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Abstract. We prove that for each infinite subset C' of N there exists a
sequence (zp) such that {n : z, > r,} = C and the achievement set
A(zn) is a Cantor set. Moreover, we show that it is possible to construct
a sequence (z,) such that the set {n : z, > r,} has asymptotic density
a for each a € [0,1) and A(zy) is a Cantorval.
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1. Preliminaries

Let N ={1,2,3,4,...} and Ny = {0,1,2,3,4,...} denote the sets of positive
and non-negative integers, respectively.

An achievement set is a set of the form A(z,) = {>_,—; €n2y : (€5) € {0,
I} = {3 ,ca@n: AC N}, where > 07 | x, is convergent series of positive
reals. We additionally assume that z,, > z,,1 for every n € N.

The first paper where achievement set was considered is that of Kakeya,
see [12]. The author presented sufficient conditions for achievement set to be
interval or Cantor set in terms of series terms x,, and the remainders r, =

Zk>n L

Theorem 1.1 (Kakeya).

(1) A(xy) is a closed interval if and only if x, < ry, for all n;
(2) A(xy) is homeomorphic to a Cantor set, if x, > ry, for allm € N.

The sequences (x,,) which satisfy condition (1) are called interval-filling
and were deeply studied in [6-8]. The interval-filling sequences (z,) are also
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known as slowly convergent, while the sequences satisfying condition (2) are
called quickly or fast convergent.

Softened condition (1) ’x, < 7, for all but finitely many n € N’ is
equivalent to that A(x,) is a finite union of closed intervals. On the other
hand, if z, > r, for every n > N, then A(z,) = ¥ + A((@n)n>n) where
Y= {Zgil EnTn ¢ (en) € {0,1}N}. Since X is finite and A((7,),>n) is a
Cantor set, then A(z,) as a finite union of Cantor sets is a Cantor set as well.

Kakeya claimed that for an absolutely convergent series with infinitely
many nonzero terms the set A(z,,) is either a finite union of closed intervals or
a set homeomorphic to a Cantor set. Due to the Guthrie-Nymann characteri-
zation the achievement set is either a Cantor set or a finite union of intervals
or a Cantorval.

Theorem 1.2. For an absolutely convergent series > .| x,, with infinitely many
nonzero terms, the set A(xy) is one of the following: a finite sum of closed
intervals, homeomorphic to a Cantor set or a Cantorval, that is a set homeo-
morphic to A(yn) for yan—1 = % and Yo, = % for all m € N.

It is known that a Cantorval is a nonempty compact set in R such that
it is the closure of its interior and both endpoints of any nontrivial connected
component are accumulation points of its trivial connected components. An-
other topological characterizations of Cantorvals can be found in [4,13]. The-
orem 1.2 was first stated in [11] but its correct proof was given in [14]. The set
A(yn) for yo,—1 = % and ya, = = for all n € N is called the Guthrie-

47L
Nymann Cantorval. A multigeometric sequence is a sequence of the form
(xn) = (al7a27 sy Qg q) = (a1q7a2q7 < Qm(q, a1q27 G;2q2, sy amq27 a1q37 .. ')7
where a1 > as > -+ > a,, and a;q < a,, which ensure that (z,) is non-

increasing. Using that notion, the Guthrie and Nymann’s Cantorval can be
viewed as A(3,2;1). The set © = A(a1,...,am) = {>n_;enan : (n) € {0,
1}™} will be of special interest to us. Then A(a1, a2, ..., am;q) = {> nei Yng"
: (yn) € 2V}, Multigeometric series were studied in [1,3,5].

To obtain Cantorval, both conditions z, < r, and x, > r, must be
fulfilled, each for infinitely many n’s. However, there are known series which
fulfill both conditions but their achievement sets are Cantor sets. We ask if
there are subsets E of N such that the condition z,, < r, < n € E implies
that A(z,) is a Cantorval. Similarly, are there infinite subsets E of N such
that the condition z,, <, < n € E implies that A(z,) is a Cantor set? In
the paper we present the negative answer for the first question (Theorem 2.1)
and partially negative for the second one in the third section.

We will base on the following theorem proved in [5], which gives a simple
sufficient condition for the achievement set to be a Cantorval.

Theorem 1.3. Let ay > as > -+ > ap, be positive integers. Assume that there

exist positive integers ng and r such that ¥ D {ng,no + 1,...,n9 + r}. If
q> ﬁll, then A(ay,as, ..., am;q) has a nonempty interior. If ¢ < s o,
7 aitam
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then A(ay,az,...,am;q) is not a finite union of intervals. Consequently, if
i <g< W, then A(ay,as,...,am;q) is a Cantorval.

It is worth to mention that the negative answer for Kakeya’s conjecture
was obtained before Guthrie and Nymann’s paper. The first counterexam-
ple was given without proof by Weinstein and Shapiro in [16]. In [9] Fer-
ens constructed a purely atomic finite measure p and proved that its range
is a Cantorval. The theories of achievement sets and purely atomic finite
measures coincide. Indeed, we may assume that p is defined on N. Then
rng(p) = {u(A) : A ¢ N} = A(z,), where the terms of our series are the
values of measure on singletons, that is z, = u({n}) for all n € N. Hence,
we may say that Ferens observed that A(7,6,5,4,3; 2%) is a Cantorval. In
the paper we base on two simple properties of the achievement sets. First of
them is connected with the equality A(|z,|) = A(zn) + > oo, @, (recall that
2~ = —min{z, 0} for each real number ), which allows us to consider only
the sequences with all terms positive. The second property is that for any ab-
solutely convergent series Y, z,, and any bijection o : N — N the equality
A(Zy(n)) = A(xy) holds. This means that the achievement set is invariant to
any rearrangement of its terms and hence we may assume that the sequence
(2,,) is non-increasing. It is also needed to introduce the Kakeya conditions.

The conditions in which we consider the inequalities between the terms
z, and the tails r, are also known as Kakeya or Kakeya-like conditions. In
[6,7] the authors considered a subset U(z,) C A(x,) of those points which are
obtained in a unique way. In other words, « € U (x,,) if and only if there exists a
unique set A or 0—1 sequence (g,,) such that z = ZZOGA TpOrx =Y Enly,
respectively. Clearly, U(z,,) D {0, ; 2, }. The authors in [6,7] proved that
if an interval-filling sequence is a locker, that is x, < rgy; for all k, then U(z,,)
contains only the endpoints 0 and ZZOZI T

On the other hand, if the pure Kakeya condition Theorem 1.1(2) holds,
then U(x,) = A(zy), which can be found in [15]. Let us consider the case of
U(zy) = A(xy). Then, the mapping

oo
T:{0,1}" 3 (g,) — Zanmn € A(zy,).

n=1
is bijective. T is also continuous with respect to the product topology on {0, 1}
and natural topology on R as the series Y | x,, is absolutely convergent. The
set {0, 1} equipped with the product topology is homeomorphic to a Cantor
set . In particular, {0, 1}N is a compact topological space. This means that T'
is a homeomorphism. Thus, if A(x,) = U(z,), then A(z,) is homeomorphic
to a Cantor set.

Although the condition Theorem 1.1(1) characterizes the case when A(x,,)
is a finite union of closed intervals by Kakeya conditions, the implication in
Theorem 1.1(2) can not be reversed. The authors showed in [10] that even the
implication () is fast convergent = U(x,) = A(x,) is far from reversal and
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constructed the sequence (z,,) for which zg9,_1 < ro,_1 for each n € N and
U(zp) = A(xy,). In the paper we improve their construction and show that the
fast convergence condition may be broken in any non-cofinite set of indices, see
Theorem 2.1. Note that by Theorem 1.1 (1) there are no such constructions
for any cofinite set. There are several more results connected with the Kakeya
conditions, in particular the three gaps lemmas, which can be found in [4].

From the Kakeya condition we see that if the series > ° | z,, is ,,closer” to
satisfy the fast convergence condition, then its achievement set A(z,,) is more
likely to be a Cantor set. It is natural to ask if the form of achievement set
A(x,,) is somehow connected with the largeness of the set {n € N: x,, > r,}.
Probably the most common and popular function which describes the size of
subsets of N is asymptotic density. Let us recall the notions of lower and upper
asymptotic densities of subsets of N:

Fr{1,2,...
§(F) —liming FO 2]
n—oo n

5 — i sup [EO L2

n—oo n

(lower asymptotic density),

(upper asymptotic density).

If §(F) = 6(F), then we define asymptotic density of F' as the common value
of lower and upper asymptotic density of F'. The main purpose of the paper
is to show that it is not possible to characterize or even give necessary either
sufficient Kakeya-like condition for the form of A(z,) by using the asymptotic
density of the set {n € N : z, > r,}. To avoid conflict of notations, in
the whole paper we denote the terms of the series as (x,,), (yn) or (z,). The
sequences of tails for the series > 7 | @, >0, Y, and Y.~ z,, are donted by
(rn(x)), (rn(y)) and (r,(z)), respectively. However, if it is known what series
we consider, its sequence of tails will be denoted by (r,) for simplification of
notation.

2. Extreme Examples of Cantor Set as an Achievement Set

We will show that for each (arbitrarily large) not cofinite subset B of N one
can construct a convergent series Y -, z,, with positive terms such that the
fast convergence condition with respect to this series fails exactly on B but
the set A(x,) is a Cantor set.

Theorem 2.1. Let C = {ny <ng <ng < ---} be an infinite subset of N. Then
there exists a non-increasing sequence () of positive real numbers such that
the series > -, @y, is convergent, {n € N : z, > r,} =C, {neN:uz, <
rn} =C° and A(zy,) = U(zy). In particular, A(x,) is a Cantor set.

Proof. Put n_, = ng = 0 and for each k € Ny define g, = 37 . 271 H?:o
(nj+1—mnz)~". Then, for k € No and i € {1,...,ng41 —ng} we define 2, 1; =
Yk + 27 yp+1. In other words, if ny < n < ngyq, then x, = yr + 2™ "yYpy1.
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It is clear, that for each k € Ny and i € {1,...,ngr1 — ng — 1} we have
Tngti > Tnptit1. Let us check that for any & € N we have z,, > 2, 41:

k—1
Ty, = Ty y4ng—np_1 = Y1 + 2717 My = 3Tk gk H(nj+1 - nj)_l
=0
k k
+37F 27 [[(nja —my) 7t > 37F 27 [T (g0 —my)
j=0 =0
k+1

43 k=1, 9-ni—1 H(nj“ =) =y + 27 Yk = T
j=0

We show that the series Y~ |z, is convergent:

o0 Mk41—MNk o0 Mk41—MNk

oo
D=3 D> wmri=Y, Y, (W2 )
n=1 k=0 i=1 k=0 i=1

<Y (kg1 — k) Yk + Y]
k=0
= +

1
< 37kyp37ky= 3 — 9
kZ:O< )=

Wl |wol—=

If keNgandie{l,...,npp1 —ng — 1}, then
Tnpri = Uk + 27 Ukt <Yk + 27 Y F Yk + 27 kg2
= Tnp+itl T Tng g +1 < Tyt
Let us notice that for k € Ny we have
2RI T M > Ty Ykt (1)
Indeed,
Tngyr T Yk+1

[ee] Nni41—mng

= > D 2 ) Fyen < Y [ — )y 4 ye] + gk

I=k+1 i=1 I=k+1
oo
= > (g —m+ 1y
I=k+1
0 l
= Z (ngg1 —ng +1)-37L. 27— H(nj+1 —n;)7t
I=k+1 7=0
oo 1 -1
— 3k . g Z (1 + ) .gk=l gnr—ni—1 H(anrl _ nj)_l
I=k+1 M1 =M iZo
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[e%S) k
< 37k .27 Z 2.3k H(nj+1 — nj)_l
I=k+1 §=0
k [e%S)
=2memme 3R et [T (ngy —ny) ™t Y 2030
Jj=0 I=k+1
2
— 2nk71—nkyk ) 3 - = 2nk,1—nkyk'
l-3

In particular,

Tny = Tny y4(ng—ng_1) — Yk—1 1+ M TRy > Y1 + Ye41 + Tngpy

N1 —Nk

=3 2" TR (g — )Yk + Ykl T+ T > Z (yr + 2 Y1)
i—1
Nhp1—Nk

+ Tnger = § Tny+i + Tngser = Tny
1=1

for each k € N, where the first inequality follows from (1). As a result, if n € C,
then x,, > ry,, and if n € C°, then z, < ry,.

To the end of the proof it is enough to show that if F;G C N and
YonerTn = Y opeqTn, then ' = G. Denote I = {np +1,...,np41} for
each k € Ny. We will show by induction on k that F' N I, = G N I;. Assume
that F NI, = GNI for all I < k. First, let us note that |F N I| = |G N I].
Otherwise, we would have

down=d wl = D wm ) m

neF neG neFNI neGNIy
nE—n nE—mn

+ E 2"y — E 2"y

neFNI neGNI
+ E Ty — E Tn| 2 E Yk — E Yk

nel neG neFNIy neGNIy

n>Ng41 N>Ng41
- E P E 2" My | — § Ty — E Ty
neFNI neGNIy ner neG

N>Ng41 n>ng41

> Yk — Yk+1 — Tngs1 > 0’
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where the last inequality follows form (1). Next, suppose that |FNIj| = |GNI|
but F NI # GNI. Then |Zneka Ty — ZneGﬁlk xn’ € [2”’°*”k+1yk+1;2*1
yk+1]' If |F0Ik+1| 7£ |Gﬂ[k+1|, then

anfZazn: Z Tpn — Z Tn + Z Yk+1 — Z Yr+1

ner neG neFNI; neGNIy neEFNI 4 neGNI 41

LD DR T D TR D DEE S B

neEFNI;y, neEGNI 41 ner neG

n>Ng42 N>Ngi2
> § Yet1 — E Yt+1| — g Ty — E T,
neFNI4q neEGNI41 neFNI; neGNIy

=1 > M Ty = > 2M Ty,

neEFNIyy neGNI 4y

- Z Tn — Z Tn| > Ykt1 — 2_1yk+1 — Yk+2 T Tnjpyo

nekr neG
n>ng42 n>ngia

= 2_1yk+1 T Yk+2 T Tngyo > 07

where the last inequality follows form (1) applied for k41 inserted in the place
of k. If |F N Ik+1| = |G N Ik+1|, then

down= D @a=| D wa= D@t D> = D en

ner neG neFNI, neGnIy neFNIL4, neGNI 4y

+ Z QML My o — Z My o + Z Tn — Z Tn

neFNI 41 ne€GNIj 41 ner neG
n>Ng42 n>Ng42

szn—zxn

neFNIy neGNIy

o D A TP N L T

nE€FNT 1 ne€GNI;

—| 2 e )
ner neG
n>ng42 n>ngia

> 2nk_nk+lyk+1 T Yk+2 T Tngyo > 07
where, once again, the last inequality follows form (1) applied for k+1 inserted
in the place of k. Finally, there must be F' N I, = G N I} for each k € Ny. As
a result, F = [p—o(F NI;) = Upeo(G N I;) = G. This means that every
element of the set A(z,) can be uniquely represented as a subsum of the series

et T M
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Corollary 2.2. For each 0 < a < (3 < 1 there exists a convergent series
>0 | T with positive terms such that A(xy,) = U(x,) and the set {n € N :
Xy > T}t has lower asymptotic density equal to o and upper one equal to 3.

3. Family of Cantorvals
To simplify the notation when we will write [a,b] instead of {a,a + 1,a +
2,...,b}.
Lemma 3.1. The following equality holds for all n,k € N.
Yor=A{2P:pel,n+kJU{2"+1}) =B,y UM, UF,,
where By = {2p : p € [0,2"7 — 1]}, M, = [27, 2"k 1], F,p =
{2p+1:pe[2ntk onth L on=1 1]}
Proof. We first prove that the equality for 3, ;, holds for any n € Nand k = 1.
A{2P ipel,n+1}U{2" +1})
— A2 peLn+ DU (2" + 1} + A2 spe [Ln+ 1))
={2p:pe0,2" —1JU({2"+1} +{2p:p € [0,2""" — 1]}
={0,2,4,...,2" —2,2" 2" 42, ... 2"F2 4 9nt2 9y
U{2"4+1,2" +3,...,2""2 3,272 1 ont2
+1,...,2m 2 o 3 ont2 L on 1}
={0,2,4,...,2" —2,2" 2" 4 1,2" 42,...,2"F2 2 on+2
— 1,272 41,202 o 3 9n 2 L on )
={0,2,4,...,2" —2}u {2, 2" +1,2" +2,...,2""% —2 2"t2 _ 1}
u{2"t? 41,...,2" "2 yon 3 272 L on 1}
=B, UM, 1UF,;

Now we assume that the assertion holds for some natural n and k. We will
prove that it holds for n and k + 1 which will finish the inductive reasoning.

A{2ripeln+k+1]}U{2" +1})
=A{2?:pel,n+k}Uu{2"+1}HU ({2n+k+1}

+A{ pe L+ KU +1}))
={0,2,...,2" —2,2" 2" 1,...  2nFhtl g onthtl
— 1, ontRHL g ontREL g 3 gndkdl | on )

U {2kt gntht yogn g gnitktl y gn gntktL on L
ontk+2 _ 9 gntk+2 g gntk+2 L q
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QnFRTZ L gn g ontht2 Lon 1
=1{0,2,...,2" — 2,27 2" £ 1,.. . 2ntk+2 _ g ontk+2
—1,2ntkH2 L gndkA2  on g gndkd2  on 1
={0,2,...,2" =2} U{2",2" +1,... 2 tkt2 _g onthi2 _ 1y
U{2r it 41, 2n k2 o 3 gt 4 ogn 1)
= By gy1 UM, gy1 U Fy g1
0
Theorem 3.2. For each a € (0,1)NQ there exists a convergent series .o x;

such that A(x;) is a Cantorval and the set {i € N : x; > r;} has asymptotic
density equal to a.

Proof. Fix n,k € N. Let us define the sequence (z;) as the multigeometric
sequence (a1, az,...,0niky1;4q), that is T pq1)j4p = apq’ for all j € Ny and
p € [1,n+k+1], where {a1,ag,...,antr+1} = {27 :p € [L,n+k]JU{2" + 1},
that is a; = 2"*FT17J for j € [1,k], apt1 = 2" + 1, a; = 2"TF+270 for j €
[k+2, n+k+1]. Then by Lemma 3.1 we have ¥ = A(a1, ag, ..., Gntkt+1) = S k-
Hence, by Theorem 1.3 the achievement set A(a1,as, ..., antk+1;q) is a Can-

torval for each ¢ € {2,L+k+11_2n, 2n+,€+12+2”+1). Clearly a3 > as > -+ >
Aptk+1 and apyp+1 > a1q for ¢ in given interval. Thanks to that (z,) is
non-increasing. Note that the role of the set {ng,ng+1,...,n0+7} from The-
orem 1.3 is played by the subset M, , of ¥, ;. A simple calculation shows

that the interval [2n+k+11,2m 2n+k+12+2n+1 is nonempty. The condition ¢ €

1 2
[2n+k+1,2n7 27L+k+1+2n+1) means that

1

1 1 SR+ _gn q
n+k+1 n < n+k+1 n - 1 =<
2 +2n—1 2 B T S N
2
< Piaaers s 2
1 - 2n+k+12+2n+1 2n+k+1 + 2” - 1 '
Note that
n+k+1 q q
_ _ . _ n+k+2 n __ .
Tndk+1 = Z Tm = Z a; 1 7?] = (2 +2 1) 71 — q
m>n+k+1 =1

Hence we obtain that 74541 € (1,2). Fix p € [k+2,k+3,...,n+ k + 1].
Then,

n+k+1 n+k+1
Z a; = Z 2’n+k‘+27i _ 2n+k+37p _ 2
P = = .
1=p

i=p
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Thus if p # k + 2, then

n+k+1
k+3— k+3—
ap—1 — E a; = 2"TEESTP QPRI 9y =2 > i

and also ap4r+1 =2 > rpyr+1.- Note that

n+k+1
Tt =Togksr + Y 0> 14+ (27 —2) > 2" 41 =apy
i=k+2
Moreover S/ a; = SOTARE (2nk42=0) L on 4 1 = 97F1 4 27 1. Now let
p € [1, k]. We have
n+k+1 n+k+1 k k
Soai= D ai+ Yy ;=220 — 14y gnihtl
i=p i=k+1 i=p i=p

_ 2n+1 + 2n o 1 4 2’n+k‘+27p o 2n+1 _ 2n+k+27p 4 2n o 1

which means that for all p € [1, k] we have

n+k+1
> it rapppr > 20TETIP on s gntk e — g
1=p+1
We proved that {p € [1,n+k+1] : a, > r,} = [k+2, n+k+1]. Since we consider
the multigeometric sequence
(a1,a9,...,an1k+1;q) the following two inequalities are equivalent for all w €

Nandp e [l,n+k+1]:

Alntk+Dw+p = T(ntk+1)wtp = Ap > Tp

because a(nqr11)ywtp = dp - ¥ and Ty pi1ywsp = Tp - ¢¢ Then {ieN:z; >
rit ={a(n+k+1)+j:a€Noy,j€ [k+2,n+k+ 1]}, which has asymptotic
density .—7—. The equality {ﬁ in, k€ N} =(0,1) N Q is clear. O

In order to prove the generalization of the thesis contained in Theorem 3.2
for irrational densities we construct less regular sequences. The idea stays
behind the problem of recovering the sequence (z;) from its achievement set
A(x;). More precisely, it may happen that A(x;) = A(y;) for different sequences
(x;) and (y;) although A(z;) is obtained as an achievement set uniquely. This
problem was deeply studied in [2]. However, we use only a simple observation
that A(27,271,...,2) = A( 2,...,2 ).

——

27 —1—times

Remark 3.3. Fix n,k € N. Let us define the sequence (y;) as the multige-
ometric sequence (by,ba, ..., banik;q), where b; = 2nTFHL=J for j € [1,k],
bep1 =2"+1,b; =2for j € [k+2,2" +k]. Hence, ¥ = A(b1,ba,...,banyp) =
Y.k, 0 the achievement set A(by, ba, ..., ban1k;q) is equal to its counterpart
A(ay,az,...,antk+1;9) constructed in Lemma 3.1. The crucial observation is
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that for the sequence (y;) the fast convergence condition is satisfied on much
thinner set. Indeed, at first, in a very similar reasoning to that in Theorem 3.2
we obtain that roni) € (1,2). Then clearly banir = 2 > ronyp. Further-
more by dividing the subsequence aj.y2, @gt3, ..., 0ntkpt1 iNtO constant pieces
bi+2,bi+3, ..., banyy each equal to 2 we break the quick convergence condition
obtained on the considered indices without changing the achievement set, that
is

A(ak+2, Ak43, -, an+k+1) = A(bk+2, bk+3, ey b2n+k) = {O, 2, ey 2n+1 - 2}

By the same idea as in Theorem 3.2 of shifting computations to the
latter indices for multigeometric sequence, we finally get {i € N: y; > r;} =
{a(2" + k) : a € N}, which has asymptotic density ﬁ

By a segment in a multigeometric sequence (ay,as, ..., am;q) we under-
stand the sequence of all the consequitive terms, which are multiplied by the
same power of g, that is (a1q, asq, . . . , a,q) is the first segment, (a1¢%, a2¢?, . ..,
amq?) is the second segment and so on. In the next construction we define the
sequence (z;) segment by segment in the way that each segment is a segment
of a multigeometric sequence (z;) as in the family considered in Theorem 3.2
either its counterpart (y;) defined in Remark 3.3. Hence, the achievement set
A(z;) will be equal to both A(x;) and A(y;). The amounts of both type of
segments will depend on the irrational asymptotic density we want to obtain
for the set {i € N: z; > r;}. We will use the following simple result connected
with the mediant of two fractions. We give it without proof, since it is basic.

Lemma 3.4. Let ¢y, co,dq,ds be natural numbers such that 2—1 < ;—z. Then the

unction f:[0,1] — R defined as f(a) = 22U=D o continuous and strictly
ad2+(1 a)d1

increasing. In particular the range of f is equal to {;—1, g—i}

The value f (%) is also known as the mediant of the fractions g—i and ;—2.

Theorem 3.5. For each o € (0,1) there exists a convergent series y .o z; such
that A(z;) is a Cantorval and the set {i € N : z; > r;} has asymptotic density
equal to a.

Proof. Fix a € (0,1). Let n be any large enough positive integer such that
a € (ﬁ, #) Fix any q € [2n+21_2n, 2"+2i2"+1) Define (z;) = (a1, a2, ...,
ant2:q), where a; = 2" ay = 2" + 1, a; = 2379 for j € [3,n + 2] and
(yi) = (b1,ba,...,bany15q), where by = 2" by = 2" + 1 and b; = 2 for
Jje3,2m+1].

We construct (z;) in such a way that the consequitive segments of (z;)
are taken as the segments of (z;) either (y;).

Note that if we define first ¢ + d segments of (z;) by taking ¢ and d
segments of (z;) and (y;), respectively, then we define ¢(n + 2) + d(2" + 1)
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elements. It also means that |[{i € [1,c(n+2)+d(2"+1)] : z; > r;}| = ecn+d. By
an+(1—a)

a(n+2)+(1—a)(27+1)

The value a can be interpreted as the frequency of segments taken from (x;)

in all the segments of the construction of (z;). If a € Q, a = *, then in the

construction of (z;) we take u segments from (z;) and then w—u segments from
(y;) and continue in this way. Let us consider the case when a € (0,1)\Q. Then

Lemma 3.4 there exists a unique a € (0, 1) such that = a.

a=y_ % for some (8,,) € {0,1,...,9}, which is a decimal expansion
of a = 0,6162.... We consider a, = fn:l 150—7",", which is a lower rational

approximation of a to the p-th place after comma, obtained by a simple cut
off the expansion in the next places.

We construct (z;) by taking care about two things. First of them is to
cover the proper amounts:

e In the first 10 segments of (z;) we take exactly d; segments from (z;) and
10 — d; segments from (y;).

e We add the segments in the way in the first 100 segments of (z;) there
should be exactly 100; + d2 segments from (z;) and 100 — 1057 — do
segments from (y;).

e We continue inductively and obtain that for each t € N the first 10
segments of (z;) contain exactly 23:1 §;10'7 segments from (z;) and
the remaining ones are from (y;).

The second condition is the order of segments:

When we define the k-th segment, k € [1,10] for t = 1 either k € [10:~1+1,107]
for some t € N, ¢t > 2, then we consider the ratio fx_1 of number of segments
(x;) contained in the first k£ — 1 segments of (z;) to k — 1. We also put 5y = 0.
If B_1 < anzl 156,’,;, then as the k-th segment we take (if we can) the k-th
segment of (z;), otherwise we take the k-th segment of (y;). The ,,if we can”
part is connected with the situation, when a is such small that §,, = 0 for all
m < t. Then, by the first condition of construction, all of first 10! segments of

(z;) are taken from (y;).

From the construction we obtain that for each ¢ the cardinality of the set

{i € (1,551 6,109 (n +2) + (10" = 32, 6;10'79)(2" + 1)] : 2 > 7y} equals

ny i 61000+ 10t = Y 6100 Note that
nYh_y 851079 410° =30 6,107

L 6;10t=9 (n+2)+(10t =Yt _ §;10t—7)(27+1)

j=1 j=1
ond condition of the construction guarantees alternating-like convergence of g

to a. Clearly, B1ot = an:l % for each t € N. Assume that ¢ > min{tg : §;, #

0}. Since 3F _, S < an:ll Sm_ by the second rule of the construction, as

the 10" + 1-th segment we always take (z;).

tends to « as t tends to co. The sec-

We take segments of (x;) until (5x) exceeds the value of 3g:+1. Then, we
continue with taking (y;) to the moment we get values of () not greater than
B1ot+1 and so on. Since the number of the defined elements tends to infinity,
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the affection to the ratio (8x) by the consequitve n + 2 either 2" + 1 elements
is not significant and tends to zero.

For the constructed series Y .o, z; we have that A(z;) = A(x;) = A(y;),
so it is a Cantorval and the set {i € N : z; > r;} has asymptotic density equal
to a. O

Remark 3.6. Note that if §,, = 9 for m < t + 1, then all of the segments
between 10 4+ 1 and 10°*! will be taken from (z;). However, it does not affect
the convergence of (fj), because the sequence is increasing in that indices.
Unfortunately, we are not able to use the similar method of construction to
obtain a Cantorval for which the set {i € N : z; > r;} has asymptotic density
equal to 1. The proof breaks on the beginning, when we are looking for n such
that 7 is greater than the considered density.

Theorem 3.7. For each 0 < o < 8 < 1 there exists a convergent series Zfil 2
such that A(z;) is a Cantorval and the set {i € N : z; > r;} has lower asymp-
totic density equal to o and upper asymptotic density equal to 3.

Proof. The case a = ( has been already proved in Theorem 3.5. Let n be any
large enough positive integer such that 57— +1 < a < f < ;43 The sequences
(), (y;) and the value of ¢ are defined in the same way as in Theorem 3.5.
We define (z;) by using the segments of (z;) either (y;) in the following way:

e The first segment is a segment of (z;).

e Then, we add the least number of segments (y;) as is needed to obtain
the fast convergence condition on less than « of the defined terms since
the beginning of the construction. The sequence of all the defined terms
in this step will be also called as a block of segments of (y;).

o After that we take the least number of segments (x;) that we need to get
the fast convergence condition on more then § of the defined terms since
the beginning of the construction, that is a block of segments of (x;).

e We continue inductively.

Let u; be the number of all defined terms of (z;) after taking j first blocks of
segments of (y;) and j — 1 first blocks of segments of and (z;), respectively.
Similarly, let w; be the number of all defined terms of (z;) after taking j first
blocks of segments of (y;) and j first blocks of segments of and (z;), respec-

tively. Clearly, lim; w = o and lim;_, w =7

) —00 W .
From the construction we see that « and (3 are lower and uppe; asymptotic
density of the set {i € N: z; > r;}, respectively. O

Remark 8.8. The proof of Theorem 3.5 can be rewritten to use the more sim-
ilar method to the way of construction in Theorem 3.7. Namely, instead of
comparing the sequence () with consequtive a,’s, we may immediately use
the value of a. It causes many advantages like simplifying the proof, since the
notion of (4,,) is not needed. Hence, we never change the value with which we
compare the terms of () with. The convergence of (f;) to a is also faster
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then. Another change is in a slight increase of the chosen segments from (x;) in
the beginning of the construction. However, comparing to the irrational value
of a may lose the intuition in the sense we only know that the frequency (8x)
of taking segments from (z;) oscilates close to a. It is impossible to predict
the terms of (8x) accurately without calculating the previous terms. In the
original proof of Theorem 3.5 we know what we obtain for (y¢¢ for each ¢t € N
on the spot what determines the amount of taken segments from each type.

Theorem 3.9. There exists a convergent series y .-, z; such that A(z;) is a
Cantorval and the set {i € N : z; > r;} has asymptotic density equal to 0.

Proof. Let GN = A(x;) = A(3,2; 1) be the Guthrie and Nymann’s Cantorval.
We consider its superset A(y;) = A(1,1,1,1,1; 1) = [0, 2]. We construct a
sequence (z;) again by taking segments from (x;) either (y;). In the first step
we take 5 segments from (z;) and after that 18 segments from (y;). For each
k > 2, k € N, in the k-th step we define 5 segments from (z;) and then
18 - 10*~! — 2 segments from (y;). It means that in the first step we define
100 terms and in the k-th step for & > 2 we define exactly 9 - 10¥ consequitive
elements of (z;). Hence for any k € N in all of the first k-th steps we define
10*+1 terms of (z;). Note that by the construction we obtain that {i € N :
2 > 1t =12,4,6,8,10} U {10kt +j: k € N,j € {2,4,6,8,10}}. Clearly

lim sup {ie{l,....on}:2i >mi}| lim [{i € {1,...,10" T + 10} : z; > r;}|
n—oo n n—oo 107+ + 10

on+95

nooe 1071 £10

Thus the set {i € N : z; > r;} has asymptotic density equal to 0. Since the fast

convergence condition is satisfied on infinite set of indices, by Theorem 1.1(1)

we know that A(z;) is not a finite union of closed intervals. However A(z;) D
GN, which means that A(z;) is a Cantorval. O

0

By combining the method used in Theorem 3.7 and construction similar
to that one in Theorem 3.9 we obtain the following.

Theorem 3.10. For each 0 < 8 < 1 there exists a convergent series .o, z;
such that A(z;) is a Cantorval and the set {i € N : z; > ri(2)} has lower
asymptotic density equal to 0 and upper asymptotic density equal to 3.

Proof. Tt is enough to combine (z;) from the segments belonging to the se-
quences (z;) and (y;) for which fast convergence condition is satisfied on the
set with asymptotic density 0 and [, respectively. To be more precise, we
take any sequence (y;) such that the series Y :° ¥, is convergent, the set
A(y;) is a Cantorval and the set {i € N : y; > r;(y)} has asymptotic density
equal to @ (such a sequence exists by virtue of Theorem 3.5). Then, we de-

fine (x;) = (1,...,1;¢q), where ¢ is as in the construction of (y;) and k > %
——

k times
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is so large that A(x;) = {O, 1’%}} is a superset of A(y;). Of course, the fast
convergence condition is never satisfied in the case of the sequence (x;).
In the 2k — 1-st step, k € N, we define the least number of segments from
(1) to obtain the fast convergence condition on more than 3 — ¢ of all defined
indices.
In the 2k-th step, k € N, we define the least number of segments from (x;)
to obtain the fast convergence condition on less than % of all defined indices.
U

In the end of this section we gather our results in the following corollary.

Corollary 3.11. For each 0 < o < 3 < 1 there exists a convergent series
o2 zi such that A(z;) is a Cantorval and the set {i € N: z; > r;} has lower
asymptotic density equal to o and upper asymptotic density equal to 3.

4. Examples

In this chapter we present numerical examples of Theorems 3.2, 3.5, 3.7. We
start with the simplest consequences of Theorem 3.2.

Ezample 4.1. The set A(4,3,2;q) is a Cantorval for each ¢ € [
convergence condition is satisfied on 3N with density %

%, 1—21) The fast

Ezample 4.2. Theset A(32,17,16,8,4,2;q) is a Cantorval for each ¢ € [i, %)
The fast convergence condition is satisfied on (6N—3)U(6N—2)U(6N—1)U(6N)

with density %

Now we present the calculations for the first segments of the series for
which the fast convergence condition is satisfied on the set with irrational
density, see Theorem 3.5.

Ezxample 4.3. We show how to define the beginning segments of a convergent
series >~ z; such that A(z;) is a Cantorval and the set {i € N: z; > r;} has
an asymptotic density equal to o = {5 = 0.314159 . . ..

For n = 2 we have ﬁ =02 < a < 05 = nL+2 Thus we will

take the segments to construct (z;) from the multigeometric sequence (z;) =

(8,5,4,2;q) either (y;) = (8,5,2,2,2;q). We also fix ¢ as any number from the

: I o2

interval [ﬁ,ﬁ . e
. an —a

The equality T (=)@ T

for the first group of segments the choice between (z;) and (y;) is determined

by ﬁlO = 0.4.

= « has a solution a = 0.434. ... Hence
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Number of terms with fast conv. cond.
1\IfO. Defined Defined ﬂk Numbz,r of all éeﬁnetd terms
o type terms
seg-
ment
k
1 (i) 8¢, 5 , 1 2-05

4q, 2q
2 (y:) ng, ng, 1=05 3~033
q, q-,
2q2
3 (y:) Sqi, gqi, 1~033 4 ~029
q, q,
2q3
4 (i) iqi, ) Sy §=05  f5~0.33
q-, 2q
5 (¥:) ng ng 2-04 L ~0304
q, q,
2q5
6 (i) iqz, ) 5, §=05 5 ~0.33
q-, 29
7 (i) 8¢7, 5¢°, 2~0428 18~03125
2q", 24",
2q7
8 (¥:) qu ng, 3-0375 i ~0.297
q-, q,
2q8
q-, 29
4 _ 14
10 () gqig, gqig, =04 H=~0304
q -, 297,
2q10

Now we define the second group of segments. Here we compare the terms
ﬁk—l with the value ﬂlOO = 0.43.
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Number of terms with fast conv. cond.
No. Defined Defined ﬁk Number of all defined terms
of type terms
seg-
ment
k
11 () 8¢, 5¢', 2 ~045 10 =1032
4q11 2q11
12 (vi) 8¢, 5¢"%, 5 ~042 1 ~0.309
2q12 2q12
2(]127
13 (x) 8¢"3, 5¢'?, L~ 046 13~ 0.322
4q13 2q13
14 () gqii, gqii 5 ~0429 29 ~0.3125
q a -,
2q14
15 () 8¢'°, 5¢"°, £ ~047 2 ~0.324
4q15 2q15
16 16 7 23
16 (yi) gqm, ng, 1g ~ 0438 = ~0.315
q q
2q16
17 () 8¢, 5¢"7, £ ~041 £ ~0.308
2q17 2q17
2q17
18 (x;) 8¢'%, 5¢'%, S ~044 2 ~0317
4q18 2(]18
. 43 143
100 100 = 043 1= ~ 0.31291

In the third group we consider (19p9 = 0.434.

No. Defined  Defined G Mumber of termye ich fast comy.cond
of type terms

seg-

ment

k

1000 Tl =0.434 1331 ~ 0.31406

and so on. By the construction A(z;)

A(z;) = A(y;) is a Cantorval.

Page 17 of 22 181
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Remark 4.4. Let us consider again Example 4.3. Due to Remark 3.8 in the
modified method the first change appears in the eight segment. Since 87 < a
the segment in the eight step is taken from (z;). It may also affect the segments
defined in the next steps.

In the next Example we show how to construct a convergent series > o~ z;
such that A(z;) is a Cantorval and the set {i € N: z; > r;} has a given lower
and upper assymptotic densities as in the Theorem 3.7.

Ezample 4.5. We define a convergent series >~ z; such that A(z;) is a Can-
torval and the set {i € N : z; > r;} has a lower asymptotic density equal to
« = 0.15 and upper asymptotic density equal to 5 = 0.55.

For n = 3 we have 2%—%1 < a < f < 5. Thus we will take the segments
to construct (z;) from the multigeometric sequence (z;) = (16,9, 8,4,2;q) ei-
ther (y;) = (16,9,2,2,2,2,2,2,2;q). We also fix ¢ as any number from the

interval [%7 %) .

No. of Defined  Defined N o bor o Al Gefmed e

segment type terms

k

1 (i) 16 9q, 8¢ , 4q, 2q =06

2 (yi) 16¢%, 9¢%, 2¢%, ..., 2¢° % ~ 0.29

3 (yi) 16¢%, 9¢%, 2¢%, ..., 2¢° 3 ~0.22

4 (yi) 16¢%, 9¢*, 2¢*, ..., 2¢* $ =019

5 (yi) 16¢°, 9¢°, 2¢°, ..., 2¢° g ~0.17

6 (:) 164°, 9¢°, 24, ..., 2¢° 5 =0.16

7 (yi) 1647, 997, 247, ..., 24" % ~0.153

8 (yi) 16¢%, 948, 248, ..., 248 @ ~ 0.147

9 (:) 16¢%, 9¢°, 8¢°, 4¢°, 2¢° 75 ~ 0.178

117 (z;) 16¢"'7,  9¢"'7, 33T ~ 0.5498
8(11177 4q1177
2q117

118 () 16¢''%, 94", 340 ~ 0.5502
8q118, 4(]118,
2q118

119 (:) 1649, 949, 31 ~0.544

2q1197 o 2q119
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No. of - Defined Defined B T e
segment type terms
k
824 (i) 16524, 94824, 1948 ~ 0.15003

2524, .. 24524
825 (yi) 16¢5%°,  9¢%2°, 19T ~ 0.14998

2525, ..., 24525
826 (i) 16526, 94526, 1990 ~ 0.1503

84326 44826

826 ’

2q

5. Open Problems

In the last chapter we show some of the possible ways of continuation for the
study of connections between Kakeya conditions and topology of achievment
sets. We start with the most general question that we suppose that its answer
is affirmative.

Problem 5.1. Is it possible for each infinite subset C' of N with infinite comple-
ment to construct a convergent series Z;’il z; such that A(z;) is a Cantorval
and {i e N:z; >r;} =C?

We expect that the above problem can be very difficult to attack. This
is why we propose to start with a particular case.

Problem 5.2. Is it possible to construct a convergent series >, z; such that
A(z;) is a Cantorval and the set {i € N : z; > r;} has asymptotic density equal
to 17

Note that in the paper we have shown that such Examples exist for all
densities « € [0,1). However, if the answer is true the construction may need
completely different methods than used in the paper. On the other hand, if
the answer for the above question is negative we may also ask the following.

Problem 5.3. Is it possible to construct a convergent series >, z; such that
A(z;) is a Cantorval and the set {i € N : z; > r;} has upper asymptotic density
equal to 17

In the paper we measure the size of the set {i € N: z; > r;} by the no-
tion of asymptotic density. However, one can study its structure much deeper.
Namely, we say that the set E C N belongs to the interval class Z (Cantor
class C or Cantorval class CV) if there exists a convergent series Y~ z; such
that A(z;) is a finite union of closed intervals (homemorphic to a Cantor set
or Cantorval, respectively) and £ = {i € N : z; > r;}. By Theorem 1.1(1)
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it is obvious that Z is equal to the family of all finite subsets of N, that is
Z = Fin and ZN (CUCY) = (. Furthermore, by Theorem 2.1 we know that
C = P(N)\Fin. Hence, we may state the following problem.

Problem 5.4. Characterize the family CV.

Clearly, (C N CV) # 0. Another simple observation is that removing or
adding finitely many terms to the sequence (z;) does not change the form of
its achievement set, so if some A € CV, then each set of the form AAF for
some F' € Fin is an element of CV as well. In particular, by Theorem 3.2
we obtain that aN 4+ B € CV for each a € N and B, which is any subset of
{1,...,a} containing consecutive numbers. Also, by Theorem 1.1(2) we know
that if C' C N has finite complement, then C' € C\CV.
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