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Abstract. We consider the pseudo-Euclidean space (R",g), with n > 3
and g¢;; = d;;€i, where ¢; = 1, with at least one positive ; and non-
diagonal symmetric tensors T'= 3, ; fi;(v)dz; ® dx;. Assuming that the
solutions are invariant by the action of a translation (n — 1)- dimensional
group, we find the necessary and sufficient conditions for the existence of
a metric g conformal to g, such that the Schouten tensor g, is equal to 7.
From the obtained results, we show that for certain functions h, defined
in R™, there exist complete metrics g, conformal to the Euclidean metric
g, whose curvature o2(g) = h.
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1. Introduction

In recent years, problems involving the Ricci curvature have aroused great in-
terest. Among the problems studied, we highlight the Einstein manifolds, Ricci
solitons gradient, prescribed Ricci and Schouten tensor, prescribed curvature
tensor, and Einstein field equation. For more details see [1,3,6,10,14,19]. In
[5], Deturck and Yang considered the following problem:

Given a Riemannian manifold (M™, go), with n > 3, and a symmet-
ric tensor of order 2, T, defined in M", find a Riemannian metric g
such that
Ricg + A\Kgg =T (1.1)
where A € R is a constant and Ric, and K, are the Ricci tensor and scalar
curvature of g, respectively. They have shown that when T is non-singular,
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the problem (1.1) has always a local solution. In this case, because the prob-
lem (1.1) admits local solutions, it makes sense to consider the following: find
necessary and sufficient conditions so that problem (1.1) has a global solution;
further, once global solutions are found, under what conditions are they com-
plete? When A = 0 and A = —31, the problem (1.1)is known in the literature as
the prescribed Ricci and Einstein tensor, respectively. This problem has been
studied for a particular family of tensors (see [16-20]). Recently, Pulemotov
studied the problem (1.1) for A = 0 in homogeneous manifolds (see [21]). When
A= 2(;7711), the problem (1.1) is equivalent to the prescribed Schouten tensor,
because the Schouten tensor of a metric g is defined by

1 . K
Ag = m (RZCg — 2(n_1)g> .

Problem (1.1) has also been studied locally by Robert Brayant for any
value of A\, proving that the problem always has local solutions when the com-
ponents of the tensor are analytic functions. Motivated by the work of Deturck
and Yang [5], our goal is to find global solutions to the following problem:

Given a (0, 2)symmetrical tensor T defined in a manifold (M™, go),
with n > 3, is there a metric g such that

A, =T? (1.2)

This problem corresponds to studying a system of nonlinear second order
partial differential equations. The importance of Schouten tensors in conformal
geometry can be seen in the following decomposition of the Riemann curvature
tensor

Ry =Wy+ A0y,

where R, is the Riemann curvature tensor, © is the Kulkarni-Nomizu product,
and W, is the Weyl tensor of g (see [2]). Because the Weyl tensor is conformally
invariant, i. e., g_lVVg is invariant in a given conformal class, in a conformal
class the Schouten tensor is important, especially when g is locally conformally
flat (W, = 0). Therefore, if ¢ is locally conformally flat, the Riemann curva-
ture tensor is determined by the Schouten tensor. From the Schouten tensor,
curvatures that extend the concept of the scalar curvature can be defined. This
study was first conducted by Jeff Viaclovsky in [22]. For an integer 1 < k <n
and op- or k-scalar curvature, the Schouten curvature is defined by

or(9) = ok(g™" - Ay),

where (g71 - Ay) is defined locally by (g7 A,)ij = >, 9% (Ag); and oy and
the k-th symmetrical elementary function. Thus, we define o4 (g) as being the
k-th elementary symmetric function of the auto-values of the operator g~ 1A,
to 1 < k < n, where o¢(g) = 1. Considering the eigenvalues of the Schouten
tensor Ay (A1, A2,...,\,) with respect to the metric g, to 1 < k < n, the
kth polymorphic elementary symmetric functions oy, are given by o1 (Ay) =
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0k(A) =D cocip Ain  Ai- When k=1, a 01(g)-scalar curvature is exactly
the scalar curvature (less than one constant). Thus, o1(g) is constant if and
only if (M™, g) has constant scalar curvature. In [11], the authors considered
the problem of classifying compact Riemannian manifolds locally conformally
flat with o1 (g) constant for some k > 2.

In [22], Viaclovsky also noted that o2(g) has still a variational structure.
For k > 2, 0(g) has a variational structure, if and only if the manifold con-
sidered is locally conformally flat. From this work of Viaclovisky and the work
of Chang, Gursky, and Yang in [4],an intensive investigation started for the
variational problem related to the Schouten curvature oy (g), seeking to find a
metric g, in the class of [gg], satisfying

or(g) = ¢, (1.3)

where
g€ lool (L7
and 1"2 is a convex open cone (the Garding cone) defined by
T = {A= (A, Aay ..o, An) € RMoj(A) > 0,5 < k).

Here, g € I‘: represents the Schouten tensor Ay(x) € FZ‘, for any xz € M;
an important fact is that g € Fz guarantees that equation (1.3) is elliptic.

Several authors have recently studied subjects related to the Schouten
curvature, see for example [7,8], and [11]. In [7], the authors consider the
problem Z—f = f, where f is a given differentiable function.

In [12], Simon et al. showed that, if (M™;g) is a compact locally confor-
mally flat manifold with nonzero curvature oj(A4,) for some 2 < k < n and
A, defined as semi-positive, then (M", g) is a space form of positive sectional
curvature. In [13], Simon et al. studied the extreme properties of the Schouten
function defined in the quotient of the Riemannian metric space by the group
of diffeomorphisms.

In [15], the authors considered the pseudo-Euclidean space (R™, g), with
n > 3 and g;; = d;je;,&; = =1, and tensors of the form T = Y. ¢; f;(z)dz?,
and found necessary and sufficient conditions for the existence of a metric g,
conformal to g, such that A; = T'. The solution to this problem was explicitly
given for special cases of the tensor T, including a case where the metric g
is complete in R™. Similar problems were considered for locally conformally

flat manifolds. As an application of these results, the authors considered the
o2(9)
a1(g)

problem of finding metrics g, conformal to g, such that o2(g) or are equal
to a certain function.

In this work we will consider the pseudo-Euclidean space (R™,g), with
n > 3, coordinates x = (x1,..,%,), and metric g, where g;; = d;;&;, with
g; = £1, with at least one positive ¢;, and a non-diagonal tensor of order 2 of
the form T = Zi,j fij(x)dz; ®dxj, where f;;(x), 1 <1i,j <n, are differentiable
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functions. We want to find metrics § = ég, such that the Schouten tensor of
the metric g is T, that is, we want to solve the following problem:

Ay =T
{571 (1.9
9 = 229

To obtain solutions to the problem (1.4), let us assume that the metric g
is invariant by the action of a (n — 1) — dimensional translation group. In this
case, we find necessary conditions on the tensor 7', so that the problem admits
solution (Lemma 2.2). For this special class of metrics, we find necessary and
sufficient conditions for the problem to have solutions (Theorem 2.3). As a
consequence of the Theorems (2.3) and (2.5) we obtain complete metrics in
Euclidean space R", with prescribed Schouten tensors. The results obtained
were extended to locally conformally flat manifolds (Theorem 2.6).

As applications of these results, we show explicit solutions for a second
order nonlinear partial differential equation in R™. The geometric interpreta-
tion of this result is equivalent to finding conformal metrics in R™ with o2(g)
prescribed. In particular, by considering f : R — R, we find examples of
complete metrics g, conformal to the Euclidean metric, such that o4(g) = f.

2. Main Results

Let ¢ 4,2, and fi; ., denote the second order derivatives of ¢ with respect to
x;x; and the derivative of f;; with respect to xj, respectively.

Theorem 2.1. Let (R™,g), with n > 3, be the pseudo-Euclidean space, with
coordinates x = (x1,...,xy,) and g;; = d;&;, and T = szzl fij(x)dz; @ dz;
be a non-diagonal tensor of order 2, where f;j(x) are differentiable functions.
Then, there exists a positive function ¢ such that the metric g = #g satisfies
Ag = T if and only if the functions fi; and ¢ satisfy the following set of
equations:

2 .

20000 — 2 oper €k (Pap) € — 202 fii =0 Vi:l,...,n,

L (2.1)
Prix; _fijSDZO Vi #j.

In an attempt to find solutions to the system (2.1) we will consider the so-
lutions g = é g to be invariant under the action of a group (n—1)-dimensional,
where £ = Z?:l a;z;, with a; € R, is a basic invariant of the group.

Initially, we will determine the necessary conditions on the tensor T

Lemma 2.2. Consider ¢ = p(§), where £ =37 a;x;, with a; € R. If p = ¢(&)
is the solution of the system (2.1), then f;; = a;a; f(§) ¥, withi #j=1,...,n,
and fi; = fu (&) ,V i=1,...,n, where f is a differentiable function.

From Lemma (2.2), we can state one of the main theorems of this section.
We consider Y, _, exa; # 0 and, without loss of generality, we assume that
Sor_,€exai = e = £1, and the case where Y ;'_, eyai = 0 will be dealt with
later.
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Theorem 2.3. Let (R™,g), with n > 3, be the pseudo Euclidean space, with
coordinates x = (x1,...,2,) and metric g;; = d;;¢;. Consider the non-diagonal
tensor of order 2T =Y | fij(€)dz; ®dxj, where fi; = fii(€), fij = aia; f(§),
E=30" jami, a; A0, Vi=1,....n, and > ,_, a’e; = €. Then, there is a
metric g = ﬁg such that Az =T, with ¢ = ¢(£), if and only if the components
of the tensor satisfy the following equations

ei(fa?_fii)zej(fa?_fjj) Vi, j=1,...,n
2ee;(fai — fii) >0

ce. 2 _ 4 €0€€ (fa — ) _ _
2ee;(fa? — fiu) + S (a? 1. =f VYi=1,...,n,

o) = Kefol v 26€z‘(fa@2*fz‘z‘)d5’

where eg = 1 and K is a positive constant.

(2.2)

and

As a direct consequence of the Theorem (2.3), we obtain the following
example in the Riemannian case.

Ezample. Consider the Euclidean space (R™,g) n > 3, with coordinates z =
(T1, ..y ). Given the tensor 7' = """ | fuda? + Z;;j:l fijdz; @ dz;, where

fii = (22_7”)9 2"f and f;; :%(g—%ﬁ),ai:ajza,ezl,eoz—Land
g is a positive function. Then, there is a metric g = ﬁg such that A = T,
where: .

p(€) = Ke~Ivads, (2.3)

Moreover, if | [/gd¢ |< Cy, Cy is a positive constant, then the metric g
is complete in R™.

The case where £ = agxy for some fixed k, will be treated in the next

Theorem. Note that, in this case, in (2.1), ¢., = ¢'ai, Pu,a;, = ¢"a? Vi =
L,...n, and @g,; = 0, V i # j. Then, for the second equation, we have
fijp = 0, which is equivalent to the given tensor 7" being diagonal, because, in
this case, fi; =0V i # j. Without loss of generality, let us consider £ = a2
and €1a? = e.
Theorem 2.4. Let (R™,g), with n > 3, be the pseudo Euclidean space, with
coordinates x = (T1,...,%n), and metric g;; = 0;;¢;. Consider T = Z?:l fii (&)
dz?, where £ = ajx1, €;a} = € = £1. Then, there is a metric § = 129, with
v = (&), such that Az =T, if and only if the components of the tensor satisfy
the equations:

€ fis = €515 Vi#j=27...,n
72661']0“‘ >0 Vi= 2

e€oe
fun = —2afee; fii — M

+ €i€1 Jii
V _2661fn 1f
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and

90(5) _ Keeof\/ —2ee€; fiid€
where K is a positive constant and ey = +1.

As a consequence of Theorem (2.4), we will show an example in the
Riemannian case.

Ezample. Consider the Euclidean space (R™,g) n > 3, with coordinates z =

(z1,...,2y). Given the tensor T = fidz} + > 1, g(€)dx?, where fi1 = g(1+
’ 2

2a?)—|—5%1g,e:1, eo=—1,and fi;; = fj; =g Vi#j=2,...,n, where g is a

differentiable function smaller than zero. Then, there is a metric g = é g such

that A =T, where

p(€) = Ke V7200, (2.4)

Note that in the above theorem, conditions (2.4) are checked. Because
the g < 0 function is arbitrary, it can be chosen so that [ /=2gd¢ is limited,
and, in this case, the metric g will be complete in R™.

Considering now the case where & = 3" a;2; and Y a?¢; = 0, we obtain
the following result.

Theorem 2.5. Let (R™,g), with n > 3, be the pseudo Euclidean space, with
coordinates x = (x1,...,%,) and metric g;; = 0;5&,. Consider Tn: ZZ] fii (&)
de; @ dxj, where fi; = fii(§), fij = aia;f(§), and & = > | ajx;, with
Z?Zl a?e; = 0 and a; # 0, for at least one pair of indexves and the differ-
entiable function f. Then, there is a metric g = ﬁg such that Ag =T if and
only if fiy =a2f,Vi=1,...,n, and ¢ is a solution of the equation

¢" = fe=0.

Next we present two examples for the Theorem (2.5), considering partic-
ular solutions for the equation ¢’ — fip = 0.

The study of oscillations is an important part of mechanics because of
the frequency with which they occur. The simple swaying of leaves of a tree,
radio waves, sound, and light are typical examples where oscillatory motion
occurs. Below, we present an application of the physics of the above theorem,
with the equation of free oscillations, obtained when f = k.

Ezample. Let (R™,g), with n > 3, be a pseudo Euclidean space, with coordi-
nates ¢ = (1,...,2,) and metric g;; = d;;¢;. Consider T = Z?j fijdx; @ dxj,
where fi; = ka?, Vi = 1,...,n, and fi; = kasa;, Vi # j = 1,...,n, and
S aZe; = 0. Then, there exists a g = ég such that Az =T, if and only if
the function ¢ is satisfies:
Oy sinh(¢+/]k]) + Ca cosh(éy/k[)  if k<0
(&) = ¢ C1+ ¢ if k=0
Cy sin(6VE) + Cy cos(6VE) if k>0.



Vol. 74 (2019) Prescribed Schouten Tensor in Locally Conformally Flat Manifolds Page 7 of 12 168

Ezample. Let (R™,g), with n > 3, be a pseudo Euclidean space, with coordi-

nates ¢ = (1, ...,%,) and metric g;; = d;5&;. Consider T' = Z?] fijdx; @ dxj,
where fi; = (h®+h')a?Vi=1,...,nand f;; = (h*+h)a;a; Vi#j=1,...,n,
and Z?:l afei = 0, and a differentiable function h. Then, there exists a

g= ﬁg such that Az =T, if and only if the function ¢ is given by

d
©(&) = Crpo + 200 / (75,

0
where C7 and Cy are arbitrary constants and ¢g = el M€ with h = h(§).

Next, we present a generalization of the Theorem (2.3), for locally con-
formally flat manifolds.

Let us now consider a locally conformally flat Riemannian manifold
(M™, g). We can consider the problem (1.4) for a neighborhood V' C M with
coordinates = (z1,...,%,) such that g;; = %, where F' is a non-null, dif-
ferentiable function in V. Given a tensor 7' = 3_, . f;j(z)dw; ® dx; defined in
V', we want to find a metric g = #g such that A; = T'. Considering that g
and g are translation invariant, where £ = > a;z; is the basic invariant of the
action, we have, in a way analogous to Lemma (2.2), that the components of
the given tensor T', are necessarily given by f;; = a;a;f(§) and fi; = fii(§),
where f is a differentiable function.

Theorem 2.6. Let (M™,g), with n > 3, be a locally conformally flat Riemann-

ian manifold. Let V' be an open subset of M with coordinates x = (x1,xa, .. .,
1

Zn) with g;; = FT(Q“)éij' Consider a non-diagonal tensorT =Y | fi;(£)dz;®

dx;. Then, there is a metric § = #g, with ¢ = ¢(&), such that Az =T if and

only if the functions fi; and ¢ are given in Theorem (2.3) and ¢ = %.

Analogously, the Theorems (2.4) and (2.5) can be extended to locally
conformally flat manifolds.

In [22], Vioclovisk extended the concept of scalar curvature using the
Schouten tensor, by introducing the o) curvatures, which are obtained from
the eigenvalues of the Schouten tensor. Recall that op(g) has been defined as
1 and o1 (g) is the scalar curvature less than constant. Recently, many works
have considered the o2(g) prescribed problem. For more details see [7,11], and
[22].

We know that, given a function h : M™ — R, finding a metric g = ﬁg
such that o9(g) = h is equivalent to studying the following partial differential
equation (ver [9]).

2 n(n —1)
(A)* = |Hessypl2| ¢ = (n = 1)Ag|Vpl2p + T

Let us show that, for certain functions h, the above equation admits

infinite solutions.

|Vo|* =2h. (2.5)
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Corollary 2.7. Let (R™, g), withn > 3, be the Euclidean space, with coordinates

z = (x1,...,2,) and metric g;j = 6;;. Given the function g, which can be any
positive function, K is a positive constant and a € R
Kin—-1) 54 4 ng g
h(§) = ——= Jvede 1 22 (g 2.6
©) 5 age 1 \WTa4)) (2.6)

Then, the partial differential equation,
2 n(n—1
((8)° = |Hessypl?] o* = (n = 1) Ap| Vel + %IWI4 =2,
has infinite solutions, globally defined in R™, given by
o) = Ko~ vate,
The geometric interpretation of this result is presented below. We show

an example of a metric g, conformal to the Euclidean metric, complete in R™,
with curvature o2(g) prescribed for h.

Corollary 2.8. Let (R™,g), withn > 3, be the Euclidean space, with coordinates
x = (x1,...,2,) and metric g;; = 0;;¢;. Given a function h, in (2.6) there
exists a metric § = %g with ¢ given by (2.3) such that o2(g) = h.

By choosing the function g so that ¢ is limited, the metrics obtained in
the corollary (2.8) will be complete in R™.

3. Proof of the Main Results

Before proving our results, it follows from [15], that if (R™, g) is a pseudo-
Euclidean space and § = g/¢? Is a conformal metric, then the Ricci tensor g
is given by

. 1

Ric g = ? {(n —2)pHessyp + (@Aggo —(n— 1)\Vg<p|2) g} (3.1)

and the scalar curvature of g is given by
K=(n-1)2¢Ap — n|Vg<p|2) . (3.2)

In the rest of this section, we demonstrate the main results of this article.
Proof [Theorem 2.1]. Using the expressions (3.1) and (3.2), we can write the
Schouten tensor of the metric g as:
_ Hessgp ||[Vgol?
! r 202 7
where V, denotes the gradient of the pseudo-Euclidean metric g.

In this case, studying the problem (1.4) with T = ZZ fij(x)dz; @ dxj, is
equivalent to studying the following system of equations:

S
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{ 200 zizi — D opeq €k (4,073%)2 € —20%fi;i =0, V z : 1,’. .n, (3.3)
Qp,xim]‘ —fij(,OZO, V’L;éj,
O

Proof [Lemma 2.2]. Because ¢ = ¢(§), we have that:
Pz, = QD/aia Prx; = @//a? Vi=1..n, Priz; — Sollaiaj Vi 75 J, and
IVgll? = 30k (e, )? = (¢')%.

Substituting these in the system (3.3), we obtain:
250()0”0’12 - ((10/)26@ = 2()02.](‘1'7;7 Vi I...,n, (3 4)
¢"aja; — fijo =0, Vi . '

In this case, it follows directly from the second equation of (3.4) that

fi; = f(&asay, for i # j = 1,...,n, where % = f(&). Similarly, it follows
from the first equation of the system (3.4) that fi; = fi;(£), because

(P” ) (pl 2
fu‘:ai—< ) €€; Vi=1,...,n.
¥ V2

O

Proof [Theorem 2.3]. It follows by Lemma (2.2) that finding § = ég such

that Az =T, with ¢ = ¢(§), is equivalent to studying the following system of
equations:

{2<p<p”a§ —(¢")%ee; =20 fis, Yi:l,....n,
"= f(§e=0, Vi # j.

From the second equation we have ¢ = f; substituting this in first equation
above, we obtain

2
2a2 PN e—ap il
a; f — Z e=2fu, i:1,...,n.

Because f;; depends only on £, we also have:

7\ 2

¥
ZOD/ = i\/ 2€(fa? - fii) (35)

And it follows directly from Eq. (3.5) that

{26(fa12_fii)>0, Vi:l,...,n,
fa; — fi = fai — fij, Vi# .

Considering g = 1 and integrating Eq. (3.5), we obtain

90(5) _ Keeof\/ 26(1‘6112—)0111:)1157

which is equivalent to



168 Page 10 of 12 M. T. Carvalho et al. Results Math

where K is a positive constant. Because ¢” = fp, we get:
ei(f'ai — f1)

2ee;(fai — fii)
which concludes the proof. O

2egeei(fai — fii) +

=f Vi=1,....n

Proof [Theorem 2.4]. If ¢ = ¢(§) and & = ajx1, then ¢, = Vai, Q g0, =
o"a2, Vi =1,...,n, and Qaw; = 0, Vi # j. It follows from (3.3) that
fijp =0, that is, f;; =0 Vi # j, this is the tensor diagonal. In this case, the
system (3.3) is equivalent to
{2<p<p”a%—(<p’)26ie—2g02f11:0, Vi:l,...,n (3.6)
()P ese + 202 f1; =0, ViAli=1,...,n. '

From the second equation, we have

2
¥
and follows from (3.7) that:
72661'fi1'>0, Vi:2,...,n,
{Eifii = ejfjja Vi# g,
Considering €y = +1 and integrating Eq. (3.7), we obtain

©(€) = K efo [ V=2¢ei fiidg

where K is a positive constant. Substituting ¢(€) in the first equation in (3.6),
we obtain

2 2 Eeoﬁz'flaz2 2 9 .
fi1 = —2ajeqee; fi1 — Te-f—-+60€ &fi Vi=1,....n,
V 1J 11
which concludes the proof. O

Proof [Theorem 2.5]. Because Y, _, exai = € = 0, it follows that the system
(3.4) can be reduced to ¢” — fo = 0 and f;; = a?f, Vi = 1,...,n. In this
case, the tensor T is given by:

2

aj aiaz -+ Q1Qp
T=f a3
_a/na/l ... agl
O
Proof [Theorem 2.6]. Consider ¢ = ¢F and apply Theorem (2.3). O
Proof [Corollary 2.7]. Note that the functions ¢(&) and h(§) clearly satisfy the
given partial differential equation. O

Proof [Corollary 2.8]. The proof is an immediate consequence of equation (2.5)
and Corollary (2.7). O
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