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Abstract. We investigate Ulam stability of a general delayed differential
equation of a fractional order. We provide formulas showing how to gener-
ate the exact solutions of the equation using functions that satisfy it only
approximately. Namely, the approximate solution ¢ generates the exact
solution as a pointwise limit of the sequence A" ¢ with some integral (pos-
sibly, nonlinear) operator A. We estimate the speed of convergence and
the distance between those approximate and exact solutions. Moreover,
we provide some exemplary calculations, involving the Chebyshev and Bi-
elecki norms and some semigauges, that could help to obtain reasonable
outcomes for such estimations in some particular cases. The main tool is
the Diaz—Margolis fixed point alternative.
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1. Introduction

The differential equations of a fractional order have numerous applications
in the modeling of various physical phenomena and processes in economics,
chemistry, aerodynamics, ete. (for further information see [12-19,21]). They
are also an excellent tool for the description of hereditary properties of many
materials. For details concerning the fractional calculus we refer to [12,15,19,
20].

Unfortunately, quite often we only have a description of approximate
solutions to such equations and it is very difficult to get any sufficient infor-
mation on the exact solutions to them. So, the natural question is how big
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is the difference between those approximate and exact solutions and whether
it is possible to generate somehow the exact solutions by the means of those
approximate ones. Some convenient tools to study such issues provides the
theory of Ulam (often also called the Hyers—Ulam) type stability. It has been
motivated by a problem of Ulam, concerning approximate homomorphisms of
groups, and an answer to it provided by Hyers [6] (see [3,7,11,22] for more
details and references).

The main idea of such stability can be very roughly expressed in the
following way: When a function satisfying an equation approzimately (in some
sense) must be near an exact solution to the equation?

The following definition (cf. [3, p. 119, Ch. 5, Definition 8]) makes that
notion a bit more precise (R4 stands for the set of all nonnegative reals and
CP denotes the family of all functions mapping a set D # () into a set C' # ().

Definition 1. Let A be a nonempty set, (X, d) be a metric space, € C C C R+A
be nonempty, 7 be an operator mapping C into R+A and Fi, Fo be operators
mapping nonempty set D C X4 into X“. We say that the equation

Frp(x) = Fap(x) (1)
is (€, 7T )—stable provided for any € € £ and ¢ € D with
d(Fipo(x), Fapo(w)) < e(z), z€A (2)
there exists a solution ¢ € D of Eq. (1) such that
d(p(z), po(x)) < Te(z), x €A (3)

Roughly speaking, (£,7 )—stability of (1) means that every approximate
(in the sense of (2)) solution of (1) is always close (in the sense of (3)) to
an exact solution of (1). For some recent results in this area, concerning the
fractional-order differential equations, see [8-10,18,23-30]. We continue those
investigations for Eq. (4) given a bit later.

In what follows, R stands for the field of real numbers. Moreover, for
every positive integer n, C™ (D1, Dy) always denotes (as usual) the family of
all functions from a real interval D; into a real interval Dy, that are n-times
continuously differentiable. Analogously, C (D1, D) means the family of all
functions from an interval D; C R into an interval Dy C R, that are continu-
ous.

2. Preliminaries

The derivatives of a fractional order can be defined in various ways, but we
only use the Caputo fractional derivative, which in a simplified way will be
denoted by D® for a € R. Below we remind the definition of it (I" denotes
the usual Gamma function, and [o] means the integer part of a real number
a, ie., [a] := max{n € Z:n < a}, where Z is the set of integers).
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Definition 2. Let @ € R, n = [a]+1 and D be a real interval with —oo < d :=
min D. The Caputo fractional derivative, of order «, is given by

Dn(s) = “Dienls) = s | oyt +€ D

for every function n € C"(D,R).

The advantage of the Caputo derivative is that (contrary to the Riemann-
Liouville fractional derivative) it does not involve any initial conditions of
fractional order while solving differential equations including it.

In this paper, @ € (0,1) and A > 0 are fixed, I C R is an interval,
which has one of the following three forms: [tg,a), [to,a], [to,o0) (for some
a,to € R, a > to), H = [—h,O}, Htg = [to — h,to} and I" = IUHtO. Next,
E:1" - TI" w:Hy — Rand f: I xR x C(H,R) — R are fixed functions
satisfying appropriate regularity conditions (specified later).

If y € O(I",R) and ¢ € I, then we define the function y; € C(H,R) by

ye(r)=ylt+71), 7€H.

We consider approximate solutions y € C*(I", R) for the following general
delayed fractional differential equation

D%(y(s)g(s)) = f(s,y(&(5))ys)s s€l, y(s)=w(s), s€Hy, (4)
with a fixed function g € C*(I",R). That is we study functions y € C*(I",R)
satisfying the inequality
D[y(s)g(s)] = f(s,y(&(5)),ys)| < (), s€,

y(s) =w(s), s€ Hy,, (5)

with a given function @ : I — R satisfying some natural restrictions.
Solutions to a particular case of (4) have been investigated in [13] for

g(t) = e’Yt7 f(tvy(t)7yt) = fO(tvyt)e’yta

with a fixed real number v > 0 and the function fp : I x C(H,R) — R,
satisfying some regularity conditions. In such a case Eq. (4) is equivalent (cf.
[5,13]) to the following integral equation

1 s fo(r,y.)dr
L

I'a) s—r)l-aerls—r)’
y(s) = w(s), s€ Hy,. (6)

We refer to [13] for results on solutions to (6).

In [1] the authors investigated Ulam’s type stability of a simplified version
of (4) with the Chebyshev (supremum) norm || - || in C'(H,R). Namely, the
following outcome has been proved in [1, Theorem 2.4] (R, stands for the set
of positive reals).

y(s) = y(to)e? 0™ +

sel,
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Theorem 1. Let 79 € Ry, ko € (0,1), functions f1: IXC(H,R) =R, \: I —
Ry and @ : I" — RY be continuous, g € C"* (I",R) be fized, and the following
three inequalities be valid:

[f1(s,vs) — f1(s,us)| < A(s)||vs — us||oo, v, u € C’(Ih,R),s el, (7)

(aig( )/ts sé—(?){ra <7m®(s), sel, ®
<a§g< ) /t A((S )_@ﬁ)@fr < kod(s), sel, o)

where Pp(r) := supep_p, P(t). Let y € CH(I",R) be such that
‘Da[y(S)g(s)] — fils,ys)| < B(s), sel, (10)
y(s) =w(s), s€ Hy,. a

Then there exists a unique function y € C1(I" R) with
D*[g(s)g(s)] = fi(s,¥s), s€I, Y(s)=w(s), s€ Hyy,
ly(s) = 7(s)| < (1 — ko) tr0®(s), sel. (12)

Please note that no regularity conditions on w in Theorem 1 have been
assumed explicitly, but actually from the assumption that y is continuously
differentiable and (11) it follows that w must be continuously differentiable.

In this paper we present a significant generalization of Theorem 1, because
we consider Eq. (4), which is much more general than (12). Moreover, we admit
a wider range of ways of measuring the distance in C(H,R). Namely, instead
of the supremum norm as in (7), we use semigauges depicted in the subsequent
Definition 3 (cf., e.g., [2]), which include the cases of various norms, seminorms,
quasinorms, semi-quasinorms etc. We provide some suitable examples at the
end of this paper.

Furthermore, we provide formulas showing how to generate the exact
solutions of the equation from the functions that satisfy it only approximately.
Namely, some approximate solutions ¢ of (4) generate the exact solutions as
the pointwise limits of the sequence A™¢ with an integral operator A, given
by (26). We estimate the speed of this convergence and the distance between
¢ and that generated exact solution. In the second part of the paper, we
provide some exemplary calculations, involving in particular the Chebyshev
and Bielecki norms, that could help to obtain reasonable outcomes for such
estimations in several particular cases.

Let us introduce the following definition (cf., e.g., [2,3]).

Definition 3. Let A be a real linear space. A function p : A — [0, +o0] (i.e., p
may take the infinite value +00) is a semigauge on A if p(0) = 0 and

p(Az) = |\ p(z), XeR, xze€ A, p(z) < . (13)
A gauge on A is any semigauge p on A such that p(z) # 0 for = # 0.
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Note that if p is a semigauge on a real linear space A, x € A and p(A\z) <
oo for some A € R\ {0}, then p(nz) < oo for every n € R, because (13) yields

p(nz) = [pA~p(Az).

Remark 1. Clearly, the norms and extended norms are gauges. Let us recall
that an extended norm, on a real (or complex) linear space X, is a function
|1 : X — [0,4+00] (i-e., || - || may also take the value +00) such that, for every
scalar « and every x,y € X with ||z|, |ly|| € [0, +o0),

e +yll < llzll + [lyll, Nzl = laf |,

and the equality ||z|| = 0 holds if and only if x is the zero vector.
If Y is a real or complex normed space and S is a nonempty set, then an
extended norm in Y can be defined by:

I/l =suwpllf(s)ll, feY®.
ses

Further, if f is a linear functional on a real or complex linear space X,
then the formula:

p(x) =f(z)], =X,

defines a semigauge on X.

Finally, let us recall the Diaz—Margolis fixed point alternative (see [4]),
which will be useful in the proof of our main result. To this end we need the
following definition.

Definition 4. An extended metric on a set X # ) is a function d : X? —
[0, +00] satisfying the following three conditions:

(1) d(z,y) =0 if and only if z = y;
(2) d(z,y) = d(y ) for all 2,y € X;
(3) d(z,2) < d(z,y) +d(y, 2) for all 2y, 2 € X.

In the sequel, given a set X # () and £ : X — X, we sometimes write
for simplicity Lz := L(z) for x € X. Moreover, as usual, L%z = z and
Ltz = L(L" 1z) for x € X, n € N (positive integers). The Diaz—Margolis
fixed point alternative [4] can be formulated as follows (Ny := N U {0}).

Theorem 2. Let d be an extended complete metric on a nonempty set X and
L: X — X be contractive with the Lipschitz constant L < 1 (i.e., d(Lx, Ly) <
Ld(z,y) for x,y € X with d(z,y) € (0,+00)). Assume that © € X is such
that there exists k € N with d(L¥~ x, LFx) < co. Then the sequence (L"x)nen
converges to a fized point x* € X of L, = is the unique fixed point of L in the
set X* ={y e X :d(z*,y) < oo} and

Ln_k+1d(£k_lx,£kx)
1-L ’

d(L"z,z") < n €Ny, n>k—1 (14)
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Proof. The convergence of L™z to a fixed point z* of L results from [4, Theo-
rem]. The uniqueness of z* follows from the subsequent simple inequality

d(u,z*) = d(L"u, L2*) < L"d(u,z*), n €N,

which is true for every fixed point v € X* of L.
Also the proof of (14) is a routine, but for the convenience of readers, we
present it. So, note that, for each m € N, m > k,

AL e, L) <Y d(L e, L)

i=k
dﬁklxﬁkmz: M

and consequently
d(LF e, ) < d(LF 1z, L) 4+ d(L e, x)
d(LF 1z, LFr)
1-L
Since limy, 0o d(L™x, 2*) = 0, this implies that
d(LFtz, LFr)
1-L ’

Now (14) results from the above inequality and from the fact that, for
every n € Ng with n >k — 1,

d(ﬁ”:a 1'*) _ d(£n7k+1(£k71$), £n7k+1x*) < Lnkarld(‘ckfll,7 l'*)

< Fd(Lm, z).

d(LF e, x*) <

O

Remark 2. Assume that k& = 1 in Theorem 2. Clearly, in such a case, (14)
(with n = 0) implies that d(x,z*) < 400, whence z € X*. Let z € X be a
fixed point of £ with d(z,z) < 4+o00. Then d(z*, z) < d(z*,z) + d(x, z) < +00
and consequently z € X*, which means that z = x*, because z* is the unique
fixed point of £ in X*.

So, if there is a fixed point z € X \ {«*}, then d(z, z) = +o0.

3. The Main Result

In the sequel, p is a semigauge on C'(H,R), U C C(I,R) is nonempty and
G :U — RL is given. Next, £ : I" — I" and f : I x R x C(H,R) — R are such
that the function f,, : I — Ry, given by:

fw(s) = f(s,w(&(s)),ws), s, (15)

is continuous for every w € C(I",R).
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Moreover, we assume that there is a nondecreasing sequence (7, )nen in
I such that

I= U [to, 7], &([to,rn]) C [to,7n], n €N (16)
neN

Remark 3. Clearly, if £(t) < t for t € I, then any nondecreasing sequence
(rn)nen in I, with sup, ey rn = sup I, fulfils (16). Moreover, if I = [to, b] with
some b > tg, then (16) holds with the constant sequence r,, := b for n € N.

‘We write
I, := [to,rn], I" := [to—h,m], nEN.

n

Next, g : I — R\ {0} is an arbitrarily fixed function that is continuously
differentiable. We define 7 : C(I,Ry) — C(I,R.) by

1 " x(s)

(@g@®)] Jiy (& —s8)t7
We also need the following two hypotheses (with n € N) concerning

functions @ € U.

(H,) If w € O(I" R) is such that |w(s)| < &(s) for s € I,, and w(s) = 0 for
s € Hy,, then p(w;) < (GP)(t) for every t € I,,.

(H) There is a continuous function L : I — Ry with (79)(t) < L(t)®(t) for
tel

Examples of functions @ satisfying the hypotheses, with suitable opera-
tors G (cf., e.g., (47)), are given in the further parts of the paper.

(T0@) = & ds, tel, x€Cr(Ry). (17)

Remark 4. If the semigauge p is nondecreasing, i.e., when p(¢1) < p(¢2) for
every ¢1, ¢ € C(H,R) with |¢1(t)] < |p2(t)| for every t € H, then (H,,) holds
for each n € N with (G®)(t) = p(P") for t € I and & € U, where &' : H — R
is given by

(18)

B(s) = D(t+ s), if s >t —t;
| B(to), otherwise .

Unfortunately not all semigauges on C'(H, R) must be nondecreasing. For
instance, it is easily seen that the semigauge p given by

p(¢) = sup [4(s)| — inf |o(s)], ¢ € C(H,R),
s€EH seH

is not nondecreasing, because it equals zero on each constant function.
Some further examples of semigauges, both nondecreasing and not, can
be found in Sect. 6.

Now we have all tools to prove the next theorem, which is the main result
of this paper.
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Theorem 3. Let @ € U fulfil hypotheses (H) and (Hy,) for alln € N. Let A : I x
R2 — Ry be such that the functions X(z,-,v) and A(z,v,-) are nondecreasing
for every x € I and v € Ry, the function

I35 — A, uP(&(s)), n(GP)(s)) € Ry
is locally integrable for each p € Rg_, and there is a function K : I — [0,1)
with

1 " A(s, 1P(E(9)). 1 (G9)(9)) 0
L(a)lg)] Jy, (t—s)—op ds < K(t)P(t), t € I, p e RY. (19)

Assume also that
|f(t,s1,2¢) — f(t, s2,we)| < At [s1 — s, p(ze — wy)),
tEI, 31752ER7Zaw€C(1haR)7p(ztiwt)<OO7 (20)

and K is continuous or nondecreasing.
Ify € CH(I",R) is such that

D%y(s)g(s)] = f(s5,4(&(s)),ys)| < D(s), sel,
y(s) =w(s), s€ Hy,, (21)
then there is a unique function y € C*(I" R), which fulfils the conditions
D[y(s)g(s)] = f(s,4(&(5)),0s), s€l, y(s)=w(s), s€Hy,, (22

5 (TP)(s)
ly(s) —y(s)| < -k,

where K, := sup,e; K(t) for n € N. Moreover,
y(s) = klim (A*y)(s), sell, (24)

. KE(T®)(s)

—_ (A < n\T T/
i) - () (o)) < 21
where, for each w € C(I",R), A: C(I",R) — C(I",R) is given by the formula

= w g(tO) 1 Sf(r,w(f(r)),wr) r s
(o) = wtto) G5+ Ty [, S €1

(Aw)(s) = w(s), s&€ Hy,. (26)

sel,, neN, (23)

s€ly,nkeN, (25)

Proof. Let y € C'(I" R) fulfil (21). Fix n € N and denote by X,, the space of
all continuous functions w : I — R such that w(t) = w(t) for t € Hy,. Define
an extended complete metric in X, by

dp(z,w) =inf {C € [0,00) : |2(t) —w(t)| < CP(¢t) for te€I,}, z,we X,.
The metric may take the infinite value +oo (i.e., can be an extended
metric), because we do not exclude the situation where &(t) = 0 for some

t € I, and assume that inf ) = co. The completeness of d,, follows from the
fact that @ is continuous on I,, and therefore bounded, which means that the
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convergence in X,,, with respect to d,, is actually the uniform convergence on
I,, (with regard to the natural distance in R).

Let p € (1,00) be such that (1 — a)p < 1 and ¢ := p/(p — 1). Then
1/p+1/g=1and p(a—1)+1 > 0. Since for every w € C(I" R) the function
fuw (defined by (15)) is continuous, the functions

I1>s5— ‘fw(S) q, I>s— fw(S)(t— S)p(oz—l)

are continuous and, by the Holder inequality, we have

‘/ fw (/ | fu(s)| ds) q(/t:(ts)p(andS)l/p o

for every t € I, whence the improper integral

/f t_81a)ds

is convergent for every t € I. This means that we can define operator A,
X, — X, by the formula

—w g(to) 1 ! f(s,w(é(s)), ws)ds
) = el ooy * Tayg@ Jiy s

(Ayw)(t) = w(t), te Hy,

tel,,

for each w € X, (see (16)).
Take z,w € X,, with C,, := d(z,w) < 400, which means

12(t) — w(t)] < Cowd(t), te I,

Write

Since |z(t) — w(t)| < D(¢t) for ¢t € I,,, by (H,), we have
p(z —wy) < (GP) (1), te€lpy,
and consequently
p(ze —wy) = p(Cowzt — CoWi) < Cowp(Zr — W) < Chyy (Q@) (t), tel,.
So, (20) and the monotonicity assumptions on X yield

[t 2(€(8), 20) = F(t,w(E(t)), we)| < At [2(€(1) — w(€(D)], plzr — wy))
< At Cow®(E(1)), Caw (G0) (1)), t € I,
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whence (19) implies that
1 t S,2(&(8)),2s) — f(s,w(&(s)), ws

T p— S EEARS RN

1 " A(s, Cou®(E(5)), Cou (G2) (5))
L(e)lg(®)] Ji, (t—s)t=
Coo K()P(t) < K,CL,P(t), te I,
because z(tyg) = w(to) = w(tp). This means that

d(Apz, Ayw) < K,,Clyp.
Since K is continuous or nondecreasing, so K,, < 1 and consequently A,

is contractive on X,,. Next, integrating the inequality in (21) from ¢g to ¢, we
get

ds

A

906~ wlto)glte) — s [ L&D 3)

@ iy (s
| t D) g(t)] — < )
@) J, (i
1 [t D F)g() - < y(€()). )]
= T / (t—s)-a s
1 Loa(s)
< T /to (t—s)lfads’ tel,

SO

‘y(t)—y(to)w0 ag(t / e t_i(; )

b(
/ 8)1_ ds = (TO)(t), tel,
Ig )l s)t=e

whence in view of hypothesm (H)

yn(t) — (Anyn)(t)‘ < (T)(t) < L)(t), te€ I, (27)
where y,(t) = y(t) for t € I,,. That is we have the inequality:

d(yn7Anyn> < Ln = Ssup L(t) < 400.
tel,

Consequently, by Theorem 2 (with k = 1, £L = A, and L = K,,) and
Remark 2, there is a unique fixed point 7,, € C(I" R) of A,, with d(¥,, y,) <
m’

@\n(t) = khm (Aﬁyn)(t), te 137 (28)
— 00
and
K d(Anyn, yn)

dA'mAmn S ’
(Uns A7 Yn) 1k,

m € Np.
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Clearly, ¥, as a fixed point of A, is continuously differentiable on the
interval [to,t,). Further, since the uniqueness means in this case that
Un(t) =91(t), n,leNI<n,tel,
we can define § € C(I",R) by
yt) == yo(t), tel,,neN (29)

It is easily seen that ¥ is continuously differentiable and it is the unique
solution to (22) fulfilling

3(0) — yto) < el 20D

(17_‘15)“) teloneN, (30

< )
Ky

because of the uniqueness of 7,, and the definition of A,,.
Finally, notice that (28) and (29) imply (24). O

Remark 5. Assume that £(t) < t for each ¢t € I. Then the points 7, can be
selected quite arbitrarily and, for a given ¢t € I, we can assume that ¢t = r;
with some j € N (see Remark 3). As § in Theorem 3 is unique and its form
(given by (24)) in this situation does not depend on the choice of points 7,
this means that, for such &, (23) can be actually replaced by the following
inequality

(T2)(t)

W) 90| < T tel (31

where K(t) := sup,c(y, 4 K(s) for t € I. Clearly, if K is nondecreasing, then
K=K.

Remark 6. Assume that @(t) # 0 for each ¢ € I. Then hypothesis (H) holds
with L given by

L(t) = , tel

Remark 7. Tt can be very difficult to calculate precisely the form of the func-
tion 7@ occurring in (23) and (25). Therefore we show below some very easy
approaches that might help to obtain some useful estimations of it.

Let t € I, m € N, m > 1, and sq,...,8, € I be such that s; := tg <
S9 < ooo < Sy = t. Write J; = [s;,8;41] for i = 1,...,m — 1. Then it is
easily seen that

TO0) = 3 Fa [, =9 P (32)
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and we have the subsequent two estimations:

m—2 m—2

(t — Sp1) / Z (t — spt1)* 1Dy
et TT(ag® (33)
2 T Jy 2. 0
m—1

st a—1
(T@)(t) < £ ﬁ []k(t - S) ds

By (= s5)* — (E— s541)%)
I'(a+ 1)g(t) ’

(34)

=

=1

where @ = sup,c;, @(s) for k = 1,...,m — 1. Also, if m > 2, then (32)
implies that

m—2 a—1 — Sm_1)®
(To)(1) < ; {— sivn)™” ;(5;)*;()0 /J (s + ¢’"F(1C£t+ 1);@)) . (35)

If @ is nondecreasing, then @y, = &(s41) for k =1,...,m — 1 and (34)
yields the inequality

(TH0) < ¢(8k+1)((2§1“_(51i:(1)_g((tt)_ o)) (36)

k=1
whence for m = 2 we get the following very simple form

P(t)(t — t0)*

(To)(t) < m, (37)
while for m = 3 we have
P@)g(OTD)0) < B(se) [ (1= 5 as+00) [ (1—9)as
< (52 — 1150)55( 52) n D(t)(t — 82)a, (38)
82 «

which gives the estimation

TO0 < pot ((S_Sf‘”f <S)+(t‘s>%“))- )

I'(a)g(t) se(to,t) @

Clearly, we can argue analogously when @ is nonincreasing, because then
&, = D(sy). Also, we can choose for estimations (34) and (35) points s such
that @ is nondecreasing or nonincreasing on each interval Jj.
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Note also that we can use the following Holder type inequality:

(To)(t) = # / (t — 5)* 1 (s)ds

g(t) to

1/p 1/q
_ t — s)Ple=Ngs t s))ds
rmmm(ﬁ“ ) d) (A@“”d>

I e
© (pa—p+1)I(a)g(t) </to (2(5)) ds) , tel, (40)

IN

for any p,q € (1,00) such that 1/p+1/g =1 and p(1 — a) < 1.
Clearly, we may also combine those approaches, applying different esti-
mations in different intervals Jj and for different values of t.

4. Consequence of Theorem 3

Now, we show how to use Theorem 3 to easily generate solutions of some
differential equations of fractional order. Namely, let ® € U, X : I X Ri — Ry
and K : I — [0,1) be as in Theorem 3. Let f: I x R x C(H,R) — R be such
that
|?(tv S1, Zt) - 7({;7 stwt)| < )\(t, |81 - 82|7p(’zt - wt))V
tel,z,we C(I"R), 51,5 €R, (41)

and the function f, : I — R is continuous for every w € C(I",R), where

?w(s) = T(s,w(f(s)),wé), sel.

We have the following corollary.

Corollary 1. Let y € C1(I"R), y(s) = w(s) for s € Hy,, and

w(t) == Dly()g(®)] — f(t,y(E(®) pe), tel (42)

Then, for each function A € Cr(R) with |P(t) — A(t)] < &(t) fort eI,
there is a unique § € C*(I",R) satisfying the conditions

Dy(t)g(t)] = f(t.y(&(1)), ye) + A(t), tel,
y(s) =w(s), s€ Hy,, (43)

such that

tel,, neN, (44)
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where K, := sup,c; K(t) for n € N. Moreover,

9(6) = lim (Afy)(0), te I, (45)
k
it~ W) < 22TDO e nken, (16)

where, for each w € C(I",R), Ay : C(I",R) — C(I" R) is given by the
formula

—w g(tO) 1 ‘ f(s,w(g(s)),ws) + A(t)
(Aow)(t) = wlto) 0oy + Flayg®@ Sy~ (t-s)Te

(Apw)(t) = w(t), t€ Hy,.

ds, tel,

Proof. Take A € C(I,R) with [¥(t) — A(t)| < &(t) for t € I. Note that
[D[y(t)g(t)] — F(t.y(€(t), ye) — A@) = [#(t) — AW < O(t), tel

Hence, it is enough to use Theorem 3 with f(¢,s,w) = f(¢,s,w) + A(t)
fort €I, s € R and w € C(H,R). O

5. The Chebyshev Norm
Let p = || - || be the Chebyshev (supremum) norm on C(H,R), i.e.,
p(u) := sup |u(s)|, weC(HR).
seH

Then it is easily seen that, if & = C'(I,R,), then (see Remark 4) hypoth-
esis (H,,) is valid for every n € N and every function ¢ € Y with G defined by
the formula

(Go)(t) = sup  o(s), oel, tel. (47)

s€In[t—h,t]

Consequently, Theorem 3 implies Theorem 1; it is enough to take the
functions K and L constant, {(t) = ¢, and

Aty s) = Mo(t)s, tel,rseRy, (48)

ft,s,2) :== fi(t,z), tel,zeC(H,R),s€R,

with some continuous Ao : I — Ry and fi : [ x C(I",R) — R.
If & € U is a nondecreasing function and G is given by (47), then it is
easily seen that G® = @. Next, for £(t) = ¢ and f given by

ft,r8) == fo(t)(arr + azs8) + A(t), tel,r,seRy, (49)

with some fixed a1,a2 € R and continuous A4, fy : I — R, the function A can
be defined by

At,r,8) == |fo®)|(lar|r + |az|s), te€ I, r,se€Ry. (50)



Vol. 77 (2022) On Ulam Stability of a Generalized Delayed Differential Equation Page 15 of 21 26

For such a case we can derive from Theorem 3 and Remarks 5 and 6 the
following simple result.

Corollary 2. Let K : I — [0,1) be nondecreasing, ¢ : I — R be continuous
and nondecreasing, and

|f(t,s1,20) = f(t,s2,w00)] < |fo(t)](ar]s1 — s2| + azllze — wi)llso),

tEI,Z,’U)EC(Ih,R),Sl,SQER7 (51)
ar +ay [P fo(s)|P(s)
I(a)g(t) /to (f—s)i-a s SEMEW), tel (52)

Ify € CH(I",R) is such that
Doly()g®)] - f(ty(@),m)| < B(), tel,
y(s) = w(s), s € Hy, (53)
then there exists a unique function y € C*(I",R) with
Dg(t)g(t)] = f(t,y(t),5), tel, Y(s)=w(s), s€ Hyy,

|9(t) — 50| < % tel. (54)
Moreover, (24) holds with A: C(I",R) — C(I",R) defined by (26) and
k
[5(t) — (AFy)(1)] < K(lt)_(;i))(t), tel,keN. (55)

It is desirable to know how to determine the function K occurring in (19)
and (52), because of the forms of (22), (54) and (55). Certainly, we can use
the methods proposed in Remark 7. Unfortunately, in some cases this can lead
to quite involved calculations. For the convenience of the readers, we present
below a simple observation.

Remark 8. Let @ : I — R, be such that (52) holds with some K : I — [0, 1).
Clearly, this means that

a1 + az " 1fo(s)|9(s)
P (a)g(t) Jy, (E—s)'

Hence, in the case 0 ¢ ¢(I) (as in Corollary 2), we can define the function

K simply by
a1 + a /t |fo(s)|@(s)
K(t)= ds, tel.
= S @@ i, -9
Now, consider the case 0 € &(I), 0 ¢ fo(I).If s € I is such that @(s) = 0,
then (52) implies that [tg, s) C @~({0}). Hence the case sup®~1({0}) = sup [
is trivial, because ®(t) = 0 for each ¢ € I and K can be any nondecreasing
function mapping I into [0, 1).

ds <1, tel, &(t)#0.

0
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So, assume that ¢’ := sup® 1({0}) < supl. Then &(¢) = 0 for every
t € I with t <t and &(t) # 0 for every t € I with ¢ > t/, whence it is enough
to take
sup x(s), ift >+,
K(t) = < s€lto.t]
0 it <t

where

 mtar [ fols)B(s)
X0 = FOF@e® s

The value of the integral

tel.

1 fols)|9(s)
G aa s

can be estimated with the methods proposed in Remark 7.

6. Nondecreasing Semigauges

In this last section of the paper we discuss some possible forms of semigauges.

Assume that semigauge p is nondecreasing. As we have noticed in Re-
mark 4, then we can take (G&P)(t) = p(®') for t € I and & € U, where
@' : H — R is given by (18). Consequently, condition (19) has the follow-
ing form

(s, p@(&(s)), 1 p(2°)) .
Ig I/ G—s)i—op S EOPW), tel peR.. (50)

Next, if £(t) = t, [ is given by (49) with some fixed a;,as € R and
continuous A, fo : I — R, and ) is defined by (50), then (56) simplifies further
to

1 " fo(s)[(Jax|P(s) + |az|p(27))
L(e)lg(®)] Ji, (t—s)t-

Now, we will give some examples of nondecreasing semigauges p. To this
end fix continuous functions A, f1, fo : I — R and functions A, A3 : R — R
satisfying the following Lipschitz conditions

|4;(s) — A1) < bgls —t], s,teRi=1,2
with some fixed by, by € Ry. Define f and A by
ft,rw) = fi{t)Ar(r) + fa(t) A2 (T (w)) + A(t), t € I,r € R, w € C(H,R),
(58)
Aty r,s) = |fi()|bir + |f2(t)|bes, tel,rseRy, (59)
where J : C(H,R) — R is given and will be depicted a little later (according
to the form of p).

ds < K()®(t), tel. (57
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First, take x : H — R and consider the case where p has the Bielecki-type
form, that is

plw) = sup |s(Hw(®)l, w e CH,R).

Clearly, if k(t) = e~ with some v > 0, then p is the Bielecki norm |- || 5,
given by

lwlp =supe™ " [w(t)|, w e C(H,R).
teH
Note that, with such p (and X given by (59)), condition (20) holds for f

defined by (58), e.g., with J € {jl, .. .,j11}7 where T, 01 C(H,R) —
R are given by

Ji(w) =d+ % /7;1 w(s)w(s)ds,  Talw) = d+ % /41 1 (8)[w(s)|ds,
J3(w) = d+ p(w), Ji(w) = d + sup K(s)w(s),
Js(w) = d + sup k(s)|w(s)], Jo(w) = d + inf |[Kk(s)w(s)l,
seH sE
Frw) = d+ inf w()u(s)] Fuaw) = d+ inf w{syu(s).
8 8
To(w) = dy| T (w)], Jo(w) =Y dpJn(w),
k=1 k=1

with fixed d,d;,...,ds € R such that 22:1 |di| < 1 (in the case of J; and
Jo we assume that x is locally integrable and in any other case x should have
adequate regularity for the integral in (56) to exist).

If k is locally integrable and p has the form

0

plw) = E/ k(s)|w(s)|ds, w e C(H,R), (60)
~h

then condition (20) holds for f and A defined by (58) and (59), e.g., with

J € {N, >}, where J1 and J; are given as above. We also can define p by

p(w) = ‘h/ k(s)w(s)ds|, w e C(H,R), (61)

—h

and for such p condition (20) holds for f and A defined by (58) and (59), with
J = T, where Jp is again given as above. In this situation estimation (20)
is finer than with p given by (60), but it is easily seen that (61) defines a
semigauge that is not nondecreasing.
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Next, fix m € N, s1,...,8m € H and ¢1,...,¢m,d € R If
m
plw) = Z lc;iw(sk)|, we C(H,R),
k=1

then condition (20) holds for f and A defined by (58) and (59), with J €
{FA,...,Ja}, where for all w € C(H,R),

Ti(w) = d+ plw), Tow) = d+ " cu(s),
k=1

Ta(w) = d+ 3 eifw(si)l, Ta(w) :d—i—‘Zciw(sk)‘.
k=1 k=1

We also can define p by the formula

plw) = |3 ciulsn)|, we CHR),
k=1

and then (20) holds for f and A defined by (58) and (59), e.g., with J :
C(H,R) — R given by

m
Jw)=d+ Y cw(sy), weC(HR);
k=1
however, such semigauge p is not nondecreasing.

If
p(w) = Ma |C¢U}(Sk)|7 w e C(H7R)a

k=1,....m

then condition (20) holds for f and A defined by (58) and (59), e.g., with
j S {\.717 e 7\.76}) where

Faw) = d+ pu(w) Ta(w) =d+ max_can(sy),
Js(w) =d+  max cilw(sg)l, Ja(w) =d+ kir{lin ciw(sg),
Ts(w) =d+ k_nlain leiw(sg)l, To(w) =d+ k_I{lin cilw(sk)|

for all w € C(H,R).
The semigauge p can also be defined by the formula

pm(w) =] max cw(sy)|, we C(H,R),

k=1,....m
and then (20) holds for f and A defined by (58) and (59), with J : C(H,R) — R
given by

J(w)=d+ max cw(sg), weC(HR);

k=1,....m
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however, p does not have to be nondecreasing then.
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