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Abstract. We present a self-contained proof of Riviéere’s theorem on the
existence of Uhlenbeck’s decomposition for Q € LP(B"™, so(m) @ A'R™)
for p € (1,n), with Sobolev type estimates in the case p € [n/2,n) and
Morrey—Sobolev type estimates in the case p € (1,n/2). We also prove
an analogous theorem in the case when Q € LP(B", TCO4(m) ® A'R™),
which corresponds to Uhlenbeck’s decomposition with conformal gauge

group.
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1. Introduction

Throughout the paper, n > 2.

Riviere [15] published a solution to the so-called Heinz-Hildebrandt con-
jecture on regularity of solutions to conformally invariant nonlinear systems
of partial differential equations in dimension 2. The key tool he used was a
theorem due to Karen Uhlenbeck, on the existence of the so-called Coulomb
gauges, in which the connection of a line bundle takes particularly simple form;
we quote the theorem below in somewhat imprecise terms, to avoid unneces-
sary technicalities.

Theorem 1.1 (Uhlenbeck [21]). Let n be a wvector bundle over the unit ball
B", n > 2, with connection form Q € WP p € [n/2,n). If the curvature
field, F(Q) = QA Q+dQ, has sufficiently small L™'? norm, then Q is gauge-
equivalent to a connection Q which is co-closed (i.e. dxQ = 0), with estimates
of the gauge and of Q given in terms of | F(Q)]|L».
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This theorem was later generalized, to allow applications in higher di-
mensions (n > 4), to connections with smallness condition on the curvature
given in Morrey norms [12,20].

We should mention that Coulomb gauges appeared in the theory of ge-
ometrically motivated systems of PDE in important papers of Hélein [7,8] on
regularity of harmonic mappings between manifolds.

The power of Riviere’s idea was in the fact that he used Uhlenbeck’s theo-
rem to antisymmetric differential forms, which a priori were not interpreted as
connection forms, even if the problem had clear geometric motivation. More-
over, he reformulated the theorem in a language more suited for PDE appli-
cations. Simplifying, Riviere’s theorem (see [15, Lemma A.3]) says that any
antisymmetric matrix €2 of 1-forms on a ball

Q:B" — so(m) ® AR

with sufficiently small norm can be transformed by an orthogonal change of
coordinates (gauge transformation)

P:B" — SO(m)
to an antisymmetric matrix of co-closed forms (up to a rather regular term)

P7YP + P7'QP = xd,
ie. Q= P(xd§)P~t —dP P

Here ¢ is an antisymmetric matrix of (n — 2)-forms:
£€:B" — so(m) ® A" ?R",

Such a decomposition of €2 is often referred to as Uhlenbeck’s decomposition.

One should note that, in contrast to Uhlenbeck’s theorem, the smallness
condition is imposed on €, and not on F'(€2). This has the advantage of being
a simpler and more natural expression in the scope of general PDE’s, but, at
the same time, it is less natural in the scope of gauge theory, since the norm
of the curvature is gauge independent.

Starting with Riviere’s result, Uhlenbeck’s decomposition appeared in
numerous papers on nonlinear PDE’s and variational problems, each time
adapted to a specific system, function spaces and dimensions, and with differ-
ent smallness conditions:

e Riviere [15]: Q € L% n = 2;

e Riviere and Struwe [16]: Q € L?"72 n > 2;

e Lamm and Riviere [11]: Q € W12 n = 4;

e Meyer and Riviere [12] and Tao and Tian [20]:

Qewbh2nrint doe 4 for n > 4;
e Miiller and Schikorra [14]: Q € W12 n = 2;
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All the proofs of the above results are, up to details, adaptations of the
original approach of Uhlenbeck and most of them refer the reader for certain
parts of the reasoning to the original paper [21]. The latter, however, is writ-
ten in the language of differential geometry (the result was used there in the
context of the existence theory for Yang-Mills fields). Translating the results
to Riviere’s setting and filling all the sketched details was not trivial, which is
probably why this extremely useful result went overlooked by the PDE com-
munity for over two decades.

All the proofs naturally split into two parts:

e Proving the existence of the decomposition for any sufficiently small per-
turbation of a co-closed form *d(, provided certain norm of d( is small;
e Proving that once we have 2, P and & which satisfy the equation
P~ 1dP + P71QP = «d¢

and additionally certain norms of ), dP and d¢ are sufficiently small, the
presumed estimates hold (the norms of P and £ are bounded in terms of
the norm of ).

In the results mentioned above, two strategies of proving the existence of
decomposition of 2 were used. The original strategy used by Karen Uhlenbeck
was to solve the equation for P

xd x (P7'dP 4+ P (xd¢ + \)P) =0

for a given perturbation )\ of some fixed co-closed form. To do this, we look for
P of the form P = e*, add some boundary condition on u (Neumann in the
original result of Uhlenbeck, Cauchy in our proof) and define the nonlinear
operator
T(u,\) = #d x (e”“de™ + e~ “(xd¢ + \)e")
acting on appropriate Banach spaces; in our case
T(u,\) : Bx Wh? — [P

where B = W2PNWZLP. One can apply then the Implicit Function Theorem to
show that T'(u, \) = 0 has a solution uy continuously depending on A. To do
this, one has to show that the linearization of T at (u, A) = (0,0) with respect
to the first argument,

H(u) = Au + *[d(, du],

is an isomorphism B — LP. This strategy works in Sobolev spaces for
p € (n/2;n), but it fails when 1 < p < n/2.

Another strategy is used by Tao and Tian [20]. Again, one looks for
P = e" and assumes u has zero boundary data. The equation

*d x (P~YdP 4+ P71 (xd¢ + \)P) =0
is transformed into the form
Au = xd * (du — e "de” — e~ " (xd( + N)e") = xd * F(u,(, \).
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Then, an iteration scheme is set to provide a solution:

u’ =0
AuFt = sd « F(u®, ¢, ).

We use this strategy when 1 < p < n/2.

Schikorra [17] gave an alternative, variational proof of the existence of
Uhlenbeck’s decomposition. His approach was inspired by a similar variational
construction of a moving frame by Hélein [8]. Schikorra’s methods, however,
provided the gauge transformation P only in W2, even for ) € LP with p > 2
(while Uhlenbeck’s and Riviere’s approach gave P € W1P). On the other hand,
his method was much simpler and allowed him to give alternative regularity
proofs for systems studied by Riviere [15] and Riviere and Struwe [16].

Finally, one should mention the book of Wehrheim [23], who undertook
the effort of clarifying and presenting in all detail the original result of K. Uh-
lenbeck.

The main result of the paper is a self-contained, complete proof of Riviere’s
theorem in the following settings.

First, with Sobolev type estimates,

Theorem 1.2. Let 5§ < p < n. There exists ¢ > 0 such that for any antisym-
metric matriz Q € WHP(B", so(m) ® A'R™) of 1-differential forms on B™ such
that

19| » < €

there exist P .€ W2P(B", SO(m)) and & € W22 N W, (B, so(m) @ A" 2R")
satisfying the system

P~ 'dP + P 'QP = xd¢ on B,

d*x&=0 on B™,
£E=0 on OB™,
P=1d on OB™;

and such that
[dellr + [dP]|Ln < C(n,m)[[Q Ln,
d€llwrr + [dPllwrr < C(n,m, p)[Qwr,
and, if p>n/2,  |[d¢llLr + [[dP|Le < C(n,m, p)||Q|Lr.
Next, with Morrey—Sobolev type estimates,
Theorem 1.3. Assume 1 < p <n/2. Let
Q:B" — so(m) ® A'R™
be an antisymmetric matriz of 1-differential forms on B™. Assume

Qe L2 gnd dQ e P2,
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There exists € > 0 such that if Q satisfies the smallness condition
[ p2p.n—2r <€

then there exist P € W%P(B",SO(m)) and & € W2P(B", so(m) @ A"~2R")
satisfying the system

P 1dP + P71QP = xd¢  on B",

dx£=0 on B™,
£E=0 on OB™,
P=1d on OB™.
Moreover, P, £ € Lg’n72p with
ldellLon—r + ldP|| Lo < C(n,m)[|Q| 20,020, (1.1)

[AE[ om0 + [AP] Lpin—20 < C(n, m)([| Q] p2pn—20 + |dQ | Lpn—20).  (1.2)

And finally, a version of Uhlenbeck’s decomposition for a larger gauge
group CO4 (n) (i.e. conformal transformations), which gives the decomposition
theorem for a larger class of matrix-valued differential forms.

Theorem 1.4. Let 5 < p < n. There exists € > 0 such that for any Q €
Whe(B", TCO(m)@A'R™) such that |||« < € there exist S: B" —CO4 (m)
satisfying In|S| € W2P(B"), S/|S| € W*P(B", SO(m)) and

¢ € W2P(B", TCO4(m) ® A" 2R") such that

S=1dS +S71QS = *d{ on B",
dx( =0 on B", (1.3)
(=0 on OB™;

and such that

dCllwre + 11d(S/[SDIwre + ldIn[S][[wre < C(n,m)[[Q|w.r
dCl[ze + 14(S/1SD e + [[dIn |S[[[Lr < C(n, m)[[Q| L,
[dClin 4+ [1d(S/ISD I n + |dIn | S]] n < C(n, m) ||| .

In view of Theorem 1.4, we may ask a natural question:

Question. What is the largest Lie subgroup G of GL(n) that can be used in an
analogue of Riviere’s theorem: for any matrix of 1-differential forms Q2 € TiyG
there exists a gauge transformation P € G such that QF = P~'dP + P~1QP
is co-closed and certain integrability estimates on P, Q2 and their derivatives,
in terms of €2, hold?

The paper is structured as follows. In Sect. 2, we recall Gaffney’s inequal-
ity and discuss, how the boundary conditions on the decomposition compo-
nents P and ¢ allow us to estimate their Sobolev norms with only some of
their derivatives.

Next, in Sect. 3 we recall the definitions and basic properties of Morrey
and Morrey—Sobolev spaces we use.
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In Sect. 4, we prove Theorem 1.2. Next, in Sect. 5, we prove Theorem 1.3,
and finally, in Sect. 6, we prove Theorem 1.4.

Throughout the paper, wherever applicable, we use the operator norm
|T'| = sup|, =1 [T'| of a linear operator T' (thus, in particular, [P| = 1 almost
everywhere)—this simplifies the estimates of compositions. A constant C' may
vary from line to line in calculations.

2. Sobolev Spaces and Differential Forms

Throughout the paper, we use differential forms with coefficients in Sobolev
spaces, i.e. Sobolev differential forms. With this in mind, we write e.g.

Q€ WHP(B™, so(m) @ A'R™),

which means that Q is a W1 function with values in the vector space so(m)®
A'R™. This allows us to define the full Sobolev norm ||2||yy1.», which disregards
the differential form aspect of it.

It is tempting to consider Sobolev spaces of differential forms using only
the two derivatives that are natural in this setting: the differential d and the
co-differential xdx, instead of the full derivative D. This is possible if we restrict
to forms that satisfy certain boundary conditions, see e.g. [10]. It is important
to realize, however, that for a general differential form w, the differential dw
and the co-differential *d * w capture only some derivatives of the coefficients,
and in general one should not expect to control the WP -norm of w by the
LP-norms of w, dw and/or xd x w (we may skip the first star and use d * w,
since the Hodge star * is an isomorphism and || *d % w| p» = ||d * w|/Lr).

However, if the domain in which we consider our forms is smooth (as is in
our case, where the only domains considered are n-dimensional balls) and the
form w satisfies certain boundary conditions (namely, w has vanishing tangent
or normal component on the domain’s boundary), then Gaffney’s inequality
([5], see also [10, Theorem 4.8], [9, Theorem 10.4.1]) holds:

lwllwrr < CllwllLr + [ldwl|Le + || % d * wl|Lr), (2.1)

where the constant C' depends on the domain and the exponent p only.

We refer the reader to the paper [10] and the book [9] for more details
on Sobolev differential forms.

Let us now see how this applies to the components of Uhlenbeck’s de-
composition.

The orthogonal mapping P is a function (a 0-form), and thus its differen-
tial dP captures all the derivatives of its coefficients, i.e. ||[VP||rr = ||dP] Lr.
Also, we assume that P restricted to the boundary of the ball B™ equals (in
the sense of traces) to the identity matrix Id, therefore dP = d(P — Id) has
vanishing tangent component and Gaffney’s inequality (2.1) or, since P is a
function, standard elliptic estimates give us a comparison between ||dP||y 1.0
and ||dP||z» + [|AP| e.
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As for the (n — 2)-form &, we have strong assumptions given in (4.1):
& vanishes on the boundary and it is co-closed. Thus both & and df have
vanishing tangent components and again Gaffney’s inequality (2.1) allows us
to compare ||d¢|lw1.» and ||dE||Lr + ||AE]|Lr, with A& = xd «d€.

3. Morrey Spaces

In this section we recall the properties of Morrey spaces needed in our paper;
for more information and for proofs of elementary properties of Morrey spaces
we refer the reader e.g. to the monograph [1].

Throughout the paper we customarily use barred integral to denote the
integral average and we write fg for the integral average of f over the set E:

Let U C R™ be an open and bounded set. Recall that the Morrey space
LP5(U) is a collection of all functions f € LP(U) such that

1
fl7oe = sup <é/ If(y)pdy> < o0.
zo€Ur>0 \ T B, (zo)NU

When s = 0, the Morrey space LP°(U) is the same as the usual Lebesgue
L?(U) space. When s = n, the dimension of the ambient space, it easily follows
from the Lebesgue Differentiation Theorem that the Morrey space LP"(U) is
equivalent to L>°(U). Morrey spaces are Banach spaces.

For 1 <p<g< oo and s,o > 0 such that % < 2= we have

q
L#7(U) = L*(U),

in particular
LO"UU) — LP"P(U).
Definition 3.1. We define the Morrey-Sobolev space LY " (U) as
LUy = {f e WhP(U) : VIf € IP"P(U)  for j=1,...,k}

with the norm
k
111 pnro @y = I llmoy + DIV fllrnsnqwy.

j=1

Note that with this definition, f € LZ’"_kp (U) does not imply Morrey
estimates for f itself.

Definition 3.2. The space BMO(U) consists of these f € L], (U) for which
the expression
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[ﬂBMO(U) = sup O[ |f(y) — fB|>
BcU \I B

is finite.

Poincaré—Wirtinger’s inequality on a ball B of radius r

[ 11 =g < Clupp” [ vsr
B B
and Holder’s inequality immediately yield

[flBmow) < CIV fllLen—r ). (3.1)

Thus LV " (U) ¢ BMO(U).
We say that a domain U is of type (A) if there exists a constant C' > 0
such that for any zg € U and 0 < r < diam(U)

| B, (xo) NU| > Cr".

This excludes domains with outward cusps. For domains of type (A) we have
the following generalization of Sobolev‘s embedding theorem (see [13]).

Proposition 3.3 (Morrey—Sobolev embedding). Let U C R™ be of type (A);
assume that 1 < p < oo and o € (0,p). If f € WEP(U) is such that Vf €
Lpn=ptea(()), then f € CO/P(U).

Let us recall the BMO-Gagliardo-Nirenberg type result due to Adams
and Frasier [2] (see also [19]):

Proposition 3.4. For any s > 1 and f € W?* N BMO(R") there holds
1df (1720 @ny < ClABaro@m 1D? fllLe@n) (3:2)

This result can be easily localized to functions in W2* N BMO(B), for
an arbitrary ball B C R™ (see [22, Proposition 4.3]).

Proposition 3.5. For any ball B C R"™ of radius r, if f € W?P N BMO(B),
then

Idf 120y < ClflBrro) (1D fllesy + 7~ df || o 3)) (3.3)

The proof goes exactly as in [22] (where p equals 2): we extend f to a
function f € W2? N BMO(R") and apply the estimate (3.2) to f.

As the consequence of the above estimates we obtain the following prod-
uct estimate.

Lemma 3.6. Assume B C R" is a ball, a € [0,p], u € L5 ***(B) and
v e LY" " (B). Then

[ dul - |dv| || Lr.n—2v+a(5) < C(n, p)|ul| pp.n-20ta g)lldv|| 20,020 ().
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Proof. First, let us observe that

sup 7~ */Plu]paos,) < Olldullpon-ria(s), (3.4)
B.CB

where the supremum is taken over all balls B, C B and the constant depends
only on n and p. Indeed, for any such ball B, C B we have

p
"o =1 (sgﬂ '““Bp') <o s ¢ [k
P b P 3 i

P

<C sup pp*"*a/ |[dul? < C sup pP™ "~ O‘/ |du|P
B,CB, B, B,CB .
= C||du||§p,n—p+a(3),

and the constant C' comes from the Poincaré inequality [c.f. (3.1)]. Taking
supremum over all balls B, C B yields (3.4). Now,

1 2
_ p . p
I du] - do] ... 2p+a(B)Bs:g>B<rn_2p+a /B ldd |dv|>

1 2p 2p

T

(3.3) 1 p
<" C(n,p) Sup. —miprza WBnos,)

1
X (/ | D?ulP + / |du|p)
B,
2 1 P
X / |dv| p> < C(n,p) ( sup W[“]BMO(B,))
B, B.CBT
X sup 1 |D?ulP + = |dul|P
B,CB rn—2pta B, rn—p+a B,
1 2%
e, )

(3.1),(3.4)
< Cn, P)”U”Lp n—2p+a B)HdUHL2p n—2p(B)’
O
In particular, for a € [0, p] we obtain (see also [18, Proposition 3.2])
||du||2L2p,n—2p+a(B) < CHdUHLZP»n*%(B)||“|‘L§«n*2p+a(3)
S 35
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4. Uhlenbeck’s Decomposition, the Case n/2 < p < n

In this section we prove Theorem 1.2. We first state it (as Lemma 4.1) and
prove it in the case p € (n/2,n); the case p = n/2 follows by approximation
(see Corollary 4.7 at the end of this section).

Lemma 4.1. Let § < p < n. There exists € > 0 such that for any antisymmetric
matriz @ € WHP(B"™, so(m) ® AR™) of 1-differential forms on B"™ such that

12
there exist P € WP (B", SO(m)), and € € WP N W, P(B", so(m) ® A" 2R")
satisfying the system

L <€

P~ 'dP + P71QP = xd¢  on B,
d+x£=0 on B™,

£E=0 on OB™, (4.1)
P=1Id on OB"™;
and such that
d€llLe + [dP||Le < C(n,m, p)||1Q| L, (4.2a)
ldellzn + l|dP]|Ln < C(n,m) [ Ln, (4.2b)
|d€[lw.e + |dP[lwrr < C(n,m, p)||Qflw.. (4.2c)

Remark 4.2. In what follows, we write, to keep the notation simple, Q € WP
(P& € W2P etc.), instead of Q € WLP(B", so(m) ® A'R™).

We shall break the proof of Lemma 4.1 into several lemmata. Following
Riviere, we introduce sets

Vo={QeW'?: |Q|r < e},
U ={QeW": ||Q|r» < € and there exist P and ¢
satisfying the system (4.1) and the estimate (4.2)}.

We show that for € > 0 and sufficiently small the set U, is closed and
open in V,, and since the latter is path connected (it is star-shaped in W1-P),
it follows that U, = V., which proves Lemma 4.1.

Lemma 4.3. The set U, is closed in V..

Proof. Suppose (£2;) is a sequence in U,, convergent in W1 to some 2. With
every Q we associate Py and & that satisfy (4.1):

P 'dPy + P QP = xd§,  on B,

d*x&, =0 on B",
& =0 on 0B", (4.3)
P.=1d on OB™;

and the estimates (4.2) hold for Py, & and €, in particular
1d€kllwre + |dPk([wrr < C(n,m)|[Ql[wrr. (4.4)
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The boundary condition on & and boundedness of Py (recall that |Py| = 1)
allow us to interpret (4.4) as boundedness of P, and & in WP, since the
sequence (Q), being convergent, is necessarily bounded in W1?. We can thus
assume (after passing to subsequences) that Py and & are weakly convergent
in W?2P to some P and €.

Both the boundary condition £|gp = 0 and the condition d * £ = 0 are
preserved when passing to the weak limit. Moreover, possibly after passing to
a subsequence, we have

O — Q in Whp = O — Q in L7775,
P, —~P in W2» = dP, — dP in L7775,
& — & in W2p = d¢y — d¢ in L77,

and for any small § > 0, Q, dP; and d§;, converge strongly (to 2, P and
&, respectively) in L, with s = n”—_’; — ¢, in particular in L™, since np/(n —
p) > n. Also, Py are uniformly bounded in L* and strongly convergent, by
Sobolev embedding theorem, in L? for any g. This is enough to show the strong
convergence of QP to QP in L?; altogether, we may pass to the strong limit

in L*® in the system (4.3), showing that the equation
AP+ QP = Pxdf  inB"

is satisfied in the sense of distributions.
The estimates (4.2) for P and £ are obvious. O

Remark. For any P and ¢ in WP that satisfy (4.3) we have that d¢ € WP
implies P € WP, Indeed, we have dP = P x d¢ — QP, and for p > n/2 the
right hand side is in WP,

Now we proceed to prove the openness of Ue. In contrast with the previous
lemma this is more delicate; we split the reasoning again into several lemmata.

Lemma 4.4. There exists a constant k = k(n) > 0 such that for any { €
W2P(B", so(m) @ A"~2R") with ||d(||z» < & there exists n > 0 such that for
any X € WHP(B™, so(m) @ A'R™) with ||| < n the equation

sd (Q71dQ+ QM (xdC +N)Q) =0 (4.5)

has a solution Q = Q(\) € W2P(B",SO(m)) such that Q = Id on OB".
Moreover, Q(\) depends continuously on .

Note that (4.5) implies, through Poincaré’s lemma, that the term in
parentheses is of the form *dC, for some antisymmetric (n — 2)-form . The
above Lemma should be understood as follows: Uhlenbeck’s decomposition (i.e.
Q and ) exists if our matrix is a small (in W'?) perturbation of a co-closed
form =d(¢, provided ||d¢|| L~ is sufficiently small.
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Proof. Since we are interested in finding any Q € W2?(B", SO(m)) satisfying
(4.5) and the boundary condition, we shall look for one of the form e*, where
u € B=W?2P(B", so(m)) N WLP(B", so(m)). We define the operator

T:Bx WP(B", so(m) ® A'R") — LP(B")
by

T(u,\) = *d * (e7"“de" + e~ “(xd( + N)e").
This is a well defined, smooth operator. Using Implicit Function Theorem, we
prove that for any sufficiently small A the equation T'(u, A) = 0 has a solution

uy, continuously depending on A. To this end we linearize T at (u, \) = (0,0)
with respect to the first argument:

H(Y) = xdx (dp + [+d(, ¥]) = Ay + +[d(, dy],  H:B— LP(B"),
where the commutator |-, -] denotes a commutator of two so(m) matrices.
We have, by Holder’s inequality
[AY (e < [[H @)z + [lldC; d]l|
< H @)z + 201dC ] o bl s -

n
thus
IH ()l = [|A% | e = 2[|dC] Lr [l Lrpsn-»)

> |A|lLe — 2Cs||dC]| L[| de [l

> C(||d|lwre — 26| de|lwrs)

= C(1 =2x)[d¢[lwrr,
where the constant C'g comes from the Sobolev embedding (recall that ¢ € B is
a matrix-valued function, i.e. a 0-form, vanishing at the boundary). Therefore,

for k small, H is injective.
Showing surjectivity of H amounts to showing that the system

H() = A+ +[dC, dy] = f (4.6)

has a solution in B for arbitrary f € LP.
Let us consider an operator K : B — B, with K (1) defined as a solution
to the system

{AK@) = —*[d¢,dyp]  in B, (4.7)

K()=0 on OB".

Using Holder’s and Sobolev’s inequalities and the fact that the Newtonian
potential A~!: L? — B is continuous, we get

IE@)lls < [[ATHI| Lo Il * [dS, d] ]l Lo

< 2| A o G 2 I
<2[|a"H[xl¥ls.

Lnp/(n—p)
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For r sufficiently small we can have [|K||;_; small and Id - K : B — B
invertible.
Let now ¢ = (Id — K)w. If 1 is a solution to (4.6), then

Ap = Ay — AK(Y) = Ay + [dC, dy] = f,

and we can solve (4.6) for any f € LP by solving the above Poisson equation
and applying to its solution the inverse mapping to Id — K.

Altogether, H : B — LP is an isomorphism, and we can apply the Implicit
Function Theorem to get u) as a continuous function of \.

To end the proof of the lemma, we take Q(\) = e**. O

Lemma 4.5. Suppose n/2 < p < n. There exists kK = k(p,n) such that for
any Q € V. and P, & in W2P satisfying the system (4.1) and additionally the
estimate

[dP| L + [|d€][Ln < & (4.8)
the estimates (4.2) hold.

Proof. The lemma follows from rather standard elliptic estimates, but we in-
clude them here for the sake of completeness.
We have

AL = (xd x d + d * dx)€ = *d(xdE)
=*d(P~'dP + P'QP)
= %(dP™' NdP) + xd(P~*QP). (4.9)

Note that for ¢ = p/(p — 1), ||d€||» is equivalent to
sup [ de-do,
ldollLa<1JB™

where ¢ is a smooth, compactly supported (in particular with null boundary
values) (n — 2)-form on B". The inequality

ldéllr = sup /df~nz sup /d£~d¢>

Inllza<1 lldéllLa <1

is obvious. Applying the Hodge decomposition to the (n—1)-form n, n = dp+v
with 01 = 0, [|d¢|[Le < Cqllnl[La, we get

d¢||rr = dé-n < d¢-do+ | d-
|d¢|| L m??fg/nf” |n]sljfg1(/n£ ) /anw)

=(C, sup (/ dg-dﬂ— gmsqp)gcq sup /dg-da},
n ]Bn n

lInllpa <1 Cy d Lo <1

where ¢ = ¢/C,,.
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Denote by P the mean value of P over B™: P = JCIBn P. For any ¢ as
above, with ||d¢|| L« <1,

[ deao—— [ac-o

_ 7/n [+ (P~ Ad(P — P)) + «d (P~1QP)] - ¢

:7/ [dP~'(P — P)+ P~'QP] ndo

< C[ldP" |+ ||P = Pllsasolldéll s + | P~ QP 1o [ dé .o
< C|ldP| ]| Pl + 2] o
< KC||dP||0 + |9

|Lp7
thus
[d€][r < Cq(KC||dP|[Lr + (12 2r), (4.10)

with the constants C' (possibly different in every line) dependent only on n and
p. Note that, since P is an orthogonal matrix, |P| = |[P~![ =1 and [dP7!| =
|dP|. In the estimate above we use, for the first summand, the Coifman—Tions—
Meyer—Semmes div-curl inequality [3] and later the standard inclusion W™ «—
BMO; the second summand is estimated by Hoélder’s inequality.

On the other hand, taking LP norms of both sides of the equation

AP = P+ d¢ + QP (4.11)
[c.f. (4.1)] gives
dP]pe < dEllzo + 192 e (112)
Putting (4.10) and (4.12) together we get
[d€|[Le + [[dP|| e < 2[|d€]|Le + (|| 2o
< Ci(n, p)&[ldPl[Lr + Co(n, p) |||,

and for k < C% this implies that the estimate (4.2a) holds.

The above calculation is valid also for p = n, which yields the estimate
(4.2b).

To show the estimate (4.2¢), by taking #d* of both sides of (4.11), we see
that

AP = xdx dP = xd * (P * d + QP)
= *(dP NdE) + *d = (QP),

thus
ldPlwr» <

C(IldP||Lr + ||AP|| L)

< C(||dP||Lr + [|[dP A d€|| v + ||[dQP| Ly + [|QA dP||Lp)

< C(lldPllze + |dP|zn |dEN| /sy + [1dQ| e + 12| Lo/ n—py [[dP | )
< C(ldP|zr + klld€]lwrr + (1 + &) [Qlwp). (4.13)
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The constant C' comes from Gaffney’s inequality (2.1), standard elliptic esti-
mates and the Sobolev embedding W'? — L"/("=P) thus it depends only on
p and n.
Similarly, using (4.9),
d€llwrr < C ([l e + | AE] )
= C(||d¢|l» + || * (dP™' A dP) + #d(P~'QP)| 1)
< C(d€llLe + |dP || Lnl|dP| ros vy + [P Lo | QP o cn)
HPTHQP Lo + | PTH rwsnmn AP | )
< C(l1d€llze + KlldPllwrr + (5 + 1)[Q]w1r).- (4.14)

Note that, as pointed out in Sect. 2, the full Sobolev norms of dP and d§ can
be estimated with the norms of Laplacians of P and &, thanks to the boundary
conditions they satisfy.

Composing (4.13) and (4.14) with the already proved estimate (4.2a) we
get

ldPlwe + d€llwrr < C(ElldPwre + ElldEllwre + (5 + DIIQllwr ),
which, for £ sufficiently small, yields the estimate (4.2c). O

Lemma 4.6. The set U, is, for e sufficiently small, open in V..

Proof. Choose €, € U, and let P, and &, be the orthogonal transformation
and antisymmetric (n — 2)-form associated with €2,, so that Theorem 1.2 holds
for Q,, P, and &,.

Take now Q € V. close to , in W?: we ask that for A\ = P,;1(Q—Q,)P,
we have || A||w1.» <7 (the conjugation with P, € WP is continuous in W1P).
Applying Lemma 4.4 with ¢ = &,, we find Q € W2P(B", SO(m)) such that

s d* <Q‘1dQ QN (xdo + PO — QO)PO)Q) ~0. (4.15)
Setting P = P, we see that (4.15) reduces to
xd x (P~'dP + P~'QP) = 0.
By Poincaré’s Lemma, this implies that P~1dP + P7'QP is a coexact form,
i.e. there exists an antisymmetric (n — 2)-form & such that
xd¢ = P7'dP + P'QP, (4.16)

thus P and ¢ give Uhlenbeck’s decomposition of €.

Note that @ and P, € W2P N L> imply that P € W?P. By the Hodge
decomposition theorem we can choose £ to be coclosed (d * £ = 0 on B") and
to have zero boundary values ({|gg» = 0). Finally, the right hand side of (4.16)
is in WP, which gives £ € W?2P,

What remains to prove is that P, £ and € satisfy the estimates (4.2). Ob-
serve that if || — Q,|lw1.» is small enough, then by continuity of the mapping



71 Page 16 of 31 P. Goldstein and A. Zatorska-Goldstein Results Math

A= uy s0is |P — Py|lwre and ||€ — & ||w.p; choosing i (which measures the
distance || — Q,||w1.p) sufficiently small we may have

1P = Pollwie + (1€ = Eollwrr <e
We also know that

[[d&o|
(this follows from Q, € U,).
Taking e sufficiently small, we may ensure that
d€llL + |dP||Ln < [|[d€ = d&ollLn + (|1 P — Pollpn + [|d&oll L + [[dPo]|Ln
< (C+ 1)e < &,

Ln + ||dpo‘ Ln S C(E

n < O]

with £ as in Lemma 4.5. Applying this lemma we show that the estimates (4.2)
hold.

Altogether, Q € U,, which proves the openness of U.. O

Proof of Lemma 4.1. Since, by Lemmata 4.3 and 4.6, for e sufficiently small
the set U, is closed and open in V, and since the latter is path connected (it
is star-shaped in W'P), it follows that U, = V., which proves Lemma 4.1. [

It is worth noting that for Q € W1/2 the proof of existence of the
decomposition, i.e. Lemma 4.4, fails. However, we can proceed by a standard
density argument: approximate Q in W1"/2 with Q, in W' for p > n/2 and
argue as in Lemma 4.3 (see also the proof of Theorem 1.3), obtaining

Corollary 4.7. Let Q € W'™/2. There exists € > 0 such that if Q is an anti-
symmetric matriz of 1-differential forms on B™ such that

[192llzn <€

then there exist P € Wz’"/Z(IB%", SO(m)) and £ € W2,n/2([ggn’ so(m) @A™ 2R™)
satisfying the system

P~ 1P+ P71QP = xd¢  on B",

dx£=0 on B™,
£E=0 on OB™,
P=1d on 0B™;

and such that

[d€llwr.nr2 + APl wrn/> < Cln,m)|[Qlwn,
]| v + [|dP]| e < C(n,m)||Q g < Ce.

Lemma 4.1 and Corollary 4.7 together yield Theorem 1.2.
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5. Uhlenbeck’s Decomposition, the Case 1 < p < n/2
In this section we prove Theorem 1.3.
Theorem. Assume 1 <p <mn/2. Let
Q:B" — so(m) ® A'R™
be an antisymmetric matriz of 1-differential forms on B™. Assume
Qe L2 gnd dQ e LP"?P,
There exists € > 0 such that if Q satisfies the smallness condition
1 e < 6,

then there exist P € W2P(B",SO(m)) and ¢ € W2P(B", so(m) @ A"~2R")
satisfying the system

P~ '4P + P7'QP = xd¢  on B",

d+x&=0 on B™,

E=0 on OB", (5.1)
P=1d on OB".

Moreover, P,§ € LS’"_2P with

1d€]| om0 + AP on—s < C(n,m)|| | 20720 (5.2a)

1ALl Loin—20 + [AP[| Lon—20 < C(n, m)([|Q]| L20:m-20 + [[dQ[Loin—20).  (5.2D)

Remark. Observe that for p = n/2, by the Sobolev Embedding Theorem, we
have automatically € L™. The Morrey space L?P"~2P equals L™ in this

case and the smallness condition for the norm of € agrees with the one in
Theorem 1.2.

As in Sect. 4, we shall break the proof of Theorem 1.3 into several lem-
mata. The proof of the existence of P and £ (Lemma 4.4) cannot be adapted
to the present situation. To avoid this difficulty, we first prove the theorem
under more stringent regularity assumptions (see Lemma 5.1 below). To prove
the existence of the elements of decomposition we follow the strategy of Tao
and Tian [20]. At a certain moment of the proof (Lemma 5.3) we use the fact
that due to the Morrey—Sobolev embedding (Proposition 3.3), for « > 0,

L]{hnfzﬂra PN CO.

This is not true for L7, Also, as pointed out in [24], continuous functions
are not dense in LP*%.

Lemma 5.1. Let 1 < p < n/2. There exists € > 0 such that for every a > 0
and for every

Qe L=t guch that dQ) e LP=2P,
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if Q satisfies the smallness condition
||Q||L2p,n—2p <€,

then there exist P& € LE™*PT* satisfying the system (5.1) and the estimates

|‘d§||Lp,n—p + ||dp||Lp,n—p S C(n7m)||QHL2p,n72p < Cf, (5.3&)
[dEl| Lo n—pta + AP Lo n-pre < C(n, m)||Q| L2pn—2+e, (5.3b)
[AElIpn2r + AP Loin—2p < C(n,m) ([|Q| 2620 + [|d2| Lpn20) - (5.3¢)

Proof of the Lemma 5.1. As in the Sobolev case, for «, € > 0 we introduce
sets

Ve = {Q e L2+ 40 € P2 and ||Q) pzpn-2p < €}
Uea — {Q c L2p,n72p+a: dQ e Lp,n72p and ”Q”szmi% <
and there exist P and ¢ satisfying the system (5.1) and estimates (5.3)}

In Lemmata 5.2 and 5.6 below we show that for e sufficiently small the set
U% is closed and open in V&, and since the latter is path connected (it is star-
shaped), it follows that U® = V.. This (up to the proofs of these lemmata)
completes the proof of the lemma. O

Lemma 5.2. The set US is closed in V.

Proof. Suppose (€;,) is a sequence in U convergent in L™ to some Q.
Observe that L™~ embeds continuously in W'?. Therefore the sequence
(1) is convergent in WP,

With every € we have associated Py, & that satisfy (5.1):

P AP, + P QP = #d&),  on BT,
d*&, =0 on B",
& =0 on OB™.

We also have the estimates (5.3), in particular

1€l ot + [P e < Ol m) [l om0
1AG rn-20 + [ AP gn-20 < Clam) (1% 220 + 1A o »)-

The inclusion of L™ P** in W1, the boundary condition on &, and bound-
edness of Py (|P;| = 1) allow us to interpret the above as boundedness of Py
and &, in W2P. We can thus assume (after passing to subsequences) that P,
and &, are weakly convergent in WP to some P and &.

Then, we argue as in Lemma 4.3: Both the boundary condition £|gp = 0
and the condition d x & = 0 are preserved when passing to the weak limit.
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Moreover, since n > 2p > p, after passing to a subsequence,

Qp — O in whr = Q. — Q in L7775,
pP,—P in WP = dpP, — dP in L™,
& — ¢ in W2P = d¢e — dé in L7,

and for any small § > 0, Q, dP; and d; converge strongly (to Q,P and &,
respectively) in L%, for any s < %' We also know that P, are uniformly
bounded in L*>° and strongly convergent, by the Sobolev embedding theorem,
in L? for any q. This is enough to show the strong convergence of Qi P, to QP
in L*; altogether, we may pass to the strong limit in L® in the system (4.3),
showing that the equation

dP + QP = P x d¢ in B"
is satisfied in the sense of distributions.

The estimates (5.3) for P and £ are then obvious. O

Lemma 5.3. Let
¢:B" — so(m) ® A" 2R"™
A: B" — so(m) ® A'R"
Q: B" — SO(m).

n—2p+a

Assume ¢ belongs to the Morrey—Sobolev space LY and

= L2p7n—2;u-i-0¢7 d\ € pn—2pta

There exist constants £ = k(p,n) > 0 and n = n(p,n) > 0 such that if the
following smallness conditions are satisfied

||d<HL2p,n—2p S K, (5 4)

H)\HL2p,n72p+a + HdAHLp,anp«{»a <mn, '

n—2p+a

then there exists a solution Q € LY of the equation

wd* (Q71dQ + Q7 (xd( + 1)Q) =0 (5.5)
with Q = Id on OB™.

Note that (5.5) implies, through Poincaré’s lemma, that the term in
parentheses is of the form xd(, for some antisymmetric (n — 2)-form ¢.

Proof. Since we are interested in finding any @ satisfying (5.5), we shall look
for one of the form e, where

—2
u: B" — so(m), we Ly T

Also, we need the boundary condition on ) to hold, so we ask that u has
zero boundary values.
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The equation (5.5), together with the boundary condition, can be rewrit-

ten as
Au = xd x (du — e "de" — e " (xd( 4+ N)e") (5.6)
=0 on JB". '

We follow the proof of Tao and Tian [20], setting up the iteration scheme
AuFTt = xd « F(u®, ¢, \),

w1 =0 on OB", (5.7)
u’ = 0,
where
F(u,(, ) =du—e “de* — e (xdC + N)e*. (5.8)

Some calculations need more subtle justification though, since we work
in noncommutative setting. We will show that there exists 4 > 0 such that in
each step of the recurrence

: k k+1
if [Juf|| pn-2ora <6 then [T pn-2pra <6
2 2
We start with an easy observation. Since
) —
Lot gt 09 for some

and Holder-continuous functions on the bounded domain B are bounded, it
follows that if f € LY" " P*%(B) with f = 0 on 9Q, then

Hf”oo < [f]CUW < CM||f||L§”"*P+"‘(B) < CMHf”Lg"*zPJr‘*(B)v

where C); is the constant from the Morrey—Sobolev Embedding Lemma (see
Proposition 3.3).
Therefore, for every 3, whenever § < % it holds

if Hf||L§,n72p+a(B) <4, then |flleo <58 (5.9)
Now we can start the induction, assuming
||uk||L,2J,n72p+a(B) < 0 < an absolute constant (to be specified later).
(5.10)

Although the value of 8 will be fixed later, we may assume already that 5 < %
We will show first that the following pointwise estimates hold

[ ds P(u¥,¢, )] < Cn) (Jub]| D] + |du® 2 + |dC]|du*] + |A[du*] + |dA]).
(5.11)

Indeed, let F(u) = e ™“Dexp(u). Since E is smooth, both E and DFE are
bounded and Lipschitz continuous on {|u| < §}; the same holds, obviously, for
exp and D exp. Then

F(u*,¢,\) = (E(0) — B(u")) duf + e (xd¢ + ) e*



Vol. 73 (2018) Uhlenbeck’s Decomposition Page 21 of 31 71

and
| *dx F(u*,¢,N)| < [DE(u")||du** +|E(0) — E(u")||D*u"|
+C(n) (|du®[(Jd¢| + |A]) + |dA])
< C(n) (I 1D2u®| + |du* 2 + |dC]|du*| + |X]|du*| + [dA]).
Passing from pointwise to LP""~2P*< estimates, using Lemma 3.6 we ob-
tain
s P, ¢ ) pon—sre
< Culm,p) (I [ s+ 1 o
(] - + [N gmn—zm ) [68] s + [dA oz ).
The smallness conditions (5.4), (5.9) and (5.10) then imply
s P, ¢ N[ gnspea < Caln,p, Car) (88 + 8% + (1w +m)3 + 1),
Regularity estimates for linear elliptic systems (see [6]) yield
[u** Y| pn-20ta < C3(n,p, Cr) (/35 +0% + (k+ 1) + 77)-

W.l.o.g. we may assume C3 > 1. Let us choose 3, n and x such that
1

ﬂ<rc3a

7 < min s , L ,
4C5Chy 1602

and
< .
S 160,
Now we set
. g1
0=4 —_— 5.
Csn < mm{CM, 1Cs
Then, if
b gt < 3,
we have

HukJrl HLZZ),‘IL—QZJ-FOL < 0.

Now, let us apply the same scheme to the differences of u*. We assume
that u,v € LH" 27T [ull ppn-2pta < 0, |Vl pn-20ta < 0 and u,v = 0 on
OB™. This, in particular, implies [by (5.9)], that ||u||L~ and ||v||L~ are at
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most § and although £ is to be specified later, we assume as before that it is
less than % We have

F(U,ﬁ,)\) - F(U3C7>‘)

(d(u —v) — e "de" + e Vde”) + (— e " (xd¢ + A)e® + e~V (xd( + A)e”)
= ((Bw) - B©)d(v - w) + (E(v) - E(u)) dv)

+ ((e_” —e ") (xdC + Ne" + e (xdC + M) (e” — e"))
= 51 + SQ.

Next, to estimate | * d x F'(u,(,\) — F(v,(,\)|, we shall estimate separately
| % d* Sp| and | % d * S3|, to avoid multi-line calculations.

Using as before boundedness and Lipschitz continuity of £, DE, exp and
D exp on {|u| <} and keeping in mind that d * (xd() = 0 we get
| d* 51| < |DE(u)l|dul|d(u — v)| + |E(u) — E(0)[|D*(u — )|
+|E(u) — E(v)||D*v| + |DE(v)dv — DE(u)du||dv|
< C (ldulld(u = v)| + [ul| D*(u — v)| + Ju — v||D*v])
+|(DE(v) — DE(u))dv + DE(u)(dv — du)||dv|
< C (lu = o|(ID*0] + |dv]*) + |d(u — v)|(|du| + |dv]) + |D*(u — )| [ul)

(5.12)
and

| % d* Sy < |Dexp(—u)du — D exp(—v)dv|(|d¢| + |\])]e"]

Hle™ —emP[dA[[e"] + [ = em?[([dC] + |AD|D exp(w)||dul
+[D exp(—v)||dv|(|d¢] + [A])]e” — " + [e™"[|dA][e" — e”]
+le™|(d¢] + [AD[D exp(u)du — D exp(v)dv|

< C(Ju—o[(|dA] + (|dul + |dv])(|dC| + [A])
+ld(u —v)|(|d¢| +[A])- (5.13)

Altogether, adding up the estimates (5.12) and (5.13), we obtain the
following pointwise estimate

|*d*(F(u7<7)‘)_F(Uv<7A))|

< C(\u —o|(|D?v] + |dv]? + |dA| + (|du| + [dv])(|d¢| + |A]))
(= v)|(|dul + |do] + [dC| + [A) + [D*(u = v)Ju]).
with C' a universal constant.

(5.14)

Passing from the pointwise to LP"~2PT® estimates, using repeatedly

(5.9), Holder’s inequality, Lemma 3.6 and keeping in mind all smallness con-
ditions, i.e.
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<] L2pn—2p < K,

(1Ml L2pim—20ta + [[dA]| Loin—20ta < 1,
fullggosre <8 lollpgn-sere <6,
[ull L < B, vl < B,

we obtain
| d e (F (1,6, ) = F(0,6, A -z
< C(nyp)(6* +8(3+2k+2n) + K +2n+B)|lu— V|| ppn—zeta.

If we denote H(u*) = u**1, where u**! is a solution to (5.7), then
T e p—
< CpC(n,p)|lu — v ppn-zpra (6% + 8+ 8(r + 1) + B+ K + 1),

where Cg is an absolute constant from elliptic estimates. Now, in order to
show that H is a contraction, we choose 3 and s and 7 sufficiently small. The
choice of 8 and n results in the choice of §. Therefore, by the Banach fixed
point theorem, the iteration scheme (5.7) converges and we obtain the desired
solution of the system (5.6). O

The rest of the proof mimics the proof in the Sobolev case, and the
Lemmata 5.4 and 5.6 are direct counterparts of Lemmata 4.5 and 4.6 from
Sect. 4.

Lemma 5.4. Suppose p < n/2. There ezists k = r(p,n) with the following prop-
erty: suppose that for Q € V. there exist P and & in LE™ P (B") satisfying
the system (5.1) and additionally the estimate

|dP|| L2p.n—20(ny + [|dE|| L20.n-20 By < K. (5.15)
Then the estimates (5.3) hold.
Remark 5.5. Note that the fact that dP, d¢ € L*""=% follows from (3.5).
Proof of Lemma 5.4. We have in the ball B”

AL = (xd x d + d * dx)& = *d(xdE)
= xd(P~'dP + P~'QP)
= %(dP~" AdP) + *d(P~'QP). (5.16)
Let B = B,(x¢) be a fixed ball. On the set BN B" we split ¢ into a sum
of two functions ¢ = u + v, satisfying
Au=*(dP~* AdP) on BNB",
u=0 ond(BNB")
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(we may assume suppu C BNB") and
Av = xd(P7'QP) on B",
v=0 on JB".

Thus £ =u + v on BNB".
For ¢ = p/(p — 1) we have

ldull 2o (moam) < Cy  sup / du - do,
||d¢>HLq§l BNB™

where ¢ is a smooth, compactly supported (in particular with null boundary
values) (n —2)-form on BNB™ (c.f. the proof of Lemma 4.5). Denote by P the

mean value of P over B": P = an P. For any ¢ as above,

:—/n*(dP_l/\d(P—P)) - ¢

=— [ dP Y (P—-P)Adp
]Bn

< C||dP™" A dd|l31 @) | P — Pllparo@n
= C|dP~" Add|lr s |P — Pllsmon)
< C”d‘P”LP(Bn]B")||d¢||Lq(Bﬂ]B")||dp||L:D,n—p(]En)

with the constants C' (possibly different in every line) dependent only on n
and p. Note that since P is an orthogonal matrix, |P| = |P~!| =1, [dP~!| =
|dP|. In the estimate above we use the Coifman-Lions-Meyer—Semmes div-curl
inequality [3] and later the inclusion

LY P(B") — BMO(B").

‘We have then

Hdu”LP(BF‘IIB") < CHd‘P”LP(Bﬂ]B“)
< C”dP”L”(BﬁB")HdPHL%,"f?p(Bn)
< Ckl|dP|| e (BrBn)

dPHLp,n—p(Bn)

due to the smallness assumption (5.15). Therefore

|du|| Lon-p+a@ny < CK||AP]| Lom—p+a @) (5.17)
for o > 0.
To estimate v, where
Av = xd(P7'QP) on BNB",
v=0 on (IB")NB,
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we use standard elliptic estimates, obtaining
[ dv]| Lo.n—pta@ny < ClQ Lon—pta@n)- (5.18)
Combining (5.17) and (5.18) we conclude with
€| Lp.n—rta@ny < CKl|dP||Lon—pta@ny + ClQLom—pra@ny.  (5.19)
On the other hand, taking L? norms of both sides of the equation
dP = P xd¢+ QP in B" (5.20)
(c.f (5.1)) gives
|dP|| e (BrBry < €]l Lo (BrBn) + |2 L0 (BABR)
and thus
AP Lpn—rpta@ny < ||dE|| Lon—rpta(mn) + |Q Lpn—ptamn). (5.21)
Putting (5.19) and (5.21) together we get, for a > 0,
|d€ || on—p+oa(mny + |dP||Lo.n—rpta@ny < CK[|dP Lon—pta@n)
+ Ol Lom-—r+a @)
Taking s small enough we conclude the estimates (5.3a), (5.3b) hold, i.e.
€] Lom—pt+a(mny + [AP||Lon—pta@ny < C[|Q|L2p.m-2p+0(Bn)

for o > 0.
To show the estimate (5.3c), taking *dx of both sides of (5.20), we see
that

AP = #d *x dP = xd * (P *x d¢ + QP)
= x(dP N dE) + *d * (QAP),
and from (5.16) we obtain
A = +(dP~' ANdP) + *xd(P~'QP).

Therefore, proceeding as in the proof of the estimates (4.13) and (4.14), we
obtain

JAP] om0 < [P nn20 [ dEl| om0 + [l 20
B ToI PP T

and
VAl o0 < APl apn sy + 20 APl s | g2 + 42 g
Applying (5.15), we obtain
IAP|| ppimn—20 + [|AE]| pon—20 < 2[|dQ| Lon—20 + 36|Q| L20m—20,

which proves the estimate (5.3c).
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Note that the above inequality is a consequence of the equation (5.20)
and the Hélder inequality only, so the estimate holds in any Morrey space LP:”Y
with v > n — 2p, in which both sides of the inequality are finite. O

Lemma 5.6. The set U2 s, for € sufficiently small, open in V2.

Proof. Choose 2, € U and let P, and &, be the orthogonal transformation
and antisymmetric (n — 2)-form associated with §2,, so that Lemma 5.1 holds
for Q,, P, and &,.
Take now € € V* close to Q, in L2P7= 2t q [P7=2P4a o agk that for
A= P, 1(Q - Q,)P, we have
[AlL2p n=2pte 4 [IA]l ppn—2pta <7

(the conjugation with P, € L™ *T* is continuous in L2~ ?*%) Applying
Lemma 5.3 with ¢ = £, we find Q € LE"*PT*(B" SO(m)) such that
wd* (Q71dQ 4+ Q7' (xd&o + P (2 — Q) P,)Q) = 0. (5.22)
Setting P = P,Q we see that (5.22) reduces to
xdx (P~'dP 4+ P7'QP) = 0.

By Poincaré’s lemma this implies that P~'dP 4+ P~'QP is a coexact form, i.e.
there exists an antisymmetric (n — 2)-form & such that

xdé = P~1dP + P'QP, (5.23)

thus P and & give Uhlenbeck’s decomposition of 2.

Note that @ and P, € L5™ T 0 L> imply that P € Ly" *PT* By
the Hodge decomposition theorem we can choose £ to be coclosed (d* & =0
on B™) and to have zero boundary values ({|sg» = 0). Finally, the right hand
side of (5.23) is in LY *PT* which gives € € Ly 2P,

What remains to prove is that P, £ and Q satisfy the estimates (5.3).
Observe that if |2 — QOHL;f,n72p+a is small enough, then by continuity of the

mapping A — uy so are [P — B[ pn-2o+a and [[§ — &l ppn-20+a; choosing 7
(which measures the distance || — Q|| L€,7z72p+a) sufficiently small we get
|1P = Po|l ppn—2ote + [I§ = Soll ppn—2r+a <€
We also know that
d€ollL2pn—20 4 [|dPy || L2pm—20 < O] p2pn—20 < Ce
(this follows from Q, € U,).

Taking e sufficiently small we may ensure that
Hd€||L2p,n72p + HdP||L2p,n72p
S Hdg - dEOHLZp,n—?p + HP - POHL2p,n72p + ||d§0||L2p,n72p + ||dPO||L2p,n72p
< (C+1)e < &,
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with £ as in Lemma 5.4. Applying this lemma we show that the estimates (5.3)
hold.
Altogether, 2 € U¥, which proves the openness of UZ. g

Proof of Theorem 1.3. The proof mimics, in a way, the passage from Theo-
rem 1.2 to Corollary 4.7, i.e. from the Uhlenbeck decomposition in WP for
p > n/2 to the decomposition for p = n/2. There, we could simply argue by ap-
proximation. In the Morrey space setting, however, neither L ?"* embeds
densely in L™ nor L?P"~2P+< does into L2Pn~2P,

However (cf. [16], proof of Lemma 3.1), one can easily prove that if (¢,)
is a standard mollifier and f € L?""4(B), ¢ > 1, then on any ball B = B(z, p)
such that 2B = B(xz,2p) C B™ we have, for r < p, that || f * ¢,|[pan-ap) <
| fll La.n—a(2B)- Reasoning like in the proof of Meyers-Serrin’s theorem and using
a suitable decomposition of unity we can show then that there exists a sequence
fr € C°°(B) convergent to f in L? (and in any other appropriate Lebesgue
and Sobolev norm) such that || fx | Le.n—a@m) < C(n)| fllLan—am)-

We thus proceed as follows: we approximate Q in WP by a sequence of
smooth €, such that for all k

||Qk HL2p,n—2p(B) S C(n) ||QHL2;777172P(]B). (524)

Assuming that € in the condition ||€2]|f2p.n—2r < € is taken small enough
we can ensure, through (5.24), that all Qj satisfy the analogous smallness
condition in Lemma 5.1. This provides us with sequences of Py and & that
give the Uhlenbeck decomposition for €, together with the uniform estimate

1€l o + 4P v < Cl,m) |9 25n 20 < Ce.

Then we proceed as in the proof of closedness of U™ in Lemma 5.2, obtaining
convergent subsequences of P, and &. As 0 are smooth, they satisfy the
assumptions of Lemma 5.1, which gives us the estimates (5.3)

|d€k || Lon—> + ||[dPg|| Lon—» < C(r,m)|| Q|| p20.m20,
HA&kHLp,"L*Qp =+ ||AP]€||LP,7L72P S C’(n, m) (||QkHL2p,n—2p + ||VQk||Lp,n72p) .

The sequences P and & converge in Lg’"_gp to appropriate elements of a
decomposition of  (this follows from the equation they satisfy). Thus, the
above estimates, together with (5.24), yield the desired estimates (5.3) for Q.
This completes the proof of Theorem 1.3. g

6. Uhlenbeck’s Decomposition and Conformal Matrices

A natural extension of the orthogonal gauge group SO(m) is the conformal
group C'O,4 (m). The interest in this group has deep roots in complex analysis,
in particular in the studies related to Liouville’s Theorem (see [9] for a detailed
exposition). This is a non-compact group, defined as

CO+(m)={AP : XeRy, P € SO(m)}.
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Clearly, S € CO,(m) iff SST = A\2Id, where by Id we denote the m x m
identity matrix.

The tangent space at Id to CO4(m), which we denote by TCO,(m), is
given as

TCO; ={K e M™™ . K+ K" =

w ®Id},
m

or, equivalently,
TCOL ={A+uld : A€ so(m), p € R},

see e.g. [4].
Our objective is to prove an analogue of Theorem 1.2 for the conformal
gauge group, i.e. Theorem 1.4.

Theorem. Let 5§ < p < n. There exists € > 0 such that for any € wtp
(B", TCO,(m) @ A'R™) such that ||Q||z» < € there exist S : B" — CO(m)
satisfying n|S| €  W?2P(B"), S/|S| € W2P(B",SO(m)) and
¢ € W2P(B", TCO4 (m) ® A" ?R™) such that

S71dS + S71QS = xd¢  on B",
dx¢ =0 on B", (6.1)
(=0 on OB™;

and such that
ldllwr + 1AS/ISD lwre + [[dIn[S[[lwre < Cln,m)||Qwr  (6.22)
ld¢lle + [[A(S/[SDIILe + |dIn[S][|e < C(n,m)||Q|Le, (6.2b)
ldCllLn + [[d(S/ISDl e + [[dIn[S|[|L < C(n,m)[|2 Lo (6.2¢)

The integrability conditions on In|S| should be understood as (rather
weak) integrability conditions both on S and S~!. We should also note that if
S satisfies the above theorem, so does ¢S for any non-zero constant t.

Proof. We shall construct S : B* — CO4 (m) satisfying the above conditions.
Let us first fix some notation:

We shall write S = AP, where A = |S| € Ry and P = S/|S| € SO(m),
we also decompose € into its antisymmetric and diagonal part:

0=a+ T g
m
with A € WLP(B", so(m) ® ATR™).
Let Q% = S71dS + S7'QS; likewise QF = P~'dP + P~'QP and A" =
P~tdP + P~1AP.
We have
0% =A"'P7Hd\® P+ AP + P7'QP)

=dlnA®Id+QF.
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Decomposing €2 we have

OF = pldp+ P! <A+ @) ®Id> P
m

Tr(Q2
:AP-i-ﬁ@Id,
m

thus

QS — AP 4+ (dln)\Jr TT(Q)) ®1d.
m

Clearly, A satisfies all the assumptions on 2 in Theorem 1.2, we can thus find
P e W2*P(B", SO(m)) and £ € WP (B", so(m) ® A" 2R™) such that

AP = P=1dP + P~1AP = xd¢ on B",

d+&=0 on B, (6.3)
£E=0 on 0B";
and such that
[d¢[lwre + [dP|lwrr < C(n,m)||Allwre < Cn,m)|[Qwre (6.4a)
€l Lr + [[dP][Lr < C(n,m)||AllLr < C(n,m)||2 e, (6.4b)

€]

By the Hodge decomposition we can find o € W2P(B") and g € W2P?(B",
A"~2R") such that

rn + [|dP|[zn < Cn,m)|| Al

Ln < C(n,m)||Q]

Ln. (64C)

lTr(Q) = da + *df
m

with flage = 0 and [[dally? + [[dB]lwie < [Qlw.

This shows that if A is such that dln A = —da, then S = AP and { = £ +
B ®1d satisfy (6.1). The estimates (6.2) follow immediately from the estimates
on Hodge decomposition and from (6.4). O

The above theorem is rather simple, but it provides a new interpretation
to gradient-like terms df ® Id in nonlinear systems—we can incorporate them
in antisymmetric expressions and perform Uhlenbeck’s decomposition on the
resulting TC' O matrix of differential forms instead of dealing with both kinds
of terms separately.
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