Results Math (2019) 74:104
© 2019 The Author(s)
1422-6383/19/030001-14

published online May 6, 2019 I R Its in Math .

https://doi.org/10.1007/s00025-019-1030-y esults in Mathematics
Check for
updates

Coefficient Problems in the Subclasses of
Close-to-Star Functions

Adam Lecko® and Young Jae Sim

Abstract. For two subclasses of close-to-star functions we estimate early
logarithmic coefficients, coefficients of inverse functions, Hankel determi-
nant Hs 2 and Zalcman functional J 3. All results are sharp.

Mathematics Subject Classification. 30C45.

Keywords. Univalent functions, close-to-star functions, functions starlike
in the direction of the real axis, functions convex in the direction of
the imaginary axis, Hankel determinant, Zalcman functional, logarithmic
coefficients, inverse functions, Carathéodory class.

1. Introduction

Given r > 0, let D, := {z € C:|2] < r}, and let D := Dy. Let D := {z €
C:|z| <1} and T := 9D. Let H be the class of all analytic functions in D and
A be its subclass of f normalized by f(0) := 0 and f’(0) := 1, i.e., of the form

(o)
f(z) = Z anz", a1:=1, z€D. (1.1)
n=1

Let S be the subclass of A of all univalent functions and S* be the subclass
of S of all starlike functions, namely, f € S* if f € A and

2f'(z)
f(z)
A function f € A is called close-to-star if there exist ¢ € §* and § € R such
that

Re

>0, ze€D.

SO

fe 9(2)

0, zeD. (1.2)

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-019-1030-y&domain=pdf
http://orcid.org/0000-0002-0185-9402

104 Page 2 of 14 A. Lecko and Y. J. Sim Results Math

Denote by CST the class of all close-to-star functions introduced by Reade [30].
Note that f € CST if and only if a function

F(z):= /OZ @dn zeD, (1.3)

is close-to-convex [15], [12, Vol. II, p. 3]. The class of close-to-star functions
and its subclasses were intensively studied by various authors (e.g., MacGregor
[25], Sakaguchi [32], Causey and Merkes [4]; for further references, see [12, Vol.
IL, pp. 97-104]). Given g € S* and 3 € R, let CS73(g) be the subclass of CST
of all f satisfying (1.2). The classes CS§7y(g;), @ = 1,2, 3, where

z

z
1T— 2 92(2) = =22 g3(z) ==z, z¢€D,

are particularly interesting and were separately studied by authors. In this
paper we deal with the classes CSTy(g1) =: ST (i) and CSTo(g2) =: ST (1)
which elements f in view of (1.2) satisfy the condition

g1(z) ==

Re{(l—zQ)fiz)} >0, zeD, (1.4)
. Re{(l—z)Zf(ZZ)} >0, zeD, (1.5)

respectively. Let us add the inequality (1.4) defines the subclass of the class of
functions starlike in the direction of the real axis introduced by Robertson [31].
Moreover, each function F' given by (1.3) over the class S7 (i) maps univalently
D onto a domain F(D) convex in the direction of the imaginary axis. The
concept of convexity in one direction belongs to Roberston [31] (see e.g., [12,
p. 199]). Each function F' given by (1.3) over the class S7 (1) maps univalently
D onto a domain F (D) called convex in the positive the direction of the real
axis, i.e., {w +it:t > 0} C f(D) for every w € f(D) [2,8,9,11,20,21]. Let us
remark that the condition (1.4) was generalized by replacing the expression
1 — 2% by the expression 1 — a?2? with a € [0, 1] in [13].

In this paper we find the sharp estimates of early logarithmic coeffi-
cients (Sect. 2), of the Hankel determinant Hs o and of Zalcman functional
Ja,3 (Sect. 3) and of the early inverse coefficients (Sect. 4) of functions in the
classes S7 (i) and S7(1). Since both classes ST (i) and ST (1) have a repre-
sentation using the Carathéodory class P, i.e., the class of functions p € ‘H of
the form

p(z) =1+ Z 2", zeD, (1.6)
n=1

having a positive real part in D, the coefficients of functions in S7 (i) and
S7 (1) have a suitable representation expressed by the coefficients of functions
in P. Therefore to get the upper bounds of considered functionals our com-
puting is based on parametric formulas for the second and third coefficients
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in P. However both classes are rotation non-invariant. Thus to solve discussed
problems we will apply a general formula for ¢3 recently found in [7]. The for-
mula (1.7) was proved by Carathéodory [3] (see e.g., [10, p. 41]). The formula
(1.8) can be found in [28, p. 166]. The formula (1.9) was shown in a recent
paper [7], where the extremal functions (1.11) and (1.12) were computed also.
For ¢; > 0 the formula (1.9) is due to by Libera and Zlotkiewicz [22,23].

Lemma 1.1. If p € P is of the form (1.6), then

o= 20, (1.7)
ey =207 +2(1 = [¢i*) ¢ (1.8)
and
3 =20 +4(1 = QP0G
=201 = [G)GE + 200 = Gl = [¢*)es

for some ¢; €D, i € {1,2,3}.
For (; € T, there is a unique function p € P with ¢; as in (1.7), namely,

(1.9)

_ 1+ Gz
o 17(12’

For ¢(; € D and (3 € T, there is a unique function p € P with ¢1 and co
as in (1.7)—(1.8), namely,

_ 1+ (Gl + G) 2 + (222
1+ (GG — G) 2 — (2%’

For (1,2 € D and (3 € T, there is a unique function p € P with c1, ¢
and c3 as in (1.7)—(1.9), namely,

p(2)

zeD. (1.10)

p(2) zeD. (1.11)

p(2)
14 (Gl + GG+ 1) 24 (Gis + GiGads + o) 27 + (32°

= St - — S D.
14 (G0 + Gl — 1) 2 (010 — Cieals — Go) 2 — G2~ -

(1.12)

2. Logarithmic Coefficients
Given f € S let

log @ =2 i 2",  z € D\{0}, logl:=0. (2.1)
n=1
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The numbers 7, are called logarithmic coefficients of f. Differentiating (2.1)
and using (1.1) we get

1 1 1,
71=§a27 7225 a3—§a2 )

1 +13
= — | aq4 —asa —as | .
3 B) 4 203 3%2

As it well known, the logarithmic coefficients play a crucial role in Milin con-
jecture ([26], see also [10, p. 155]). It is surprising that for the class S the
sharp estimates of single logarithmic coefficients & are known only for v, and
2, namely,

(2.2)

11
7] <1, || < 5o =0635...
e

and are unknown for n > 3. Logarithmic coefficients is one of the topic recently
being of interest by various authors (e.g., [1,18,33]).

Logarithmic coefficients can be considered for functions f from the class
A however under the assumption that the branch of logarithm D > z +—
log f(2)/# exists. From (1.4) and (1.5) it follows that g(z) := f(z)/z # 0 in
D\{0} for f € ST (i) and f € ST (1). However g(ID) needs not be necessarily
a simply connected domain. Therefore, let S7(i) and S7o(1) be the sub-
classes of ST (i) and S7 (1) respectively, of all functions f for which the branch
D> 2z log f(2)/z with log 1 := 0 exists.

Theorem 2.1. If f € ST (i) is of the form (1.1), then

3
ml<1, lelsg, hslst.
All inequalities are sharp.

Proof. By (1.4) there exists p € P of the form (1.6) such that
z
(1- 22)9 = p(2). (2.3)
Substituting the series (1.1) and (1.6) into (2.3) by equating the coefficients
we get

as=c, az=cy+1, ag4=c+cs. (24)

The inequality |y1| < 1 follows directly from (2.2), (2.4) and (1.7) with
sharpness for the function f given by (2.3), where p is as in (1.10).
Substituting (1.7) and (1.8) into (2.4) from (2.2) it follows that
1 1 1

|72|:§ a3—§a§ 9

L2 - P+ 1] < 5+ (- ol <

1
02_20%"‘1‘

N W
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with sharpness for the function f given by (2.3), where p is as in (1.11) with
(1 =0and any (, € T.
By (2.2) and (2.4) we have

6v3 = c‘;’ — 3cica + 3cs.
Hence and by (1.7)—(1.9) we get
33 = 2¢7 = 3(1 = [G1*)¢165 +3(1 — [P (1 = [¢2f*)Cs,
where (; € D, i = 1,2,3. Thus by setting x := [(1| € [0,1] and y := |¢2| € [0, 1]
we obtain
3lys| < 223 + 3(1 — 22y + 3(1 — 22)(1 — ¢?)
=22% — 322 +3 - 3(1 — 2?)(1 — 2)y?
<22 - 322 +3<3, (z,9) €[0,1] x [0,1].

Thus |vy3] < 1 with sharpness for the function f given by (2.3), where p is as
in (1.12) with {; = {2 =0 and any (3 € T. O

Theorem 2.2. If f € ST((1) is of the form (1.1), then

ml<2 hel<s, sl <5042
All inequalities are sharp.
Proof. By (1.5) there exists p € P of the form (1.6) such that
(-2l o) (25)
Substituting the series (1.1) and (1.6) into (2.5) by equating the coefficients
we get
as=c1+2, a3=3+2c; +co, as=4+3c;+2c +c3. (2.6)

The inequality |y1| < 2 follows directly from (2.2), (2.6) and (1.7) with
sharpness for the function f given by (2.5), where p is as in (1.10).
Substituting (1.7) and (1.8) into (2.6) from (2.2) it follows that

1 1, 1 1,
|’}/2|:§ a3 — a3 =5 02—5014—1
1 ) 1 ) 3
— TR0 laPe 1<t -Gl < 2

with sharpness for the function f given by (2.3), where p is as in (1.11) with
(1 =0and any (5 € T.
By (2.2) and (2.6) we have

6’)/3 =2+ 0:13 + 3(23 — 38162.
Hence and by (1.7)—(1.9) we get
33 =1+ = 3(1— )G + (1= G~ I¢l*)¢s,
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where (; € D, i = 1,2,3. Thus by setting x := [(1| € [0,1] and y := |¢2| € [0, 1]
we obtain

Blysl < 1+2° = 3(1—2)ay” + (1 - 2*)(1 - y?)
=22+ 2+ (1 —2H)(3z — 1)y* =: F(x,y).
We have F(1/3,y) = 52/27. Moreover for z € (1/3,1] and z € [0,1/3) we get

2.7)

F(z,y) < F(r,1) <143z —22° <14+V2, ye[0,1],
and
F(z,y) < F(z,0) <2—-2"+2° <2, y€0,1],

respectively. Thus by (2.7), |y3| < (1 + v/2)/3 with sharpness for the function
f given by (2.3), where p is as in (1.12) with ¢; = 1/v/2, (; = i and any
(s eT. 0

3. Zalcman Functional and Hankel Determinant

Now we compute the sharp upper bound of the Zalcman functional Jo 3(f) :=
asas — a4 being a special case of the generalized Zalcman functional J,, ,,, (f) :=
AnQm — nim—1, N, m € N\{1}, which was investigated by Ma [24] for f € S
(see also [29] for relevant results on this functional). We will find also the
sharp bound of the second Hankel determinant Hso(f) = agas — a?,). Both
functionals Jo 3 and Ha o have been studied recently by various authors (see
e.g., [5,6,14,16,17,19,27)).

Theorem 3.1. If f € ST (i) is of the form (1.1), then

|a2a3 — a4| S 2.

The inequality is sharp with the extremal function
z
=—= _  zeD. 3.1
6= o 2 (31)

Proof. From (2.4) by using (1.7)—(1.9) it follows that
|a2a3 - a4| = |0162 - C3|
= 2|7 + 201 = Q)G — (1 =[Gl = 1¢f*)G]
<2[|GP + 20 = G PGP - A =1 - el?] (32)
=2[1—|G* + G =20~ G )~ GGl
<2(1—|GP+1GP) <2,

with sharpness for the function (3.1).
To find sharp estimate for Ho 5 over S7 (i) we use the following lemma.
U
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Proposition 3.2.

L+dlz| =4z, |2 < (-1+v2)/2,

BO+ER), (—11vde<il<t OV

4z2—4z—1|§{

Proof. Since the inequality (3.3) clearly holds for z = 0, assume that z = re'?
with 0 <7 <1 and 0 <60 < 27. A simple computation gives
|42% — 4z — 1]? = p(cos ), (3.4)
where ¢:[—1,1] — R is a function defined by
o(x) = —16r22? — 8r(4r? — 1)z + 16r* 4 24r% 4 1.

Note that ¢’(z) = 0 occurs only when x = (1 — 4r2)/(4r) =: xo.
When r < (=1 ++/2)/2, we have x5 > 1 or 1 — 4r — 472 > 0. Therefore

O (x) > 8r(1 —4r —4r?) >0, z€[-1,1].
Hence we get
o(r) < p(1) = (1 + 4r — 4r%)2. (3.5)
Thus from (3.4) and (3.5) it follows that the inequality (3.3) holds for

2] < (-1 +v2)/2.
When (—1++/2)/2 <r < 1, we have xg € [~1,1]. Then

o(z) < p(zo) =2(1 +4r?)?, =z €[-1,1]. (3.6)
Combining (3.4) and (3.6) we see that the inequality (3.3) holds for
(—1++2)/2< 2| < 1. O
Theorem 3.3. If f € ST (i) is of the form (1.1), then
28
lagas — a3| < 3 (3.7)

The inequality is sharp with the extremal function

V4 z 22
£lz) = m 2eD. (3.8)

Proof. From (2.4) by using (1.7)—(1.9)we have
a2a4—a§=cf—&—clcg—c§—202—l
=4 — 4G 140 - GG -4 -GG (3.9
+ 4G~ G (A =16,

where ; €D, i =1,2,3. Let x := |(1| € [0,1] and y = |(2| € [0, 1].
Assume first that = € [0, 2¢], where zg := (=1 + v/2)/2. Then by (3.9)
and Proposition 3.2 for y € [0, 1] we get

lagay — a3| <1+ 8z — 4a? — 4a® +4(1 — 2%y
+ 4z(1 — 22)y? =: F(z,y).
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Clearly, for each x € [0, x|, the function [0,1] > y — F(-,y) is increasing and
therefore for y € [0, 1],

28
F(x,y) < F(z,1) =9+ 42 — 1222 < 5 = 9333 (3.10)

Assume now that & € [xg,1]. Then by (3.9) and Proposition 3.2 for
y € [0,1] we get

lagay — a2| < V2 + 4z + 4v22? — 423 + 4(1 — %)y
+ 4(1 — 2?)(1 — 2)y* =: G(z,y).
Note first that
G(1,y) =5V2="7.071..., yelo1]. (3.11)

Clearly, for each x € [xg, 1], the function [0,1] 3 y — G(-,y) is increasing and
therefore for y € [0,1],

G(z,y) < G(z,1) =8+ V2 —4(2 — v2)a?
< —248/2=9133....

Hence, from (3.10) and (3.11) it follows that the inequality (3.7) is true.
Equality in (3.7) holds for the function f given by (2.3), where p is given by
(1.12) with ¢; :=1/6 and (2 = (3 := 1, i.e., for the function (3.8). O

Theorem 3.4. If f € ST (1) is of the form (1.1), then
|a2a3 - 0,4| S 20

The inequality is sharp with the extremal function

2(1+2)

f(z) = =2 z e D. (3.12)

Proof. From (2.6), by using (1.7) and the inequality |c1c2 — ¢3] < 2 which was
proved in (3.2), we obtain

lasas — ayg| = |2 + 4cy 4 262 + ciea — c3]

< 2+ dley| + 2]er)? + |erea — 3] < 20.
with sharpness for the function (3.12). O
Theorem 3.5. If f € ST (1) is of the form (1.1), then
lagay — a3] < 17. (3.13)

The inequality is sharp with the extremal function (3.12).
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Proof. From (2.6) by using (1.7)-(1.9)we have
asay — ag =—1—2c¢ — c? — 2c109 — 2¢9 — cg + ci1e3 + 2¢3
= —1=4G = 8¢ — 4G — 401 - |G 16
— 41+ )1~ GGE
+41+ ) A~ G~ [e)E,

where ¢; € D, i € {1,2,3}. Set = := |(1] € [0,1] and y =: |(2| € [0,1]. By
(3.14) we have

lasay — a§| <548z + 422 +4(1 — 2%y
- 4(1 - £U2>2y2 = F((E,y), T,y € [07 ]-]

(3.14)

Note first that

F(l,y) =17, ye]0,1]. (3.15)
Let now z € [0,1). Then for y € [0, 1] we have
F
%—y =41 —2*)[1 -2(1—2%)y] =0

iff y = 1/2(1 — 22) =: yo. Since yo > 1 for each = € [1/v/2,1), so then the
function [0,1] 5 y — F(-,y) is increasing and therefore

F(z,y) < F(z,1) =5+ 8z +82? —42* <17, y e [0,1]. (3.16)
For x € [0,1/+/2) we have

F(z,y) < Fla,y0) = F (xl)

2(1 — 22)
=648z +42? <844V2=13.656..., ye[0,1].
Hence by (3.15) and (3.16) it follows that the inequality (3.13) is true. Equality
in (3.13) holds for the function f defined by (3.12). O

4. Inverse Coefficients

Since ST (i) is a compact class and f'(0) =1 for every f € ST (i), there exists
ro € (0,1) such that every f € ST (i) is invertible in the disk D,,. Thus there

exists § > 0 such that the inverse function f of fm)r0 has a series expansion in
the disk Dg of the form

fw)=w+> Buw", weD;. (4.1)
n=2

Thus for f € ST (i) of the form (1.1) the following relations hold (see e.g., [12,
Vol. I, p. 57))

52 = —ag, ﬁg = 2a§ — as, ﬁ4 = —50,:23 + Sasas — ay. (42)
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Similar situation holds for the class ST (1).

Theorem 4.1. If f is the inverse function of f € ST (i) of the form (4.1), then

(i) |82] <25
(i) [Bs] <75
(iii) 04| < 30.

All inequalities are sharp with the extremal function
f(z) = (1_2(212;211?12), z e D. (4.3)
Proof. Substituting (2.4) into (4.2) we get
By =—c1, P3=2cF—cy—1 (4.4)
and
By = —5c + 5cico + 4ey — cs. (4.5)

By (4.4) and (1.7) the inequality (i) follows immediately. From (4.4) with
(1.7) and (1.8) we have

B3] = |2¢F — e — 1] = |6¢F — 2(1 — [¢1[*) ¢ — 1
<6IGP + 20— GGl +1 < 4G +3 < 7.
Now we prove (iii). By (4.5) and (1.7)—(1.9) we have
84| = |[-22¢7 +8¢1 + 16(1 — [G1]*) 16
+2(1 = |GG E - 21— G~ eI)e6|
<248z — 2% + 2223 4 162(1 — 22)y — 2(1 — 2)?(1 + z)y?
=: F(z,y),

where (; €D, i =1,2,3, x := |(1] € [0,1] and y := || € [0, 1].
Note first that
F(Ly) =30, yelo1] (4.6)
Let now z € [0,1). Then for y € [0, 1] we have
oF
e 401 —zH)de — (1 —2)y] =0
iff y =4a/(1—1x) =: yo. Since yo > 1 for each x € [1/5,1), so then the function
[0,1] 5 y — F(-,y) is increasing and therefore
F(x,y) < F(z,1) = 262 + 42® < 30, y€[0,1]. (4.7)

For z € [0,1/5) we have

F(z,y) < Fz,y0) = F (96 4z )

'1-2 (4.8)

438
=24 72z + 3022 — 1023 < 55 = 15.52, y€[0,1].
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Hence by (4.6)—(4.8) it follows that the inequality in (iii) is true.
All inequalities are sharp with the extremal function (4.3). O

Theorem 4.2. If f is the inverse function of f € ST(1) of the form (4.1), then

(i) [B2] < 4;
(i) |8s| < 23;
(ii) |G| < 156.

All inequalities are sharp with the extremal function

f(z) = m, z € D. (4.9)
Proof. Substituting (2.6) into (4.2) we get
Bp=—c1—2, B3=2c3+6ci—ca+5 (4.10)
and
By = —5c:{, — 200? + 2c¢1 + 5c1c9 + 8¢y — 3 — 14. (4.11)

By (4.10) and (1.7) the inequality (i) follows immediately. From (4.10) with
(1.7) and (1.8) we have

B3] = [2¢] + 61 — 2 + 5] = |6¢F + 12¢1 — 2(1 — [G1[*) 2 + 5|
< 6|7+ 120G+ 2(1 = [Gif?) + 5 = 4[¢)* + 12[¢] + 7 < 23
Now we prove (iii). By (4.11) and (1.7)—(1.9) we have
B4l = [—22¢7 — 64¢F — 56¢1 — 14+ 16(1 — |¢1[*) ¢
+ 16(1 — |G )Gl +2(1 — G2 GG
—2(1 =G = |G|
< 2223 + 6227 4 562 + 16 + 16(1 — 2%)(1 + 2)y

—2(1 - 2?)(1 — 2)y® =: F(x,y),

where (; €D, i =1,2,3, x := [(1] € [0,1] and y := || € [0, 1].
Note first that

F(l,y) =156, ye[0,1]. (4.12)
Let now x € [0,1). Then for y € [0, 1] we have
F
?Ty =4(1—-2)4(1+2) - (1-2)y=0

iff y=4(14=2)/(1 —x) =: yo. Since yo > 1 for each x € (0, 1), so the function
[0,1] 3y — F(:,y) is increasing and therefore

F(x,y) < F(z,1) = 423 + 4822 + T4z + 30 < 156, y € [0,1].

Hence and from (4.12) it follows that the inequality in (iii) is true.
All inequalities are sharp with the extremal function (4.9). O
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