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1. Introduction

Let (M,n) be a contact manifold of dimension 2n + 1, n > 1, i.e. a smooth
manifold endowed with a fixed contact form 7, that is, a 1-form satisfying;:

nA (dn)" #0

everywhere on M. This condition singles out a distinguished globally defined
vector field &, called the Reeb vector field, which is transverse to the con-
tact distribution D = Ker(n), and such that n(§) = 1 and dn(X,§) = 0 for
every smooth vector field X on M. Many results are known concerning the
Riemannian geometry of associated metrics on (M,n) (see for instance the
standard monograph [1], where the reader can find several examples and an
extensive bibliography on this subject).

We recall that an associated metric g to n is a Riemannian metric for
which there exists a (1, 1) tensor field ¢ : TM — TM such that

e’ =—-Id+n®¢ n(X)=g(X, ), dn(X,Y)=g(X,¢Y),
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for every X,Y vector fields on M. The tensor field ¢ is uniquely determined
by ¢, and the tensors (p,&,n,g) make up a contact metric structure on M.
On every contact manifold, associated metrics abound; indeed, by the polar-
ization technique, one can construct them starting from the non-degenerate
(symplectic) two-form dn on the contact subbundle D. A choice of such a met-
ric endows the contact manifold of an almost C' R-structure (D, J), where the
complex structure J is the restriction ¢|p.

The most studied class of associated metrics is that of Sasakian ones,
strictly related to Kéhler geometry, characterized by the additional require-
ments that (D, .J) should be a (formally integrable) C'R-structure and more-
over ¢ should be a Killing vector field. For any associated metric g, this last
condition is also equivalent to

ﬁggp = 0,

and, when it holds, g is usually called a K -contact metric. In the general case,
the above Lie derivative is a non-null symmetric (1,1) tensor field; in the liter-
ature, it is customary to adopt the notation h := %Eg(p. The operator h has a
key role in the development of the theory of general contact metric structures.
Another important symmetric operator is the Jacobi operator associated to
&, 1= R(—,&)&, where R is the curvature tensor. Observe that h and [ both
annihilate £, so they can be thought of as endomorphisms of the contact sub-
bundle.

The behavior of these two operators, which appear in several key formu-
las, greatly influence the geometry of the underlying contact metric manifold.
The aim of this paper is to discuss an instance of this fact, exhibiting sufficient
conditions ensuring the non-compactness of the contact manifold. We consider
the class of locally homogeneous contact metric manifolds, whose contact form
is regular, meaning essentially that the orbit space M /£ determined by the flow
of the Reeb vector field is smooth and the canonical projection 7 : M — M /¢
is a submersion (for more details, see for instance [1, Chapter 3]). We remark
that this class contains all the homogeneous contact metric manifolds, due to
a general result of Boothy-Wang [8].

We shall restrict to the case where [ and h are most nicely related: namely,
our basic assumption will be:

llpoy = exld (*)

for every eigenvalue A of h : D — D, with eigenbundle D(\), where ¢, is a
constant.

Many relevant examples of (locally) homogeneous, non K-contact, con-
tact metric manifolds satisfy this condition. We cite here the (k, u)-spaces,
studied by several authors (see [1, §7.3], [2], [5]), and tangent sphere bundles
over symmetric spaces of rank one (see [6]).
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Another wide class can be considered in the context of pseudo-Hermitian
geometry. Recall that a pseudo-Hermitian manifold is a contact metric mani-
fold whose almost C'R-structure (D, .J) is formally integrable; it is a strongly
pseudoconvex C'R manifold. For these manifolds, condition (*) holds automat-
ically under the assumption that the Ricci operator @ commutes with ¢, i.e.,
[@Q, ¢] = 0. Indeed, in this case, on the contact subbundle, { and h are related
by

l=1d—h*+2(1—n)h.

In particular, this is true for n-FEinstein pseudo-Hermitian manifolds, which
are characterized by

Q=ald+An®E¢ o B ek

Instead of [Q, ] = 0, one can also consider the case where @ is of the
form:

Q=ald+pn@&+~h, «,p,7v€R.

All these relevant cases are examined in the last section (see Theorems 4.5, 4.6
and 4.7).
In the above set up, our main result is the following:

Theorem 1.1. Let M(¢,&,1,9) be a locally homogeneous, reqular contact met-
ric manifold. Assume that the Jacobi operator | satisfies:

Z|D()\) = C)\Id,

for every eigenvalue of h.
If, for each positive eigenvalue X of h, we have cy # (A + 1)? and, for at
least one of them, we have:

ex €[N+ 12 =402, (A +1)%),
then M is not compact.

The method of proof consists in constructing a suitable deformation of
the original metric g, determining a contact metric structure (¢’, &, n,¢’) that
satisfies Vih' = 0 and whose operator h’ admits at least one eigenvalue A > 1.
But this turns out to be impossible on a compact, reqular contact manifold,
due to an argument similar to a result about critical metrics in [1, §10.3]. The
deformations employed in the proof are given essentially by a rescaling of the
original metric by a suitable positive constant factor ay on each eigenbundle
D()) (see Definition 3.2).

In Sect. 3, we develop some properties of this kind of deformations for
every locally homogeneous contact metric manifold, under our basic assump-
tion (*). In particular, we first discuss when such a deformed structure is a
K-contact one (Theorem 3.8). This is also of interest in itself, because it is
known that the existence of a K-contact metric is also a strong condition,
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imposing topological restrictions in the compact case (for instance, a torus
cannot carry a K-contact metric structure).

In the last section, we apply these properties to prove our main result
and some of its applications. In particular, we prove:

Theorem 1.2. A locally homogeneous, regular, n-Einstein pseudo-Hermitian
manifold of dimension 2n + 1 that satisfies

Ric(€,€) < 2n(1 —n?) (1.1)
18 mot compact.

We remark that the inequality (1.1) is optimal; this is showed by giv-
ing suitable examples of compact homogeneous, 7n-Einstein pseudo-Hermitian
manifolds that satisfy Ric(&, &) > 2n(1 — n?) (see Proposition 4.8).

2. Preliminaries

Given a contact manifold (M, n), we will denote by D the contact distribution,

which is the 2n-dimensional distribution defined by ker(n). We can write the

tangent bundle of M as TM = D @ R¢, where £ is the Reeb vector field of 7.
If g is an associated metric to 7, it is known (see e.g. [1], [3]) that:

VE = —¢p—¢h,
(Veh) = p(Id = h* = 1),
plp —1=2(h* + ¢?),
Ric(€,€) = 2n — tr(h?), )
where | = R(—,£)¢ is the Jacobi operator relative to £. Moreover, h is a
symmetric operator, h anticommutes with ¢, and trh = 0 (for example, Lemma
6.2. of [1]). An a consequence, we recall that, if A is an eigenvalue of h, then —\
is also an eigenvalue. It is also known that hé = 0. So, whenever convenient,
h can also be considered as an endomorphism A : D — D of the contact
subbundle.
In the case of pseudo-Hermitian manifolds that satisfy [@Q, @] = 0, on the
contact subbundle, [ and h are related by
l=1d—h*+2(1—n)h, (2.5)
because of the following identity [1, Prop. 10.2]:

Qe —9Q =lp—pl+4(n—1)he —n® QL +no Qe .
We end this section by recalling the notion of contact metric (k, p)-spaces.
These are contact metric manifolds satisfying the equation [2]

R(X,Y)§ = r(n(Y)X —n(X)Y) + p(n(Y)hX —n(X)hY),

for every vector fields X,Y on M, where k and p are constants. The (k, u)-
spaces obviously include the Sasakian manifolds (x = 1 and h = 0) and they

)
)
)

/N /N /N /N
=W N
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are non-Sasakian, locally homogeneous, strongly pseudoconvex C'R manifolds
when & < 1. In this case, the spectrum of h is {0, —/1 — &, /1 — k}. Applying
a D,-homothetic deformation to a (k, t)-space yields another (&', u')-space; we
recall that such a deformation is given by the following change of the structural
tensors of M:

_ - 1 _
n=an, §:=-¢ g=agtala—n®mn,
where a is a positive constant. Then one has:

, k+a*—1 , pu+2a-—2
— = - 2.6
v 2 M a (2.6)
It is known that the Ricci operator of a (k, )-space can be written as
Q= (2(n—1) =nu)ld+ 201 =n) +n(2s+p)n @+ (2(n = 1) + p)h. (2.7)

Hence, the n-Einstein ones are characterized by u = 2(1 — n).

The simply connected, complete, non Sasakian (k, u)-spaces are all ho-
mogeneous and are completely classified (see [5,9,11]) and, considering two
such spaces equivalent up to D,-homothetic deformations, they form a one-
parameter family parametrized by R. This family contains the tangent sphere
bundles TS where S is a Riemannian space form. The classification relies on
a result of Boeckx [5], stating that the number I, = % completely de-
termines a contact metric (k, u)-space M locally up to equivalence and up to
D -homotetic deformations of its contact metric structure. We shall call Iy,
the Boeckx invariant of the (k, u)-space.

3. A Family of Deformations of a Locally Homogeneous Contact
Metric Structure

Given a locally homogeneous contact metric manifold M(p,&,n,g), the sym-
metric operator h has constant eigenvalues with constant multiplicity, since
h is preserved by all the local automorphisms of the geometric structure ([7,
Lemma 10]).

We denote by S the set of eigenvalues of k| p, by A; the positive eigenvalues
in §, by D(A) the eigendistribution of h associated with the eigenvalue A,
which is a vector subbundle of TM, and by [¢] the one-dimensional subbundle
spanned by the vector field £. Therefore, we can write T M as:

TM - {[é] © D)@ D(A\) @ D(A\p) @ D(=M\) @ - @ D(—\p), if0€ S,
[E]® D)@ D) @ D(=A1)© - @ D(=A\p), if0¢ S.
(3.1)
The following simple property of the sections of the subbundles D())
shall be useful next.
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Lemma 3.1. Let M(p,&,m,9) be a locally homogeneous contact metric mani-
fold. Then, for every X € D(X) and Y € D(u), we have:

G(Veh)X,Y) = (A — w)g(VeX,Y).

Proof. Since h is symmetric and the eigenvalues are constant, we obtain:
9(Veh) X, V) = Ag(Ve X, Y) = g(Ve X, hY) = (A = p)g(Ve X, Y),

thus proving the lemma. O

Using the decomposition (3.1), we shall now define a family of deformed
structures (', &,n, g’), all of which are associated with the given contact form.

Definition 3.2. We take ¢’ as
¢'E=0, ¢ =axp on D)),

and the metric ¢’ as
1, f X =Y =¢
Jd(X,Y) =< axg(X,Y), if X,Y € D()),
0, otherwise,

with ay a constant attached to each A in the spectrum of h; these constants
are required to satisfy the following constrains:

—1 if A\ =0,
ar{ >0 if \ 0,
_ 1
-1

We will now give sufficient conditions for this family of structures to be
contact metric.

Proposition 3.3. Given a locally homogeneous contact metric manifold (M, ¢,
&,1,9), then each structure (¢',&,n,g") of the family defined in Definition 3.2
15 a contact metric structure.

Proof. If the manifold is K-contact, then the deformation leaves invariant the
contact metric structure.

If the manifold is not K-contact, we start by verifying ¢'? = —Id+n®¢E.
Indeed, taking into account the splitting (3.1), when computing ¢"?(X), we
just have to consider two possible cases:

—~ Case X = & Then ¢ = pf = 0, thus ¢2¢ = 0. On the other hand,

=+ nE)E=—-¢+E=0.
— Case X € D(\). Then ¢ X € D(—A), so that

1
%X = ax¢' (9X) = ax (m) P’X =’ X = —X +n(X)¢&
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Thus the structure is almost contact.

The new metric, ¢, is compatible with the almost contact structure, i.e.
J@X,¢Y)=¢(X,Y)—n(X)n(Y). This follows by considering the following
cases:

— Case X,Y =& Then ¢'(¢'¢, ¢’€) = 0 and ¢'(§, &) —n(&)n(§) =1-1=0.

— Case X =&, Y € D(A). Then ¢'(¢’&,¢'Y) =0and ¢'(£,Y) —n(&n(Y) =
0-1-0=0.

— Case X,Y € D(A). Then

1
S (X, V) = g (0X. oY) = dd(a_n)g(o X, oY) = i} () g X, oY)
= axg(pX, YY) = ax(g(X,Y) = n(X)n(Y)) = arg(X,Y)
and
J(X,Y) =n(X)n(Y) = arg(X,Y).
— Case X € D()A), Y € D(u) with A # p. Then
J@X,QY) =ara.g (¢X,0Y)=0
and
g(X,Y) =n(X)n(Y)=0+0.

Thus our structure is almost contact metric. Finally, we can check that
¢’ is associated to the contact form 7, i.e. that dn(X,Y) = ¢'(X,¢'Y). This
also can be proved case by case. For instance, if X € D(\) and Y € D(-=\),
then

g (X,¢'Y) =a_,g'(X,0Y) = a_rarg(X, pY)
1
= (m) axg(X, YY) = g(X, pY).

In all the remaining cases, the verification is similar and straightforward
and we omit it for the sake of brevity. O

From now on, we shall restrict our study to locally homogeneous contact
metric manifolds whose Jacobi operator [ has the simplest behavior with re-
spect to the splitting (3.1). Namely, we shall require that [ should preserve the
splitting and that, for every eigenvalue \ of h:

Z|D()\) = C)\Id,

where ¢, is a constant.

Under this assumption, we shall determine the operator A’ = %Eg(p’ of
a deformed contact metric structure and its covariant derivative V’gh’ with
respect to the new metric. This information will be used in the next section
to prove our main results.

Let us first see a couple of necessary lemmas.
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Lemma 3.4. Let M(p,&,m,9) be a locally homogeneous contact metric mani-

fold. Assume that l|p(xy = exld for every eigenvalue A of hjp. Then,
Ccox=—cy— 222 +2, (3.2)

In particular, if A\ =0, then cy = 1.

Proof. Given X € D(X), we have that hX = AX and IX = ¢\ X. Moreover,

since pX € D(—MA), then hpX = —ApX and lpX = c_ pX. Substituting

these formulas in Eq. (2.3) and using standard contact metric properties give
us

—(c_x+e)X =20 - 1)X,
from which Eq. (3.2) follows. When A = 0, we have that —(co + ¢p) = —2, so
Co = 1. O
Lemma 3.5. Let M(p,&,m,9) be a locally homogeneous contact metric mani-
fold. Assume that
Z|D()\) = C)\Id

for every eigenvalue N of hyp. Then, for every X € D(X) and Y € D(u)
satisfying A + p # 0, we have:
([, X], oY) = <H2_C*+A+1> (X,Y)
g ’ ’(p - )\+,LL g ) .

Proof. Using standard properties of the Levi-Civita connection V, Lemma 3.1
and Eq. (2.1), it follows that
9([§, X], ¢Y) = g(VeX, 9Y) — g(VxE&, 9Y)

= 5329 (Veh X oY) + (A + Dg(X,Y).

Applying now Eq. (2.2) and the hypothesis on [, we obtain that

d([€.X],6Y) = ——g(X — B2X —IX,¥) + (A + 1)g(X.Y)

_)\+u
1

=—g(X =X - X,Y)+ (A +1)g(X,Y
AJrug( aX,Y)+(A+1)g(X,Y)
1—)\2—C>\

= ——2 4 2+1)g(X,Y),

( - )g< )

concluding the proof. 0

We can now determine the operator h’ of the deformed contact metric
structures.

Proposition 3.6. Let M (p, &, n, g) be a locally homogeneous contact metric man-
ifold. Assume that

l‘D()\) = C)\Id7
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for every eigenvalue X of hyp. Consider a deformation (¢',&,1,9") of the con-
tact metric structure according to Definition 3.2. Then the corresponding op-
erator h' is determined as follows:

W |poy = pald,

where

4 ax

(—(A+1)2+4X%+cy)as +(A+1)%—cy
P = fO’f’ A 7é 0 (33)
0 for A=0.

Proof. Since the deformed structure is contact metric, h’'§ = 0. Therefore, in
order to determine h’ completely, we only have to check A/|p.

Given X € D(X) and Y € D(u), by the definition of A’ and ¢, we have
that:

29(WX.Y) =g([§,¢'X],Y)—g(¢'[§, X].Y) = aAg([é,wXLY)—g(w’[é,X}(, Y))-
34
We will now consider two cases: p = —\ and p # —A\.
If 4 = —), we obtain the next equation from the definition of h:

29(WX,Y) = axg([&, X],Y) — arxg(plé, X],Y) = 2ag(hX,Y) = 2ax\g(X,Y).
Now, in the subcase A = 0 this gives directly g(h’'X,Y) = 0. Assuming \ # 0,

then ¢(X,Y’) = 0 since eigenvectors belonging to different eigendistributions
are orthogonal, and hence we have g(h'X,Y") = 0 again.
If 1 # —A, then substituting [, o X]| = 2hX + p[€, X] = 20X + @[, X]
in Eq. (3.4) gives us:
29(h,Xa Y) = ZGAAQ(X7 Y) + aAg(gD[f, X]a Y) - g((p/[gv X]a Y)
Using the definition of ¢’ and that ¢ is anti-symmetric, we obtain:
291X, Y) = 20\Ag(X.Y) + (ar — a_,)g(¢lé X),Y)
= 2af)\Ag(X7 Y) - (Cl)\ - a’—u)g([ga X]v QOY)

It now follows from Lemma 3.5 that
1— )\2 — C)
29(R'X,Y) = |2a)\\ — —a_ =
s = [20h = (o = a) (5
In the subcase p # A\, we know that g(X,Y) =0, so g(WX,Y) =0.

In the subcase p = A # 0, we have that

11—\ —
2@)\)\ ( ,\—a>\)( I\

— A+ 12 +c)ai + (A +1)2 —cy
4AGA

thus ending the proof. O

+A+ 1” g(X,Y).

g(WX,Y) = C’\+)\+1)]g(X,Y)

2
_ (A

g(X,Y),
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Lemma 3.7. Let M(p,&,m,9) be a locally homogeneous contact metric mani-
fold. Assume that l|p(xy = exld for every eigenvalue A of hjp. Then,

P=x = —Px (35)

for every eigenvalue \ € S.

Proof. Equation (3.5) can be obtained by substituting (3.2) and a_y = -

ax

in (3.3). 0

We can give sufficient and necessary conditions for the deformed struc-
tures to be K-contact.

Theorem 3.8. Let M(p,&,1,9) be a locally homogeneous contact metric man-
ifold. Assume that || pxy = exId for every eigenvalue A of h. Then M admits
a deformation (¢',&,m,q") of its contact metric structure according to Defini-
tion 3.2 which is K-contact if and only if, for every positive eigenvalue \ of h,
we have:

ex €A +1)2—4X2 (A +1)2). (3.6)
In this case, such a deformation is unique and it is determined by setting:
cx— (A+1)2
= A . .
ay \/c,\—()\—|—1)2—|—4)\2’ for every A € § (3.7)

Proof. First we remark that, if (3.6) holds for all positive eigenvalues, then
it actually holds for all non-null eigenvalues. This is a simple consequence
of (3.2).

Since the structure (', &,7,¢’) is contact metric, then it is K-contact if
and only if i/ = 0. By Proposition 3.6, this is equivalent to requiring that
px = 0 for all A # 0, that is, that

(ex— A+ 12 +4X%)a3 =cx — (A +1)2,
for all A # 0.

Assume first that A’ = 0. Then, observe that, for each non-null \, we must
have ¢y # (A+1)? —4)?, because otherwise we should also have ¢y = (A+1)?;
but that would mean that (A+1)2—4A? = (A+1)? and therefore A = 0, which
is a contradiction.

Hence we obtain:
ex—(A+1)?

a3 =
AT ey — (A 1)2 4402

for all A # 0.

This is possible provided the right-hand side of this equality is positive
for all A # 0, which is equivalent to the condition (3.6). Vice versa, if con-
dition (3.6) holds true, a deformation of the contact metric structure can be
defined by the formula in (3.7), since the argument of each square root is
positive. Moreover, if A = 0 is in the spectrum of h, we have a9 = 1 and,
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thanks to Eq. (3.2), we obtain that a_) = i for all A, thus satisfying all the
conditions of Definition 3.2. Clearly, this deformed structure is K-contact by
construction. O

We can also give sufficient conditions for the locally homogeneous, pseudo-
Hermitian manifolds with [@Q, ¢] = 0 to carry a K-contact structure.

Theorem 3.9. If M is a locally homogeneous, pseudo-Hermitian manifold with
[Q,¢] =0, then M admits a K-contact structure, compatible with the original
contact form, provided

Ric(€,€) > 2n(1 —n). (3.8)

Proof. From (3.8) we see that, for each positive A € S, we have A < n. In-
deed, assume by contradiction A > n for some positive A. From (2.4), we have
Ric(€,€) = 2n—tr(h?), which implies tr(h?) > 2n? and so Ric(¢,€) < 2n—2n2,
contrary to the hypothesis. On the other hand, since [Q,¢] = 0, the Jacobi
operator [ is determined according to (2.5) and we have at once that

cx < (A4 1)% —4)2,

for every positive A € S. Hence, according to Theorem 3.8, we can perform a
deformation of the contact metric structure in order to get a K-contact metric
structure on M. 0

Since a torus does not admit a K-contact structure, we obtain the fol-
lowing result.

Corollary 3.10. A torus of dim > 3 cannot carry a Ricci flat, locally homoge-
neous, pseudo-Hermitian structure.

Next we determine the covariant derivative V’gh’ of the deformed contact
metric structures.

Proposition 3.11. Under the same assumptions of Proposition 3.6, for every
A, 1 eigenvalues of b and for every X € D(A) and Y € D(u), we have:

- %((CA — (A +1)? +42%)a2 + 4)ay
g(VER)X,Y) = Fov = A+ D2 geXY),  ifA=—p#£0,

0, otherwise.
(3.9)

Proof. Observe first that h’' is symmetric also with respect to the original
metric g, owing to Proposition 3.6. Thus, given X € D(A) and Y € D(u), by
the definition of A’ we have that:

g(Veh) X, Y) = pag(VeX,Y) = g((VeX),B'Y) = (px — pu)g(Ve X, Y).
If A= p, then p) = p,, and thus g((Vih')X,Y) = 0.
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If A # p, then using standard properties of the Levi-Civita connection
V' and Eq. (2.1) applied to the deformed structure gives:

g(VER)X,Y) = (px — pu)[9([§, X].Y) = 9(¢' X, Y) — g(¢'h' X, Y)].
It follows from the definition of ¢’ and from Proposition 3.6 that
9(VER)X,Y) = (px — pu)l9([§, X1, Y) — (ax + axpa)g (¢ X, Y)].
Since A # u, we have by Lemma 3.5 that
1—A2—¢,
o1, X1.¥) = =g(i& XL () = -

A+1 X, oY
Py ++)g(,<p)

1—)\2—0)\
= —4+2A+1 X, Y).
( o A )g(so Y)

If we substitute this last equation in the previous one, we obtain

1-X—c¢
9(VeR)X,Y) = (px — pu) <)\—,u)\ +A+1l—ay— a>\p>\> g(pX,Y).

Now, in the subcase A # —pu, we know that ¢ X € D(=\) and Y € D(u) are
orthogonal, and therefore g(¢X,Y) = 0, so that g((Vih')X,Y) = 0.
In the subcase A = —pu, we have that ¢ X, Y € D(—)\), and using (3.5)
gives us
g((VER)XY) = B+ 1)? = ex = 2A(pa + Dan) (¢ X, Y),

where A = —p # 0 because A # . Then, Eq. (3.9) follows from (3.3) and the
definition of py. 0

4. Main Results

Theorem 4.1. Let M(p,&,7,9) be a locally homogeneous, reqular contact met-
ric manifold. Assume that the Jacobi operator | satisfies:

Z|D()\) = C)\Id,

for every eigenvalue of h.
If, for each positive eigenvalue \ of h, we have cx # (A +1)? and, for at
least one of them, we have:

ex €[N+ 1)2 =402, (A +1)%), (4.1)
then M is not compact.

Proof. Consider a locally homogeneous, regular contact metric manifold whose
operator h behaves as in the statement.

We consider first the case where V¢h = 0. In this case, according to (2.2),
we have [ = Id — h?, so that

C,\Zl—)\2
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and, by assumption, h admits at least a positive eigenvalue Ay > 1. We shall
adopt a reasoning similar to the proof of [1, Theorem 10.12].

Assume by contradiction that M is compact. Hence, by the regularity
assumption, M is a principal fibre bundle over a symplectic manifold B with
group and fibre 8! ([8]). More precisely, the structure group S' is generated
by a new Reeb vector field &, which is associated to a suitable contact form
7= fn, with f # 0 a scalar function.

Fix p € M, and let v : R — M be the maximal integral curve of £ passing
through p. Then 7 is closed ([8, p. 722]) and therefore a periodic geodesic. Fix
a unit eigenvector v € T, M of h with eigenvalue Ag. Then v can be extended
to a parallel vector field X = X (t) along v, so that X (0) = v. Since V¢h =0,
for each t € R, X (¢) is also an eigenvector of h with the same eigenvalue \g.
Since Vep = 0, ¢ X (t) is also parallel and an eigenvector with eigenvalue —\o,
for all ¢.

On the other hand, v can also be extended to a vector field Y € X(M),
which is a section of the contact distribution D such that [Y,&] = 0. Indeed,
consider the bundle projection 7 : (M,7) — B and the vector u = m.(v).
Then u can be extended to a vector field Z on B, and Z admits a unique
horizontal lift Y = Z* ([10, p. 64]), with respect to the connection form 7.
By construction, Y, = v and moreover, Y is invariant under the flow of &, by
a general property of horizontal lifts ([10, Prop. 1.2]). Hence [Y,&] = 0. Now,
¢ = f€, and thus

Y.l = (Y )§ + fIV. €] = (Y ).

But [Y,£] is in the contact distribution D, since Y is, so that [Y,&] = 0.
Now consider the functions « and § defined as:

a(t) = g(Yy), X(1),  B(t) = g(Ya(r), X (1))

Then «(0) = g(v,v) =1 and B(0) = g(v, pv) = 0. Since M is compact,
the norm of Y must be bounded on M, and thus « and 3 are also bounded:
a(t) < Yyl IXOI < [Yamll,  BE) < Y5l - X O < [[Yyml-

We compute
a =g(VeY, X) = g(Vy&, X) = —g(pY, X) — g(phY, X)
=9(Y,0X) = Aog(Y, pX),

which means that

d=(1-2X0)p.
In a similar fashion, we also get:
ﬂ' = —()\0 =+ 1)04.

If \o =1, then & = 0 and 8 = —2a, so a(t) =1 and §(t) = —2t. But
this would mean that § is unbounded above, which is impossible.
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If \g > 1, then 1 — )\(2) < 0 and we have that
&+ (1 = A3)a =0, with a(0) =1 and 1 — A3 < 0.

Therefore, a(t) = (1 — ¢)eVN~1 4 ce= VA% for some constant c.
But this would mean that « is unbounded above, which is again impossible.
Therefore, M cannot be compact.

Now we come to the general case. We shall construct a deformation
(¢',€,m,9") as in Definition 3.2, for which Vih' = 0. Observe that it suffices
to impose that the restriction of Vféh’ to the contact subbundle vanishes.

Given X € D(\) and Y € D(u), we will now examine when g((Vih') X, Y)
= 0 holds. Firstly, we know from Eq. (3.9) that the left-hand side can be writ-
ten as

- %((ck — A+ 1)2 +4X2)a2 + 4hay

9(Veh)X,Y) = +ex— (A +1)%) g(pX,Y), ifA=—u#0,
0, otherwise.

Therefore, V’gh’ = 0 if and only if

oa((ex — (A F 1% +4X%)a3 +4hay +cx — (A +1)?) = 0, for every A # 0. (4.2)

Now, we know from Eq. (3.3) that p) = 0 is equivalent to
C\ — ()\ + 1)2
ex — (A +1)2 +4227
which is possible if cy ¢ (A +1)% —4A2, (A + 1)?). We remark that, by (3.2),
this condition is invariant under the change A — —\, and, under this change,
the positive solution to the Eq. (4.3) transforms to its inverse.
On the other hand, (cyx — (A+1)? +4X%)a3 +4Xay +cn— (A+1)2 =0is

a second-order equation of the type

vaa3 +4day — py =0, (4.4)

ol = (4.3)

with coefficients
vai=cx— A+ D2 H4X2 uyi= A+ 1) ey

If ey € (A +1)2 — 422, (X + 1)?), this equation admits a unique positive
solution ay. This condition is again invariant under the change A\ — —A\.
Moreover,

Vo =[x, H—x = Vx
and this guarantees again that the positive solution to the Eq. (4.4) transforms
to its inverse.
Next, we consider the case where )\ is a positive eigenvalue for which
cx = (A +1)2 = 4)\%. Then vy = 0 and py = 4)\?, hence the Eq. (4.4) admits
the unique solution

a>\:)\.
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Notice that, for —\, we have c_, = (1—\)?2, so that the corresponding Eq. (4.4)
admits the unique solution %

In conclusion, we can now choose, for each eigenvalue A\ of h, an appro-
priate ay > 0 so that the deformed structure (¢',&,n,g’) satisfies Vih' = 0.
Firstly, we define ay = 1if A= 0. If A £ 0, and c) & (A +1)2 —4X2, (A +1)?),
we consider the positive solution to (4.3); if ¢y € ((A+1)% — 422 (X + 1)?),
we choose the positive solution to (4.4). If A > 0 is an eigenvalue for which
cx = (A +1)? —4X%, we choose ay = A and a_) = 1. Then, we have that
a_y = i in all cases, so that the deformed structure is well defined.

Lastly, we have by hypothesis (4.1) that there is at least one A > 0 such
that ¢, belongs to the interval [(A + 1)2 — 4\% (A + 1)?). Then a satisfies
Eq. (4.4) with vy > 0 and thus A’ admits the eigenvalue

2
vaay + px Uy ax
=2 —==1 > 1.
PA= iy Ty <
So we are reduced to the particular case already discussed, yielding that M
cannot be compact. O

Corollary 4.2. A locally homogeneous, reqular contact metric manifold with
vanishing Jacobi operator is not compact.

Proof. Indeed, the previous result includes the case | = 0, because, in that
case, Eq. (2.2) yields h? = Id, so that A = 1 is the unique positive eigenvalue
of h. Therefore, ¢c; = 0 and (4.1) is satisfied. O

Another consequence of our main result is the following.

Corollary 4.3. A locally homogeneous, regular contact metric manifold whose
&-sectional curvatures satisfy:

K(&,X) = K(¢,¢X) <0, (4.5)
for every tangent vector X orthogonal to &, is mot compact.
Proof. Tt follows from (4.5) that

g((l+h*—1d)X,X) =0,

for every tangent vector X orthogonal to . Therefore, for tangent vector fields
X,Y orthogonal to &,

0=g((+h*—Id) (X +Y), X +Y)=29((l + h* — I[d)X,Y),

which implies that { = Id — h? in the contact subbundle.

So lip(n) = exld, with ¢y =1 — A2, for every eigenvalue of h. Moreover,
ex < 0since K(&,X) = g(IX,X) = exg(X, X) <0 by assumption. Hence A\ >
1 and (4.1) holds true for all positive eigenvalues of h, and thus Theorem 4.1
is applicable. ]

Corollary 4.4. Let M be a regular non-Sasakian (k, u)-space. If =1 < Iny <1,
then M is not compact.



150 Page 16 of 18 A. Lotta and V. Martin-Molina Results Math

Proof. After performing a D,-homothetic deformation of the contact metric
structure, which preserves the Boeckx invariant, we may suppose that x = 0.
Sol = ph and Iy = 1 — 5 and it follows that p € [0,4). Moreover, k = 0
means that h has a unique positive eigenvalue A = 1, so all the hypotheses of
Theorem 4.1 hold, yielding the conclusion. O

Next we discuss some applications of Theorem 4.1 to pseudo-Hermitian
geometry.

Theorem 4.5. Let M be locally homogeneous, reqular pseudo-Hermitian man-
ifold of dimension 2n + 1, whose Ricci operator Q) satisfies:

[Q,¢] =0.
Then M s not compact, provided that h admits at least one eigenvalue > n.
Proof. Under the above assumptions, (2.5) holds and we see at once that all the

hypotheses of Theorem 4.1 are satisfied, yielding that M is not
compact. O

A similar argument applies also to the following situation:

Theorem 4.6. Let M be locally homogeneous, reqular pseudo-Hermitian man-
ifold of dimension 2n + 1, whose Ricci operator @ satisfies:

Q=ald+pm@+vh, o B,7vER.
Then M is not compact, provided % 18 not in the spectrum of h and h

admits at least one positive eigenvalue in the interval [—152%, I220).

Proof. Assuming the above expression for (), one gets the following identity
on the contact subbundle:

l=1Id—h+ (y+2(1—n))h.
The rest of the proof is similar to that of Theorem 4.5. 0

Theorem 4.7. A locally homogeneous, regular, n-FEinstein, pseudo-Hermitian
manifold of dimension 2n + 1 that satisfies

Ric(€,€) < 2n(1 —n?) (4.6)
18 mot compact.

Proof. This follows from Theorem 4.5. Indeed, the hypothesis [@, ¢] = 0 holds
true because the manifold is n-Einstein. There must be an eigenvalue of h
greater than or equal to n because (2.4) and the hypothesis mean that

Ric(&,€) = 2n — tr(h?) < 2n(1 —n?)
and thus tr(h?) > 2n3. O

Lastly, we prove that the inequality (4.6) is optimal.
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Proposition 4.8. For any n > 1 and r with 2n(1 — n?) < r < 2n, there evists
a homogeneous, n-Einstein, pseudo-Hermitian manifold of dimension 2n + 1
that satisfies Ric(&,€) = r and is compact.

Proof. Let us distinguish two cases: r = 2n and 2n(1 — n?) < r < 2n.

Case 7 = 2n. It suffices to consider a sphere S?"*1 endowed with the
standard Sasakian structure. )

Case 2n(1—n?) < r < 2n. If we define ¢ := (\/227”33:(— m, then0 <c <1

and we can take a sphere S = S™*! with constant curvature c. Then its
tangent sphere bundle M = T35, with the standard contact metric structure,
is a compact homogeneous (k, uu)-space M?" 1 with k£ = ¢(2 —¢) < 1 and
uw = —2c¢ < 0 ([2]). If we now perform a D,-homothetic deformation with
constant @ = <t > 0, then it follows from (2.6) that the deformed manifold
is a non-Sasakian (', p’)-space with £’ = 5~ < 1 and ' = 2(1 —n) and thus
it is n-Einstein. Since Q' = 2nk’¢’ = r¢’, it also satisfies that Ric/(¢/,¢")
=7 O
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