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Abstract. In this paper, we propose an area preserving bijective map from
the regular octahedron to the unit sphere S?, both centered at the origin.
The construction scheme consists of two steps. First, each face F; of the
octahedron is mapped to a curved planar triangle 7; of the same area.
Afterwards, each 7; is mapped onto the sphere using the inverse Lambert
azimuthal equal area projection with respect to a certain point of S?. The
proposed map is then used to construct uniform and refinable grids on
a sphere, starting from any triangular uniform and refinable grid on the
triangular faces of the octahedron.
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1. Introduction

In many applications, especially in geosciences and astronomy, but also in
computer vision, one is interested in simple, refinable grids on the sphere. In
particular, one requires partitions of S? into regions of equal area and small
diameter in order to avoid the distortions that often occur in statistical com-
putations and function approximations using non-equal area partitions.
There exist already some constructions of equal area partitions of S2.
Based on the construction by Zhou [12], Leopardi [4] derives a recursive zonal
equal area partition of the unit sphere S¢ C R¥*! that consists of polar cups
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and rectilinear regions. This construction has the disadvantage that one has to
deal with different kinds of areas. The existence of partitions of S? into regions
of equal area and small diameter has been already used by Alexander [1], who
derived lower bounds for the maximum sum of distances between points on the
sphere. Tegmark [11] considered an icosahedron-based pixelizing of the sphere.
Similarly, the algorithm for binning globally distributed measurements on the
sphere by Teanby [10] is based on repeated subdivision of the icosahedron. In
[8], a subdivision method is proposed using a spherical triangulation that is
obtained by projecting the faces of an icosahedron to the sphere. The HEALPix
(hierarchical equal area iso-latitude pixelization) introduced in [3], has been
frequently used in recent years for application of local pixel set operations,
multiresolution applications and fast spherical harmonic transforms.

However, one simple method to construct grids on the sphere is to transfer
existing planar grids by a suitable projection. For a survey of known spherical
projections from the sphere or parts of the sphere to the plane we refer to
[2,9]. Therefore we are especially interested in the construction of equal area
partitions being obtained by application of an area-preserving bijective map
from suitable planar domains to (parts of) the sphere.

In [5], one of the authors already suggested a new area preserving pro-
jection method based on a mapping of the square onto a disc in a first step,
followed by a lifting to the sphere by the inverse Lambert projection. This
idea can also be generalized to construct uniform and refinable grids on ellip-
tic domains and on some surfaces of revolution, see [6]. In [7], the authors have
recently constructed an equal area projection from the cube to the sphere.

In this paper we construct an area preserving map from a regular octa-
hedron to the unit sphere S?. Thus, any grid on the octahedron can be trans-
ported to the sphere. Further, since arbitrary grids on the triangle can now
simply be transported to the sphere, we believe that this construction may
achieve an essential impact for different applications in geosciences. Since we
give explicit formulas both for the map from the octahedron to the sphere,
and from the sphere to the octahedron, the method is easy to implement.

The construction scheme consists of two steps. In the first step, we con-
struct in Sect. 3 an area preserving bijection U from each face F; of the octa-
hedron, onto a planar domain E, bounded by a curved triangle 7;. In the
second step, we combine U with an inverse Lambert azimuthal projection, in
order to map each face F; of the octahedron onto a subset F; of the sphere,
such that US_; F; = S2. A closed form of the inverse area preserving map U !
is presented in Sect. 6. Further, we present some examples of the obtained
spherical grids.

2. Preliminaries

Consider the unit sphere S? centered at the origin O and the regular octahe-
dron K of the same area, centered at O and with vertices on the coordinate
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FI1GURE 1. The eight spherical triangles obtained as intersec-
tion of the coordinate planes with the sphere

axes. Since the area of the sphere is 4, the area of each face of K is 7/2 and
the edge of the octahedron has the length
V2
(=YZ (2.1)
V3
We cut the sphere with the coordinate planes x = 0, y = 0, z = 0
and obtain the spherical triangles in Fig. 1. Each face F;, i = 1,...,8, of the
octahedron K is thus situated in one of the following domains

L ={(z,y,2), >0,y >0,z >0}, I={(z,y,2), © >0,y >0,z <0},

Is ={(z,y,2), x>0,y <0,z >0}, I,={(x,y,2), x>0,y <0,z <0},

Is = {(z,y,2), <0,y > 0,2 >0}, Is={(x,y,2), 2 <0,y >0,z <0},
)

I = {(z,y,2), © <0,y <0,2> 0}, Ig={(r,y,2), <0,y <0,z <0}

More precisely, F; C I; for i = 1,...,8 and the portion of the sphere situated
in I; will be denoted by F;, i.e.,

Fi={(z,y,2) € I, 2> + y* + 2% = 1},

see Fig. 1.

We focus on the portion F; of the sphere and consider its center point
G1 = (v,v,v), with v = 1/4/3. The point G is in fact the intersection of the
line OGY with S?, where G is the center of mass of the face F.

We consider the Lambert projection Lg, of the domain F; C S? with
respect to the point G;. Thus, F; will be mapped on a curved triangle that
is situated in the plane = 4+ y + 2z = /3 perpendicular to the line OG;. For
calculating this projection, we apply a transformation to the sphere such that
G; is mapped onto the South Pole S = (0,0, —1). Such a transformation R
consists in two successive rotations, R1 and Ro. The first rotation R is taken
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around the z-axis with angle —w/4 and maps G; onto P, = (%,07 %) The
second rotation R is around the y-axis and maps P; onto S = (0,0,—1), so

its angle is 3 + 7, with 3 = arcsin % The corresponding rotation matrices of
R1, R2 and R have the form

LT i T 1 70
cos banO \/% \{5
Ri=| —-sinfcosF0 ]| =~ 50
V2 V2 ’
0 0 1 0 01
cos (B+ %) 0sin(B+ %) N
—sin (B4 %) 0cos (B+ %) —%0—%
_1 1 V2
6 Y6 V3
R:RQ'Rlz _ﬁ ﬁ O
1 1 1
V3 V3 VB

The matrices R1,R2 and R are orthogonal, therefore R~ = RT.
Now, in order to obtain the Lambert projection Lg, with respect to

G, € S?, we use the azimuthal Lambert projection Lg with respect to the
South Pole S, as follows:

Lg, =R 'oLsoR. (2.3)

1

It is well known that the image of a point (x,y,2) € S? by Lg onto the
tangential plane at the South Pole is

2 2
( = T\ T2 ¥ —1)-

For the rotated Lambert projection on Z; = —1 we obtain
L (X, Vr. —1) = v(2z—x—y) v(—z+y) -1
( SO'R,)(JJ,y,Z) ( LyXtL, ) <\/1+V(w+y+z) ) \/1+V(a:+y+z) 3

with v = 1/v/3. Therefore, for Lg, we find

_ V22 (2z—y—z) V22 (2y—x—2) V202 (22— —y)
L = .
c (7,y,2) <u + el + -l + \/1+V(x+y+z)>

Let us denote by [y, 15,13 the edges of the spherical triangle F7, situated
on the planes z = 0, y = 0 and x = 0, respectively, see Fig. 1. These edges are
mapped by Lg o R onto the planar curves in the plane Z; = —1, given by the
following parametric equations
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X, = v

3+V3(z+ .
(LsoR)(l) : v \/g(_m_(,'_y)y) with y = V1 — 22, x € [0,1],
V3+V3(a+y)’
X, = (2z—x)
(LsoR)(): ], _ VIEVEE) with 2 = V1 - a2, 2 € [0,1],  (24)
L= 3+\/§(w+z) ’
X, = (2z—y)
(LsoR)(13) : 3, VIRBO) with 2 = /142, y € [0,1].
b VivBvte)
We denote the curved triangle determined by these three curves by 73 =
7. It can be simply transferred to the plane x4y + z = /3 using the rotation
map R~! (and hence finishing the projection Lg, ). But we prefer to compare
the curved triangle 7 with the rotated triangular face T' = RT} of the octa-
hedron in the plane Z;, = —1. A simple calculation shows that the vertices
of the equilateral triangle T'= RT; are P; = (2a,0,—1), P» = (—«,£/2,—1),
and P3 = (—a, —£/2,—1), with

o= \/g (2.5)

and side length ¢ in (2.1). Figure 2 (left) shows the curved triangle 7 and the
equilateral triangle T' of the same area /2. With the help of the projection
L¢, (resp. Lg o R), we have simplified now the problem of finding an area
preserving map from the octahedron to the sphere S? to a problem of finding
a two-dimensional map from an equilateral triangle T, i.e., a face of the octa-
hedron, to the curved triangle 7. In our further considerations in Sect. 3, we
will consider only two dimensions while Z; = —1 is fixed.

3. Mapping a Triangle onto a Curved Triangle

In this section we derive an area preserving bijection U : R? — R2, which
maps the equilateral triangle T with vertices Py = (2¢,0), Py = (—a,£/2),
and P3 = (—a, —¢/2) onto the curved triangle 7 that has been constructed in
Sect. 2. Here, we say that the map U is area-preserving, if it has the property

A(D) = A(U(D)), for every domain D C R?

where A(D) denotes the area of D.

We consider the three line segments h;y = OPy, ho = OPy,hg = OP;,
that form the angles 0,27 /3,47 /3 around O, see Fig. 2(left), and determine
three disjoint regions of R? defined by

Ql = {(‘T’y) S Rza \/gx < Yy < 7\/§x}7
92:{($7y) ERQ, y<071/§\/§$}>
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FIGURE 2. Left the equilateral triangle T' = Py P>Ps3, the
curved triangle T and the zones Qj, Qf, Q1 , Qo,Qs; Right
the action of the transform U: points N and P are the images
of M and @, respectively

Q3 = {(z,y) €R?, y>0,y>—V3az}

that are bounded by these line segments.
We focus for the moment on the region Qf defined by

Of ={(x,y) €R? 2<0, 0<y<—V32x} CQ

and take a point M = (zar,ym) = (xar,mzar) € QF, where m € [—/3, (]
is a parameter, see Fig. 2, right. We want to define the map U in such a way
that each half-line d,, of equation y = ma (m € [—/3, 0]) is mapped onto
the half-line d (., of equation y = ¢(m)z, where ¢ : [—/3,0] = R is a C'-
function that satisfies

0(0) =0, p(—V3) = —V3, and —V3 < p(m) <0 for m € [-V/3,0].

We denote by (zx,yn) the coordinates of the point N = U(M). Let @ be the
intersection of OM with the triangle T' (see Fig. 2, right). The point @ has
the coordinates (zg,yg) = (—a, —ma), where « is given in (2.5), and the line
ON has the equation y = ¢(m)x, i.e., N = (zn,¢(m)zy). Further, let the
point P = (zp,yp) = (zp, o(m)zp) be the intersection of ON with the curved
triangle 7. Thus, the coordinates of P satisfy the equations (2.4). Replacing
x by the parameter ¢ = tp € [0, 1] in (2.4), we obtain

Tp = (_tP Y 1- tQP) ; (3'1)
\/3+ V3(te + /1 -1%)
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_ VB(tp+/1-17)
yp = ) (3.2)
\/3 +V3(tp + /1 —t3)

and from yp = p(m)zp we have

o(m) = Y2 _ Vi(tr = V1-1h)

zp tp+/1—t%
From this equality we can determine tp as
p(m) +v/3
V2\/p*(m) +3

and further, if we replace tp in (3.1) and (3.2), we obtain the coordinates of
P in the form

tp =

V2
rp = —
V3 +@2(m) + V2B T F2m))
o V2¢(m)
yp = .
V3 +@2(m) + 2B+ g2 (m))

)

Some simple calculations yield the Euclidean distances

OM = zyvV1+m2,
0Q = av1+m?2,

ON = zn+/1+ ©2(m),

1/2
0P =3 <1 _ ﬂ) |
34 ¢?(m)

where « is given in (2.5). In order to simplify the determination of the map
U, we suppose that

ON OM

OP  0Q°

From the above calculations we then obtain ON = %OP and hence

N = % \/i \/]. — \/i
o ixgm  Bram
yn = p(m)ay = =2 o) V2
a 1+ ¢*(m) V3 + ¢ (m)
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Thus, the map U is now completely described by means of the function ¢, and
we obtain that U maps the point (z,y) € Qf onto the point (X,Y) given by

T V2 V2
Xam\/l (3.3)

v V2e(3) [ V2 (3.4)

Y = ——%— .
o VIFED T BrAD
Next we have to ensure the area preserving property of U by a suitable
determination of . For this purpose, we define the function ¢ such that! the
Jacobian of U is 1. After simplification, the Jacobian writes as

9X 90X /(Y
oz 0 2 A
J(U) = det <ay afé) =2 = :
oz oy 3+ 02(4) + V23 + ¥2(%)
For solving the equation J(U) = 1 we again substitute m := £, and thus,
in the considered case 0 < y < —/3x we have m € [—+/3,0]. Hence, with the

simplified notation ¢ = p(m), we get

/ a?

L -
3+ @2+ V23492 2

(3.5)

Integration gives

V2 o?

arctan ¢ — arctan ——— = —m + C.
V3+er 2
The condition ¢(0) = 0 yields C' = 0. Next, in order to determine ¢ we use
the formula

a—
arctan a — arctan b = arctan Va,b € R, ab > —1,

b
1+ ab
and we further obtain

P3PV aPm (3.6)

= tan
V3 + @2 + V292 2
To simplify this term, we introduce the notation
2

™
tan

m_
2 12¢/3°

«@
n = tan

and equality (3.6) yields

V3+ @2 (p—n) =V2p(np +1). (3.7)

We must have ¢ > 7 and with this condition, (3.7) is equivalent with
B+ ¢*)(p —m)? =20"(ne +1)°,

IWe recall that the area of a transformed region D is A(U(D)) = |J(U)|.A(D).
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(0% + 1)((1 = 20*)p® — 6np + 3n*) =0,

which gives

3nﬁ:f77\/1+77

P12 = p12(m) = 2
. . (sz — m™m —
To simplify the formulas, we denote § = “5* = 55 T 12 f and with
n(14+n?)"Y2 =sind and (1 +7?)~/? = cosd we further calculate
\/§77 B V3sind

(L _
v1,2(Mm) = 1.2 (m) NEW N e Teosd L /3

If we take into account the condition cp(—\/g) = —/3 and the equality
T
— =3 — — V2
sin 12 =/3cos 12 V2,
the only convenient solution is

Y V/3siné . Y
) TR L.
T V3cosd — /2 124/3x
Finally, in order to give the explicit presentation of the area preserving map
U, we need to replace ¢ in the equations (3.3), (3.4). Some straightforward
calculations show that

m: 5—2\/€COSC57

V3cosd — /2
—_— \f\[—\/icosé)
S+t = V3cosd —v2

V2 _5—2\/6008(5
V3 + p? 3—6cosd

Hence, for (z,y) € Qf, the formulas for the desired area preserving map
U(z,y) = (X,Y) are given by

2v3x V3cosd—+2

1—

X = N NI T =: f(x,y), (3.8)
_ bz sin § . olx wi __yr
RV oy sy g(w,y), with § 2V3a (3.9)

Similar arguments for the region Q7 ={(z,y) € R?, 2 <0, \/§x§y§0}
show that these formulas also hold for (z,y) € Q7 , so we can conclude that
the image U(z,y) = (X,Y) of a point (x,y) in the region

01 =09/ UQ; ={(z,y) €R? z<0, V3z<y< -3z}
is given by formulas (3.8), (3.9).
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For the regions Qs and Qs we may use the formulas (3.8), (3.9) after
performing some rotations. More precisely, we need the rotation matrix

A=A COS%W —sin23” _% _g
= 27 = . = .
El sin 2 cos 2& V3 1

3 3 P} P}

We denote by Uy, Us, Us the restrictions of U to Q1, Qs, Qs, respectively. Then,

for (z,y) € Q2 we have
(6 (o
Y Y

therefore, to (2’,y’) we can apply U defined by the formulas (3.8), (3.9) and
obtain’(X’,Y’) € O,
X/
X = faf) Y =g o () = )

Finally, if we apply to (X’,Y’) a rotation of 2f we obtain (X”,Y”) € Q,
defined by

(if) = Ulz,y) = Us(a,y) = A-Ur(2,y/) = A- U7 (A—l - (2)) .

Similarly, for (z,y) € Q3 we obtain

(if) = Ulz,y) = Usa,y) = AL - U (&) = A0 (A- (5)) .

In conclusion, the area preserving map U which maps equilateral triangles onto
curved triangles can be written as follows:

e For (z,y) € Q1 = {(z,y) € R?, 3z <y < -3z},
(xvy) | Ul(xay) = (X,Y) =
(2\/§x V3cosd —+/2 Gi sin ) (3.10)
VT \/\f—\/icosé,ﬁ\/f—\@cosé ’ .
e For (z,y) € Qy = {(x,y) € R?, y <0, y <3z},

(z,9) — (X, V)T =AU (A‘l : (;)) ; (3.11)
o For (z,y) € Q3 = {(x,y) €R?, y >0, y > —/3a},

(z,y) — (X, V)T = A71. U, (A- (i)) :

8
S

with § = 12%36 and A = <

> . Figure 3 shows two examples of planar

I
Who
[N N

grids.
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FI1GURE 3. Two examples of planar grids of 7, images of grids
of T constructed with 7 and 8 equidistant parallel lines

4. Mapping F; onto 171

The area preserving map U : R? — R? derived in Sect. 3 depends on two
variables. We want to use it for mapping F; onto E, where both F; and ﬁ, are
included in the same plane of R3.

We denote by P_; the plane z = —1 and define U: P_1—P_1 by

U(z,y,—1) = (X,Y,—1), with (X,Y) = U(z,y), for all (z,y) € R>.

This map allows us to write the formulas for the functions if; : F; — E, for
¢t =1,...,8, which map triangles (i.e., the faces of the octahedron) onto curved
triangles.

As shown in Sect. 2, we observe that

R - (“T|7 |y|a |Z|)T € P—l;
in each of the cases (z,y,2) € F;, i« = 1,...,8, where R is given in (2.2).
Therefore, U(R - (|2, |y|,|2])T) € P_1 and
R™V-UR- (||, |y|,|2))7) € Fu, for (z,y,2) € F.
So, we define U, : F} — ﬁl,
ul(xvyvz) = R_l : fj(R (|£L’|7 ‘y|7 |ZDT) = (X7Y7 Z)’ for (iII,y,Z) € F17(41)
and further, with the notations in (4.1), the required applications U; : F; — F;
are defined as follows:
Z/{2(.’E,y72):(X,K—Z), u?)(xvyaz):(X)_KZ))
U4(SU7Z/7Z):(Xa _Ya_Z)7 Z/{5(-T,y,2):(_X,}/,Z)7
UG(.’E,y,Z):(—X, a_Z)’ Z/{7(£L’,y,2’):(—X, _KZ)a
US(mvyVZ) = (_X7 _Y7_Z)'

Finally, we denote by U/ : K — U?zlﬁi the map satisfying the condition
U =U; on F;.
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5. Mapping the Curved Triangles onto the Sphere

The complete mapping from the regular octahedron K to the sphere S? is now
described in two steps. In the first step, each face F; of K will be mapped onto
a planar domain Fj, bounded by a curved triangle 7;, using the transforma-
tion U constructed in the previous section. In the second step, each F; will
be mapped onto F; C S? by the inverse Lambert azimuthal projection, with
respect to G; = U(W;), where W is the center of mass of F;. Obviously

8
mint]:iz(l) and U}}:S2.

i=1

Applying the inverse Lambert projection Lg', the point (X,Y, —1), situ-
ated in the tangent plane to S? at the South Pole S, maps onto (zr,,yr,21) € S?

given by
[ X24y?
xp =4/1— % X, (5.1)
[ X24Y?
yr =\/1— % Y, (5.2)

X242
2= + 1 (5.3)

Thus, the application Lg;il o U maps the face F; of the octahedron onto
F; € §?, for i = 1,...,8. From (2.3) we have La} =R 1o Lgl o R, and
for obtaining the other projections Lail we proceed as in the previous section.

Again, R - (|z|,|yl, |2|)T € P_1, therefore we use formulas (5.1)-(5.3) and we
have

(@r,yr,21) = Lg (R~ (], y], |2)").
Further,
(Xv Yv Z)T = R_l ! (vayLVZL)T € ‘7:17

and then, with these notations, for the other cases we obtain the following
expressions for L(_;1 B = Fic

Lar(@,y,2) = (XY, =Z), Lgi(z,y) = (X,-Y,Z),

Lat(w,y,2) = (X, =Y, =2), Lgl(z,y) = (=X,Y,2),
Ley(2,y,2) = (=X, Y, =2), Lg(z,y) = (=X, ~Y, 2),
Lgl(x,y,2) = (X, =Y, -2).

Figure 4 shows some grids of the sphere, where a regular partition of the
faces of the octahedron into 4, 16, 25 and 64 equal area triangles has been
applied.
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FIGURE 4. Grids on the sphere

6. The Inverse Map

To make the area preserving map U : K — U?Zlﬁi applicable in practice, we
also need to derive a closed simple form for the inverse mapping & ~!. In view
of the above considerations we can restrict to the calculation of the inverse
U~ of the area-preserving map proposed in Sect. 3, since the mapping of
the portions F; to Fj is obtained by the azimuthal Lambert projection, and
the area preserving mapping of the curved triangle F; to the faces F; of the
octahedron is completely understood, if we find U1 : T — T with the two-
dimensional triangles considered in Sect. 3, see Fig. 2. Further, we can restrict
the calculations again to the region Q;, and the complete map U~! is then
derived by rotation.
With the notation

fp—

T 12v32

(excluding the case x = 0), from (3.8) and (3.9) we have

X2 — 1222 (3cos? § + 2 — 21/6 cos §) ,  36a? (sin? 0)
oo (\/g—\/icosé) ’ o7 (\[—\/icosé).
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In particular, we obtain

1222 (5 — 2v/6cos )

X?4+Y? = ,
(V3 — V2cos0) (6.1)
1 1222 '
X%+ gY2 = T(\/§— V2cos ).

We define
X274+ 2Y? (34 2c0s20 — 2v/6cosd)
X2 4+Y2 (5 —2v6cosd)

and derive the relation

— 5B
cos? 8 +V6(B — 1)0055+M

with the solutions

—V3(B—-1)++/B(BB -1)
7 :

Since B € (3,1), the only convenient solution is cos§ = \/§(173)J:/% BEB1)
Then, from

(cosd)y o =

22 2X72
1-B=——— and 3B—1=—_
3(x2 vz X2+ v?2
it follows that

V2Y? + X/3X2 4 Y2
cosd = . (6.2)

V3(X2+Y2)
For simplicity, we introduce the notation w := Y/X. Since (X,Y) € Q, we
have w € [—v/3,/3] and

§ = arccos V2uw® + V3 + w? = arccos V2w + w? +3
a V3(1+w?) B V3w?+1)  V3uw?2+1) )’

Now we use the identity

arceos(ab + V1 — aZv/T— 52 = {arccosa —arccosb for a < b,

arccos b — arccosa for a > b,

— _ Vow —_w i
where a = gy and b = T and we obtain
arccos [ 222 ) — arccos (L> for w € (0,/3]
=" _Y_ 3(1+w?) T+w? T
N 12\/§$ B V2w w
— arccos (M) + arccos (\/W)for w € [—v/3,0].

(6.3)
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For the calculation of  from X and Y, we use the equalities in (6.1) and (6.2)
yielding
o T (XP+3Y?)
T 12 (\[ — /2 cos 9)
™ (BXZ+Y?H(X?2+Y?)
12V3 3(X2 4+ Y?) = V2(V2Y? + XV3X2 +1?)
T V3XZHY2(X?4Y?)
12\f V3XZT+Y2—2X
12\[ +Y2(V/3X2+ Y2+ V2X).

Finally, from (6.3) we find y = |y|(sign V') with
12f 123 ( V2u? w? 13 >‘
arccos +
7r

]

vl = #ljol = V3(w2+1)  V3(w?+1)

124/3

- vy, vy
™

Y
arccos ———— — arccos ————| .
V3(X2+Y?2) VX24Y?
The obtained formulas for x and y form an explicit representation of the inverse
map U~! in the region Q;. For the other two regions, the map is directly
obtained using the rotation matrix A in Sect. 3.
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