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An Example of a Quasigroup
with a Distributive Subquasigroup Lattice

Konrad Pidro

Abstract. We first show (using ideas from Piéro, in Quasigroups Relat Syst
15:309-316, 2007) that if a finitely generated quasigroup or more general,
an algebra satisfying some quasigroup-like condition, A has a distribu-
tive subalgebra lattice and satisfies the descending chain condition for
finitely generated subalgebras, then A is cyclic (i.e. has one generator).
But the main aim of the paper is to construct a two-generated non-cyclic
quasigroup with a distributive subquasigroup lattice (as a part of this
construction we will obtain an analogous example for groupoids). Thus
distributivity of subquasigroup lattice is an essentially weaker condition
than in the case of groups (it is well-know that such groups are locally
cyclic).
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1. Introduction

It is a classical result due to Ore (see e.g. [4]) that the subgroup lattice of a
group G is distributive if and only if G is locally cyclic (i.e. each finitely gener-
ated subgroup of G is cyclic). In [3] we have shown that if a finite quasigroup
Q has a distributive subquasigroup lattice, then Q is cyclic (and also each of
its subquasigroups is cyclic). On the other hand, we have constructed in [3] a
four-element (and five-element commutative) quasigroup with a non-distribu-
tive subquasigroup lattice, such that each of its subquasigroups is cyclic.
Now, using ideas from [3], we first generalize this result for finitely gen-
erated quasigroups satisfying the descending chain condition for finitely gen-
erated subquasigroups. In fact, we generalize this result for finitely generated
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algebras of arbitrary types which additionally satisfy some quasigroup-like
condition.

But the main aim of the paper is to construct a two-generated non-cyclic
quasigroup with a distributive subquasigroup lattice (as a part of this con-
struction we will obtain an analogous example for groupoids). Thus the class
of quasigroups with distributive subquasigroup lattices is more complicated
and interesting than the class of groups with distributive subgroup lattices.

An algebra A satisfies the descending chain condition for (finitely gen-
erated) subalgebras (see e.g. [2]) if there does not exist a strictly descending
sequence of (finitely generated) subalgebras in A.

For elements a1, ..., a; of an algebra A, by (a1, ..., ax) (or more formally
by (a1,...,ar)a) we denote the subalgebra of A generated by ay, ..., ax.

Theorem 1.1. Let A = (A, (p™),ex) be an algebra such that
(i) A is finitely generated,
(ii) A satisfies the descending chain condition for finitely generated subalge-
bras,
(iii) the subalgebra lattice of A is distributive,
(iv) for each a,b € A, there exists ¢ € (a,b) such that b € {(a,c) and a € (b, c).
Then A is cyclic (i.e. has one generator).

Each finitely generated subalgebra of A also satisfies (i)—(iv), so it is
cyclic, too. Next, (iv) is necessary, e.g. a two-element algebra without opera-
tions (or with projections only) satisfies (i)—(iii).

Proof. 1t is sufficient to show that each two-generated subalgebra of A is cyclic.
Assume otherwise. Then by (ii), there is a minimal (up to inclusion) such sub-
algebra B. Using again (ii) we can choose generators u,w of B such that for
each uy,wy € B, if (u,w1) = B and (u1) < (u), then (uy) = (u).

By (iv) there is v € (u,w) such that (u,v) = (w,v) = (u,w) = B.
Since the subalgebra lattice of A is distributive, (v) = (v) A {(u,w) = (v) A
= (v) N (u) and

((u) Vv (w)) = ((0) A () V ({0} A w)). Let By = (0) A {u)
By = (v) A (w) = (v) N (w). Of course u & (v), so By S (u).

Since (v) = B; VBy < By V (w) = (B U {w}), there are by,...,b; € By
such that v € (w,bq,...,b;). Further, (b1,...,b;) < By S (u) < B. Thus
(b1,...,b;) is cyclic, because otherwise it would contain a non-cyclic two-gen-
erated subalgebra which would be less then B. Let b be an element of By such
that (b1,...,b;) = (b). Then B = (b, w), but (b) < B1 < (u), a contradiction
with the choice of u and w. O

Corollary 1.2. Let a finite algebra A satisfy (iii), (iv). Then A and each of its
subalgebras are cyclic.

Note that (iv) of Theorem 1.1 holds for each quasigroup (for ¢ = a o b).
Thus

Corollary 1.3. Let a quasigroup Q satisfy (i), (ii), (iil). Then Q is cyclic.
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For quasigroups we can take v = wow in the proof of Theorem 1.1. Next,
the distributive law is used only to obtain (v) = ({(v) A (u)) V ({(v) A (w)). Thus
(iii) can be replaced by

(iii')  for all elements p,q, (pogq) = ((poq) A(p))V ({(Poa)A{q))

The above result is proved in [3] for finite quasigroups. Moreover, a six-ele-
ment commutative quasigroup is constructed in [3] which satisfies (iii’), but its
subquasigroup lattice is isomorphic to the five-element non-distributive lattice
M.

The next result is formulated and proved in more general case of partial
algebras, because it will be needed in next sections. Let k* be a partial oper-
ation of a partial algebra A. Then by dom(k®) we denote the domain of &k,
i.e. the set of all (a1,...,a.u)) € A%) such that kA (ay, ... , Gy (k) is defined
(where x(k) is the arity of £4). Analogously, dom(t*) denotes the domain of
a term ¢.

Theorem 1.4. A partial algebra A = (A, (E®*)rex) has a distributive subalge-
bra lattice if and only if for each operation k™, (ay, ..., (k) € dom(k®) and
for each b € (k*(a1,...,axm)), be VIR (B A (a:)).
Proof. = follows immediately from distributive laws.

<. Take subalgebras B, C, D. We have to show DA(BVC) < (DAB)V
(D A C). Each element of BV C = (BUC) is a value of some term ¢ on some
elements from B U C. Thus it is sufficient to prove that for each term ¢ and
ai, ..., am € BUC (where m is the arity of t), if (a1, ...,amn) € dom(t*), then
DA (tA(a1,...,am)) < (DAB)V(DACQ). It is obvious if t(z1, . . ., 2,,) = x; for
some 1 <4 < m. Thuslet t(xy1,...,2m)=k(t1(z1,. - s Zm), .., tu(T1, ..., Tm))
(where n is the arity of k) and assume that our thesis is true for t1,...,%,.
If (a1,...,am) € dom(t™), then (ay,...,a,) € dom(t?) fori = 1,...,n and
(th (a1, ..y am), .. t2 (a1, ... am)) € dom(k?). Take d € D A (tA(ay, ...,
ax)). Then d € ((d) A (t (a1, ..., am))) V...V ({d) A {t2(ay, ..., am))). Next,
by induction hypothesis, (d) A (tA(a1,...,an)) < DA ({2 (ay,...,an)) <
(DAB)V(DAC) fori=1,...,n. Thusd € (DAB)V (D AC). O

The condition of Theorem 1.4 always holds for unary operations, so we
have a well-known result that unary algebras have distributive subalgebra
lattices. Next, for binary operations it is sufficient to verify this condition
for different elements only. In general, we cannot restrict our attention to
b=k*(a1,...,as)) in Theorem 1.4 (e.g. we can take this six-element quasi-
group from [3]).

2. Auxiliary Results

Here we prove technical results which will be useful in the next section to
construct a two-generated non-cyclic quasigroup with a distributive subquasi-
group lattice. In our construction we use partial algebras (basic concepts and
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facts concerning partial algebras can be found, for example, in [1]). Beside
usual subalgebras defined in the same way as in the total case, we need here
concepts of weak and relative (partial) subalgebras.

Let A = (A, (k®*)rek) and B = (B, (kB)rex) be partial algebras of
the same type. We say that B is a weak subalgebra of A if B C A and for
each k € K, kB C kA. A weak subalgebra B of A is said to be relative if
kB = kAN (B**%) x B) forall k € K.

Lemma 2.1. Let (A;)$2, be a sequence of partial algebras (of the same type)

such that A; is a weak (relative) subalgebra of A;iq1 for i € N and let a €

UiZo Ai. Then

(a) UpoAi = (UiZy Ay (U2 k2 ker) is a well-defined partial algebra
which contains algebras {A;}52, as weak (relative) subalgebras.

(b) For each b € (a)y= a,, there is | € N such that b € (a)a,-

Proof. (a) is obvious. To see (b) take m € N such that a € A, and let
b e (a)a, where A = [J;2, A;. Similarly as for total algebras, there is a term
t(z) such that a € dom(t*) and t*(a) = b. If t(x) = x, then b = a € (a)a,, .
Thus it is sufficient to apply induction on length of t(z) = f(t1(x),...,tn(z)),
because if t2(a) € (a)a,, fori=1,...,n, then th(a),...,t2(a) € (a)a, where
k =max{j1,...,Jn} O

Lemma 2.2. Let (A;)$2, be a sequence of partial algebras (of the same type)
such that for each i € N, A; has a distributive subalgebra lattice and A; is
a weak subalgebra of A;11. Then Ufio A, has also a distributive subalgebra
lattice.

Proof. Take an n-ary operation [ (where n > 2), (a1,...,a,) € dom(f*)
and b € (fA(a1,...,an))a. Then there is i € N such that (a1,...,a,) €
dom(f#+). Next, by Lemma 2.1(b), b € (f*(a1,...,a,))a, for some j € N.
Taking k = max{i,j} we have b € (f**(ay,...,a,))a,. Hence and by Theo-
rem 1.4, b belongs to ((b)a, A{a1)a,)V((B)a, A{az)a,)V...V((D)a, A{an)A,,)
which is contained in ((b)a A {a1)a) V ({b)a A {a2)a) V...V ({B)a A {an)a).
So A satisfies the condition of Theorem 1.4. O

Lemma 2.3. Let a partial algebra A with binary operations gi*, g2, ..., g2 and
unary operations i, @5, & ... satisfy the following conditions:

() fora,b€ Aandi=1,...,n,if(a,b) € dom(g?), thenb € (a, g (a,b))a

and a € (b, g*(a,b))a,

(xx) A is non-cyclic and generated by two elements x,y.
Then there is a partial algebra B with binary operations g, g2, ..., g8, unary
operations B, B o8 ... and with additional unary operations fB, f8, fB, ...,
which satisfies the following conditions:

(a) A is a relative subalgebra of B such that dom(g2) = dom(g?) for i =
2,3,...,n and dom(gp?) = dom(go;“) forj=1,2,3,....
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(b) B has a distributive subalgebra lattice.
(¢) B is non-cyclic and generated by x,y.
(d) B satisfies also (x).

Proof. Let F = {f1, fo, f3,...} and let F}, Fy, F3,... be a partition of F into
infinite subsets.

We first construct some sequence of algebras (A;)5°,. Take Ay = A
(which has at most countable many elements) and assume that we have con-
structed Aj_1 which is also at most countable. Let 7, be a family of all triples
(a,b,c) of pairwise distinct elements from Aj_; for which thereis 1 <i <n
such that (a,b) € dom(g?k’l), gZAk’l(a,b) & {a,b} and c € (g?""l(a,b»AFI.
T is at most countable (since Aj_; is at most countable) and Fj is count-
able, so we can assign to each triple (a, b, ¢) € 7 two distinct unary operation
symbols fL and f3_ from Fj, in such a way that distinct triples have dis-
tinct operation symbols. We define Ay in the following way: First, for each
(a,b,c) € T, we add to Ag_; two new distinct elements dupe, €qbe, OUtside
A1 and distinct for distinct triples. Secondly, we set dom(fl,.) = {a,c},

(@) = dave = fo.(c) and dom(f2,.) = {b,c}, [2.(b) = eape = fi.(c).
Thirdly, we extend gf’“‘l by setting gf’“ (dabes €abe) = gf"‘ (eabe, dabe) = C.

Let B = |J;=, A;. Obviously B satisfies (a), and also Ag, A1, Ao, ... are

relative subalgebras of B.

For all a,b € Agy1, (a,b) € dom(gf”‘"“) implies gf’““(a,b) € Ay, and
if additionally a,b € Ay, then (a,b) € dom(g{&’“). Hence, if a,b € A and
(a,b) € dom(gB), then (a,b) € dom(g™).

(V) A NAg = (v)a, foreach v e Ay . (eq)

It is sufficient to prove C. Let X be the carrier of (v)a,. By the above fact,
X is closed in Agyq under all binary operations. Take the set Y of all ele-
ments z € Ap+1\Ax such that z is a value of some unary operation of Aji4
on some element from X. Since none unary operation of Ajy; is defined on
any element from Aj11\Ag, X UY is closed under all unary operations. This
set is also closed under gQA’““, L gat . So take (u,w) € dom(gf"““) and
u,w € X UY. First, gf’““ is not defined on any pair with one element in Ay
and the other outside. Hence, u,w € X or u,w € Y. If the first case holds,
then g?’““(u,w) = g™ (u,w) € X. Thus let u,w € Y. Then first, u # w.
Secondly, u and w are images of elements z1, zo € X respectively, under some
unary operations. Thirdly, by the definition of ¢*+1, there is exactly one
(a,b,c) € Ty, such that ¢ = g1+ (u, w) € (a,b)a, and fL, (a) =u, f2,.(b) = w
and fL (c) = u, f%.(c) = w. Our construction implies 21,20 € {a,b,c}. If
z1 = cor zy = ¢, then glA"'“(u,w) =c € {z1,2} C X. If {z1,2} = {a,b},
then a,b € X, so ¢ € (a,b)a, C X. Cases z1 = a = z3 and 21 = b = 29 cannot
hold, because (u,w) € dom(gh +1).
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None of Ag, Aq,... is cyclic. Otherwise we would take the least £ such
that Ay has one generator v. k > 1, so v € Ai_1, because (w)a, = {w} for
w € AR\Ar_1. By (eq), v generates Ay_1, a contradiction.

x,y generate all algebras Ay, so B = (x,y)g. B is non-cyclic. Assume
otherwise that b generates B. Then z,y € (b)g. By Lemma 2.1(b) there are ¢
and j such that = € (b)a, and y € (b)a,. Hence, v,y € (b)a, for k = max{i,j}.
Thus Ay, = (b)a,, a contradiction.

B satisfies (x). Take g2, a pair (u,w) € dom(gB) and let v = g2 (u, w). If
i > 2, then (u,w) € dom(g2) and g (u,w) = gB(u,w). Hence, w € {u,v)a C
(u,v)g and u € (w,v)a C (w,v)p. Thus take i = 1 and the least number k
such that u,w € Ag. Then (u,w) € dom(gi**) and v € Ay. If k = 0, then
similarly as for ¢ > 2 we obtain required conditions. If £ > 1, then there are
two unary operations fA%, hA* defined on v and fA*(v) = u, h™*(v) = w.
Hence, u,w € (v)a, C (v)B.

We use Theorem 1.4 to show that B has a distributive subalgebra lattice.
Take g2 and (u,w) € dom(gB). Let v € (gB(u,w))s. Then v € (gB(u,w))a,
for some k. We can also assume u,w € Ai. A is a relative subalgebra
of B, so g™ (u,w) is defined and equal gB(u,w). Thus v € (g (u,w))a,
(if ¢« > 2, then u,w € A, but v need not be in A). Then there are two
unary operations fA%+1 hA%+1 of Ay, defined on u,w respectively, such
that (fA% (1), AAS (1) € dom(gAr+1) and A (FAR+ (u), AR (1)) = v
and fAkH( ) = fAkJrl (u) € (u >Ak+1 N (v >Ak+1 and hAs (v) = hAw (w) €
(0arss 00, I other words, v € ((Waeey A (o) V () 1

(v)arnr) € ((u)B A (0)B) V (w)s A o)), O

Now we construct a two-generated commutative groupoid G (i.e. a set
with one commutative binary operation) with a distributive subgroupoid lat-
tice, which satisfies (iv) of Theorem 1.1 (i.e. for every a, b, (a,b)g = (a,ab)g =
(b, ab)g), but G is non-cyclic.

Take a set of unary operation symbols F' = {fo, f1, f2,...}. Let Fpq =
{f1, f3, f5,...} and Fe,, = {fo, f2, f4,...}. Next, we divide F,4 into pairwise
disjoint infinite subsets Fy, Fy, Fo,.. ..

Further, for each E C F, let E be a set of all f;, € F such that f, € E
or fr—1,fr+1 € E (if k=0, then fy € F or f; € E). It is a closure (and even
algebraic) operator on F'.

We first construct a sequence (Ay)?2 , of partial algebras with one binary
operation g and unary operations fy, f1, fo, ... such that for k € N, A}, is arela-
tive subalgebra of Ay and g”* is commutative (i.e. if (a,b) € dom(g*), then
(b,a) € dom(gA*) and g™* (b, a) = g™*(a,b)). Moreover, A}, has a distributive
subalgebra lattice, is non-cyclic and generated by two elements. Additionally,
this sequence satisfies the following technical conditions:

(gl) for all elements a,b of Ay, (a,b) & E_1 <= (a,b) € dom(g™*),
&, is the set of all pairs (a,b) such that a = b or (a,b) € X, or (b,a) € X,



Vol. 58 (2010) An Example of a Quasigroup 61

where X, is the set of all pairs (a, b) such that a # b, a € dom(f**) and
fA%(a) = b for some f € F.
(g2) forall f€ FoUF U---UFy,_ 1, Ap_1 Cdom(fA*),
and if f # ¢, then fA%1(a) # A -1(a) for a € Agx_;.
(g3) foreach 7 € Nand a € Ap_q, if fi, fir1 € FoUF, U---U Fg_1, then
(). () € dom(gh*) and gh+(f1(a), £} (a)) = a,
(g4) for all a,b € Ay, if (a,b) € dom(gA*), then b € (a,g?*(a,b))a, and
a € <b7 gAk (aa b)>Ak :
Let A = ({z,y,2},9®) be a three-element algebra, where g* is a binary oper-
ation such that g*(z,y) = ¢*(y, z) = z, g*(z,2) = g™ (z,2) = y, g™ (y,2) =
g™ (z,y) = =, (precisely, these pairs belong to dom(g®) and all other pairs
not). Let Ag be the extension of A from Lemma 2.3, where we take Fy as
the set of new unary operation symbols. Then Ay has a distributive subalge-
bra lattice, is non-cyclic and generated by z,v, and also satisfies (g4). g4° is
commutative, and for each (a,b) € &, (a,b) & dom(g’°).

Assume that we have constructed algebras Ag, Aq,...,Ai_q, where
FyU---UF;_1UF) is the set of all unary operations of A; for j =1,...,k—1,
and x,y generate these algebras. Additionally we assume
(i.1) Forall a € Ay _1\As_2, a € dom(fA*=1) implies f € Fy_1.

(i.2) For all a € Ag_1, fA1(a) # ¢**1(a) for f # ¢ (if both operations
are defined on a).
(i.3) For each pair (a,b) of elements of Ai_1, there is at most one ¢ € Ag_;

and at most one i = 0,1,2,... such that ¢ € dom(fiA’“’l) ﬂdom(fﬁ’“fl)

7
and fﬁ’“_l(c) =a, ;i’“l_l(c) =b.
A satisfies these conditions by the construction from Lemma 2.3.

Let By be the family of all undirected pairs {a,b} of distinct elements
such that (a,b), (b,a) € &1 and (a,b) & dom(gA*—1). For each {a,b} € By
we add a new element e, to Ap_1. These elements are pairwise distinct and
outside Ay_1. An algebra By, is obtained from A _; by extending gA’“—l as fol-
lows: gBk (a’vb) = gBk (b’ a‘) = €ab; gBk (€aba a) = gB’c (av eab) =b, gBk (eaba b) =
gBr(b,eqs) = a.

Next, for each a € Ay_1 and f € FoU---UFy_q, if a & dom(fA+1),
then we add to By a new element f(a). As above they are pairwise distinct
and outside Bj. We extend By, to an algebra Cy, setting f€*(a) = f(a). Cy
satisfies (1.2) and (i.3).

Let ¢ € N be such that f;, fix1 € FoU---U Fi_1. For any a € Ai_1, let
u = fle (a), w = fﬁ_"l(a) If (u,w) ¢ dom(g®*) (thus also (w,u) & dom(gB*)),
then, since Cy, satisfies (i.3), we can extend ¢gB* to a new operation g©*, setting
QCk (u,w) = ng (w,u) = a.

C. satisfies (g2), (g4) (since they hold for Ag_;) and is generated by z, y.
Next, for Z C Ag—1, (Z)a, = (Z)c, N Ay and (p)c, = {p} for p € Cx\Ak_1.
Hence, Cy, is not one-generated.
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Applying Lemma 2.3 to Cy, and F}, we obtain a non-cyclic two-generated
algebra Ay with a distributive subalgebra lattice. Ay _1 is a relative subalgebra
of A, and g”* is commutative. Ay, satisfies (g2), (g4) (because C;, satisfies
these two conditions) and (gl) (by the definition of By). By the construction
from the proof of Lemma 2.3 and induction hypotheses, (i.1) and (i.2) hold
for Ak

Take ¢ € Ay, such that ¢ € dom(f*) N dom(fﬁ_"i). Then ¢ or i + 1 is
even. The operation with even index belongs to Fop U --- U Fy_1 U F} and does
not belong to FJ, so by the definition of  the second operation belongs to
FyU---U Fi_1. Hence, Ay, satisfies (i.3), because Cj, satisfies it.

Ay, satisfies (g3). Let f;, fiy1 € FoU---UFp_1 and a € Ap_;1. If a €
A1\ Ak—_2, then by (i.1), f; or fi+1 is not defined on a in Aj_1, because f; or
fi+1 is in Fy, (in particular, outside Fj_1). Hence we obtain (g3), because u =
1% (a) or w = fgkl(a) does not belong to By, so (u,w), (w,u) & dom(gB*).
Let a € Ag_o. Then by (g2) all operations from FyU---U Fj_o are defined
on a in Ag_;. Hence, if f;, fiz1 € FoU---U Fy_o, then (g3) holds by induc-
tion hypothesis. Otherwise, the operation with even index does not belong to
FyU---U Fi_o, and is also outside Fj_; (this is obvious, if the operation with
odd index belongs to Fy U ---U Fj_o; if not, then it belongs to Fj_1, so our
fact is implied by the definition of ). Thus the operation with even index is
not an operation of Ay_;. Hence again, u or w does not belong to By.

Let A = |J;—yAy. Then Ag, Ay, Ay, .. are relative subalgebras of A.
By Lemma 2.2, A has a distributive subalgebra lattice. A is generated by
z,y and A is not one-generated (if a would generate A, then x,y € (a)a,
so by Lemma 2.1, z,y € (a)a, for some k, thus ¢ would have to gener-
ate Ay, a contradiction). By (g2), operations f&*, f, ff, ... are total, since
Ui FoUF1 U+ UFy, = E. Next, for each a € A, f&*(a), f{(a), f£(a),. ..
are pairwise distinct, and also distinct from a (by our construction).

Take (a,b) € dom(g®) and let ¢ = g”(a,b). Then (a,b) € dom(g”*) and
g™*(a,b) = c for some k. By (g4), a € (b,c)a, C (b,c)a and b € (a,c)a, C

a,c)a. Thus A satisfies (iv) of Theorem 1.1.

Let X and &€ be families of all pairs of elements of A defined analogously
as Xj. and &, for Ay. Then £ = UZO:o Ek. Since (Ay)p2, is ascending, satisfies
(gl), (g3) and &, C &1, we obtain that A satisfies analogous versions of (gl),
(g3) (where we replace Ay, &, by A, ).

If (a,b) ¢ dom(g?), then, in particular, a € (b)a or b € (a)a. Thus we
can extend A to a total algebra B, setting ¢B(a,b) = ¢B(b,a) = b in the first
case, and g2 (a,b) = gB(b,a) = a in the second. A and B have the same subal-
gebras, so B has a distributive subalgebra lattice, is two-generated, non-cyclic
and satisfies (iv) of Theorem 1.1.

We can also build a (total) commutative groupoid G = (4, o) with these
four properties. Let a o b = g”(a,b) for (a,b) € dom(g?). Next, for a € A,
let a; = fA(a) for i =0,1,2,.... Since g” is not defined on (a,a), we can set
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aoa = ag. Since (a,aq) & dom(g™), we can set aoag = ag o a = ay, and so
on. o is well-defined, because there are no a,b € A and f,p € F such that
fA(a) = b and ¢*(b) = a. This groupoid G and A have the same subalgebras.
So G has a distributive subgroupoid lattice, G = (x,y)g and G is not cyclic. By
(g1), G is total. G satisfies also (iv) of Theorem 1.1 for each (a,b) € dom(g?).
Thus take (a,b) € €4 and a # b (for a = b it is obvious). Then there is
fA for some i = 0,1,2,... such that fA(a) = b or fA(b) = a. Assume that
b = fA(a) = a; (the second case is analogous). Then aob = boa = a;,1,
so b € {a)g C (a,air1)g- By (g3), bo a1 = g*(b,a;y1) = a, so also a €
(b, ait1)g-

3. The Main Result

Generalize the above construction we will build now a two-generated commu-
tative quasigroup with a distributive subquasigroup lattice which is not cyclic.

We say that a binary (partial or total) operation g of an algebra A
has a partial division property (in short, PDP) if for each a,b € A, there is
at most one ¢ € A and at most one d € A such that (a,c), (d,a) € dom(g?)
and g®(a,c) = b, g*(d,a) = b. Similarly as for quasigroups, g” defines two
partial operations, the left hf* and the right h% division (i.e. hf*(a,b) = c and
h¥(a,b) = d). If g” is commutative, then hf* = h&* (i.e. dom(h?) = dom(h%")
and h# (u, w) = h& (u, w) for (u,w) € dom(h2)).

Take again a set of unary operation symbols F' = {fo, f1, f2,...} and let
Foa ={f1, f3, [5,---}s Few = {f0, f2, f4,-..}. We also divide F,q into pairwise
disjoint infinite subsets Fy, F}, Fy, . ... Recall that for E C F, E is the set of all
fx € F such that f € E or fx_1, fxr1 € E (it k=0, then fo € E or f; € E).

We first construct a sequence (Ay)g2,, of algebras such that for k& € N,
A has unary operations from the set Fo U---U Fi_1 U F), and three binary
operations: g** being commutative and having PDP, h** being the division
operation associating with ¢* and an auxiliary operation u®*. Next, A}, is
a non-cyclic two-generated algebra with a distributive subalgebra lattice, and
also Ay is a relative subalgebra of Ay1. Further, the following technical con-
ditions hold:

(ql) Forallp e FyU--UFy, Ag C dom(phe+),
and if f # ¢, then fA%(a) # p™*(a) for each a € Ay.
(q2) For each a,b € Ay, (a,b) & E <= (a,b) € dom(gh++1),

recall & is the family of all pairs (a,b) such that a = b or (a,b) € AXj or
(b,a) € Xy, where X} is the family of all pairs (a,b) such that a # b and
a € dom(fA*), fA*(a) = b for some f € F.

(q3) For each a,b € Ay, (a,b) ¢ X, U Vi if and only if there is (exactly
one) ¢ € Ayyq such that (a,c),(c,a) € dom(gA*+1) and gA*+1(a,c) =
gA+ri(c,a) =0,
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where Yy is the family of all pairs (a,b) such that a # b and there is
d € Ay and there is i € N such that d € dom(f**) N dom(f/},) and

1+1
FA(d) = a, FAY(d) =b.

(c is unique, because g** has PDP. Note also that a, b may be equal.)

(q4) For each (a,b) € Vg, there is exactly one d satisfying the conditions from
the definition of ).
(a5) For all a,b € Ay, if (a,b) € Vi, then (a,b) € Xy and (b,a) € A

By (q4), Vi define a binary operation u* as follows: dom(u®*) = ) and
u* (a,b) = d.

Let A = ({z,y,z},9%), where g2 (z,y) = g*(y,7) = 2z, and g is not
defined on any other pair. ¢ has PDP and the division corresponding to g
equals h™(x,2) =y, W (y,2) = . A with ¢ and h®, satisfies assumptions
of Lemma 2.3, so (taking F as the set of new unary operation symbols) we
obtain an algebra By with binary operations ¢B°, h*. The construction from
Lemma 2.3 implies that ¢B° is commutative and has PDP. Thus ¢B° defines
the division hB° which is an extension of h*. Let Ay be obtained from By by
adding h®4° = hBo and taking the discrete (i.e. empty) operation u®°. Only
unary operations from Fj (in particular with odd indices) are defined in Ay,
so Vo = 0.

Take (a,b) € dom(hA°) and let ¢ = hAo(a,b). In other words, (a,c) €
dom(g®°) and g”°(a,c) = b. a,c € {x,y} implies b = z and hB°(a,b) = ¢ =
hAo(a,b). If a & {z,y} or c & {z,y}, then a,c & {x,y} and a, c € (b)p,. Hence,
Ay and By = (By, gB°, h®) have the same subalgebras. Thus A also has a
distributive subalgebra lattice, two generators and is not cyclic.

Assume that we have constructed Ag, Aq,...,A). Assume also that for
all a,b € Ay,

(i.1) if (a,b) € &, then (a,b), (b,a) & dom(gA*),
(i.2) if (a,b) € Vi U Xy, then there is no ¢ € Ay, such that g% (a,c) = b (thus
also g+ (c,a) = b).

By the construction, Ay satisfies (i.1), (i.2) (note Yo = 0).

For each pair {a, b} of distinct elements such that (a,b), (b,a) ¢ Xx and
(a,b) & dom(g™*+), we add to Ay an element ey, (outside Ay, and distinct for
distinct pairs). We extend Ay, to an algebra By, setting gB* (a, b) = ¢gB*(b,a) =
eqp. Since gB* has PDP, the division h** can be also extended to hB.

Let Ay, be the family of all pairs (a, b) of elements (not necessary distinct)
of Ay such that (a,b) € Y, UX}, and there is no ¢ € Ay, such that g+ (a,c) = b
(since a,b € Ay, there is no such ¢ also in By). We extend By, to a new algebra
Cy, as follows: For each (a,b) € Ay we add a new element d,;, (outside By, and
distinct for distinct pairs) and set ¢©*(a, dyp) = g€* (dap, a) = b. Then g©* has
PDP, so we can also extend the division hB* to hC*. Thus C;, satisfies (x) of
Lemma 2.3.
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For each a € Ay and f € FoU--- U Fy, if a ¢ dom(fA*) (so also a ¢
dom(f€*)), then we add to Cj, an element f(a) (these elements are pairwise
distinct and outside Cj) and we set fP*(a) = f(a) to obtain a new algebra
Dy.. Then first, Ay is a relative subalgebra of Dy. Secondly, Dy, is generated
by x and y. Thirdly, similarly as in the construction of groupoid, we obtain
that Dy is not cyclic. Fourthly, Dy, satisfies also (x) of Lemma 2.3.

Let Zi be the family of all pairs (a,b) of distinct elements of Dy, for
which there are ¢ € N and ¢ € Dy, such that ¢ € dom(f>*) N dom(f24) and
Pr(e) =a, 3_1“1 (¢) =b. Then V), C Zj. Since Ay, satisfies (q4), Dy, also does
it. Thus Z;, define an operation uP* being an extension of u*.

Applying Lemma 2.3 to Dy, (with gP* = ¢C», hPr = hC» 4Pr and unary
operations fP* for f € FyU---U F},) and the set Fjy; of new unary operation
symbols, we obtain a non-cyclic two-generated (by z,y) algebra Ayy; with a
distributive subalgebra lattice. gA*+! is commutative, has PDP (since g©* has
it) and extends gP*. Thus g#+1 defines the division h*#+1 which extends hP*.

By definitions of algebras By, Cy, Dy we have that (q1) and implications
= in (q2) and (q3) hold for Aj;1. Using additionally (i.1), (i.2) (for Ay) and
the construction from Lemma 2.3, inverse implications <= in (q2) and (q3),
and also (i.1) for A1, are easily obtained.

Take ¢ € Agy1 such that c € dom(fiAk“) ﬂdom(fﬁ’“l“) for some 7. Then
i or 141 is even. The operation with even index belongs to Foy U - U FpUFj11
and does not belong to Fj1, so by the definition of , the second operation
belongs to FyU---UFj. Thus V11 = Zj. Hence and by induction hypotheses,
A1 satisfies (q4), (q5) and also (i.2). Next, dom(u*+1) = dom(uP*) and
uArtt = yPr | where u®*+1 is the operation defined by (q4). This completes
the induction step.

(Ak)2, is a sequence of relative subalgebras, so X C Xjpq1, & C Epyr
and Vi, C V41 for k e N.

Let A = (J,2, Aj. By Lemma 2.2, A has a distributive subalgebra lattice.
Similarly as in the construction of groupoid, we can show that A is non-
cyclic and generated by z,y. Since g® = UZO:o g™ and gho, g1, A2 ... have
PDP and ¢gA* C ¢gA%+ for k = 0,1,2,..., it is easy to see that g® also has
PDP and the division corresponding to g equals h* = i, h**. By (ql),
& 2. are total. Moreover, a, f&(a), f*(a), f&(a), . .. are pairwise dif-
ferent for each a € A.

Let X, £ and ) be families of all pairs of elements of A defined anal-
ogously as Xy, &, Vi for Ay. Then X = [Jyo o Xi, € = Upeo &k and Y =
Upe; Vi Since (Ay)72, is ascending, satisfies (q2)—(q5) and Xy C Xypq, & C
Ekt1, Vi € Vit1, we obtain that A satisfies analogous versions of (q2)—(g5)
(where we replace Ay, X, Ek, Vi by A, X, E, V).

For each a € A, let ¢ = f,?(a) for k = 0,1,2,..., and let ¢*; = a.
By (¢2), (a,a) ¢ dom(g®) and (a,c),(ct,a) & dom(g?) for k = 0,1,2,....
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Thus similarly as in the previous construction we can extend ¢g® to a new
operation o setting aoca = cf, aocf = cgoa = ¢y, for k=0,1,2,..., and
aob=boa = g™(a,b) otherwise. This operation o is commutative, and is also
total by (¢2).

Let B be an algebra consisting of all elements of A and operations o, h™,
u® only. Then a set C' C A is closed under operations in B if and only if C' is
closed under operations in A. Hence, B has the same distributive subalgebra
lattice as A, is generated by x,y and is not cyclic.

If (a,b) € X, then b = ¢ for some k, so aocf_; =c}_,0a =
(a,b) € Y, then there are k = 0,1,2,... and d € A such that fA(d) = a,
fix1(d) = b. Hence, a = ¢, b=c{,, and do ¢ = ¢ od = b. Thus by (¢3),
equations a o z = z o a = b have solutions for each a,b.

b. if

We show that these equations have exactly one solution. Let aou =0b =
woa and aow = b =woa. If (a,u), (a,w) € dom(g*), then u = w because g*
has PDP. Assume (a,u) ¢ dom(g®). Then a = u or (a,u) € X or (u,a) € X. If

a=wor (a,u) € X, then u = ¢f for some | = —1,0,1,... and b = aou = cf ;.
So (a,b) € X and by (¢3), (a,w) & dom(g™). If a = w or (a,w) € X, then
w = ¢j for some j = —1,0,1,..., hence ¢} = b =aow = ¢}, which implies

j=1lsow=u.lf (w,a) € X,then a = ¢ and b = ¢’ ow = ¢f} |, s0 (a,b) € Y,
a contradiction with (¢5). Now by symmetry we can assume (u,a), (w,a) € X.
Then a = ¢! = ¢} and b = ¢}, ; = ¢}, so (a,b) € Y and by (¢4), w = u.

Summarizing, the carrier of B with o is a commutative (total) quasigroup
Q. Let \ be the division corresponding to o. Then h* C \ and u® C \. Hence,
if a set is closed under o and \, then it is closed under all operations of B.
Conversely, take a subalgebra C of B and a,b € C. If (a,b) € dom(hB) or
(a,b) € dom(uB), then a\b also belongs to C. Thus assume (a,b) ¢ dom(hB)
and (a,b) ¢ dom(u®) = Y. By (¢3), (a,b) € YU X, so (a,b) € X. Then b
and a\b belong to the subalgebra generated by a. Hence, Q has a distributive
subquasigroup lattice (the same as B), is generated by two elements and not
cyclic.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distrib-
ution, and reproduction in any medium, provided the original author(s) and source
are credited.
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