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Abstract. We investigate the group Hc of complexified Heisenberg matri-
ces with entries from an infinite-dimensional complex Hilbert space H.
Irreducible representations of the Weyl-Schrédinger type on the space
Li of quadratically integrable C-valued functions are described. Integra-
bility is understood with respect to the projective limit x = liLnXi of
probability Haar measures x; defined on groups of unitary i X i-matrices
U(i). The measure x is invariant under the infinite-dimensional group
U(oo) = JU (%) and satisfies the abstract Kolmogorov consistency condi-
tions. The space Li is generated by Schur polynomials on Paley—Wiener
maps. The Fourier-image of Li coincides with the Hardy space Hf; of
Hilbert—Schmidt analytic functions on H generated by the correspond-
ingly weighted Fock space I'3(H). An application to heat equation over
Hc is considered.
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1. Introduction

An aim of this work is to investigate irreducible Weyl-Schrédinger represen-
tations of the complexified Heisenberg group He (see [17, n.9]), consisting of
matrix elements X (a, b, t) with any a,b € H and ¢t € C such that
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1 a t
X(a,b,t)= 10 1 bf,
0 0 1
1 a+d t+t'+{(a|ld)
X(a,b,t)- X(a', V', t') = |0 1 b+ b (1)

0 0 1

where H is an infinite-dimensional complex Hilbert space and 1 is its identity
map.

The group He has the unit X(0,0,0) and inverse elements of the form
X(a,b,t)"t = X (—a,—b,—t + {a | b)).

In what follows, we consider the infinite-dimensional unitary group U(co) =
JU(4), containing all subgroups U (i) of unitary ¢ x i-matrices, which acts ir-
reducibly on a complex Hilbert space {H, (- |-)} with an orthonornal basis
(ei)ien-

To find the desired representation, we use the space Li of C-valued func-
tions that are quadratically integrable with respect to the probability measure
X. Wherein, according to our assumption y has a structure of the projective
limit x = limy; of probability Haar’s measures x; on U(i), satisfying the
Kolmogorov consistency conditions in an abstract Bochner’s formulation (see
[23,27]).

In [21,24] it was shown that the projective limit y = lim y; is well defined
over the projective limit { = linU(z) with respect to the Livsic transforms
7t Ui+ 1) — U(i) such that x; = 77 (xi1). In this paper, we prove
that for such x each function from Li admit a superposition (linearization in
the sense of [5]) on Paley—Wiener maps associated with U(co). As a result,
it is shown that Schur polynomials form an orthonormal basis in Li and the
Fourier-image of Li consists of Hilbert-Schmidt analytic functions on H.

Note also that projective limits of probability measures over various
infinite-dimensional manifolds with similar properties were investigated in [25,
34,35].

If instead of the unitary group U(oco) we take the infinite-dimensional
linear space with a Gaussian measure -, a similar construction of the appro-
priate space L% can be found in the well-known works [1,2]. In this case, the
Fourier-image of L% coincides with the Segal-Bargmann space of entire an-
alytic functions over which the Schrodinger type irreducible representations
of Heisenberg groups are well defined. In the present paper, we change ~ by
the unitarily-invariant projective limit y = h£1 xi and, as a result, we obtain
another irreducible representation, called to be the Weyl-Schrodinger type.

Infinite-dimensional Heisenberg groups over R was considered in [19] by
using the reproducing kernel Hilbert spaces. The Schrodinger representation of
such groups using Gaussian measures over a real Hilbert space was described
in [3]. Since the group He in the case of matrix entries a,b,¢ € R coincides
with the classical Heisenberg group over R (see, e.g. [11]), the results of the
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present paper can be considered as a complexification of previous studies. The
Weyl-Schrédinger representation obtained here is not equivalent to that was
described earlier.

Further, let us briefly describe the main results. Consider the following
mapping ¢: H 3 h— ¢p, € L2 defined by Paley-Wiener maps

)= i(wer(h) with ¢i(u) = (ui(e;) | &), wi=mu), (2)

where ¢ (-) := (- | ¢;) and the projections m;: 4 > u — u; € U(i) are uniquely
defined by w;H. Every function ¢j of variable u € 4 satisfies the equality
(Corollary 3)

1
/exp{Rengh}dX = exp{4|h||2}, heH.

The space Li can be generated by two orthonormal bases, consisting
of Schur polynomials and power polynomials of variables ¢, = (@1 - ,¢Zﬂ),
respectively,

AjF+n—j
Amyz(“[ Whise and ¢} =@ ... P (3)
’ H1§i<j§n[¢u (u) — ¢, (w)]
These bases are indexed by tabloids »* with strictly ordered 7 = (11, ... ) €
N7 where A = (A1,..., ;) € N7 is a partition of n € N and n = n()) stands
for the length of A. Then we write briefly +* - n. The orthogonal expansion
Li = @Li’" holds (Theorem 1) where Li’” are formed by n-homogeneous

polynomials ¢, normed as follows

wmi=/wmwx=mm, By i

S

(n—1)!
(m—1+n)’
It is also shown that the surjective linear isometry ¥: Hg SYir—f €
L2 holds (Lemma 5), where Hj = Y Pj(H) means the Hardy space of entire
analytic functions ¢}(h) of varlable h € H and Pg(H) is generated by the

A=Al 0L

n-homogeneous Hilbert-Schmidt polynomials e} := e ...eZ\ K

le iz = (B:M) 2.

If the basis of symmetric tensor elements ¢®* := e®)‘1 ©...0 eﬁ)‘" (asso-

, normed as

ciated with ¢/*) in the correspondingly weighted Fock space I B(H ) is normed
as [[eP|, = Hef’\HHz then each function f € L2 admits the superposition

f=woy;, Z Z» We [ wp)p,, heH,

rL>O ! 2 n

where the Taylor expansion on the right-hand side of any analytic function
Y3 € H% on H is uniquely determined by the corresponding element 1y €
I's(H).
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Our further goal is to analyze the inverse isomorphism ¥ ~! which can be
described by the Fourier transform under the measure y in following way

f(h) = /exp((Z)h)de where F=v"!: Li Sf— fi= Y} € Hé

The Fourier transform F' acts isometrically on the Hardy space of analytic
functions H% (Theorem 2). So, F acts as an analytic extension of the mapping
o.

Applying the superposition with ¥, we describe two different representa-
tions of the additive group (H,+) over Li defined by shift and multiplicative
groups (Lemma 7). Using this we show (in Theorem 3) that an irreducible
representation of the Heisenberg group Hc can be realized on Li in the Weyl-
Schrodinger form

X(a,b,z) — exp(2)W'(a,b), W'(a,b) :=exp {%{a | b)}TJMl*

for all a,b € H and z € C, where TJ and M(I* are defined by shift and
multiplicative groups, respectively. It is also proved that the Weyl system
W'(a,b) has the densely-defined generator pl b = 82 + ¢, which satisfies the
commutation relation 7

W(a,b)Wi(a',b') = exp {— bl 0l 4] } Wi(a', )W (a,b)

where the groups M, (I and TJ are generated by ¢, and 8;, respectively.

Applying the Weyl-Schrédinger representation to the associated with H¢
heat equation, we prove (Theorem 4) that the following Cauchy problem with
ol .= o,

dw(r) -2 _
== (0l +é) w(r), wO)=f r>0,

has the unique solution w(r) = &I f for any function f from a finite sum
&P Li’", where the 1-parameter Gaussian semigroup & has the form

T VVT
®Tf \/47 r { 4r } fdm( )

: [P (
ij = nh—>Holo exp { n wo H iTie; —n'r er

Here 7 = (7;) belongs to the abstract Wiener space {wo, || - ||w, } defined by
the injections lo &~ wy 3 ¢y of real Banach spaces and endowed with the
Wiener measure w in according to the known Gross’ theorem [10], whereas
the sequence of projectors (p7) onto R™ is convergent to the identity map on
wo.

Finally, note that this work is a continuation of previous publications
[16,17]. The novelty results from the observation that the system of Schur
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polynomials with variables on Paley-Wiener maps form an orthonormal basis
in Li. This allowed us to investigate irreducible Weyl-Schrédinger represen-
tations and Weyl systems of the Heisenberg group Hc¢ on the whole space
2.

X

2. Invariant Probability Measure

Consider the unitary group U(co) = |JU(m) with m € Ny = NU{0}, 1 = U(0),
irreducibly acting on a separable Hilbert space H, where subgroups U(m)
are identified with ranges of injections U(m) 3> wu,, — {u(;" ﬂ € U(0).
Following to [21,24], we use the Livsic transforms 7 *1: U(m + 1) — U(m)
of the form

m—+1
Tm

_ —1 . _

with z,, € U(m) defined by excluding z; = y; € C from [Z;Jm} = [Z";) at}
) _ _

{Z’”} for pm,ym € C™ and a,b € C [24, Lem. 3.1]. Tt is surjective (not
1

continuous) Borel mapping [24, Lem. 3.11].
The projective limit 4 := lim U(m) under
group homomorphisms) projections

m—+1

m+1 has surjective Borel (not

T U DU u,, € U(m) such that m, =77 om, 1.

Their elements u € 4 are called the virtual unitary matrices. The right action
Usur—ugeyd with g=(v,w)e U(co) x U(x)
is defined to be m,,(1.g) = w™m, (1)v, where m is large enough that v, w €
U(m). On 4 the involution u + u* = (uf) is well defined, where u} = u, '
is adjoint to uy € U(k). Thus, [m,(u.g)]" = mm(u*.¢g*) for all g* = (w*,v*) €
U() x U(o0).
There exists the dense embedding U(co) 9 4 (see [24, n.4]) which assigns
the stabilized sequence u = (uy) to each w,, € U(m) such that
U(m) 3 up, — (ug) € 4,

w = T (U) = (Tp oo )(up) k< m, (5)
U, k>m.

We always assume that the group U(m) is endowed with the probability
Haar measure x,,. Using the Kolmogorov consistency theorem (see, e.g. [24,
Lem.4.8], [27, Thm 2.2], [30, Cor.4.2]), we determine the probability measure
on i to be the projective limit

X = l&nxm under Xm = Wz+1(Xm+1)
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where 77 1(x,,41) means an image-measure and Yo = 1. As is known [30,
Thm 2.5], the measure x is Radon. We now describe the necessary properties
of x.

Consider the Hilbert space Li of functions f: 4 — C with the following
norm and inner product

1l = (F | PV, <f1|f2>xi=/f1f2dx-

Let LS be the space of x-essentially bounded functions f: 4 — C with the
norm || f||oe = ess sup,cq|f(u)|. The embedding L® 9 L7 holds and | f|, <
[1f[lso-

Lemma 1. For any f € LS’ there exists the limit

/fdx:lim/fd(xmowm) :hm/(fow;})dxm. (6)

Moreover, the measure x is invariant under the right action, which means that

/fug ) dx(u /f u)dx(u), g€ U(oo)x U(o), (7)
[rax= [ axw [ swg)dton o ). (8)

Proof. The sequence {(xm © T, )(K)} is decreasing for any compact set K in
s, since m, = 77 o 1,41 yields w41 (K) C (7)) 7L [, (K)]. Tt follows

(Xm omm)(K) = m+1(Xm+1) [T (K] 9)

= Xm+1 [(W:ZH) [Wm(’C)H = (Xm+1 © Tm41) (K).

This ensures that the necessary and sufficient conditions of the Prokhorov
theorem [4, Thm IX.52] and its modification from [30, Thm 4.2] are satisfied.
Indeed, let U(m) C U(m) be the set of matrices with no eigenvalue {—1}

for m > 1. As is known [24, n.3], U(m) is open in U(m) and x,,, (U (m)\U(m))
= 0. In virtue of [24, Lem. 3.11] the restrictions 7F1: U(m + 1) — U(m) are
continuous and surjective. The projective limit lim U(m) under these restric-
tions has continuous surjective projections 7y, : hm U(m) — U(m). Restrict

Xm to U(m). By [30, Thm 6], a probability measure ¥ satisfying conditions
Tm(X) = Xml((m) is well defined iff for every € > 0 there exists a compact set

K C limU(m) such that
=
(Xmomm)(K)>1—¢ forall meN.
Then by the Prokhorov theorem y is uniquely determined as
X(K) = inf(xm 0 7 ) () for all K C lim U (m). (10)

Let ¢ > 0 and K; C U(1) be a compact set such that y;(K;) > 1 —¢.
Let a compact sets K,,, C U(m) be defined inductively such that

A" Y K1) € Ky and Xyt (K1) > 1—¢ forall m > 1.
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Assume that K, ..., K,, are constructed. Since x,, = 77 (xma1), we get

Xm(Km) = Xm+1[(7rnn;+1)_l(Km)} >1—c.

By regularity of Xm+1|U(m)7 there exists a compact set

K1 C (mp )71 (EKm)  such that X1 (Kng1) > 1 —e.

The induction is complete. Then K = liLHKm with Ko = 1 is compact.
By virtue of (10), we have x(K) > 1 — e. Hence, the projective limit x =
im X |7 () is well defined on lim U(j) by the Prokhorov vcriterion.

The measure x can be extended to lim U(m)\limU(m) as zero, since

. p— p—
each X, is zero on U(m)\U(m). The uniqueness of the projective limits yields
X = X. So, x = lim x,, is also well defined and by (9) and (10) we get
X(K) = inf(xm 0 7 ) (K) = im(xm © 7y ) (K)  for all compact K C 4L
By the known Portmanteau theorem [14, Thm 13.16] it follows that the limit
(6) exists. Whereas, the property (7) is a consequence of the equalities
X(K.g9) = im X (Kpn.g) = lim xo, (Kn) = x(K)

for all g = (v, w) € U(oo) x U(oo) where m is large enough that v, w € U(m).
Finally, the function (u,g) — f(u.g) with any f € L3° is integrable over
U x U(m) x U(m), hence

[ axta /fug (0n ® X)) = [ dloen @ x)(0) [ Flg) dxta)

by the Fubini theorem. It yields (8) since the internal integral on the right-
hand side is independent of g by (7) and [ d(Xm ® xm)(g9) = 1. The proof is
complete. O

We now note the concentration property of Haar measures sequence (x,)
satisfying the Kolmogorov conditions y,, = 7M1 (x,,41) if each group U(m)
is endowed with the normalized Hilbert—Schmidt metric

dps(u,v) = /m~ltrlu —v|gs where |u—v|gs=+/(u—v)*(u—v).

As is well known (see [9,31]), (U(m),dup, Xm) is a Lévy family. Namely,
the following sequence of isoperimetric constants dependent on € > 0

a(U(m),e) =1 —inf {xm[(2m)e]: 2 be Borel set in U(m), xm (£2m) > 1/2}
with (£2,)e = {um € U(m): digs (um, 2m) < €} is such that

a(U(m),e) - 0 as m — oo.
Taking into account the Lemma 1, we can formulate the following conclusion.
Corollary 1. For any Borel set §2. = lim(£2,). with Xm(2m) > 1/2 in the
projective limit t = lim U(m) the equality

V(92:) = Tim_x [(2):] = 1
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holds. Consequently, all Borel sets S\ §2. with X (2) > 1/2 and any € > 0
are x-measure zero, i.e., the measure x = @Xm is concentrated outside these
sets.

3. Polynomials on Paley—Wiener Maps

Let .7, == {z = (zl, . 7277) eEN iy <w<... < zn} be an integer alphabet of
length n and % = J .7, Let A = (A,..., ) e N7 with \y > X > ... > A,
be a partition of an n-letter word 1* = {Dij: 1<i<nj=1,.. .,)\i} with
1€ S, A Young A-tableau with a partition A is a result of filling the word
‘:lll . R |:|1,\1
A = with n nonzero entries in
Opr oo O,

some way without repetitions. So, each A-tableau [:*] can be identified with a
bijection [+*] — +*. The conjugate partition AT corresponds to the transpose
matrix [¢2]T.

A Young tableau [+*] is called standard (semistandard) if its entries are
strictly (weakly) ordered along each row and strictly ordered down each col-
umn. Let Y denote all Young tabloids [+*] and Y,, be its subset such that
1 F n. Assume that Yo = {0 € Y: |0] = 0} and () = 0.

As before, {H,{(-|-)} is a separable complex Hilbert space with an or-
thonormal basis {¢;: i € N} and || - || = (- | -)'/2. For its adjoint space H* the
conjugate-linear isometry *: H* — H** = H is defined via a*(h) = (h|a)
for all a,h € H. The Fourier expansion h = > ef(h)e; with ef(h) := (h ] ¢;)
holds. The tensor power H®" spanned by elements v, = h1 ® ... ® h,, with
h; € H (i=1,...,n), is endowed with the norm |[¢,|| = (¢, | ¢n>1/2 where
(Un [ ) i= (ha [ hy) o (B | D7)

Let S, be the group of n-elements permutations o (¢) 1= he1) ® ... ®
®Ay

)

1» onto the matrix [¢

R (ny- An orthogonal basis in H®™ is formed by elements ¢(e2* @ ... ®e,,
with +* - n and 1 = 7()\), additionally indexed by all & € S,,. The symmetric
tensor power HO" C H®" is defined to be a range of the orthogonal projec-
tor S, : H®" 34, — h1 ®...O h,, = (n!)_lzgesna(wn). We assume that
H®" is completed and that H®? = C. Let 1, := h®" for h = h;. The embed-
ding {h®™: h € H} C H®"™ is total by the polarization formula [7, n.1.5]

1 n
hi®...0h, = S 010,05, = 0ih;. (11)
i=1

T onpl
01,...,0,==+1

Let H, C H be spanned by {e“ N } We can uniquely assign to any
semistandard tableau [1}] with +* - n the element in ng’" for which there exists

the permutation ¢’ € S, such that o’ (e @ ... ® eg)‘") =Moo e?jﬁ"
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€ Hﬁ?”. Taking all » € ., we conclude that the system indexed by semistan-
dard A-tabloids

eY":{e?A::e%MQ SO e o, )\eYn,ze,ﬂ} e =1

or 1 oxy _ JA/nli =X and =7
where (e | e >—{ 0 ALN or 147
forms an orthogonal basis in the symmetric tensor power HSD”.

The system {e&* := S, (e2M @ ... ® eg’\"): P En, NEY,, 1€ S
additionally indexed by all o € S, forms an orthonormal basis in the whole
tensor power H®™,

As usually, the symmetric Fock space is defined to be the Hilbertian
orthogonal sum I'(H) = @,,»,H®" with the orthogonal basis ¢” := | {e":
n € Ng} of elements ¢ = @, with ¢, € H®" endowed with the inner
product and norm

W19 =Y nla ¥, Il = (@ | 9)

Note that by tensor multinomial theorem the Fourier expansion under

| |
hen = 3T et e m), = YD TP, et = et e,

W n W2 n
(12)

holds in H®™ for all h € H. Consequently, the linearly independent, so-called,

coherent states { exp(h): h € H} in I'(H) have the expansion under the basis
Y

4
hEn 1 n!
oot = @' =@ 5 (Sein) ~@ LT B

n>0 n>0 i>0 n>0 Men
(13)
with h®% = 1, that is convergent, since [[¢?*[|% = n!||e®)‘||2 and

lexp®l = 321 57 () e 1216 () Z > L)

n>0 .zAFn n! 1 n Al (]_4)

=Y (Sl ):Zmnhnznzexpnhn?

Definition 1. For any h € H and u € i the Paley—Wiener maps are defined to
be

u) = Zqﬁl(u) ef(h) with qbl(u) = (ui(ei) | €i>, U; = m(u)

where projections m;: 4 3 u — u; € U(4) are uniquely defined by 7rf+1
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These maps satisfy the orthogonal conditions ¢., = ¢; and have the
natural extension ¢~ = ¢, onto the adjoint space H*.

Note that, as in the case of linear spaces (see e.g. [12, n.4.4], [29]), the
Paley-Wiener maps uniquely determine the embedding ¢: H 2 h —— ¢y, €
L2.

X

For every h € H the ls-valued function ¢p(u) of variable u € 4l is well-
defined, since (¢} (h)) € Iz and [(u;(e;) | ¢;)| < 1. We show that ¢;, € L2. Assign
for any partition A = (A1,..., ;) € N7 of the weight |A\| = \; +. —I— Ay the
constant
(n—1)!

A= =t

n=mn(A). (15)

Lemma 2. To every semistandard tableau [1*] one can uniquely assign the func-
tion

or(w) = (W)l (w), oY =1 (16)
of variable u € U belonging to LS°. The system of x-essentially bounded func-
tions

= U {(i)Y”: n e NO} with ¢ = U {gbf‘: P Ene jn}

s orthogonal in the space Li and is normed as follows
6212 = [163Pax =M, Fn A= at L

Proof. According to (4), we have (m, o ﬂ';lil)umﬂ(em) = Up (e, for t = —1
and (wmowai_l)umﬂ(em) = U (&) —[a(1+t) "1b]e,, for t # —1 for any integer
[ > 1. This means that (¢ o 7,,1) (um) = (Um(em) | ex) # 0 for all k < m and
that

(bm O7Tm+z)( mt1) = (Um(em) | em) for t=-—1,

(dm o7rm+l)( ) = (U (&) | em) —a(l+ 1) 1o (ey, | &) for t# —1.

(17)
Let U(n) with n = n(\) be the unitary group acting over the linear
complex span {e“, ey e,n} in H. Let x,, be the probability Haar measure on

U(n) and m,: 4 — U(n) be the corresponding projector. Using (6) and (17),
we obtain

/ 162 (u) Py (1) = lim / (8 0 ) (tt) P (11)
= tim [ (6} 0w ) um) - (6 0 ) ) P ()

/| (O 0 7Y () - (62 0 771 (1) Pl ().
(18)
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By (18) and the known integral formula for unitary groups U(n) [28, 1.4.9],
we get

n(X)
o ) _ (@) =N
/wm dx—/kr_[ll<un<en>|eu>| Panln) = Gy =T+ DY

On the other hand, the invariant property (8) provides the formula
1 ™
[rax=5 [axw [ fleweoa.  rerz. a9

From (19) it follows the orthogonality relations ¢} L ¢ with [X'| # |A], since

/@@M=%/ﬁ@w/emHM—Wszo

for any A, A € Y\{0}. Let |[N| = |A] and n(\') > n(A) for definiteness. Then
there exists an index k with a nonzero integer A}, in X’ = ()\’1, D )\;7()\,))

€ Y\{0} such that n(\) < k < n()\). In this case d);‘/ 1 ¢ because (19) yields
/www_f/www/emmmwzo

Consider the case || = |A| and n(\') = n(A). If ¢§‘/ # ¢ then ) # \. There
exists an index 0 < k < n(A) such that A}, # A,. As above, <;§j>" 1 ¢}, because

[oYarac=o- [oYaax / exp [i(N} — Ae)] di = 0.

This proves that the system ¢¥ is orthogonal. O

4. Orthonormal Basis of Schur Polynomials

Let «* - n, n =n(\) and t, = (t,,,...,t,) be a complex variable. Let ¢} :=
A o
[1t:;. The n-homogenous Schur polynomial is defined (see, e.g. [18]) to be

sp(t,) == Di(t,)/A(t,) where Dy(t,) = det [t)7T777] with \; = 0 for j > n,

Alt) = [i<iey < (t,, —t,;) is Vandermonde’s determinant. It can be written
as s)(t,) = PIIEY ) with summation over all semistandard Young tabloids |8,
1.2.2].

We construct an orthonormal basis in L2 consisting of Schur polyno-
mials on Paley7W1ener maps. Assign (umquely) to © € ., the vector ¢, :=
(Goys--y b0, ). Let s} (u) = (s 0¢,)(u) be n-homogeneous functlons of variable
u e Y with A € N7, deﬁned by the formulas (3). Denote

:U{sf‘:z)‘}—n}, SY::U{SZ:nENO} with sozs?zl.
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Theorem 1. The system of Schur polynomials s* forms an orthonormal basis
m Li and s is the same basis in Li’”. The following orthogonal decomposition
holds,

=CoLl2'ol}’e.... (20)
For any h € H the equality (2) uniquely defines the conjugate-linear embedding
¢: H>hvr— ¢y € LY such that | ¢nlly = |R]|. (21)

Proof. Let U(n) be the unitary group over the linear complex span {e,l N }
with 7 = n(A). Taking into account (17) similarly as (18), we obtain

[t = [ 5 st vy en) = s,

for all [+*], [] with 2 = (11,...,%,) and A, u € N". In fact, the corresponding
Schur polynomials {sf‘: A€ N”} are characters of the group U(n). Hence,
by the Weyl integration formula, the right-hand side integral is equal to Kro-
necker’s delta 0y, [26, Thm 8.3.2 & Thm 11.9.1].

The family of finite alphabets ¢+ € .# is directed and for any 1,4’ there ex-

ists #”/ such that 1U2’ C o”. This means that the whole system s is orthonormal

in L2.
X
The property s# L s} with |u| # |A| for any 1,7 € .# follows from (19),

since
/s“s dx = %/s"s dx/ exp (i(|p| — [A)?) d9 =0
™

forall A € Y and p € Y\{0}. This yields Li’“‘l 1 Li’w in the space L2 . Taking
A =0 with |@] =0, we get 1 L Li’l“l for all 4 € Y\{0}. Hence, (20) is proved.

By Lemma 2 the subsystem ¢ = s} is orthonormal in Li, hence by
Definition 1 it instantly follows that ||¢n |2 = > [ef(h)? [ |ox|*dx = ||h[*. Tt
follows the isometric embedding (21).

The set U(m) of matrices with no eigenvalue {—1} has Stone-Cech com-
pactification U(m) such that the mapping 77! has a continuous U (m)-valued
extension

7L U(m+ 1) — U(m).
This fact follows from [33, Thm 19.5] by virtue of that U(m) is compact.
Hence, the projective limit i := lin U(m), determined by 77+, is a compact

set in U with continuous U (m)-valued projections 7, : t — U(m).
Since U(oo) on H acts irreducibly, for any u’ # u” there is m such that

(W) = (T (W) (em) | em) # (Tm (W) (em) | em) = dm(0”),

ie., ¢¥ separates { and so {1. Hence, the system of Schur polynomials s also
separates {I. Moreover, each complex-conjugate function ¢, (1) = (en, | 7 (1)
(em)) = (mm(uw*)(em) | €m) belongs to ¢¥. Thus, by the StoneWeierstrass
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approximation theorem the complex linear span of polynomials ¢", as well as,
of s, forms a dense subspace in the Banach space of all continuous functions
().

Let X,, means the image of ., under U(m) % U(m). In Lemma 1
it inductively was shown that for every € > 0 there exists a compact set
@Km C  such that

Xm(Km) >1—¢ forall m

where X (Km) = Xm(Km) = Xm(Km), by definition of the measure x,, as
an image. Hence, by the Prokhorov theorem the projective limit y = liﬂl)zm,

defined by mappings 771 possesses the properties

X(£2) = inf X (£2) = inf x,,,(2) = @XW(Q) = x(£2)
for all Borel {2 in {l or otherwise Y|g = x|g. Consequently,
Xla = Xla = Xla g = xlu since  x(U\) = 0.

In particular, x = lim x, is regular on I by the Riesz-Markov theorem [20,
1.1).

As a consequence, the space Li coincides with the completion of C'(4) and
for any f € L2 there exists a sequence (f,) C span(s”) such that [ |f — f,[*dx
— 0. Hence, the system s¥ forms an orthogonal basis in Li.

Finally, s, N L3 is total in L2™ and s, L s, if n # m. This yields (20).
O

5. Unitarily-Weighted Symmetric Fock Space

Define on the tensor power H®" the unitarily-weighted norm | - || HE =
(| 'ﬁ;;n where the inner product (- | '>Zé’» is determined by the relations
B B
(n—1)!
' A=XNand1=7
(e € ) pen = (n—1+n)! e (22)
0 ANEN or 1 £

Here ¢ := ¢/(e2M @ ... ® efi)"’) with n = n(\) and o’ € S, is fixed. Let
H?" be the completion of { H®™,||- ||H§m }. Its closed subspace, defined by the
projection
Sp: HF™ 3 2 — et = (n!) 7! Z o(e®M)
o€Sn

forms an unitarily-weighted symmetric tensor power H5" C HS" with the
inner product determined by relations (e®* | e?A/)H?n = B (e | ei?/\/> or
more specific



73 Page 14 of 31 O. Lopushansky Results Math

Al (p=1)! .,
o = n!(nfl+n)!.)\_>\ and 2 =1 (23)
’ 0 ANEN or 1 £

(2 | ¢S

Definition 2. The wunitarily-weighted symmetric Fock space is defined to be
the Hilbertian orthogonal sum I3(H) = @, -, H§" of elements ¢ = @ ¢,

Uy € Hg” with the orthogonal basis ¢¥ = [ J {eY" 'n e NO} and the following
inner product and norm

(W1 =D nldn | ) gen,  Iells = (| ¥)5™
We immediately notice that [|A]|3 = Y [ef(R)|* = [[h]|* for all h =
Z elef(h) € H.

Lemma 3. The set of coherent states {exp(h): h € H} is total in I'g(H) and
the expansion (13) is convergent in I'3(H). The injections

I(H) % I'y(H) and H" % HG"

are contractive and dense. The I'z(H)-valued function H > h +—— exp(h) is
entire analytic. The shift group, defined to be

dexp(h + za)
dz 2=0

for a,h € H, has a unique linear extension T,: I'g(H) 3 ¢ —— Typ € I'3(H)
such that

IT.013 < exp (la|?)[¢]3  and Tosy =TT = BT, abe H. (24)

Toexp(h) := exp(h + a) = exp(9a) exp(h) with 4 exp(h) =

Proof. Taking into account that ) < 1, we get the following inequalities

||h®n||i1§n=Z(/\,) e Zgnlei* ()= 3 4 e )2 < 72 = [h]>"
Pen 1 n
! 5 (15) (1)
lespl3 = Y2 1 32 e 2 < exp P 2 flexp(h)}-
n>0 1 n

Hence, (12), (13) are convergent in I'3(H). This implies that h — exp(h) is
analytic and inclusions I'(H) ¢ I'3(H) and H®" H?" are contractive. By
the polarization formula (11) their ranges are dense.

Using the binomial formula (h + za)®" = @), _, () (2a)®™ @ h&M=m),

m=0
we find
am eXp(h + Za) B Sn/m[a®m ® h®(n—m)]
8 exp(h) dz—m 0 = @ (TL — m)| 5 zeC

n>m

with the orthogonal projector S,, /,,, defined as ¥, OV —m = Sp/jm (Y @ Yp—m) €
Hg" for all ¢, € Hgm and ¥, _, € Hg("_m). By orthogonality ||S,, /., || < 1.
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Applying the expansions (12) to a®™ and h®(™~™) by (22), we get

m n—m)| 2 m! (n —m)h2 A 2 EDN 2| = 2
0™ @ hS e = 50 (S e 0 2 e @P )
PAm ’ ’
HE(n—m)

with summations over semistandard tableaux [2*], [7#] and 1,5 € .. Let (\, u) €
N7(#) be the smallest partition of number n with the length 7(\, 1) contain-
ing the partitions A for m and p for n — m. Then n(A, p) > max{n(A),n(x)}
and so

OX Op |12 — (77()‘7/}’) — 1)' < mi
||ez ® ej ”HZ"@” (77()\7M) 1+ ’I’L)' =~ mln{ﬂ)\vﬁu}v

since % is decreasing in variable 7. Thus, the following inequality

m e m! (n —m)I\2 . « N
0" @ h e, < S (TS ingay g, e @) Ple ()

. A !
g“ﬁ(nTm)
_ Ha®m||2||h®(n7m)Hi[?(n_m) — Ha”2mHh®(n—m)Hzg(n_m)

holds. Using this inequality and that [|S,, /.|| < 1, we find

@ & heC 3
(n—m)!

a®m ® h®(n—m) ”%

2
<y [1Sn/m "l

n>m

[

o expmlf = 3 19/

n>m

1S /m
< la®m? Y A=

n>m

(n —m)!

b < Nl o ()3,

Summing with coefficients 1/m!, we get ||7; exp(h)[|3 < exp ([lall®) exp(h)]|3.
This inequality and totality of {exp(z): h € H} in I'3(H) yield the required
inequality (24). It also follows that I'3(H) is invariant under 7, and that the
group property (24) holds, since 0,4 = 94 + O for all a,b € H by linearity.
0

Lemma 4. The mapping ¢: H > h—— ¢, € Li, extended onto T, exp(h) as

|
b: T, exp(h) — Z% S LN h+a), aeH,

n>0  Akn
has the unique isometric conjugate-linear extension
S:Ig(H)>p— PP € Li with the adjoint mapping P*: Li — I'g(H)
defined to be (Pe™ | f)y = (eP™ | D*f)g for all f € L2 in such way that
P e lleM g — 67 /l67lx  for all XEY, 1€ S,

o
As a result, the conjugate-linear isometries I'3(H) ~ L} and HB@’
hold.
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Proof. By Lemma 3 the I'3(H)-valued function H 3 h — T, exp(h) is well
defined for all a € H. Let us use the expansion ¢p+q = Y. ef(h+a)¢;. By
Lemma 2 and Theorem 1, ¢: H 5 h —— ¢p, € Li may be extended to @ in
following way

QZSTaexp(h):Z%Z%%)\er)\(tha 1% .*n]”

n>0  Akn i>0n>0

= H exp (¢ief (h+ a)) = exp (¢nta) Where

Bl(h+0)) = Ghry = 3 MNPt a), acH

W n

is an orthogonal component of ¢7, exp(h) in L2 It follows that

| exp(nta)lly = Z P > llgd IX/\,QIQ*A(h+a)\

n>0 " Akn
Y LS e ror < XA B o
n>0 W n TL>0 1>‘I—n

= Hexp lef(h +a)|* = exp ||k + al|*.

Hence, the composition { 3 u+— [@exp(h + a)](u) is well defined in L?.
Now, we consider the ordinary irreducible representation of permutation

group S, on the Specht A-module S} that is corresponded to the standard

Young tableau [2*]. The following known hook formula (see [8, 1.4.3]) holds,

—1
Fiy o= n!( I1 h(z’,j)) where iy = dim S, (25)
i<\

with h(i,j) = #{0wy € [M]: ¢ > 4,5 = j} =4#{0wy € Y] ' =4,5" > j}
independed of © € .. A551gn to 1 € ¥, the vectors

(@0 (e, ()., 6y, (W, (B)) 1= ta(ut, ).

Let s (u, h) := s(t,) with t, = ¢,(u, k) for all u € 4, where polynomial terms

are ¢j( JerA(h) = ¢ (w)er  (R) ... ¢ (w)ei " (h). Applying the Frobenius for-

mula [18, I 7] and takmg into account (2), (3), (25), we obtain

=Y hasMwh), heH
en

where s} = 0if A] > [, and the summation is over all standard tabloids. Hence,

{¢p: h € H} is total in Li’" by Theorem 1. In consequence, {exp(¢y): h € H}

is total in Li. This yields surjectivity of @ and of all its restrictions to Hg”.
0

Corollary 2. The sets {¢}: h € H} in Li’" and {exp¢p: h € H} in Li are
total.
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6. Fourier Analysis on Virtual Unitary Matrices

Consider the isometry HEQ” 2 PF(H) (see e.g., [7, 1.6]), where the space
Pg(H ) of unitarily-weighted n-homogeneous Hilbert—Schmidt polynomials of
variable h € H is defined to be a restriction to the diagonal in H x ... x H of
the n-linear forms P o ¢, endowed with the norm [|¢7 || pp = ||¢n|\H§n where

w:(h) = <h®n | wn>H§’" = <(h7 - '7h) | 770%% tn € Hg)n

Let H3 = 3,50 Py (H) be the direct sum of functions ¢*(h) = Y7 (h)
of variable h € H with summands ¢} =P o, € Pﬁ"(H) where ¢ = Y 1, €
I's(H). Since the set {exp(h): h € H} is total in I'3(H), elements of Hg can
be written as

HE = {07 (h) = (exp(h) | )y ¥ = > € Ty(H) }.
The analyticity of H 5 h — 1*(h) is a result of the composition exp(:) and
().

Definition 3. Let Hg be defined as a Hardy space of unitarily-weighted Hilbert—
Schmidt analytic functions ¢*(h) of variable h € H endowed with the inner
product

W )" (Naz =l ¥)s where |75z = () | O)mz =Y _nlllvnlpy.

The conjugate-linear surjective isometry from Hg onto I'z(H) is realized
by the conjugate-linear mapping

x: Tg(H) > r— " € Hy, =) ty.

On the other hand, the correspondence @: ¢2* = ¢ with A € Y and
1 € S allows us to determine the conjugate-linear isometry from [I5(H)
onto Li. As a result, the mapping

w: Hp 5 & [l — 67 /lloMx € LY
defines the surjective isometry
¥: Hj — L} and its adjoint ¥*: L2 — HJ,.
Lemma 5. The systems of Hilbert—Schmidt polynomials of variable h € H,
e = U {er:rbnae st and = U {e":neNg}

w0

where e}

1, form orthogonal bases in Py (H) and Hg, respectively, such that

(n() =1 Al

A
A
(n(A) —1+n)!nl’ ven

les 1By = Balle?|* =
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Every function ¢* € H2 with ¢ € Fg(H) has the expansion with respect to e*"
* A
UH(h) = (exp(h) [ )5 = 3 > 76 e ) (26)
7L>0 1 n

with summation in the inner sum over all semistandard tabloids [:*] such that
W = n. Each function * € Hg 1s entire Hilbert—Schmidt analytic and can be
also written as

6t (h) = (0" () [ exp(- [ B)) s = (47 () | E(.1)) o w0 € Do(H)
where E(h',h) := |exp(h’ | h)|*/exp(h | h) for all h € H.
(27)

The following linear isometries, defined by linearization via coherent states,
hold

n v n
Hj ~ L2 Py (H) ~ L3™. (28)

Proof. Taking into account (13) and (23), we conclude that every ¢* € HE,
such that ¢ = P, € Fg (H) with ¢, € HG” has the following expansion

Z Z )\, ®/\ | Yn)s where ¢ = @Z |;ﬁ721 i 9)\~

n>0 : W n n>0 n ”el
On the other hand, in relative to the inner product (- | -), we have
ool | 1) = @y 3 e wye = 3 3 R
N n! He®k‘|2 ’
n>0 T n>0 1 n

Verify the first equality in (27) by substituting (26) into the formula (27). We
get

wn * *)\h/ h
<zz , 1Y 5 )

n>0 A n ’ﬂ>0 A n B
= Z Z 36 U ) = (exp(h) | )y
n>0 : 1 n
Ifw*(h') :=*(h)exp(h | k')[exp(h' | )]~ then w*(h) = ¢*(h) forh = h' € H.
Now, putting w*(h') := <1/;*() | exp(h/ | Yexp(h' | )]~ Lexp(- | A’ >>H§, we
obtain
¥r(h) = w(h) = (" [ exp(- | h)) 2
= (" C) Lexp(h | Jlexp(h [ B exp(- | 7)) o = (U7 () [ E(5 ) s
Hence, the second equality in (27) holds. Lemma 4 yields (28). O

Remark 1. Since ¢y, = > ef(h)¢; for all h =" ef(h)e;, a range of the embed-
ding (21) coincides with Li’l.
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Lemma 6. Denote exp(h' | h) := K(h', h). The functions
H>hvr— (WoK)(u,h) and H>h— (Vo E)(u,h)
with u € Y take values in Li and can be represented as follows
(¥ 0 K)(u,h) = exp (¢n(w), (o0 E)(u,h) = exp (2 Reen(w) —[|h]*)

where the last exponential function has the power series expansion

h m—+n B
exp {2 Reg — [|R[IP} = D ” Tﬂ,n, B (Dn/ 0l Pnyin))
m,n>0 o

with coefficients in the form of complex Hermite polynomials B, m (2, 2), z € C.

Proof. Applying the transform ¥ to K (h',h) in variable h’ € H, we obtain
1 ! ) 1 RV
oK) wh) =3 5 3 Mt ) =3 L (S aiwer )= exp (6n(w).
n>0 Akn n>0 >0

Similarly, applying ¥ to E(h/,h) in variable h’ € H, we obtain

wom) =Y Zi@(u)er*(h)f(z,; > Ziﬁ*(@ﬁ)

n>0 An n>0 1 n
= exp (2 Re ¢p(u) — Hh||2)

By Lemma 4, (¥ o K)(-,h) and (¥ o E)(-,h) with h € H take values in L?.
The expansion (29) follows from [13, n.12] where polynomials b, ., (z, Z) were
introduced. g

Theorem 2. For any f = fn € Li with f, € Li’” the entire function
f(h) == (exp(h) | ?*f)s of variable h e H
and its Taylor coefficients at zero dgf have the integral representations
fi = [[expl@n)sdx= [ exp(2Reon ~ [hl?) £ dx,

X B (30)
dWW:/%hw

respectively. The Fourier transform F': Li S fr— f € Hé provides the isome-
tries

L2 ZH} and L>"Z Py(H).
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Proof. Since ¥ = & o *~1, we obtain ¥* = % o *. From (27) it follows that
F(h) = (exp(h) | " )5 = (" o [)() | K( ) g = (070 [)() [ ECR)) s
Thus,

F) = (0" 0 F)O) | K1) g = (0 0 F)C) | B 1)
= (7| o B).1), = [ exp (2Redn — ) f dx

by Lemma 6. On the other hand, according to the same claim

Fh) = (@0 N)() | K () gy = (FC) | (F 0 K)(-5 1)), = /eXp (¢n) fdx.

It particularly follows that for all h = ax with x € H,

flao) = [exp (o) fix =Y a" [ %fuav. acc.

Using the n-homogeneity of derivatives, we find
dar o _
danzan/ﬁfn dX |a:0: /(b;fn dX

F
Finally, we notice that the isometry Li ~ Hg holds, since the isometry

dy f(az) =

@* is surjective by Lemma 5. Similarly, we get Li’" Z Py (H). O

Corollary 3. For any h € H the Paley—Wiener map ¢ satisfies the equality

/exp { Regp} dx = exp {iHhH?}

Proof. Tt is enough to put f =1 and to replace h by h/2 in the formula (30).
O

Corollary 4. The isometry x: I'3(H) — HE has the factorization * = F o .

Proof. Infact,@:FB(H)91/H—>451[1:f6L>2<andF:LiBf'—WEEHg,.
O

Corollary 5. For every f € Li the Taylor expansion at zero of the function

) =3 g i) with f =3 fae Ll fue 2
has the coefficients
G0 = [ fdrax= Y msllfeml, fi= [ G
W n

with summation over all standard Young tabloids [1)] such that 1 = n where
s} = 0 if the conjugate partition AT has \] > n(A\) and s}[f, ¢f(h)] := s} (t,)
with t, = f,eX(h).
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Proof. By the Frobenius formula [18, 1.7] we find that ¢} (u) = > ., has) (u, h),
where s} = 0 if AT > 7()\), and s} (u, h) is defined by (3), whereas hiy by (25)
Thus,

exp o (1 Z st (u, h) an Z ¢* (h). (32
n>0 M n>0 1>\}—n
Using (32) in combination with Theorem 1, we find
/f ) exp ép (u) dx(u Z > masMfoe(
n>0 T
where the derivative at zero may be defined as
= 3 sl with $)fer) = [ )5} ) dx(w.
n

In fact, for zh with z € C and +* - n with A] > 7()\) we find

sz)\[fze*(Zh)]_z 5, [fz ( )]

Hence, the derivative d2 f(h) = (d"/dz") f(zh)|.—o is a Taylor coefficient of f.
Now, the Frobenius formula and Theorem 1 yield the first equality in
(31). By Lemmas 5 and 6 the second formula in (31) also holds. O

Remark 2. In the finite-dimensional case 8 = U(m), the Hardy space H% of
entire analytic functions of variable h € C™ has the following orthogonal basis
{er* = M et A= (A, A) € Y}. The Fourier transform

f(h) = /exp(d_)h)f dXm = /exp (2 Re ¢p — Hh||2)f dxm, heC™
provides the surjective isometry F': Li S fr— f € Hé, defined by map-
pings

* ) (m — 1)')\'
Fied o b suehthat (e = 1613, = "

where the space L3 =~ with the Haar measure x,,, on U(m) has the orthogonal
basis {¢* = g1 ol g ot A€ Y]

7. Intertwining Properties of Fourier Transform

The shift group on Hg is defined as T, (h) := (Toexp(h) | )4 for all o €
Is(H), a,h € H. By (27), (Toexp(h) | )5 = Toy*(h) = (Tat)*() | exp(- |
h)>Hg. Hence,

Tatp™(h) = (Taexp(h) [ ) 5= (V7() [ exp(- [ A+ a) gz = (V7 () | Max exp(- [ h)) 2

where M, exp(- | h) := expa*(-)exp(- | h) = exp(- | h + a) is defined to be
the multiplicative group onto the total set {exp(- | h): h € H} in Hj.
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Comparing the above formulas, we obtain that M- is adjoint to T, on
H% By virtue of adjoint relations, ||Ta¢*||H§ = ||Ma*’1/)*||H§. The isometry

Hf; ~ I'g(H) yields HTaQZJ*HHg = || 7| g. According to (24), we have
T 22 < exp (lal?) [ s and - Tu, = LT, = 1T,
1Mo 9" 72 < exp (llal*) 10" |17z and  Maxgpe = My- My+ = M+ M-
(33)
for a,b € H. Thus, these groups are strongly continuous with densely defined
closed generators 9 ¢* 1= lim, _,o(T.a¥* — ¥*)/z and a*y* 1= lim, o (M 4+ 1"
—*)/z.
Hence, the additive group (H, +) on Hé is represented by M- : Hg — Hj
and the generator dM, .« /dz |.—o= a* of its 1- parameter subgroup M., is
strongly continuous with the dense domain D(a {1/}* € H2 a*yY* e Hé}

On the other hand, the group (H, +) can be represented as M(I =U M U*: Li
— Li. The generator of its strongly continuous subgroup

C3zr M., dM],./dz|.—o= ¢o with ¢, =Wa*¥*

has the dense domain D(¢,) = {f € L2: ¢of € L2} and is closed, since a* is
closed.

The group (H,+) on Li can be also represented by T)f := ¥T,0*: Li —
Li. From Lemmas 3 and 5 it follows that the generator of strongly continuous
subgroup

C3zv—TI, dTl,/dz|.—o= 0] with 9 :=wo;w*
has the dense domain D(8]) = {f € L2: 9} f € L2} and is closed, since 9 is
closed. By (27) f(h) = (exp(h) | &* f s = {((@*o f)() | exp(- | h>>HB. Hence,

by Lemma 6,
T1F(0) = (0" 0 D)) | Taexpl [ 1)y = [ Fexp (Brra) dx

Lemma 7. The additive group (H,+) on Li has two representations a +— Mg

and a — Tjiwhich are adjoint, strongly continuous with closed densely defined
generators ¢, and O}, respectively. For every f € D(¢™) {f € L2 o f
€ Li} with m € Ny,

8;mTaF(f) = F(&ZRMJ* f)7 acH. (34)
For every f € ®(9i™) = {f € L2: oimf e Li} with m € Ny,

a*™ M- F(f) = F(9™T}f), a€H. (35)
As a conclusion, 3{; = —19}. Moreover, the following commutation relations

hold,
MJ*TZI = exp<a | b>TTM¢I*7 (éaa;[ - agéa)f = <a' | b)fa (36)



Vol. 75 (2020) Weyl-Schrodinger Representations Page 23 of 31 73

for all f from the dense subspace D(¢p2) N @(5‘;2) C Li and nonzero a,b € H.
Proof. Using that T, and M, are adjoint, we find that

A deT _ - _
ot = [ Cd]  evdna= [Grnepaa. m=o
forall f € Li. This gives (34). Since Mg«tp*(h) = (1*(-) | Mg~ exp(- | h>>H§ =

exp a*(h)¢¥*(h), we obtain
d™ M, mezTa B
7']0() = / 7mf ’ exp ¢h dX
z=0 dz z=0

dz™
- / @ expdndy with feD@™), vt =S,

This together with the group property by applying F' and F~! yields (35).
Now, we prove the commutation relations. For any f € Li and h € H,
we have

" M- f(h) =

(37)

My-T,f(h) = exp(h | b) f(h+ a),
TuMy- f(h) = exp(h + a | b) f(h + a) = exp(a | b)My-T, f(h).
For each f € D(b*2) ND(82) and t € C by differentiation, we obtain
(4 /dt?) Ty My f |1—o= (322 + 2076 + b*2) f. (38)
Subsequently, taking into account (38) together with (d/dt)[exp(ta | tb) Myp-Tta]
= [(d/dt) exp(ta | tb)| Myp+Tyo + exp(ta | to)[(d/dt) My Ty, we find
(0:% +20;b" + b*2) f = (d/dt)[(d/dt) exp(ta | tb) My-Tiaf],_,
=2(a|b)f+ (922 +20%0; + b*2)f.
Hence, for each f from the dense subspace ® (b*2)ND(82) € H2, which includes
all polynomials generated by finite sums ¥*(f) = @, € I'3(H) with ¢,, €
H™
B
TMy = expla | )My Tay (36 —6°00) f = (a|B)f.  (39)
Corollary 4 yields F = x o ®* and F~! = ® o x~!. The equality (37) for
m = 0 can be rewritten as M- f(a) = (exp(a) | TyP" f); with f € L2 or in
another way * o T, = M- o *. Hence, TJ =PTd* =Pox"L oMy oxod* =
F~'M,- F and 8] = F~'b* F. Similarly, M}, = F~'T, F and ¢, = F~'9* F
Finally,
M}.T] = F7YT,My- F = exp(a | b)F~ My T, F = exp(a | b)T; M.,
(6a0] = Ojda)f = FH (050" = b"0;) Ff = (a | b)f
for all f from the dense subspace D (42) N @(622) C L2, which includes all
functions generated by finite sums @ (€D 1,,) with ¢, € Hj on. O
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8. Infinite-Dimensional Heisenberg Group

Our goal is to describe an irreducible representation on the space Li of the
group Hc, defined by (1). We will use the appropriate generalization of Weyl’s
system which in our case is written in the form of Lf(—valued function of variable
heH
1
Wh(h) == W(a,b) = exp {§<a | b)}TbTM;*.

For convenience, we will use the quaternion algebra H = C & Cj of num-
bers ¢ = (a1 + aqi) + (o) + ahi)j = a + o'j such that i? = j? = k% = 11J]1k =
—1, k = ij = —ji, ki = —ik = j, where (a,a’) € C? with a = a1 + aqi, o’
oy +abi € Cand oy, € R (2 =1,2) [26, 5.5.2]. Let us denote o := ¢ for
all (=a+d'j e H

Consider the Hilbert space H & Hj with H-valued inner product

(h|h)=(la+bjla +Vf) =(ald)+O|V)+[{a [b)—(a]V)]]
where h = a + bj with a, b € H. Hence,
S(h | By ={d"|b) —(a|V), S(h | h) =0.
Theorem 3. The representation of Hg over Li in the Weyl-Schrédinger form
ST: He 5 X(a,b,t) — exp(t)WT(h), h=a+bj
s well defined and irreducible. The Weyl system satisfies the relation
WH(h+h') = exp { - W}WT(h)WT(h’) (40)
which on any real subspace {Th: T € R} transforms to the 1-parameter group
W ((r+1")h) = W (rh)WT(7'h) = WT(r'h)W (7h) (41)
with the densely defined generator on Li of the form pTh = 32 + ¢q. Moreover,
the following commutation relations hold,
WHR)WT(R') = exp {S (h | K) }JWT(R)WT(R) where
S (k| b)=~[ph.pl,] with [o].p] = phei, —phpl  (42)
on the dense subspace ®($?) N @(822) cL?.

Proof. Let us consider the auxiliary group C x (H @ Hj) with multiplication
(t,h)(t', 1) = (t—l—t’ — %%(h | b/, h—l—h’) forall h =a+0bj, ¥ =d +¥j €
H & Hj. The mapping G: X (a,b,t) — (t - %(a | b), a + bj) is a group iso-
morphism, since

G(X(a,b,t)X(a',b’,t')) G(X(a+a,b+b,t+t +{a|b)))

((a+a’ |b+1)), (a+a) + (b+1)j)

1

!
"3
+ (@ 1) + 5 (@] ¥) = (@ |B)), (a+a) + b+ 1))
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= (- %(a 15), a+5) (¢ - %(d [¥), a +05) = G (X(a,b,0) G (X(a', ¥, 1)
On the other hand, let us define the auxiliary Weyl system
W(h) zexp{ (a | b)}Mb* w, h=a+0bj. (43)
Using group properties and the commutation relation (39), we obtain

exp{ _ M}W(h)W(h’) = exp {M — M}W(h)W(h’)

2 2 2
_ (a|b) (a'[D) (a|b) (d|b)
= exp { 9 + 9 } exp { B) B) }Mb*TaMb/*Ta/
1
= exp {§<a +d b+ b’)}Mb*H,,*THa/ = W(h+h). (44)

Hence, the mapping C x (H @ Hj) > (t,h) — exp(t)W(h) acts as a group
isomorphism into the operator algebra over Hg So, the representation

S:He 3 X(a,b,t) — exp(t)W(h) = exp{ (a | b>}M1,*

is also well defined over Hg, as a composition of group isomorphisms.
Let us check the irreducibility. Suppose the contrary. Assume there exist
an element hg # 0 in H and an integer n > 0 such that

1
exp {t—i— 5(@ | b>}exp (c|aY{(c+Db|hg)* =0 forall a,bce H.

But, this is only possible for hy = 0. It gives a contradiction. Finally, using
that

exp {t—i— (a | b)}TJM(I* = 71(exp {t—!— (a| b)}Mb*Ta>F,

we obtain that ST = F~1S F is irreducible. Applying I, F~! to (44) we get
(40).

Consider the Weyl system W on the space Li. By (40) we obtain the
equality

) }W*(h+h’) =exp{ - W}WT(H—HL)

x(h! )
= exp {~ SO0 | 1)} exp {M}WT(h’+h)
fexp{ S |h}VVJr YW (h).
Using this equality, we get (41) for any fixed h = a+ bj € H ® Hj. The 1-

parameter group W (ra, 7b) = W1(7h) with real 7 has the generator p;rl = pl,b,
since

d
T L whirh
Pab dr (Th)

)

d 1
0T g P {§<Ta | Tb>}T7TbMia*

B :ag+<5a.
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Taking into account the inequalities (33) and that F is isometric, we get
W (ra,70)fI} < exp ([rall® + [I70I?) 13, f € L3

Hence, the group WT(ra,7b) in variable 7 € R is strongly continuous on Li
and therefore has the dense domain @(p;) ={f¢€ Li: p;f € Li} Moreover,

its generator p;[L is closed (see, e.g., [32]). Note also that pih = Tp}: for 7 € R.

Finally, applying the commutation relation (36) and commutability of
group generators in different directions over the dense set @(&3)0@(822) c L,
we have

—S(h | W) = (a | V) = (a' | b) = $ud), — GurOf + O bur — O,
= (0f + ¢a) (0}, + dar) — (3}, + Gar) (O} + ba) = [ph, 0} ]-

9. Heat Equation Associated with Weyl System

In what follows, we will consider the real Banach space ¢y and let £ be the
coordinate functional, i.e., £ (&) = &, for £ € ¢p. Since, the embedding Z: Iy

¢o is continuous, the Gelfand triple [y z, lo & ¢o with adjoint Z* holds. The
mapping Q: Iy — c¢o with @ := Z o Z* is positive and (Q&* | Q&*), =
Q) = €2 = ||¢|2 where € = Q¢ € Z(Q) and € € I = ¢j. By
the Aronszajn-Kolmogorov decomposition theorem (see e.g., [22, Prop.1]) the
appropriative reproducing kernel Hilbert space can be determined as Z(Q) =
ls.

Consider the abstract Wiener space defined by Z: lo & ¢¢. Given 7, .. .,
& e 1t = ¢}, we assign the family of cylinder sets £2¢ = {£ € co: (£ (€), ...,
&:(&)) € £2,} with any Borel 2, € R™ that are not a o-field. Define the
o-additive extension to of the Gaussian measure v onto the Borel o-algebra
PB(cp), called futhure the Wiener measure, such that

w(25) = (20) with ()= (202 [ exp { = ol /2} do

By Gross’ theorem [10] there exists a smaller abstract Wiener space
{wo, || ||w, } such that injections Iy & wy & ¢ are continuous and the increas-
ing sequence of orthogonal projectors p,: la — R™ has the extension (p;’) on
wp that is convergent to the identity operator on wy and w(wg) = 1. The in-
tegral of any cylinder function v: ¢g — R such that v = p o p;’ is defined to
be [, vdw = [, pdy. The Fernique theorem [6], [15, Thm 3.1] implies that
these exist g,n > 0 such that || - ||, satisfies the following conditions with a
sufficiently large K > 0,

/ exp {el[¢[[%, }dr(€) < 00, w([[¢]lw, > K) < exp { —nK*}.
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Let us go back to the Weyl system WT. Consider in Li the dense sub-
space L¥? := U,»0 @noo L3™. Let a = b = 1y with &, € R. Then by
Theorem 3 B

(ngmemyngmem —exp{ fm/2} i€em, 7n§e:n

Theorem 4. For any f € L? and & = (&) € co there exists the limit

t P Py (Ol
44 f—nh_}H;OWN(g)fv W ~) " —eXp{ 0} H 1 em _115 e

r-almost everywhere on ¢y such that the 1-parameter Gausszan semigroup

€N,

\/ 4drr 4r
on the space L;Z 18 genemted by —>° (3}; + Q_Sm)2 with Of, = 8Im. As a
consequence, w(r) = &1 f is unique solution of the Cauchy problem

dw(r) = 2

—a Z (05, + ém) w(r), w(0)=feL} (46)
Proof. Note that (M-T,)* = T M. = M,-T,. Hence, (Ol 4+ ¢q)* = Ol + ¢ is
self-adjoint for a = b, as a generator of the group W(ra,7a) = exp {||7a||?/2}
TJQMIQ* with 7 € R. Replacing a = b by iTa with 7 € R, we obtain that

@T

}ngdm(g), r>0 (45)

has the generator (9! 4 ¢4)

iTa™"" —iTa*

1
Wi(ira,ira) = exp{ — 5(7‘@ \ 7'a>}TJr M!

with self-adjoint 9] + ¢,. By relations (36), W(ira,ira) is unitary.

impli to= t t _
Lemma 7 implies that [M'; .. T . |=0and[ML; . angkek] =0,
as well as, [TﬁT&nem’TﬁTskek] = 0 for any m # k. In view of the relations (36),

[Bitens O] =0 if m#k and [die,., 0 . ] =—& (47)
Check that (45) holds. Denote WTN(@ =1Ir_, WT(ﬁgmem,ﬁfmem) and

T = ey T, a5 well as, M o= T, MY o with € = (6)
€ wo. Using (33) with the operator norm over H? 3, we get the inequality

n n
In H ”Tﬁimem”iﬂ(ﬂg) < Z<§mem | Emem)? Z §7n = |lpn (€ ng
= m=1

The relation TJ& e, = PTie, ¢, W™ implies that the left-hand side term above

can be changed by In[]" _, | némeme(L’;’() For Mp © = e Miﬁgme:n
similarly.

Using the unitarity of groups W1 (i&,, e, i&m em) we find by virtue of (47)
that their product ng(g) = exp {—|lpyy (& le/Q} P oM M P (6) 18 also unitary.

Taking into account the continuity of Zy : ls 3 wg and that pn converges to the
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identity mapping on wy, as well as, that ro(wy) = 1, we obtain for all f € L;Q
n >0,

W, e fllx < exp { = llpy ©IIE /23 1F 1 < exp { = I1Zoll” €115, /231 £

The Lebesgue dominated convergence theorem implies that there exists
lim ||W;N(£) fllx ro-almost everywhere in variable ¢ € wo for all f € L}™ and

m > 0. By completeness of Li’m, the limit Wg f is well defined tv-almost ev-
erywhere and

W il < exp{ = I1Zoll* €)%, /23 1f [ forall f e L%, & € wo. (48)

The || - ||y-norm of integrant in (45) is bounded by exp {¢||¢||, } with
any ¢ > 0. By Fernique’s theorem and (48), the integral (45) with the Wiener
measure to exists for all f € L;z. The equality to(wp) = 1 implies that the
integral (45) is absolutely convergent uniformly in variables » > 0 on the whole
space c¢g. It provides the Cy-property of &, in variables r > 0 on any finite
sum @, _, L2™.

Prove that the semigroup &, is generated by > pi2 with p! := (9}, + dum)-
By differentiation of W (i¢,,a,1&,,a) at &, = 0, we get that its generator co-
incides with pl . In fact, WT(i&,a,1&a)f = exp {ﬁmp;fn}f for all f € ¢".
Applying the next formula for Gamma functions with a = (a1, ..., a,) € N

. 1 gm 2a = (2\/?)2 / 2 2a
— " d&m = — Ty T dxm
1T — / exp{ }5 3 oo ran nl;[l NG exp{— a5, }a Y

m=1
S 20m + 1 (200 — 1)!
_ 22n n F( ) _ 271 n
" ml_:II 2 " e

we find that for any L;‘ 2_valued cylinder function h,, = (VVEJr f) opy we have

&ih, = f[ ! /exp{ - %}exp{gmpjn}dgmhn

N
y
3

m=1
TP 1 Em cam
- eNp H1 am! Vianr exp{ }f Amfin
(e} Om—
_ Z onyn f[ (2a’m - 1)' pl’% — ex { Z }
R 1 =D agt ™ TP P
«@ 0 m=

Using (48), we obtain that 0 < r —— & is the 1-parameter Cy-semigroup on
any finite sum @, _, L2™ with densely defined closed generator Y. _ pf?
Applying the known relation [32] between the initial problem (46) and the
I-parameter Cp-semigroup &, we obtain that the function w,(r) = & f,, for
any n € N solves this problem in the sense that d& f,, /dr|,—o = S pi2f,

for all f, € @,,_, LY™. The theorem is proved. O
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Taking into account the isometries H2 £ Li and Py (H) £ Li’” from
(28), defined by linearization, we can rewrite the Cauchy problem in polyno-
mial form.

Consider the Weyl system W (a,b) = exp{(a | b)/2} My-T, defined by
(43) on the dense subspace of polynomials Ps(H) := Y . P4 (H) in Hj,
consisting of all finite sums of n-homogenous polynomials *(h) = > (h)
of variable h € H with components 1} = P o, € PE(H ). Replacing a by a
and b by 7b with real 7 € R, we get that T, and M« are generated by closed
generators on Pz(H),

o™ = lir% (Tro* —™) /7 and a*p* = lin}) (Mygb™ —*) /7, a,b€ H.

As a consequence, the 1-parameter Weyl system W (7a, 7b) has the generator

d d 1 * *
EW(T(L,TI))‘T:() = Eexp{ﬁﬁz | b)} = b* + O
densely defined on Pz(H) such that (Tb)* + 0r, = 7(b* + 9%F) for real 7.
Let W Hm 1W(n£meman§mem) p;(ﬁ) = Hzlzl Til{mema Mp;(g) =

Hm 1 M ngm m
Corollary 6. For all * € P3(H) and £ = (&) € co there exists the limit

.1 . 5 ()13
W™ = lim Wit W = exp { - 2 S H M-igye;, Timem

t-almost everywhere on co such that the 1-parameter Gausszan semigroup

*HSII

8, = }Wgw*dm(ﬁ), r>0

Vi L
is generated by — > (ef, + 07,)2. Thus, w(r) = &,.9* is unique solution of the
problem

W) 37 (o5 +03) (), w(0) = v € Po(H)

in the space of Hilbert-Schmidt polynomials Pg(H).
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