Results Math (2020) 75:22

© 2019 The Author(s)
1422-6383/20/010001-37

published online December 27, 2019
https://doi.org/10.1007/s00025-019-1146-0

I Results in Mathematics

®

Check for
updates

On the Construction of Large Algebras Not
Contained in the Image of the Borel Map

Céline Esser and Gerhard Schindl

Abstract. The Borel map j°° takes germs at 0 of smooth functions to the
sequence of iterated partial derivatives at 0. It is well known that the
restriction of j°° to the germs of quasianalytic ultradifferentiable classes
which are strictly containing the real analytic functions can never be onto
the corresponding sequence space. In a recent paper the authors have
studied the size of the image of j°° by using different approaches and
worked in the general setting of quasianalytic ultradifferentiable classes
defined by weight matrices. The aim of this paper is to show that the
image of j°° is also small with respect to the notion of algebrability and we
treat both the Cauchy product (convolution) and the pointwise product.
In particular, a deep study of the stability of the considered spaces under
the pointwise product is developed.
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1. Introduction

Classes of ultradifferentiable functions on an open subset U C R are classically
defined by imposing growth restrictions on their derivatives. In the case these
restrictions are controlled by a weight sequence M = (M;) e, given a sequence
a = (a;);en of complex numbers, many authors have investigated under which
conditions on M and a there exists a function f in the class associated to
M satisfying fU)(0) = a; for every j € N, see [12,22,30]. This coincides
with the study of the surjectivity of the Borel map f — (f(j)(()))jeN in the
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corresponding spaces. Following the work of Braun et al. [10], it is also very
classical to consider growth restrictions defined by using weight functions w. In
this situation, the study of the surjectivity of the Borel map has been proposed
in [7,9]. More recently, new classes of ultradifferentiable functions have been
introduced in order to obtain a general framework that covers both previous
situtations, but also different ones, see [23] and [28]. These classes are based
on weight matrices M and the study of the surjectivity of the Borel map in
this context has been carried out in [24]. In any situation, it appears that
if the considered class is quasianalytic, which means that on this class the
Borel map is injective, and if it contains strictly the analytic functions, then
the Borel map is never surjective onto the corresponding weighted sequence
space. In this context, the authors have studied in the recent paper [13] the
question of knowing how far is the Borel map from being surjective. More
precisely, they obtained that the image of the Borel map is “small” in the
corresponding sequence space, where the notion of smallness is defined using
different approaches: the notion of residual sets based on Baire categories,
the notion of prevalence, and the notion of lineability. This paper aims at
obtaining the corresponging result in the algebraic sense, using the notion of
algebrability. While the concept of lineability consists in proving the existence
of large linear subspace satisfying a particular property, one could search for
other structure, such as algebra, see [3] and [2] and the references therein.

Definition 1.1. Let A be an algebra and x be a cardinal number. A subset
B C A is k-algebrable if there is a r-generated subalgebra C C BU {0}.

The results of [13] will be extended in two ways: first, we will consider
that the multiplicative structure on the weighted formal power series space
is given by the Cauchy (or convolution) product, which corresponds to the
natural pointwise product of functions. This will be the core of Sect. 3. In this
context, it seems to be more natural to consider weighted formal power se-
ries spaces instead of sequences spaces, see Remark 2.3 for some explanations:
this will be done in this paper. In Sect. 4, we will work under the assumption
that the multiplication is the pointwise product. In particular, a deep study
of the stability of the image and the corresponding power series space under
the pointwise product is proposed in Sect. 4 for weight sequences and weight
matrices, and in Sect. 5 for weight functions. We will see that, contrary to
what happens in the case of the Cauchy product, under our assumptions, this
product does not make sense in the case of a weight sequence, or a weight
function. However, we will construct in Sect. 4 an example of a weight ma-
trix which gives the stability of the corresponding space under the pointwise
product which underlines the different behavior of classes defined by general
weight matrices.

Let us mention that Sect. 2 is dedicated to remind the reader the classes
associated to weight sequences. The presentation of this work and the standard
assumptions on the weight structures are similar to the ones considered in [24]
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and [13]. Moreover, throughout this paper, we write N = {0,1,...}, £(U) and
C¥(U) shall denote respectively the class of all C-valued smooth functions and
the class of all real analytic functions defined on non-empty open U C R. For
reasons of convenience we will write &5y if either Eqpyy or Epy) is considered,
but not mixing the cases if statements involve more than one &7 symbol.
We use similar notations for the classes of weighted formal power series Fpy
and for classes defined by weight functions w and weight matrices M as well.
Finally, the cardinal ¢ will denote the continuum.

2. Weight Sequences and Germs of Ultradifferentiable
Functions

Definition 2.1. Let M = (M;) en € RN>0 be an arbitrary sequence of positive
real numbers. Let U C R be non-empty and open. The M-ultradifferentiable
Roumieu type class is defined by

Ean(U) :={f€&U): YK CUcompact 3h > 0, ||f||%h < 400},
and the M-ultradifferentiable Beurling type class by
Ean(U) :=={f €EWU): VK C Ucompact Vh >0, || f||%, < -+oo},

where
)
M |/ ()]
‘= sup :
||f||K,h j€N7x€K h]Mj
Moreover we will write m = (m;);en for m; := %

For any compact set K with smooth boundary Enrp,(K) := {f € E(K) :
If1% ), < +oo} is a Banach space. The Roumieu type class is endowed with
the projective topology with respect to all K C U compact and the inductive
topology with respect to h € N5 q. Similarly the Beurling type class is endowed
with the projective topology with respect to K C U compact and with respect
to 1/h, h € Nyo. Hence &) (U) is a Fréchet space and lii>nh>0 Evn(K) =

liigner Emn(K) is a Silva space, i.e. a countable inductive limit of Banach

spaces with compact connecting mappings, see [20, Proposition 2.2].

Note that the special case M = (j!) jen yields Eqpypy (U) = C¥(U) the space
of real analytic functions on U, whereas £y (U) consists of the restrictions of
all entire functions provided that U is connected.

Definition 2.2. The spaces of germs at 0 € R of the M-ultradifferentiable
functions of Roumieu and Beurling types are defined respectively by

11
EOJM = lim E{M} < - T, 7 ) 5
{M} k:€_>N>0 ( k k)
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and

. 11
E(OM) = lﬂl E(M) <(— k’k;)) .

k€Nso

Again, if one considers the sequence M = (j!)jen in the Roumieu case,
we obtain the space of germs of real analytic functions at 0 € R; it is denoted
by O°.

Let M € Rlio be arbitrary and define the sets of weighted formal power
series by

Fimy = ZFJC : ; € CY and 3h > 0 such that [F|)f < 400y,
Foary = ZFx D (Fy); €CNand Vh >0, [FM < 400 3,
with

F|M = su ‘J|‘77 !

[FI" = sup 500 = S i,

We endow these spaces with their natural topology: Fyasy is an (LB)-space
and F() a Fréchet space. Naturally, on F5) the addition is defined pointwise
by
+oo
F+G:Z(Fj+Gj)ZL’J

Jj=0

and the scalar multiplication by
“+oo
oF = Z akFyx’.
j=0

Remark 2.5. Tt is clear (e.g. see [13, Remark 2.1.5] for some explanations)
that there does exist a one-to-one correspondence between Fiy; and A[lM]
the sequence space has been introduced in [13, Def. 2.1.4], by identifying the
coefficients (F}); with a sequence (of complex numbers). So all results from
[13] (and from [24]) are also valid for the sets ) instead of A[lM]. Note that
in [13] we have preferred to work with classes Af,,, but in this present work it
seems to be more natural to consider instead classes of weighted formal power
series as defined above since the Cauchy product * seems to be more natural
when considered on F{;s). Note however that we will also obtain results using
the pointwise product.
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We introduce the Borel map 5 (at 0) by setting

0 G)(0)
joo:&'ﬁw — Fimps 37(f) :Z ! j'( )x-7.
PR

We consider the following definition, according to [24, Sect. 2.2] and [13,
Definition 2.2.1].

Definition 2.4. A sequence of positive real numbers M = (M;);en € RY is
called a weight sequence if

(I) 1 =My < M; (normalization),
(IT) M is log-convex,
(II) liminf;_ o (m;)'/7 > 0.

Recall that m; := % for every j € N.

If M is log-convex and normalized, then M and j +— (M;)!/7 are both
increasing and M;M;, < M,i holds for all j,k € N, e.g. see [27, Lem-
mata 2.0.4, 2.0.6].

Occasionally, we will also consider sequences belonging to the set

LC :={M € RY, : M normalized, log-convex, (My)*F = 400}

lim
k—-+o00
So for any M € LC, assumption (III) above is not necessarily required.

Let us also introduce some classical conditions on a sequence M € RY ;:
e M has moderate growth, denoted by (mg), if
IC > 1V ke N: My < CIEM; M.
e M is called non-quasianalytic, denoted by (nq), if

o~ M;_4
< .

> <o

Jj=1

If M is log-convex, then using Carleman’s inequality one can show (for

a proof see e.g. [27, Proposition 4.1.7]) that 2;11 MAZ’_I < 400 & Z;’;l
J
1
(1,)173 < Ho00.

o M is quasianalytic if it does not satify (nq).
Let us recall the following classical definition.

Definition 2.5. A subclass Q C £ is called quasianalytic if for any open con-
nected set U C R and each point a € U, the Borel map at a, denoted by j2°,
is ingective on Q(U).

In the case Q = &y the Denjoy-Carleman theorem characterizes this
behavior in terms of the defining weight sequence M. More precisely, it states
that &5y is quasianalytic if and only if M does not satisfy (nq). Let us moreover
mention that &), is quasianalytic if and only if there do not exist non-trivial
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functions in &5 with compact support, e.g. see [26, Thm. 19.10]. Functions
in quasianalytic classes can be represented via a summation method, obtained
within the first part of the proof of [30, Theorem 3].

Theorem 2.6. (Representation formula, [30]). Let M be a quasianalytic weight
sequence. There exist numbers (W%)j,keN such that

kginoow%c =1, VjeN,

and such that, given any function f € E?M}, one has

= lim E w
k~>+oo

for every x > 0 small enough.

Keeping the notations of this Theorem, we directly obtained in [13, Corol-
lary 3.1.2] the following important result. It will be the key for the proofs of
algebrability.

Corollary 2.7. Let M be a quasianalytic weight sequence. If F = 2;08 ijj 1$
a formal power series for which there exists a sequence of positive real numbers
(an)nen decreasing to 0 such that

lim sup Zw Fjal,| = +o0
k— o0

for alln € N, then F ¢ joo(E{M}).

Finally, let us recall some relations between weight sequences. For two
weight sequences M = (M;); and N = (N;); we write M < N if and only if
M; < Nj < mj; < nj holds for all j € N. Moreover we define M XN by

3h,C > 0 such that Vj € N, M; < Ch/N;

"
sup | =2 00.
JEN>o N

J
We call the weight sequences M and N equivalent, denoted by M~N, if
M=<N and N=M.

or equivalently

Finally, we write M <N if
Vh>03C > 0such that Vj €N, M; < ChN;

which is equivalent to
M.\ M9
lim (=L =0.
oo (Nj )
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In the relations above one can replace M and N simultaneously by m
and n because the factorial term is cancelling out.

Those relations between weight sequences imply inclusions between ul-
tradifferentiable classes, see e.g. [24, Sect. 2.2] and the references therein. More
precisely, let M be a weight sequence and N arbitrary, then M <N if and only
if & € &y, which is equivalent to Fjys € Fin. In particular, choosing M =
(j1)en, we get C¥ C Eqyy if and only if liminf; ;o (n;)!/7 > 0. Moreover, if
N is a weight sequence, then gy} C C¥ if and only if sup,ey_, (n;)'/7 < +o0.
Hence C* C &y if and only if supj€N>0(nj)1/j = +o00.

Similarly M <N if and only if Epry © €y, which is equivalent to Fypry
F(ny- In particular, C* C &) if and only if lim;_ ;o (n;)/7 = 4o0.

Let us close this section by gathering some comments from [13].

e In the following sections we will study the Borel map j°° defined on
quasianalytic ultradifferentiable classes such that C* C &5 holds true.
The general assumptions (I)—(III) on M are not restricting the gener-
ality of our considerations: For any M € R§0 with C¥ C 5[ M) We have
liminf; 4 (m;)/7 > 0 in the Roumieu and lim;_, 4 o (m;)/7 = +o0 in
the Beurling case and we can replace M by its log-convex minorant M
(see [21, Chapitre I] and [20, (3.2)]) without changing the associated ul-
tradifferentiable class whereas only Fypic) C Fiag) follows (and the weight
matrix/function setting is reduced to the sequence case situation).

e In this paper all the spaces and results are considered in R, but everything
goes similarly in R” by using a simple reduction argument.

e Finally by translation all results below also hold true if 0 € R is replaced
by any other point a € R.

3. Algebrability with Respect to the Cauchy Product

The classical product that can be considered on the space Fyy) is the Cauchy
product (or convolution). It is defined by

+oo J
FxG=)_ (Z FTGJ-_T> at,
j=0 \r=0

The aim of this section is to obtain results of algebrability in F[5; endowed
with the Cauchy product. Then we extend them to the weight matrix and
weight function settings.

By the Leibnitz formula, we have that pointwise multiplication of func-
tions is transferred to the Cauchy product for their formal power series, i.e. one
has j°°(fg) = j°°(f) * 7>°(g). A proof for the closedness under the pointwise
product of ultradifferentiable functions can be found in [27, Proposition 2.0.8].
By repeating these arguments we can show the following result which ensures
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that under relatively weak assumptions on M it makes sense to consider the
question of algebrability on Fiy,

Lemma 3.1. If M = (M;); satisfies
3C > 1 such that ¥V j,k € N, M;My, < CITEM; 4, (3.1)

which is the case if M is a normalized log-convex sequence (see [27, Lemma 2.0.6]),
then Fiar is a ring under x.

Proof. Indeed, if

o Cohd M
Fil< = vieN and |Gyl < 22 1. VjeN
J! J!
for some C7,Cs, hy,hy > 0, then one has
g I BT M, R M hT R CshiM;
F.Gi_,| < CiC L2 I L 01CaCY M = J
2 G| SO ) T S O Zr' G-nt
where 03 = 0102 and h = O(hl + hg) O

3.1. The Weight Sequence Setting

We start with the single weight sequence case and prove the following result.

Theorem 3.2. Let M and N be two quasianalytic weight sequences. Assume
that O° C S(ON) resp. O° C S?N}, ie.
lim (nj)il =400 Tresp. sup (n])% = 4o00. (3.2)
J—oo JENso
Then f[N]\jDO(S?M}) is c-algebrable in Fiy) endowed with the Cauchy
product (hence ]-"[N]\joo(é'?M)) t00).

Proof. By assumption, we can consider an increasing sequence (kp)pen of nat-
ural numbers satisfying:

(i) ko =1 and k, > pk,_1 for every p € N5,
1
(i) lmp— oo (nk )*r = +o0,
(iii) Zp Py ‘ -1
are those arlsmg in Theorem 2.6.
Let (A, B) be an open interval with 0 < A < B < 1. Let us also consider
a Hamel basis H of R (i.e. a basis of R seen as a Q vector space). We can
assume that the elements of H are in (A, B). Indeed, if h € H is not in (4, B),
it suffices to consider g, € Q such that ¢,h € (A, B), and we keep a basis.

For an arbitrary given value b € H, we define the formal power series
Fb = ;;08 FPad by setting

FI.) = (nkp)b lf j = kpv
J 0 it j ¢ {ky,:peN}L

n; < 1forevery p € N5, where the numbers (w%)j,keN




Vol. 75 (2020) On the Construction of Large Algebras Page 9 of 37 22

Since b < 1, it is straightforward to check that F® € F(ny (hence also F’ ¢
Finy)- Let us note that if F := F’ and if we define the formal power series
F(®) .= Fx%...%F, then one has

—_—

i times
j b
D D T D DR U
(Kpysenskp; )EA(5) (kpysoskp; )EA(F)
where
7)== {(kpys-- kp) €A 1 ky + -+ ky, =5}
In particular, if j = ik, for some p > ¢ and if k,, +--- + kp, = ikp, then one
has k,, = --- = k,, = k, since the sequence (k,)qen is strictly increasing and

since ky41 > (p + 1)k, > ik,. Consequently, one has A’ (ik,) = {(kp,...,kp)}
and

F‘ikp = (nkp)ib

3

if p > i. Note also that Fj(i) =0ifje{pkp—1+1,...,k, — 1} if p > i since in
this case A*(j) = 0.

Now, let us consider the algebra G generated by {F’ : b € H} and let
us show that G has the desired property. Any element of this algebra can be
written as

L
G=> a (F s s F") oo (FY 5 1 FPY),
—_———

—_——
47,1 times 17,7 times
where «aq,...,ar # 0, by,...,by € H are pairwise distinct, for every [ €

{1,...,L} there is at least one m € {1,...,J} such that i;,, # 0 and for
every I, € {1,...,L}, Il # U, there is at least one m € {1,...,J} such that
U,m 7 @ m. For every 1 € {1,..., L}, let us set

Pr=ia+- 4.
As done in the case of a single power series, if p > P, one has
( (Fbl Kk ooe ok Fbl) K oe ok (FbJ koo % FbJ) ) — (nk )il,1b1+"'+il,.]bJ
P
1k

—_————

47,1 times 47,7 times

(3.3)
and if furthermore j € {pky,_1 +1,...,k, — 1}, then
<(Fb1 sk B ) e (B9 *FbJ)> =0.

| N2 U S

u 1 times u J times
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It follows that
G;j=0, Vje{pk,_1+1,... k,—1}, (3.4)

as soon as p > P :=maxeq1,..,1} DI
In order to show that the formal power series G does not belong to the
image j (E{M}) of the Borel map, by Corollary 2.7 it suffices to show that

k—1

lim sup Zw LGia’| = +oo
k—-+o0 =0

for every a > 0 small enough. Of course, it suffices to prove that

kp—1
lim sup Z w G a’| = +oo0.

p——+00

If p > P, then by (3.4), one has

kp—1 pkp—1 pkp—1 pkp—1

Zw%chja ijkGa—ZGaJ—i—Z —1Ga3
§=0
(3.5)

The first term of the sum is a power series, so its convergence or divergence
properties are easy to study. So, let us start with this expression. We have
k
lim sup |G,|*/7 > hmsup |G rr, ’1/ (Pkp)
j—+oo

- PRy
:limsup‘ Z al(nkp>21,1bl+~..+zl,JbJ P .

p=too Ly p—p

Note that the exponents ¢; 101 + - - - +14;, sb; are pairwise distinct. Indeed since
the 4;; are natural numbers and since if [ # I’ there is at least one number j
such that 7; ; # i 4, it is impossible to have

1101 + -+ 9,50y =iy b1+ -+ iy gby,

because this would contradict the linear independence of the values by,...,b; €
H. Hence, the desired behavior will be given by the largest one (since ny, —
+00 as p — +00) and we can write

) ) 1/(Pkp)
C. i,1b1+-41i1, b
hmiup g ay(ng,)

P=T0 N p=p

> C x limsup |y (ny, )00t Hinsbs

p—+o0

)

‘1/(Pkp)
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for some positive constant C' and some [ well chosen such that P = P;. This
last expression can be estimated by

1/(Pkyp) . ) 1/(Pk,)
limsup al’ ’ (nkp)“’lbl—'—"'—i_“"]b‘] P
p—+00
1/(Pkyp) ) ) 1/(Pky)
> lim sup al’ ? (nkp)A(u,1+~~+u,J) v
p—+00
. V(PR (ALK,
= lim sup Oél’ nkp = +OO,
p——+00

by recalling i;1 + -+ + 14,57 = P and assumption (ii) from above. Hence this
first term of the sum in (3.5) cannot be bounded.

Let us now study the second term of the sum in (3.5). Since Fyyy is
an algebra for the Cauchy product, we know that G € F{n;. So there exist
h,C > 0 such that

G
sup | ,J‘ <C.
jeN hing

Using assumption (iii), we obtain

pkp— 1 pkp 1
(Wi, —1)Gja? wM  —1/|Gjla’
Jikp Jrkp J
j=0
Pkp 1

SCZ‘]k ‘njha)‘

Pkp71
1‘

J

<C

if p> P and a < % The conclusion follows. O

We wish to mention that each algebra contained in Fjn;\j> (E?M}), hence
in particular the algebra G constructed in the previous result, does not contain
the identity E = 1 for the convolution * anymore. Here E; = §; and clearly
E = j°°(1) with 1: 2 — 1 for all z € R. Similarly this will be the case for the
weight matrix and weight function case below as well.

3.2. The General Weight Matrix Case

The aim of this subsection is to establish an equivalent of Theorem 3.2 in the
more general setting supplied by weight matrices. First we recall the definitions
given in [13, Sect. 4.1], see also the literature citations therein.
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Definition 3.3. A weight matrix M is a family of sequences M := {M N e
RYy : A > 0}, such that

VA>0, MWMisa weight sequence
and
M® < ME) forall 0< A<k
A matrix is called constant if MM M) for all X,k > 0.

We introduce classes of ultradifferentiable function of Roumieu type vy
and of Beurling type £ ry) as follows (only the pointwise order in Definition 3.3
is required), see [28, Sect. 7] and [23, Sect. 4.2].

Definition 3.4. Let M be a weight matrix and let U C R be non-empty and
open. The M-ultradifferentiable classes of Roumieu and Beurling types are
defined respectively by

EpyU) == () U Erony (K
KCU A>0
and

Emy(U) =[] Equon (U

A>0
For a compact set K C R, one has the representations
Epmy(K) o= lim lim £y, (K)
A>0h>0
and so for U C R non-empty open
Emy(U) = lim lim lim Eyren) p, (K).
KCU A>0h>0
Similarly we get for the Beurling case
En(U) = Tim lim lim €700 5 (K).
KCU A>0h>0
Consequently, since the sequences of M are pointwise ordered, &) (U) is

a Fréchet space and lim _ lim, Epon p(K) = li_n)1n€N>0 Eprim n(K) is a

Silva space, i.e. a countable inductive limit of Banach spaces with compact
connecting mappings. For more details concerning the locally convex topology
in this setting we refer to [23, Sect. 4.2].

Definition 3.5. The spaces of germs at 0 € R of the (M)-ultradifferentiable
functions of Roumieu and Beurling types are defined respectively by

€0y = lim Epug ((‘ ]1”1{)) ’

keNso
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and

Elvy = lim Eqn ((— ,1,1))

keNso

Finally, as done in the case of weight sequences, we introduce the corre-
sponding spaces of weighted power series sequences, and we endow them with
their classical topology:

“+oo
Fimy = {F =" Fjad : (Fj); € C¥ and 3A > 0, 3h > 0 such that [P} < —|—oo} ,
j=0

+ oo
Fimy = {F: ST Fjad : (Fy); € CVand YA > 0,Yh >0, [FJMY < +oo}.
j=0

Using notations similar as before, the Borel map j*° is defined in the
weight matrix case by

00 i
- - F90) .
3% vy — Finmgs i) =) j!( Vi,

Jj=0

IftM = {M(’\) A > 0} is a weight matrix, then each M € M is
log-convex and normalized, i.e. (I) and (IT) in Definition 2.4 are valid. Conse-
quently each M) does satisfy (3.1) and thus the proof of Lemma 3.1 together
with the fact that the sequences of M are pointwise ordered immediately
imply that both Fyaq and Fay) are rings with respect to the convolution
product *.

Given two matrices M and N we write M{=}N if

VA>03k>0: MAI<INGK),

and call them Roumieu equivalent, denoted by M{=}N, if M{=}N and
N{=ZIM.
Analogously we write M(=X)N if

VA>03k>0: MO<INKD,

and call them Beurling equivalent, denoted by M(~)N, if M(=X)N and N(=X)
M.
We have M[=]N if and only if Eng € Epn, see [23, Prop. 4.6].

Definition 3.6. A weight matrix M is called quasianalytic if for all A\ > 0 the
sequence MM is quasianalytic.

Given a quasianalytic weight matrix M, both classes ) and £ ) and
all classes Eprony resp. €y are quasianalytic, too.
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If M is a quasianalytic weight matrix, then to ensure O C €?M) resp.
0° ¢ €{OM} we assume

l_
VA>0 lim (my‘))% =+o00 resp. YA >0 sup (m§-)‘)) ’ = 4o0.
J—+oo j€Nso

(3.6)

Let us now prove the generalization of Theorem 3.2 for the matrix setting.
The idea of the proof is based on the following lemma, which allows to reduce
the general case of two weight matrices N" and M to the case of a weight matrix
N and a single weight sequence M (analogously as done in [13, Sect. 4.2]).

Lemma 3.7. Let M = {M()‘) A > 0} be a quasianalytic weight matriz. Then

there exists a quasianalytic weight sequence L satisfying M QL for all X > 0,
i.e. S{M} - E(L) holds true.

The general result can be stated as follows.

Theorem 3.8. Let M and N be two quasianalytic weight matrices. Assume
that O° C 58\[) resp. 00 C S?N}’ i.e.

1 1

m (n?))? =+oo0 resp. VA>0, sup (n?))? = +00.

YA>0, I
j—+oo j€Ns0

Then Fin \j‘x’(é’?M}) is c-algebrable in Fiz endowed with the Cauchy product
(hence ]—'W]\joo(EPM)) too).

Proof. Using Lemma 3.7, we can consider a quasianalytic weight sequence
L such that Epy € &) It suffices now to show that .F[N]\joo(S(OL)) is c-
algebrable. The Roumieu case is a consequence of Theorem 3.2: indeed, it
suffices to fix a weight sequence N(*) € A and use the obvious inclusion
f{Nuo)} - f{N}- For the Beurling case, we will follow the proof of Theo-

rem 3.2. First, by induction we can construct an increasing sequence (k,)pen
of natural numbers satisfying:

(i) ko=1and k, > pkp_11f0r every p € Nyg,
(i) limp— 4o (n,ﬁi/(m)))w e,
kp—
(iif) 3705
Then let us consider an open interval (4, B) with 0 < A< B <1 and a

Hamel basis H C (A, B) of R. For an arbitrary given value b € H, we define
the formal power series F* = ;;08 FPad by setting

b
. { (nfp/(p“”)
HE
0

L

Wik, —

1‘ ngp) <1 for every p € Nyg.

it j=ky,
it j¢{k,:peN}L
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It is straightforward to check that F® e Fny for any b € H. We follow then
the lines of the proof of Theorem 3.2 where (3.3) turns into

( (Fb1 koo ok Fbl) Kok (FbJ Kok FbJ) > = (nl(é/(PJrl)))il’ller“.Jril’JbJ
Pk

P

i,1 times i,y times

as soon as p > P;. We consider again the splitting (3.5) and proceed for the
first term as in Theorem 3.2. Concerning the estimation of the second term of
the sum in (3.5), since G € Fyury there exist an index A9 > 0 and h,C > 0
such that

It follows that

pkp_1 pkp—1
L
Z (%,kp 1)Gja? Z w 1‘ |G;|a’
3=0
Pkp—1
<C Wik, — 1‘ ha)
7=0
Pkp—1
L
c ‘%‘k - 1‘
§=0
<C
if p > max{P, Ao} and a < +, and using assumption (iii). This concludes the
proof. O

3.3. The Weight Function Case

In this section we will study classes of ultradifferentiable functions defined
using weight functions w in the sense of Braun et al. [10]. As done in [24] and
[13], we will see that this case can be reduced to the weight matrix situation
by using the matrix associated with w. First, let us start by recalling the basic
definitions.

Definition 3.9. A function w : [0,400) — [0, +00) is called a weight function
if
(i) w is continuous,
(ii) w is increasing,
(iii) w(t) =0 for all ¢t € [0,1] (normalization, w.l.0.g.),
(iv) limy_, 4 o0 w(t) = +o0.
In this case, we say that w has (wp).

Classical additional conditions can be imposed on the considered weight
functions. More precisely, let us define the following conditions:
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t — 0)7
Puw(t)
Yo t— w(el) is a convex function on R,
w(t) = o(t) as t — +o0.
For convenience, we define the set
W= {w:[0,400) = [0,400) : whas (wo), (w1), (w3), (wa)}-

Note that (w9) is sometimes also considered as a general assumption on w (e.g.
see [24, Sect. 4.1]) and note also that (ws) implies (w2).
For w € W, we define the Legendre—Fenchel-Young-conjugate of p,, by

oo (x) = sup{ry — pu(y) 1y >0}, x>0.

Definition 3.10. Let U C R be a non-empty open set and let w € W. The
w-ultradifferentiable Roumieu type class is defined by

Eny(U) :={f € &U): VK CUcompact 31 >0, | fl|%,; < +oo},
and the w-ultradifferentiable Beurling type class by
Ew(U) ={f€&U): VK CUcompact VI >0, [|f[|%, <+oo},

where we have put

(w1)

(w2) t)

(w3) log(t) = o(w(t)) as t — +oo (& limy— 400
(wa)

(ws)

fP ()]

w
||f||K,z = e (L w1
jEN,zeK €XP (79%@]))

As done in the previous contexts, these spaces are endowed with their
natural topologies. Let o, 7 be weight functions, we write o =7 if 7(t) = O(c(t))
as t — 400 and call them equivalent, denoted by o~7, if 0<7 and 7=0. Let
7,0 € W, then o~ if and only if &, = &, see [23, Cor. 5.17].

Analogously as in the sections above, we also consider the spaces of germs
at 0, denoted by &? (w} and 5 () and the associated spaces of weighted power
series Fy,y and F.). Again, we endow these spaces with their natural topol-
ogy: Fruy is an (LB)-space and F (., a Fréchet space. In this setting, the Borel
map is given by

oo . f(]) ‘
J :E[EL]—MF[W}, J Z .

As pointed out in [24, Sect. 4.2], that to ensure C* C &,y resp. C¥ C &,
one has to assume that
t
ltierinf # =0 resp. w(t)=o(t)ast — +oo, i.e. (ws), (3.7)
which follows from the characterizations given in [23, Lemma 5.16, Cor. 5.17]
and the fact that the weight w(t) = ¢ (up to equivalence) defines the class C¥.
Moreover, in the present setting, the definition of quasianalyticity takes

the following form.
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Definition 3.11. A weight function is called quasianalytic if it satisfies

T w(t)
1
In [28] and [23, Sect. 5], a matrix Q = {W®) = (Wj(A))jeN :A >0} has
been associated with each w € W: This matrix is defined by

1
WY = exp (A@z()\j)) . VjEN, VA>0,

and &), = &|g) holds as locally convex vector spaces. Moreover, the following
results have been obtained (for which (wy) is not needed necessarily):

(i) Each W satisfies the basic assumptions (I) and (II) and lim;_, 4

(Wj(/\))l/j = +o0.

(ii) w has in addition (ws) if and only if some/each W) has (III), too.

So each W) € Qs a weight sequence according to the requirements from
Definition 2.4, provided w € W has (wz). Moreover, by [23, Corollary 5.8] and
[29, Corollary 4.8], one has that the following assertions are equivalent (again
(w1) is not needed but then &),; = &g fails):

(i) w € W is quasianalytic,
(ii) Q is quasianalytic in the sense of Definition 3.6,
(iii) some/each W™ is quasianalytic.

Similarly, from [24, Proposition 2] (and in the same spirit as in [23,
Sect. 5]), for any w € W one gets Fj,| = Fiq) as locally convex spaces, too.

Since each WO satisfies (3.1) and the sequences W) are pointwise
ordered, as already commented in the general weight matrix case above, by
following the proof of Lemma 3.1 it is immediate to see that for any w € W
the sets Fy,y and F(,) are always rings w.r.t. the convolution product.

The weight function approach is again reduced to the more general weight
matrix setting by using the weight matrices NV = Q and M = X associated
with w and ¢ and Theorem 3.8 turns into the following form.

Theorem 3.12. Let o,w € W be two quasianalytic weight functions. Assume
that w satisfies (w2) and liminf, # = 0 in the Roumieu resp. (ws) in
the Beurling case. Then Fi \jw(E?O}) is c-algebrable in F, endowed with the
Cauchy product (hence f[w]\joo(é'&)) too).

4. Algebrability with Respect to the Pointwise Product

4.1. Motivation and Solid Spaces

Instead of dealing with the Cauchy product x on Finj, Fa and F|,), one can
also treat the pointwise product, in the literature also known under Hadamard
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product: Given F = ijog Fjaz7 and G = Z;;OS Gja’ we consider

+oo
FOG:=) FGl. (4.1)

j=0
On the one hand, the study of the problem of algebrability with respect
to this product might be a quite natural question. Moreover this product has
become important very recently by the development of a convenient theory of
multisummability of formal power series, see [15, Chapter 4] and [16]. Con-
cerning these recent insights, in a private communication Prof. J. Sanz has

told the authors the following explanations.

Remark 4.1. The natural procedure for assigning a sum to a summable series
(in a one step procedure) precisely starts by termwise dividing the coefficients
of the series by a moment sequence (equivalent to the weight sequence defin-
ing the level) to make the new series (the formal Borel transform) convergent.
Correspondingly, the formal Laplace transform multiplies coefficients by the
weight sequence. Moreover, sometimes series are not summable but multi-
summable, i.e. a sum is assigned to them after a finite number of summability
procedures, each associated to a different (that is, associated to nonequivalent
weight sequences) level, and then one needs to move from one level to another
one, which means one has to termwise multiply or divide the coefficients of a
given series by a sequence which measures the “jump” between two different
levels.

Consequently, when working within the framework of weight matrices,
one can control these movements/jumps in the sense that one can stay within
a given matrix M by multiplying pointwise one sequence M' € M by another
one M? € M; and for this behavior closedness under ® of Fir) becomes
interesting and crucial.

But the study of ® has also been motivated by the following approach
(cf. [13,24]): Tt is still an open problem to give a precise characterization which
F € Fuy do belong to the image 7> (Eﬁw]) in the quasianalytic setting (strictly
containing the real analytic germs) and similarly for the weight matrix and
weight function setting. Unlike what happens in the case of Cauchy product,
let us show that in this setting this image jOO(S?M}) is never closed under
pointwise product ©.

Let us first start by recalling the two following results. The first one is due
to Thilliez, see [30, Theorem 1] and for a detailed proof also [27, Prop. 3.1.2]
and [23, Lemma 2.9].

Proposition 4.2. Let M € RY satisfying the conditions (1) and (1I) from Def-
inition 2.4. Let us consider the function

241 )k

exp(2iugx), = €R,
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with puy := My, /My_1 for k € Nsg and po := 1. Then Oy € Eqary(R) and
6)(0) = ils; with s; > M;, VjeN.

It is not difficult to see that such a function 6,; does not belong to the
Beurling type class associated to M. On the opposite direction, [24, Thm. 2]
and its proof show that if the derivatives of a smooth function f at 0 have ”large
size” and all have the same sign, then f cannot belong to any quasianalytic
germ class S?M}. More precisely we have:

Proposition 4.3. Let M be a quasianalytic weight sequence satisfying O° C
5?M}. Assume that the formal power series F = jzog Fjai € Finry with
F; >0 for all j € N does not define a real analytic germ. Then F ¢ j“(ﬁ?N})

for any quasianalytic weight sequence N.

These two results lead to the following observation: If M is a quasianalytic

weight sequence such that 09 C S?M}, then there does exist F € Fysy such
that F € j>°(0,,y) but [F| ¢ j>°(€,,,) with [F| := 3% [Fj|27. Indeed, it

suffices to consider F = j>(0y), i.e. F; := 05\?(0)/3'!.

Conclusion Multiplying a given F € joo(E?M}) pointwise by a formal
power series S given in terms of a sequence of suitable complex numbers on
the unit circle, and so S € Fy(n,y = j*(0°) C joo(é'?M}) is obvious, will in
general yield that FOS = |F| ¢ j OO(E?M}). Thus for any quasianalytic weight
sequence M with OV C S?M} closedness under @ fails for the space j“(ﬁ?M}).
Note that joo(S?M}) is closed under * for any weight sequence M by having
3=(f9) = 3= (f) * 5> (9)-

Connected to this observation is the notion of solid sub- and superspaces
for spaces of (complex) sequences, e.g. see [1]. Let A be a vector spaces of
sequences, then A is said to be solid if (a;); € A does imply (b;); € A for all
sequences satisfying |b;| < |a;l|, Vj € N.

In [1, Lemma 2] it has been shown that for any given sequence space A
there does exist s(A), the largest solid subspace (or solid core) of A, and there
does exist S(A), the smallest solid superspace (or solid hull), of A. We have

s(A) = {(bj)jen : (bjA;)jen € A,V (X)) en € I} (4.2)
and
S(A) ={(bj)jen : F(aj)jen € A+ |bj| <la;|, Vj € N}, (4.3)
e.g. see [8, p. 594]. In our context, the two following results will show that this
notion of solidness is not helping answering the question which F does belong
to the image of j7°° or not (again by identifying a formal weighted power series
F= ;;08 F;27 by its sequence of coefficients (F});). In particular, we see that
the image j°°(€8w]) of the Borel map is solid if and only if the Borel map is
surjective.
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Proposition 4.4. Let M be a weight sequence. Then one has S(jOO(SBW)) =
Finy-

Proof. Since joo(é'ﬁw]) C Fia and Fipy is solid, we have S(j (5[M])) C Fim-
For the proof of the converse inclusion we distinguish between the Roumieu
and the Beurling type.

Roumieu case. Let F = jjg Fad e Fiamy be given. Then there exist
C,h > 0 such that |F;| < Chim; for all j € N. Let us consider the function
On,on = COning,), given in Proposition 4.2 using the sequence (I M;);. By

construction, one has G := Z+°° MIJ € j*(E{ry) and |9M con(0)]/51 >
Chim; > |Fj| for every j € N. By (4.3) we have F € S(j (E{M})) and are
done.

Beurling case. We will apply and recall [23, Prop. 2.12 (3)] (see also [24,
Proposition 1] with A' instead of F): Since M is a weight sequence, one has

Fon= U Fupn &n= U &y
LaM,LeLC LAM,LeLC

Hence if F € F(ys), then F € Fp, for some L € LC with L<M. The Roumieu
part shows F € S(j (EEL})) and so, by LM, also F € S(jOO(E(OM))) follows
because A C B implies S(A4) C S(B). The conclusion follows. O

Concerning the solid core, we have the following result.

Proposition 4.5. Let M be a quasianalytic weight sequence such that O° C
EC 1. Then one has s(j (5 1)) = Fign;i-
[M] {6}

Proof. First note that Fy(;1),3 = (0% C j> (EBW ) and since Fy;).} is solid
by definition, we obtain directly Fy;n,y € s(j (E[M]))
Roumieu case. Conversely, let us consider F € s(jOC(E?M})) C Funy
with F = 3775 Fja/. Then by (4.2), one has [F| € j(£],,) with |F| :=
;;08 |Fjla7. Let us assume by contradiction that F ¢ Fy(;),3. We consider
G € j>(0°% with G; > 0 for every j € N, and we set
400
H=> (|F|+G))a’
§=0
Since Fi(n,y 1s solid, one has H ¢ Fi(n,;y- Moreover, H € F(yy and Hj > 0
for every j € N. Proposition 4.3 implies that H ¢ joo(c‘,'?M}). Using the fact
that G € j>°(0") C j“(E?M}), we obtain [F| = H — G ¢ j*(&},,), which
gives a contradiction.
Beurling case. We know that Fyg,y C joo(é‘(OM)) C jOO(S?M}), hence
Fiin,y € sy (E(OM))) (joo(é'?M})) and the Roumieu case allows to con-

clude.
O
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Let us mention that using unions and intersections, the two previous re-
sults easily generalize to the case of weight matrices (and so to weight functions
by using the associated weight matrix).

4.2. Characterization of the Closedness Under the Pointwise Product

The aim is now to characterize, as a first step, the closedness of F{5;) and Fiy
under © defined in (4.1). For the weight function case F|,) we need some more
preparation and we will study this situation in Sect. 5 below in detail.

First we observe that, if M € Rgo, then one clearly has that Fj is a
ring under ® provided that M has

3C, h > 0 such that Vj € N, (m;)? < Chim;, (4.4)

which is also equivalent to sup;ey_, (mj)V7 < 400 (ie. M=(5!) en).
In the general weight matrix setting we consider the following general-
izations of (4.4): In the Roumieu case we require

YA>03k>0,3C,h>0suchthat VjeN, (mM)?<niml™,
(4.5)
and in the Beurling case
YA>03k>0,3Ch>0suchthatVjeN, (m{”)?<CnmM. (4.6)

It is immediate to see that (4.5) is preserved under {~} and (4.6) under

(=).

In this situation we can estimate as follows for all j € N:

|F;G, ] < C1h71.m§->‘1)02h%m§->‘2) < C1CQ(h1h2)j(m§->\3))2 < 01C203(h1h2h3)jm;'€),

by taking A3z := max{Ai, A2 }. This shows the Roumieu case, the Beurling case
holds true analogously. So these conditions are sufficient to have closedness
under the pointwise product. We will show now that under mild additional
assumptions on M, (4.5) and (4.6) are also necessary for the particular case
[and thus in the single weight sequence case (4.4)].

The proof of the stability of F{,q under the pointwise product will use
the following classical result, see [21, Chapitre I] and [20, Proposition 3.2].
Note that it allows also to construct the log-convex minorant of a sequence.

Proposition 4.6. Let M € RN>O (with My = 1) be a log-convex sequence. Then
its associated function wyr : R>g — R U {400} defined by

tI
wpr(t) := suplog () for t >0, wp(0):=0,
jeN M;

satisfies

tJ
M; = su

RETETHN o
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We say that a family of sequences M = {M®) ¢ RY, : A > 0} is standard
log-convex if MM < M® forall 0 < A < k and if MM € £C for all A > 0
(which is slightly weaker than Definition 3.3).

We can now state and prove the result of stability under the pointwise
product.

Proposition 4.7. Let M = {M®) : X > 0} be standard log-convex. Then Firy
is closed under the pointwise product @ if and only if (4.5) holds true and
Fiamy is a ring under the product © if and only if (4.6) holds true.

Proof. Roumieu case. Assume that Fyq is a ring under the pointwibe product

and fix an index A > 0. Since the formal power series F* := ] —o m()‘)
belongs to Fyay © Fay, one also has F*oF* ¢ Fimy- Hence there ex1st

an index x and numbers C, h > 0 such that
(mgf\))Q < Chim'™

for all j € N, and (4.5) follows.
Beurling case. We follow the ideas from [11, Sect. 2] and [23, Proposi-
tion 4.6 (1)]. We set

+oo 2
Foup = {F_ZijJ L YASOVA >0, (PPN = sup |5 <+oo}.

Note that both .7-" M) and F(pq are Fréchet space spaces under the canon-
ical projective topology over all h = hy" and A = A%, hi, A\ € Nug. By
assumption F(aq) is closed under the pointwise product which amounts to
Fomy € '7:(2/\/1)' The closed graph theorem implies that this last inclusion is

continuous. Consequently, for each A > 0 and h > 0, there exist k > 0 and
C, hy > 0 such that for each F = Zjﬁg Fizl € Fm,

F;|? F;
(IF1H)M™ = sup |7J|A < Csup !73‘ = C|F M. (4.8)
jeN him®™ T jen hjm{”
For every s > 0, let us consider the function fs(¢) := sin(st) 4 cos(st),

t € R, and let us show that F* := Zj‘og L J,(O)xj € Fim)- Indeed, if s > 0

(the case s = 0 is obvious), note that |f(j)( 0)] = s’ for all j € N and since
for all A > 0, (M]()‘))l/j — 400 as j — 400, it is direct to check that for all
A > 0 and all A > 0 there exists some C' > 0 such that s/ < C’th;/\) for all

j € N. Now, inequality (4.8) applied to the family F*¢ s > 0, and with the
choice h =1 yields

5 T G Lo 75|
SUp =53 = Sup | . ((/)\l = sup J()\) < C'sup . J(K)
jJEN M jen ! m; jJEN m; jEN h
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(4) j
I <(>|) Coup "

= (C'sup —
JeN hy M;"

geN ]'hj

where we have put M*) := (j!M; ))j€N~ This implies in turn exp(wyz, (s%)) <
Cexp(wysx) (s/h1)) for all s > 0, where the associated function is defined in
Proposition 4.6. Using (4.7) we get for all j € N:

—~ ti 27
MJO‘) =sup —————= =SUp ———— -+
t>0 eXp(WM(M(t)) t>0 exp(wﬁm (t2))
1 %7
> — sup
C t>0 exp(wM(m (t/h1))
2; ; 2j
hi 7 279 - hlj (%)

=L sup—— = = M,".
C >0 exp(wprem (1)) c
Consequently MQ(;) < Chl_Qj ]\//.7;/\) for all j € N follows. Using the log-convexity
of M%), one knows that the sequence (M;”))l/j)j is increasing, hence (M]( )2 <
MY for all j € N. This finally yields jI2(m!™)? = (M(7)? < M{? <
Chy ¥ M™ = Chy¥ jPm™ and so (4.6) follows. O

Remark 4.8. Consequently, if M is standard log-convex and constant and so
we deal with M € LC, then Fyyy and/or F(yyy is a ring under the pointwise
product if and only if supj€N>D(mj)1/j < +00 which precisely means £y C
C¥ resp. )y € C¥ (e.g. see [23, Proposition 4.6]). But this is a situation which
cannot be considered under the assumptions of the main result Theorem 3.2 of
Sect. 3.1 above ((3.2) is violated). Note that sup,cy_, (m;)Y7 < +o0 is clearly
stable under ~ and if M is a weight sequence in the sense of Definition 2.4,
then Fyyry and/or F(ay) is a ring under the pointwise product if and only if

M=(j!); (by combining (IIT) and sup;cy_, (m;) /7 < 400) and so if and only
it Eray = C.

Instead of (4.5) resp. (4.6), it would have been natural to assume on M
also the following assumptions:

¥A>03k>0,3C,h>0 such that VjeN, (M™V)?<ChiM"™,
(4.9)
resp.
YA>03k>0,3C,h>0 suchthat YjeN, (M"™)?<ChM>.
(4.10)

Equation (4.9) is preserved under {~} and (4.10) under (=).
Note that (4.9)=(4.5) resp. (4.10)=-(4.6) whereas the equivalences will
fail in general, see also the example in Sect. 4.3 below.
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4.3. Example of a Quasianalytic Weight Matrix

In contrast to the single weight sequence case we will construct now an example
which shows that (4.5) and/or (4.6) can even hold true for quasianalytic weight
matrices M satisfying C¥ C Epq, i.e. for M having (3.6). So this weight
matrix satisfies the requirements of Theorem 3.8 and hence it illustrates that
in the general matrix setting an equivalent of Theorem 3.8 using the pointwise
product makes sense, see Theorem 4.9 below.

For this we consider the matrix M := {M®) € RY, : A > 0} with each
oY)
MO defined by its quotients ,ug)‘) = AA//[[{M as follows: Let jo € N be the

smallest integer satisfying log(log(j)) > 1 for all J > jo (and so not depending
on \) and put

A A A . . A . .
1=p§) = —uﬁo), u§)=3(log(1og(3))) , Y5 > jo.

So j — ,u(»)‘) is increasing for each A > 0, i.e. each M™ is log-convex, and

even lim;_, ,u /j = 400 for each A > 0 is valid. It is known that this also
implies lim;_, ;o (m §>‘))1/J = 400 for each A > 0 (e.g. see the argument given
on [23, p. 104]), hence M is a weight matrix and satisfies both requirements
n (3.6) (and consequently (4.4) does not hold true for any M ™). Moreover,
M is quasianalytic because each M) is clearly quasianalytic.

Let us now show that both (4.5) and (4.6) hold true. For all j > jo, one
has

j ) jo j
(m§,\))2 _ H (Mzz ) _ H%z H (1og(log(i)))2/\

i=1 i=1 i=jo+1

< H H log(log(7) ) = mgﬁ),

= i=jo+1

by taking k := 2\ resp. \ := k/2.
(%)
It is also immediate to see lim;_, 4 % = 400 for all 0 < A < k which
Hj
implies that all sequences are pairwise not equivalent because M <M *) for
all 0 < A < kK.

Note that M violates both (4.9) and (4.10). Indeed, for all j > jo we
have

(MM < cn
& H (log(log( )))2A < CW H i(log(log()))"

i=jo+1 1=jo+1
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J J
= H i < Ch H (log(log(i)))ﬁ_z\
i=jo+1 i=jo+1
J
sl <jolch) T (log(log(i)))
i=jo+1

K—2A

But this cannot hold true for all j € N for any given numbers C' and h large,
since, by Stirling’s formula, the left-hand side is increasing like j +— (%)J V277,
whereas the right-hand side is bounded by above by jo!Ch7 log(log(j))7 (=2},

It shall be noted that, by the characterization shown in Proposition 4.7,
we have stability under ® for both Fyuq and F(uq). However, even in this
situation it is still impossible to obtain closedness under ® for jo"(é’gJ my): Take
0,760y for some A\g > 0 and put F := j*°(0,,0n)). Then clearly F € .7-'{M<A0>} -
Fiamy but [F| ¢ jm(gf{)M}) (with |F| := ;;08 |Fj|z7) since |F| ¢ joo(é'?L}) for
any quasianalytic weight sequence L (see Proposition 4.3) and so in particular
this holds true for the sequence L coming from Lemma 3.7.

We close this section with the following observation: Not for all (quasiana-
lytic) weight matrices the characterizing conditions (4.5) and (4.6) are satisfied
simultaneously.

For this we consider N := {(j!);, M)} with M(*0) denoting one of the
sequences belonging to the matrix M constructed above. So N is a weight
matrix consisting only of two non-equivalent (quasianalytic) weight sequences
and so Fny = Fin,)s Fivy = f{M(AU)}. Then (4.6), which amounts to (4.4)
for (j!); holds true, whereas (4.5) for N, i.e. (4.4) for M*0) | fails. Note that
il < MJOO) only holds true for all j € N large, but M) can be replaced
by an equivalent sequence satisfying this pointwise estimate for all j € N (as
required in Definition 3.3) and defining the same matrix.

4.4. Algebrability for the General Matrix Setting

As seen by the example constructed in Sect. 4.3, in the general weight matrix
setting it makes also sense to consider on F|,q the pointwise product. We show
the following result analogous to Theorem 3.8 for the convolution product but
the proof will simplify at several steps due to the fact that multiplying two
lacunary series w.r.t. ® does not change and mix the indices j € N with F}; # 0.

Theorem 4.9. Let M, N be two quasianalytic weight matrices. We assume
(i) In the Roumieu case that N satisfies (4.5) and OY C S?N},
(ii) In the Beurling case that N satisfies (4.6) and O° C 58\/).
Then Fin \jOO(E?M}) is c-algebrable in Finy endowed with the pointwise prod-
uct (hence f[N]\jOO(E(OM)) t00).

Proof. As in the proof of Theorem 3.8, one can use Lemma 3.7 to reduce
the proof to the case of a quasianalytic weight sequence L instead of M.
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By assumption, one can construct an increasing sequence (k,)pen of natural
numbers satisfying

(i) ko =1 and k, > kp— for every p € Ny,
1
(i) limp— 4o (n&/@m))@ ~ e,

kp_
(i) ;%" |wik, —
We proceed then exactly as in the proof of Theorem 3.8 to construct formal

power series F, b € H, and we remark that if

w

1‘ ng.p) < 1 for every p € Nyg.

L/
G:z:oél(];‘bl@...@Fbl)Q...Q(FbJ@...@]_J‘}’J)7
| S —
=1

47,1 times 47,7 times
then
3 (1/(p+1))\é,1battir, s b
1 +1 R g . .
Gj: ;al<nk1)p )111 1,707 lfj=kp
0 if j ¢ {k,:peN}L

To conclude, one follows the same ideas as in the proofs of Theorems 3.2 and
3.8.
O

The identity for ® is given by Eg = Z;:g 127 and so E = j°°(f) with
flx) = ijog 27 representing a real analytic germ at 0. Consequently also in

this setting each algebra contained in Fu \jOO(E?M}) does not contain the
identity E5 anymore.

5. On the Stability Under the Pointwise Product of F|,,

The goal of this section is to show that, similarly as commented in Remark 4.8
for the single weight sequence situation, the problem of algebrability with
respect to © cannot be considered for Fj,) within the quasianalytic setting.
More precisely we will show that all required assumptions on w can never
be satisfied simultaneously. While in the weight function case we can have
the situation that Fjq) = F|,) is closed under the pointwise product ® and
&) = &, 1s strictly containing the real analytic functions, we will see below
that this situation forces already non-quasianalyticity for w. Consequently the
matrix constructed in Sect. 4.3 above cannot be associated with a weight
function w.

In order to do so first recall that, as shown in Lemma 4.7 above, (4.5)
resp. (4.6) are characterizing the closednees under the pointwise product for
Fray = Fwy resp. Fa) = F(.)- Hence we have to show which condition on w
guarantees that {2 satisfies (4.5) resp. (4.6) and for this we have to introduce
some notation and recall several results.



Vol. 75 (2020) On the Construction of Large Algebras Page 27 of 37 22

Let w be given satisfying (wo), (w3) and (w4), then as shown in [23,
Sect. 5], respectively [28, Theorem 4.0.3, Lemma 5.1.3] and reproved in [19,
Lemma 2.5] in a more precise way, we have

YA >03C) > 0such that Vi >0, Awypoy(t) < w(t) < 2 wppro) (8) + Ch.
(5.1)

In particular we have w~wy; v for all A > 0.

Moreover, for any h : (0, +00) — [0, +00) which is nonincreasing and such
that lims_,g h(s) = +o0, we can define the so-called lower Legendre conjugate
(or envelope) hy : |0, +00) — [0,400) of h by

hy(t) := ir;%{h(s) +ts}, t>0.

We are summarizing some facts for this conjugate, see also [19, Sect. 3.1]. The
function h, is clearly nondecreasing, continuous and concave, and lim;_, 4
he(t) = 400, see [4, (8), p. 156]. Moreover, if limg_, o h(s) = 0 then h,(0) =
0, and so h, satisfies all properties from (wp) except normalization. In the
forthcoming proof we will apply this conjugate to h(t) = w'(t) := w(1/t),
where w is a weight function, so that (w*), is again a weight function (except
normalization); in particular, we will frequently find the case h(t) = wi,(t) =
war(1/t) for M € RY ) with limy,, o0 (M)Y/P = +o0.
Now we are able to formulate the first main characterizing result.

Theorem 5.1. Let w be given satisfying (wo), (w3) and (w4), and let Q =
{WX 2 X > 0} be the matriz associated with w. Then Q satisfies (4.5) and/or
(4.6) if and only if

JH >03C >0 such that Vt >0, (w"),(t?) < Cw(Ht)+C. (5.2)

Consequently, if w € W, then (5.2) is equivalent to having that Fr,3 =
Fray and/or F(y = F(q) is closed under the pointwise product ©.

Proof. First, let us assume that Q satisfies (4.5) and/or (4.6) with indices A
and x. We will prove here the Roumieu case, the Beurling case can be treated

in a similar way. If we put WO = (j!Wj(’\))jeN, then we have (I/Vj(k))2 <
Chjj!2w§m) = C’th;n). Hence for all ¢ > 0 and j € N we get % <

. N2
C (V(;?;)z =C ((V\[//}?))]) , and applying logarithm to this inequality yields

Wi (1) < 2wy (VAE) + 1og(C).

From [19, Lemma 3.4 (ii), (3.6)] applied to Q@ = M = W (recall that
W) e Q), we know that

Vi > ﬁa Wi (1) < (Wi )« (1) < 14 wipe, (et). (5.3)
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The second inequality of (5.3) yields
(Wi )« (1) < 14w (et) <1+ 2wy 00 (Vhet) + log(C).

By using the first inequality of (5.1) we see for all ¢t > 0 that 2wy (Vhet) <
2(Vhet) and the second inequality of (5. 1) implies (wyy (. )«(t) = infso

(Wi () + st} > infeso{w'(s) + st} — §& = £ (w).(2kt) — $=. Thus,
combining everything, we have shown for all t (large enough) that

(@1:(P) < 2(y/Re R + 26(1 + log(C)) + Oy,

hence (5.2) is satisfied.

Conversely, assume now that (5.2) holds true with constants C' > 0 and
H > 0. First, let in the following computations A\, x > 0 be arbitrary but
fixed. The second inequality of (5.1) yields Cw(Ht) + C < 2CAwyyon) (Ht) +
C(Cy + 1), whereas the first one implies (w*),(t?) = infsso{w'(s) + st?} >
infoso{Kwly o (s) + 5t2} = K(Wh (o )«(t?/K). Moreover, the first estimate in

)
5.3) implies k(W . )« (t2/K) > kwis., (t2/k) for all t > =2— and altogether
W (k) W () W( )

0

20\
3D = D¢z, such that V¢ >0,  wi, (£7) < TwW(A)(H\/Et) + D.

Now take x = CX and with this choice, by using Proposition 4.6, we can
estimate as follows for all j € N
—~ t +27
W = sSup—————— =sup —————
J >0 eXP(Wipm (1) 120 exp(Wep o (7))
t*

exp(D t>0 exp(?ww(x)(Hft))

Y

)

1 t 2
s ()

1

)

(M2
exp(D)H?% kI (; >

hence (W( )) < exp(D)(H?k)7 ! W(K) for all j € N. This proves both (4.5)
and (4.6) since CA = k and C is only depending on given w. O

The characterizing property (5.2) is looking similar to the following growth
property on w, see [14,28], [23, Theorem 5.14 (4)] (called (wg) in there) and
[17, Appendix A] (denoted by (w7) there):

JH >03C > 0such that V¢t >0, w(t?) < Cw(Ht)+C. (5.4)

For any w satisfying (wp), (w3) and (ws) condition (5.4) does always imply
(w1), see [17, Appendix A].
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In [17, Lemma A.1] it has been shown that for any w € W with (5.4) the
associated matrix € does have both (4.9) and (4.10) (by having a precise rela-
tion between the indices A and k). Following the proof of [17, Lemma A.1 (i7) =
(1)] and replacing Al by [ there it is straightforward to see that (4.9) and/or
(4.10) are implying (5.4), see [28, Lemma 5.4.1] and also the first half of the
proof of Theorem 5.1 (in fact for this implication one only needs that the
inequalities in (4.9) or (4.10) are valid for some pair of indices A and k).

Thus any matrix € associated with a function w satisfying (5.4) will
always have both (4.5) and (4.6), too.

However, (5.4) implies quite strong, and in our situation undesired, prop-
erties for the associated weight matrix €. More precisely, by the results shown
in [17, Appendix A] we have that for any w satisfying (wp), (w3) and (ws4)
property (5.4) does imply the strong non-quasianalyticity condition for weight
functions

T w(yt)
3C > 0 such that Yy > 0, /1 2 dt < Cw(y)+ C, (5.5)
and so in particular (3.8) has to fail.

By the results shown in [5] (see also [7]) it follows that for given w € W
condition (5.5) is characterizing jm(g[(zj]) = Flu], 1.e. the surjectivity of the
Borel mapping. Note that in [5] and [7] non-quasianalyticity for w was a basic
assumption but which is superfluous provided that O° C 8[&] [characterized
by (3.7)]: On the one hand it is clear that (5.5) forces non-quasianalyticity for
w. On the other hand, if w € W with O° C 5[?”] and j“(f&]) = Flu) then w
has to be non-quasianalytic: If w would be quasianalytic, this would contradict
[24, Cor. 2, Cor. 4] (similarly see also [25, Cor. 2]).

We are gathering now some more observations.

(i) Under the assumptions of Theorem 5.1, one has that (5.2) and w~(w"),
hold true if and only if (5.4) holds true. Indeed, (5.2) together with
wr(w'), immediately imply (5.4). For the converse, first note that [19,
Lemma 5.1, Corollary 5.2] can be applied to each w as assumed in the
result with (5.4) since (wq) follows as mentioned above. Hence we get
Wiz ~ (W' ) s~ for all A,k > 0. By [19, Lemma A.1] we know that

YA>03dk>0dC > 1such that Vj € N,
w™ _ ™) g7 (%)
W =W < COW,

hence wyy o (t) < Wiy (C) < wy o) (Ct). By (5.1) and the fact that
w has (w1) we have shown w~(w"),. Obviously this and (5.4) together
imply (5.2).

(ii) Let w € W be given. Then w~(w"), implies y(w) = +oo, with v de-
noting the growth index studied in detail in [18] and used in the exten-
sion results in [17,19] (the fact that w has (wp) is equivalent to having
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~v(w) > 0, see [18, Corollary 2.14]). To show this note that by [18, Propo-
sition 2.22, Corollary 2.26] we have y(w) + 1 = y((w")+) = v(w), a con-
tradiction if y(w) < +o0.

In [17, Lemma A.1] we have shown that (5.4) does imply v(w) = 4oc.

(iii) Condition (5.2) is clearly stable under ~, which follows by the character-
ization shown above or can also seen directly since w(t) > C~lo(t) — 1
yields (w),(#?) = infs=o{w(1/5)+t2s} > CLinfeso{o(1/s)+t2Cs}—1 =
C~ 10" (Ct?) — 1 > C71(0")4(t?) — 1 because ("), is increasing.

In particular, by (5.1), we see that for each w as considered in Theo-
rem 5.1 the matrix  satisfies (4.5) and/or (4.6) if and only if (5.2) is
satisfied for wyyn) for some/each A > 0.

(iv) In general between (5.4) and (5.2) there is a big difference. As pointed
out before, the first condition yields strong non-quasianalyticity for w,
whereas the second one can even be satisfied by (large) quasianalytic
weight functions: For this consider the power weights w(t) := t*, « > 1,
then a straightforward computation yields

(wL)*(t) — (al/(a+1) + )ta/(a+1)

and so (5.2) holds true (since 2a/(a+1) < a <2< a+1).

So far we have started with a weight function satisfying some standard
growth properties, in the next result we will start with a weight sequence M
and are interested in the case w = wys. Recall that for given M € LC the

associated weight function wys does have (wp), (w3) and (w4) (e.g. see [21,
Chapitre I], [20, Definition 3.1] and also [6]).

/()

Proposition 5.2. Let M = (jlm;)jen € LC and let wyy be the associated weight
function, Q = {WXN = X\ > 0} shall denote the matriz associated with wyy.
Then wyy satisfies (5.2) if and only if

30 €N, 3D,h >0 such that Vj €N, (m;)?° < Dhimegj.  (5.6)
Note that (5.6) is clearly stable under relation ~.

Proof. Let wy satisfy (5.2) and w.l.o.g. we can assume C' € N>;. We follow
the ideas in the proof of [19, Lemma 3.4 (i)] (for M instead of m). First, for
all j € N, we get

12 e (Ht)% o 129
My, =sup————~ = —sup ————————— < eH* sup
50 explon(t)) e vs0 exp(war(HE)) >0 exp(& (wh,)«(12))
. t
= eH% sup

10 exp(& (why )« (1))

The supremum in the last expression yields

exp (sup {108(0) = G0 0) })



Vol. 75 (2020) On the Construction of Large Algebras Page 31 of 37 22

= exp (Sup {j log(t) — é inffwa(1/s) + St}})

t>0

= exp (Ssgpo {jlog(t) - éwM(l/S) - Sg}) :

By studying for every j € N and s > 0 fixed the function f; ¢(t) := jlog(t) —
(J‘CV‘) _

(es)7

éwM(l/S) — S—Ct, t > 0, one gets that its supremum is given by log (
Swar(1/s) (if j = 0 we use the convention 0° := 1). Using this we can continue

the above estimation for all j € N as follows:
- i 4 GOy _ 1
eHY suyp ———————— =eH% exp (sup {lo ( — ) — —wp(1/s
>0 exp(é(wfw)*(t)) >0 & (es)’ C w(1/5)
i ji 1
“— sup —
el as0 89 exp(Zwnr (1/5))
cH2\ . s
=e ( ) J?sup ————
€ s>0 eXp(éwM(S))

2\ J
:e(CH ) jj(MCj)Uq

€

= eHY

Summarizing everything we have shown so far that there exist some C1, k1 > 0
such that for all j € N we get (M;)? < My; < C1h]j!(Mc;)"/¢ (using for the
first estimate that the log-convexity for M implies that (M jl/ 7); is increasing)
and so (Mj)QC < Cghgj!CMcj which is equivalent to
J19(m;)* < Cahh(Cj)m;

for all j € N. Since by Stirling’s formula (C'j)! is growing like 4!¢ up to a factor
with exponential growth, we obtain (m;)?¢ < Cshimc; for all j € N and for
some constants Cs, hs not depending on j, thus (5.6) is verified.

Conversely, assume that (5.6) is valid. By going back in the equivalences
above, we get (M;)? < D1h)j!(Mg;)"/C for all j € N. If Q := {WW) . X > 0}
denotes the matrix associated with wys, then it is known and straightforward
to verify that M = WO (e.g. see the proof of [29, Thm. 6.4]) and more-
over W]-(A) = exp(%goz()?j)) = (W/S))l/A fqrjll A € N>j. Thus we obtain
(W)2 = (M;)? < Dy j\(Mcy) /¢ = DiBW ) for all j € N. Then follow
the first part in the proof of Theorem 5.1 with A = 1 and x = C in order to
conclude. O

By combining now Proposition 4.7, (5.1), Theorem 5.1, (iii) in the previ-
ous observations and Proposition 5.2 we get the following result.

Corollary 5.3. Let w be given satisfying (wo), (ws) and (wy), let Q@ = {WX .
A > 0} be the matriz associated with w. Then the following are equivalent:

(i) Fioy and/or Fiqy is stable under the pointwise product ©,
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(i) Q satisfies (4.5) and/or (4.6),
(i) w satisfies (5.2),
(iv) Some/each wy v satisfies (5.2),
(v) Some/each W satisfies (5.6).
If w has in addition (w1), then in (i) we have Fi,) = Fiq) and so stability of
Flw) under © is characterized.

On the other hand, starting with a weight sequence satisfying an addi-
tional assumption, we have the following characterization.

Corollary 5.4. Let M € LC be given and satisfying (mg), then the following
are equivalent:

(i) M satisfies (4.4) (i.e. Eqpry € C¥ and/or Enpy € C¥),

(ii) M satisfies (5.6),

(iil) war satisfies (5.2),

(iv) Fymy = Fray and/or Fry = Fray is stable under the pointwise product.

Proof. Under the assumptions on M we have Fyyry = Froy and/or Fuy =
F(q) which follows analogously as for the corresponding ultradifferentiable
function classes by having the same seminorms, see the proofs of [23, Cor. 5.8
(2), Lemma 5.9 (5.11)]. In fact all W™ are equivalent to W) = M. Conse-
quently, by combining Proposition 4.7 applied to M = M, Theorem 5.1 and
finally Proposition 5.2 we are done.

The equivalence (i) < (i7) can also be seen directly as follows: On the
one hand, (i) = (i) holds by having (m;)? < Ab/m; and so take C' = 1 in
(5.6). Conversely, by assumption M has (mg), i.e. My, < AJ kM M;, for
all j,k € N and some constant Ay. Consequently, m;4i < A mek for all
j,k € N and some constant A;. By (5.6), we have (m;)2“ S Dhim¢; and
by iteration of mj , < A{+kmjmk , we get Dhjmcj < Bbc2j(mj)c and so
(m;)? < BYCb% m; for some constants b, B > 0 which is precisely (4.4). O

The next result establishes a connection between (5.6) and the non-
quasianalyticity of a sequence M.

Lemma 5.5. Let M € LC be given such that supj€N>o(mj)1/j = 400 and (5.6)
holds true. Then M is non-quasianalytic.

Proof. First, M has (5.6) if and only if there exist C' € N> and D, h > 0 such
that (m )QC < Dhimc;, which is equivalent to

G2/

((Mj)l/j)Z < (C’ JIE )Dl/(CJ)hl/C( )1/(01)
1)

By Stirling’s formula m is asymptotically growing like j — Dij and

so M has (5.6) if and only if
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3C € N> 3C > 1 such that Vj € Ny,
((M;)'7)? < Crj(Mey) V(D). (5.7)
Note that the assumption sup,cy_, (m;)'/7 = 400 implies that in (5.7) we have
C > 2:indeed, the case C' = 1 would yield (4.4) and so supj€N>0(mj)1/j < o0,
hence a contradiction.
Since we have supjeN>D(mj)1/j = +o0, for all A > 1 there does exist a
number ¢4 € N>; (which can be chosen minimal) such that we get (m,, )/ >
A, or equivalently (M,,)'/94 > A(ga!)}/94. Thus, by a consequence of Stir-

ling’s formula, we obtain (MqA)l/qA > A% and so also eCAcl > (Mccl)??“
qA

follows with C' and Cy denoting the constants arising in (5.7) (which are not
depending on given g4).
Let now A > 1 be chosen sufficiently large in order to have % < 1land

Cc)ll’fq < 1 holds true.

set ¢ := qa. By the above we see that

(M
Since M € LC we have that j +— (M;)'/7 is increasing. As we will see
this property is sufficient to conclude and for convenience we put now L; :=

(Mj)l/ J. For the sum under consideration we estimate by

+oo Ck+1 —1 1 —+o00 CkJrquck +oo qu(ci 1)
2 GOy 1/] =2 2 fSZiL — =)
j>q k=0 j=Ckq Ctq k=0 Chq
Now, by iterating (5.7), we have for every k € N>q
Ckq(C —1) < 4OF 1
Lck:q - Lccqu
1

< gCH OO g———
<q 1 LT
_ 22 (k—0) 2 1
=q°C C

! (LCC’“*Zq)2

1

< 2021(k—0)0202c2k—4 2
=1 11 T Loy
4 2%(k—1) ~4 1
=qC C

! (LCC’“*3q)4

1
< 4022(k—1)0404 Ck—3y4 4
>~q 1 1( ) q (Lck—Sq)S
_ 8, 182%(k—2)
ciC —_
1 (Lck e
sz%kC2k

<<
(Lq)*"

where we have used that for all natural numbers i, k with 1 < i < k—1 we get
(Ck—(i+1)q)2i _ qziczf(k—(zurl)) and C2i(k—(i—1))02i(k—(i+1)) _ CZHI(k—i)_
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k
Finally, if £ = 0, then %C;_l) < ‘2—0 < q%é and gathering everything
CPFq q q

we have shown now

*2’“ Chg(C 1) _ *f(qccl)gk .

Lew - L
k=0 a k=0 1
<1
which proves the non-quasianalyticity for M as desired. O

Using the above Lemma we can prove now the final statement of this

section showing that the problem of algebrability cannot be considered within
the quasianalytic weight function setting.
Theorem 5.6. Let w satisfying (wo), (w2), (ws), (wa) and iminf, | @ =0
be given. Assume that w has in addition the characterizing condition (5.2)
(resp. equivalently Frqy and/or Fq) is stable under the pointwise product ® ),
then w has to be non-quasianalytic, i.e. condition (3.8) is violated.

Proof. Let Q@ = {W® : X\ > 0} be the matrix associated with w. We apply
Lemma 5.5 to some/each sequence W) which can be done by the assumptions
on w and the equivalences obtained in Corollary 5.3 above. Then W™ has (nq)
and so w does not enjoy (3.8) [recall that this last step holds by [20, Lemma 4.1]
and (5.1)]. O

Note that this result deals with a property of the associated matrix €2
and (w) is not required necessarily. If w has in addition (w;), then we have
Flw) = Fla) in Theorem 5.6.
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