp) = 1. Moreover, since
p(VU(X\U),20) = 1= < 1, lim,, o 2r00:ltemn e VUOAT) <3 0 < 1.
Without loss of generality we may assume that 7, > (1 — §)[lzn — ol and
2y(zo, |20 —2n | +0n, VUX\U))
[z0—@n [+nn

Since (X, || ||) satisfies condition (B), we can find ag € (0, g) such that for
every collinear z,y, z € X, where y lies between z and z, we have ®(x,y, z, ) C
B (y, £llz — y||) for every a < a.

If need be taking a subsequence, we may assume that

7
<1-—gcforeveryn > 1.

|Znt1 — 2ol| + Mnr1 < §llzn — 20| for every n. (2.3)

Obviously, p(X \ Uy B, ), 70) = 1.

By Lemma 2.18, there exists a sequence (B(yn,0n))n>1 C X \ {zo} of
balls such that p (X \ U, —; B(Yn,0n),z0) = 1, Zo, Tpn, Y, are collinear, x,, lies
between zq and y,,, lyn — zoll — dn = ||&n — 20l| — nn and

lYns1 — zoll + 0ny1 = §llzn —x0l|  for every n > 1. (2.4)

Let z, = 2o — (Yn_1 — JJO)M
collinear, xz( lies between z, and y,—1 and |zg — z,|| = |0 — ynll. Let
A=X\U" (B(y2n—1,02n-1) U B(22, 625,)). Obviously, p(A,z¢) = 1. Since
Zo, Zon, Y2n—1 are collinear, B(ya,—1,02n—1) N B(22n,02,) = . Moreover, by
(2.3) and (2.4) if any ball is contained in (X \ A) N B(zo, ||T2n—1 — Zol| + M2n—1)
then it is contained either in B(y2n—1,02,—1) or in B(zo, §||r2,-1 — zo]|).

We claim that p(AU (X \U),zg) < 1. Let R, = ||, — 2ol| + 7y for n > 1.
Obviously, lim,, s m = 1. Fix n > 1. Assume that there exists a ball
B(z, o) contained in B(xg, Rap—1), disjoint from A U (X \ U) and such that
0 > [[w2n—1 — woll = F[|r2n—1 — 0l|. Then B(z,0) ¢ B(zo, {llr2n—1 — ol|)
and therefore, B(z, 0) C B(y2n—1,02n—1) C B(Y2n—1, [|[y2n—1 — xo||). Since o >
(1= lz2n—1—0||, We obtain [|z—yzn—1| < y2n—1—22n—1[+F [[2n—1—20l|.

On the other hand, since B(z, 0) C B(zo, R2p—1) and 0 > (1—%2)||x2,—1—
xol, we obtain ||z — zo|| < (1 + F)||z2n—1 — xol|. Therefore, z € ®(xq, 22,1,
Yon—1,20) C B(x2n—1, §l|T2n—1—x0||). It follows that B(z, 0)NB(z2n—1,M2n—1)
contains a ball disjoint from AU(X\U) with radius at least (1—¢)[|2z2,—1—2ol|,

for n > 1. Then zq, z,,yn—1 are
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FIGURE 5. ®((0,0),(1,0),(10,0), ) in (R?, || ||max)

a contradictions. Therefore any ball contained in B(zg, R2n—1) and disjoint
from AU (X \ U) has a radius less than (1 — )[|x2,—1 — o||. Thus

2(1 — ) [[v2n—1 — zoll
R,

Hence, X \ U is not lower strongly superporous at zo and U ¢ s(X, || ||). The
proof is completed. O

p(AU(X\U),z0) <liminf 11— <1

Ezample 2.26. Let Tnax be a topology in R™ generated by the norm || ||max-
Let z = 0,, y = (1,0,...,0) and z = (10,0, ...,0). Then
O(z,y,z,0) = [l —a,1+a] x[-1—a,1+a]"”
Ol —a,1+a] x[-1,1]""1
and B(y’ %Hx_ynmax) = B((17 0,..., 0), %) = [%’ %] X[_%7 %]n_l 2 CD(xay, 2701)
for any o > 0, (see Fig. 5).

Therefore (R™, || |lmax) does not satisfies condition (B) (and satisfies con-
dition (A)).

1

Remark 2.27. Repeating arguments from the proof of Example 2.26 one can
prove that (I, || ||sup) does not satisfies condition (B) and satisfies condition

(4).

Theorem 2.28. Let (X, || ||) be either (R™,|| |lmax) o7 (lsc, || lsup). Then s(X,
1D < s(X, |1, although neither (R™, || |max) 707 (loo, || ||sup) satisfies con-
dition (B).
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Proof. Take any U ¢ s(X,| ||). Then X \ U is not strongly superporous at
some xzg € U. We may assume zg = Ox. Hence we can find A C X such
that p(A4,0x) = 1 and p(AU (X \ U),0x) < 1. Since p(A,0x) = 1, there
exists a sequence of pairwise disjoint balls (B(xk,nk))k>1 such that (nx)g>1
and (||zr — xol|)k>1 are decreasing and tend to 0, A N Uy, Blzg,mp) =
0 and limp—co o = 1. Let Ry = |lzy — @ol| + m for k > 1. By
Lemma 1.1, there are sequences (yx)p>1 C X and (Co)r>1 C {—1,1}* or
(Ck)r>1 € {—1,1}* such that

B(ye,mk — B8) C B(g,me) N B(0x, &) N H™
for every k. Let 6, = i — T' Then
. 20}, .2 — B
lim ———— > lim Ri =
k—oo ) + ||yk|| k—o00 7’“

and p(X \ Up—, B(yx, k), 0x) = 1. Since

p((x \U)U (X\QlB(yk,(sk)),ox) <p((X\U)UA,0x) <1, (2.6)

YOX |yk [+, (X\U)U(X\UpZ; B(yx,9k)) <1
lykl[+0k :

For any ball B(z,v) llet o(B(z,v)) = (x1 —vsgn(z1), za — vsgn(za),. . .).
Observe that if B(z,v) C HS, then p(B(z,v)) € H® too and a point ¢(B(z,v))
minimizes the distance between 0x and B(z,v). Moreover, for any B(z,v) C
H¢ and p > 0 there exists a unique y € X such that ¢(B(z,v)) = ¢(B(y, 0))
and B(y,0) C HS too (see Fig. 6).

For k > 11let o, = 1 (|lyk—1]| — (lyxll — %)) and zj, be such that ©(B(yx,
k) = ¢(B(zk,01)). Then B(zy,0) C H and ||z + o) = 3|lyr—1]l. Let
B = X\ Ui~ B(zk,0%) and 7 = |lyx|| + 6 for & > 1. By Lemma 2.17,
B(B, Ox) =1

On the other hand,

YOx e, (X \U) U B) < min { g, 70, 7, H 11 (X \ U) U B))}
and
v(0x, 7k, H*N((X \ U) U B))
<Y(0x, 7, (X \U) U A) 4+ diam((H N B(0x, 7)) \ B(yx, ox))-
By (2.5) and (2.6), we obtain
Y(0x, e, H N (X \U) U B))

lim supy,_, o

lim sup < 1.
k—o0 Tk
Therefore p((X \U)U B,0x) < 1, X \ U is not lower strongly superporous at
Ox and U ¢ s(X, ]| ||)- The proof is completed. O

Theorem 2.29. s(loo, || [lsup) Z P, || [lsup)-
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FIGURE 6. ¢(B(x,v)) and B(y, 0) in (R?, || ||max)

Proof. Define b, = (3)" ", a, = & = L(3)"", ¢, = 2utba = (3)" for
n>1. Let O € loo, Oso = (0,0,...) and z,, € loo, Tp = (=%, =%, ..., =%,
en  ,—%,...) for n > 1. Finally, let U = loo \ Up—; B(n, %). Observe
n—th term
that B(x,, %) C H%, where ¢, = (—1,—1,...,—1, 1 =100,
n—th term
: -1
Since [|Znlloup — % = ¢0 — % = L ()" and ||z [l + 2L =
Cr1 + 25 = b1 = (3)", we obtain
. _ L3yt
lim sup 1z nllsup 2— = limsup 22— (‘;)n =-<1.
n— o0 ||xn+1||sup+ p) n— o0 (Z) 3

Therefore, by Lemma 2.17, p(U, 0s) > 0. Moreover, p(U U (I \ U),0) =
P(looy 00c) = 0 and U is not lower superporous at 0o € E. Therefore, U ¢

B(lom | ||sup)-

We claim that U € s(lso, || [|sup)- Clearly, loo \ U is strongly superporous
at every ¢ € U \ {0 }. Take any A C lo such that p(A,0) = 1. There is
a sequence of pairwise disjoint balls (B(Yr, M%) )n>1 C loo \ (AU {0x}) such

that lim,, oo yr = Oso and lim,, o Hyk\fﬁ = 1. By Lemma 1.1, there exist

sequences (B(zg, pi))k>1 C loo and (sx)k>1 C {—1,1}* such that B(z, ug) C
B(yk, mx) NH* N B(0c, %(Hyk||SUP+77k)) and fu > ng — %(Hyk||sur1+77k>- Then

2 20 — 3 su
lim _ 4HE > lim Mk 2(”ka p+7]k) _

k=00 || 2k llsup + e T k=00 S ([lykllsup + M)
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and ANUg—, B(zk, o) = 0.

We construct a new sequence of open balls (B(vg,vk))k>1 such that
B(vg,v) C Bz, ) NU and p(les \ Uze; B(vk, k), 000) = 1. Fix k > 1.
If ¢ # ¢ for n > 1, ie. B(zg, pi) C U then we take B(vg,vy) = B(zk, tig)-
Let us consider the case, where ¢, = (,, for some n; > 1 (obviously, ¢; # ¢,
for n # ny). Let B(zi, i) = (df, d¥ +2pk) x (d5, d5+2pux) x - - -, where df >0
and d¥ + 2u; < 0 for n # ny. Since

i 2oy 20— 5 (yellsun + )
k—oo ”ZkHsup + Hk " k—oo %(”kasup _|_ T]k?)

:1,

kL
we have lim,, o w = 0. By Lemma 1.5, we can find (d,e) C

o [ 3ldk, |
(df ,d~ + 2uy) such that (d,e) N [an,,by,] =0 and =2 > 1 — CimE=Te

Then
(d’fvdlf + 2/~Lk) X X (dﬁk,l,dﬁk,l + Q,Uk) X (dv 6)

X (dp, 115 dpy 1 +2u1) X - CU

e—d
2

kl:n>1
o (1 [l )
k=00 inf{|dE| + 2u: n > 1}

we finally obtain p(ls \ Upey B(vk, k), 05) = 1. Therefore I, \ U is strongly
superporous at 0. Hence, U € s(loo, || |lsup), which completed the proof. O

e—d
2

and we can find B(vy, ) C U, i.e., we have v, = . Since

Question 2.30. Does there exist a normed space (X, | ||) such that s(X, || ||) C
(X, 1)?

We may present relationships between considered topologies in the fol-
lowing diagram.

(4)
RS §()f;3|)| 1 & p(X D & p(X 11D

s(X D

Inclusion 7)) C s(X, | [|) is just equality in some normed spaces, inclusion
s(X, [ 1) & p(X, || ||) holds under condition (A) and inclusion s(X,| [|) &
s(X, ] ||) holds under condition (B). No other inclusion, in general, holds,
although we know only one example of a normed space in which s(X, || ||) ¢

p(X, (1D
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3. Lower porouscontinuity

In [1] J. Borsik and J. Holos defined families of porouscontinuous functions
f:R — R. Some properties of porouscontinuity can be found in [1,2,10].
Applying their ideas and replacing standard porosity in R by the lower porosity
in X we transfer this concept for real functions defined on (X, || ||)-

Definition 3.1. Let (X, || ||) be a normed space, f: X — R and « € X.
Let r € [0,1).The function f will be called:
e P,-continuous at z if there exists a set U C X such that x € U, p(X \
U,z) > r and fy is continuous at z;
e S,-continuous at z if for each € > 0 there exists a set U C X such that
zeU, p(X\Uz)>rand f(U) C (f(z) —e, f(z) +&);
Let r € (0,1].The function f will be called:

e M, -continuous at z if there exists a set U C X such that x € U, p(X \
U,z) > r and fjy is continuous at x; B
e N,-continuous at x if for each € > 0 there exists a set U C X such that
reU,p(X\Ux)>rand f(U) C (f(z) —¢, f(x) +¢);
By P.(f), S-(f), M,(f) and N,.(f) we denote the sets of points at which f
is chontirﬁous, gcontinuog M, -continuous and N,-continuous, respec-
tively.

Proposition 3.2. Let f: X - R and xz € X. Then

(1) x € S:(f) if and only if p(X \ {t: |f(t) — f(x)] < e},2) > r for every
e>0;

(2) x € No(f) if and only if p(X \ {t: |f(t) — f(z)| < e},x) > 7 for every
e>0.

for corresponding r.

Similarly as in [1], we can easily check that f is M,-continuous at x if
and only if it is A;-continuous at x.

If f is P,-continuous, S,-continuous, M,-continuous at every point of X
for some corresponding r then we say that f is P,-continuous, S,-continuous,
M,.-continuous, respectively. All of these functions are called lower porouscon-
tinuous functions.

Obviously, if f is continuous at some x then f is lower porouscontinuous
(in each sense) at x. We introduce for corresponding r the following notations:

o M, =N, ={f: M.(f) = X};
° &:{f&(f):X}v
o S, ={f:S(f) =X}

In the paper we focus on M; and Sp. In [11] some properties of lower
porouscontinuous functions Py, S,, M, for r € (0,1) defined on R? are pre-
sented.
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Lemma 3.3. Let (X, || ||) be a normed space. Then
int, (x| E = {r € X: X\ E is lower superporous at x}
and
intg x|y E ={z € X: X\ E is lower strongly superporous at x}
for every E C X.

Proof. Denote V' = int,x | ) £. Take 29 € V. Then V' € p(X, | ||) and X \ V'
is lower superporous at . Since X \ E C X \ V, the set X \ F is lower
superporous at .

Now, let 29 € {x € X: X \ E is lower superporous at z}. Denote V/
int7, , £ U {xo}. Obviously, X \ V is lower superporous at each point z
V \ {zo}. Moreover, for each set A C X we obtain p((X \ V) U A, xg)
p((X\ E)UA, x), because every open ball disjoint with X \ E is contained in
V. Since X \ E is lower superporous at g, the set X \ V is lower superporous
at g, too. Therefore V' € p(X, || ||). Finally ¢ € int,x | | E, because V C E.

The proof of the second statement is very similar and we omit it. O

m

Lemma 3.4. Let A be a closed subset of a normed space (X, || ||) and xg € A.
Then there exists E C X \ A such that

° clT‘ B CEU{xo};
e F is discrete;
o for each B C X, if E C B then p(B,x0) = p(BU (X \ A),z0).

Proof. Let U, = B(zo, = )\B(xo,n%rl) for n > 1. By the Zorn Lemma,
for every n we can choose a discrete set E, C U, \ A such that U, \ A C

User, B (w, ﬁ) and ||z1 — z2| > nH)Q for x1,29 € By, 21 # To. Let

= U E
Then E is discrete, EN A = § and cly; | E C EU {x}. Take any B C X
such that £ C B. The inequality p(B,zo) > p(B U (X \ A),z0) is obvious.
If p(B,x¢) = 0 then certainly p(B U (X \ A),z0) = 0. Let p(B,z¢) = a > 0.
Choose 3, 81 such that 0 < 8 < 1 < a. We can find ny > 1 such that

n%) < min{ﬁl4ﬂ, g,&}. Since p(B, ) = « > (1, we can find Ry € (O,ﬁ)

such that LRRB) > 3 for R e (O Ry). Choose any R € (0, Rg). There
exists B(y,n) such that > 31 and B(y,n) N B = 0.

n+\|ro yH = R
Suppose that B(y,n) ¢ A and take any z € B(y,n) \ A. There exists n
such that - +1 <|lz = x| £ 5, ie. z € Uy. Since

1
Il = zoll < Iz = wll + lly = zoll <n 4 [ly = ol < 2lly = oll < 7=,



220 Page 22 of 26 S. Kowalczyk and M. Turowska Results Math

we obtain n11+1 < ﬁ and n; > ng. By construction of E, there exists v € E,,,

such that ||z — o] < m Observe that v € E C B and BN B(y,n) = 0.
Therefore v € B(y,n), i.e. [[v —y|| > n. Thus

z—Y| > —v||—llv—2z||>n— ——=.
Iz =9l 2 lly = vll = v =2l 20~ =55

ﬁ)m(BU(X\A)) = @ By inequality m >
(1, we obtain 2n > B1|zo — y||. Hence

This means that B <y, N1

1
— 501 ||xo — 2 8 1 1
< Billzo — vl < 3B1llzo — 2| < B . > L
2 2 4dn1+1) " nod(ni+1)  ng
and n — ﬁ > (0. Moreover,
-1 2
2 (77 (n1+1)2) 2 — e
Tl*vaH%fyH n+llzo =yl
m 2 2
= - 2 > 51 - )
n+llzo =yl (na+1)% (0 + [0 —yl) (n1 +1)?[|zo — 2|
2 2 4
>B -t =1 — >p——>p—(b—B) =6
61 (m t 121 b1 P 61 - Bi— (B —B)=p
Since 8 € (0, ) was chosen arbitrary, p(BU (X \ A),z) > «, which completed
the proof. O

Lemma 3.5. Let (X, || |[) be a normed space, f: X — R, g € X and ¢ > 0.
If f restricted to B(xg,0) is continuous then f is p(X,| ||) and s(X,| ||)-
continuous at every x € S(xo, 0).

Proof. For every x € S(xg, 0) and £ > 0 there exists Ry such that
B o+ %22, 2) € B(oo,0) N B, R) N {t € X: |f(2) — f(ao)] < e}

2 lzo—zf]” 2

for every R < Ry, which completed the proof. 0

It is easily seen that result of addition and multiplication of functions
from discussed classes of functions, in general, need not belong to these classes.
Therefore we studied the following notion.

Definition 3.6 [3]. Let F be a family of real functions defined on (X, | [|). A
set My (F) = {9: X — R: Vyer (f +g € F)} is called the maximal additive
class for F.

Remark 3.7. Let f: X — R, f(z) = 0 for x € X be a constant function.
Clearly, if f € F then MM, (F) C F.

Let Cr denote the class of continuous functions f: (X,7) — R.

Theorem 3.8. M, (So) = Cp(x,| |)- Moreover, Mo (Po) C Co(x,| |-
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Proof. Let f € Cyx,) |)- Take g € So, v9 € X, £ > 0.

Denote E. = {z € X: |g(z) — g(x0)| < §}. Then p(X \ E., z) > 0. Since
€ Cpx,|||), there exists a set U such that 2o € U, U € p(X,| |) and
Uc{zeX:|f(x)— f(zo)| < §}. By the definition of topology p(X, || ||) the
set (X\U)U(X\ E;) is lower porous. Moreover, (X\U)U(X\E.) = X\(UNE,).
Thus p(X \ (UNE.),z0) >0 and |f(z) + g(z) — f(xo) — g(xo)| < € for each
x € UN E.. Therefore f + g is Sp-continuous at xo. Hence f € M, (Sp).

Suppose that f & Cp,(x | |))- Then there exist xo € X and € > 0 such that
xo & intyox || ) Ee, where E ={x e X:|f(x) — f(xo)|] < e}. The set E. does
not, con{ain any p-neighbourhood of point xg. By Lemma 3.3, the set X \ E.
is not lower superporous at xy. Therefore there exists a set F' C X such that

p(F,r9) > 0 and p((X \ E.) U F,z0) = 0. There exists a sequence of closed
balls ( (mn,én)) , such that Ur— B(zn,6n) C X\ F, 20 € U, B(wn,0n),
lim, oo T, = To and p(F,x0) = p(X\Un 1 Bz, 65, ),330) > 0. Let A =
{zo} UU,Z, B(xy,d,). By Lemma 3.4, we can find E C X \ A such that for
every B C X if £ C B then p(B,z0) = p(BU (X \ A),2¢). Define g: (A \
{zo})UE — R by g(z) =0 for x € A\ {xo} and g(z) = —f(x) + f(x0) +¢ for
x € E. Since (A\ {zo}) UE is a closed subset of X \ {z0} and ¢ is continuous,
by the Tietze Theorem, there exists a continuous extension g: X \{zo} — R of
g. Finally, let g: X — R be defined by g(z) = g(z) for = # x¢ and g(z() = 0.

Since ¢ is continuous at every point except xg, g(x) = g(zo) for x € A
and p(X \ A,z0) = p(F,zo) > 0, we have g € Py. On the other hand, E C

{z € X:|(f +9)(@) = (f +9)(x0)| = ¢} and
p(X\{z € X2 |(f +9)(x) = (f + g)(wo)| <&}, 0)
=p(X\NA) U X\ {z € X: |(f +9)(x) = (f + 9)(x0)| < €}),0)
=p(X\{z € A |(f + 9)(x) = (f + g)(2o)| < e}, 0)
= p(X \ (B- N A),z0) = p((X \ E-) U (X\A),z0) < p((X\E.)UF, o) =0.

Therefore X\ {z € X: |(f+¢g)(x) — (f+9g)(xo)| < €} is not lower superporous
at zo and f + g ¢ So. It implies M, (So) C Cp(x, |y and Ma(Po) C Cp(x || |-
The proof is completed. O

Theorem 3.9. M (M) = Cyx ) |-

Proof. The proof of inclusion Cy(x | ) C Ma(My) is very similar to the proof
of inclusion Cpx || )y € Ma(So) in the proof of Theorem 3.8 and we omit it.
Take any f ¢ Cs(x,) |- Then there exist zop € X and € > 0 such that
xo & inty(x, ) Ee, where E. = {z € X: [f(z) — f(wo)| < e}. By Lemma 3.3,
the set X \ E. is not lower strongly superporous at xg. Similarly as in the
proof of Theorem 3.8, we can find F C X and A = {xo}UJ,~, B(xy, §,) such
that p(F,zo) =1, p((X \ E.) UF,20) <1, AC X\ F, $0¢U B(Zn,6n),
lim,, 00 @, = xo and p(F,z9) = p(X \ A,20) > 0. By Lemma 34 we can
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find E € X \ A such that for every B C X if E C B then p(B,x9) =
p(BU(X \ A),z0). Define §: (A\ {zo})UE — R by g(z) =0 for z € A\ {0}
and §(z) = —f(x) + f(x0) + € for z € E. Again, similarly as in the proof of
Theorem 3.8, we can define g: X — R such that g is continuous at every point
except zg, g(x) = 0 for z € A and g(z) = f(z9) — f(x) + € for x € E. Since
g is continuous at every point except xg and p(X \ 4, z¢) = p(F,z9) = 1, we
have g € M. On the other hand, E C {z € X: |(f +9)(z) — (f +9)(x0)| > ¢}
and

p(X\{z € X:[(f +9)(x) = (f + 9)(z0)| <e},20)

Therefore, X \ {z € X: |(f + 9)(z) — (f + g)(x0)| < €} is not lower strongly
superporous at xg and f+g ¢ M. It implies M, (M) C Cy(x,) |)- The proof
is completed. O

Remark 3.10. In a similar way, applying p(X, || ||) and s(X, || ), we can de-
scribe maximal multiplicative classes for Sgp and M. But in this case we need
a notion of topology extended by a set, see [8,9].
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