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Abstract. We consider the (1 + 3)-dimensional Einstein equations with
negative cosmological constant coupled to a spherically symmetric, mass-
less scalar field and study perturbations around the anti-de Sitter space-
time. We derive the resonant systems, pick out vanishing secular terms
and discuss issues related to small divisors. Most importantly, we rigor-
ously establish (sharp, in most of the cases) asymptotic behaviour for all
the interaction coefficients. The latter is based on uniform estimates for
the eigenfunctions associated to the linearized operator as well as on some

oscillatory integrals.
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1. Introduction

In this work, we initiate a rigorous study of the dynamics in Fourier space of
spherically symmetric solutions to the coupled Einstein—Klein—Gordon system,
Ric(g) — 39R(g) + Ag = 87 (do @ dp — Lgldg|?), A <0, (1)
Dg¢ =0, .
around the anti-de Sitter solution. Here, Ric(g) and R(g) denote the Ricci and
scalar curvatures, respectively, both with respect to the spacetime metric g,
O, stands for the wave operator, and A is the cosmological constant.

1.1. (In-)stability of anti-de Sitter

The anti-de Sitter (AdS) spacetime is the unique (up to quotients by isome-
try subgroups) maximally symmetric solution to the Einstein equations with
negative cosmological constant,

Ric(g) = —Ag, A <O.

In local compactified coordinates (¢,z,w) € M := R x [0,7/2) x S¢~1 it reads
gaas(t,z,w) = T (—dt® + dz?* + sin®(z)dw?)

implying that (M, gaqgs) is conformal to half of the Einstein static universe.
One can see that, although the spatial distance from any point (¢,x) with
0<z<7/2toZ:={x=mx/2} is infinite, null geodesics reach the conformal
spatial infinity Z in finite time with respect to time as measured by an inertial
observer at the center. The particular characteristic of the AdS solution as well
as of all asymptotically AdS spacetimes (that are spacetimes that approach
the AdS solution at infinity in the spatial directions fast enough and share the
same conformal boundary) is that the conformal spatial infinity is a time-like
cylinder R x S, Consequently, the AdS metric is not globally hyperbolic
and hence in order to study the evolution of the field ¢ on such backgrounds
one has to prescribe boundary conditions also on Z in addition to the initial
data on the {t = 0} slice.

It is well known that the Minkowski space is a ground state among asymptot-
ically flat spacetimes [35,37]. The AdS spacetime also enjoys a similar varia-
tional characterization due to the positive energy theorem which states that for



Vol. 25 (2024) On the Fourier Analysis 3011

solutions to the general Einstein field equations which are globally regular and
satisfy a reasonable energy condition, the AdS space is a ground state among
asymptotically AdS spacetimes [24]. As far as the initial-boundary value prob-
lem is concerned, Smulevici-Holzegel [26] (for Dirichlet boundary conditions)
and Warnick-Holzegel [27] (for more general boundary conditions) proved its
local well-posedness in the class of spherically symmetric solutions. We also
note that, if one removes the symmetry assumptions, Friedrich’s proof of lo-
cal well-posedness for the vacuum equations yields local well-posedness for
the Einstein—Klein—Gordon system provided that the latter has the conformal
value of the mass. Once the local well-posedness is established, an important
question for the AdS solution (as for any ground state) is whether it is stable
or not, meaning whether small perturbations of the solution on the {t = 0}
slice remain small for all future times or not. For the Minkowski spacetime
such a question has been answered by Christodoulou-Klainerman [16] and for
the de-Sitter spacetime by Friedrich [23] who proved its stability.

The main mechanism responsible for the stability of the Minkowski spacetime
is the dissipation of energy by dispersion. In the case of AdS solution, such a
mechanism is no longer present. For “reflective” boundary conditions on the
conformal infinity, waves which start at any point inside the region {0 < z <
m/2} and propagate outwards are reflected on Z and return back to into the
region from where they started [12]. Such boundary conditions are confining
enough forcing the AdS solution to act as a closed universe (in terms of its
fields inside).

Although the conjecture on the instability of the AdS spacetime was first an-
nounced by Dafermos [19] and Dafermos-Holzegel [20] in 2006, the first work
in this direction was the seminal paper of Bizon-Rostworowski [11]. Specifi-
cally, Bizoni-Rostworowski [11] considered the spherically symmetric Einstein
massless scalar field equations with negative cosmological constant in (1 + 3)-
dimensions and established strong numerical (as well as analytical) results
indicating that the AdS solution to the Einstein equations (although linearly
stable) is in fact nonlinearly unstable against the formation of a black hole un-
der arbitrarily small and generic perturbations. In their work [11], they used
specific Gaussian-type initial data and concluded that such initial data evolve
to a wave which, as it propagates in time, collapses quickly and an apparent
horizon appears. On top of their numerical findings, Bizon-Rostworowski [11]
also proposed the resonant mode mixing as the mechanism responsible for the
AdS instability. The authors expanded the dynamical variables in terms of the
eigenfunctions {e, : n > 0} to the associated linearized operator. Subsequently,
this resulted in the construction of a perturbative series expansion bifurcat-
ing from initial data dominated only by a fixed number of modes. Inserting
this expansion in the nonlinear system, one obtains an infinite system of har-
monic oscillators in which secular! terms appear naturally, see also Sect. 3.2.
According to [11], if these terms are not removed, they should eventually be-
come responsible for exponential instability and a possible breakdown of the

IThese are terms of the form 7 sin(37) and 7 cos(37) for some a > 0 and 8 € R.
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solutions. For example, if one starts with initial data dominated by the first 2-
modes, namely ey + e, then a secular term occurs that cannot be removed, for
more details see [11] and page 20 in [34]. Their important work then triggered
a substantial amount of numerical and heuristic studies. Dias-Horowitz-Santos
[22] considered pure gravity with a negative cosmological constant and pro-
vided additional support strengthening the evidence that the AdS spacetime
might be nonlinearly unstable. Moreover, similar results have been obtained by
Jalmuzna-Rostworowski-Bizoni [29] and Buchel-Lehner-Liebling [13] for higher
dimensions as well as by Choptuik [15] who studied the mechanism of the
spherically symmetric collapse of a scalar field with a general time and radial
spatial dependent metric and for several families of initial data.

Most importantly, Bizon-Rostworowski [11] also conjectured that there may
exist specific initial data (called islands of stability) for which the evolution of
small perturbations around the AdS solution remains globally regular in time.
As a matter of fact, Maliborski-Rostworowski [30] considered the spherically
symmetric Einstein-massless scalar field equations with negative cosmological
constant in 1 + d dimensions with d > 2 and provided reliable numerical evi-
dence indicating that actually time-periodic solutions may exist for nongeneric
initial data. They were able to construct these solutions using both nonlin-
ear perturbative expansions and fully nonlinear numerical methods. Specifi-
cally, they expanded the dynamical variables in terms of the eigenfunctions
{en : n > 0} to the associated linearized operator and constructed a perturba-
tive series expansion bifurcating from initial data dominated only by 1-modes.
Then, they inserted this in the nonlinear system and obtained a recurrence
relation where one can fine tune the initial data order-by-order in such a way
so that all secular terms appearing in the resonant system can be removed.
Consequently, they are left with a secular free perturbative series that pre-
sumably converges obtaining a time-periodic solution from nongeneric initial
data. However, their analysis suggests that all secular terms can be removed
provided that one can verify an infinite system of both linear and nonlinear
conditions where the so-called Fourier coefficients play a decisive role in its
validity. These are oscillatory integrals defined by the mode couplings induced
by the nonlinearities of the system and are essentially weighted integrals of
products of the eigenfunctions {e, : n > 0} to the associated linearized op-
erator, see Sects.3.1 and 4.1 as well as [11,18,30]. In this work, we consider
the coupled Einstein—Klein—Gordon system in spherical symmetry, track down
various cancellations occurring in the potentially resonant terms and establish
robust bounds for the Fourier coefficients using two types of perturbations.
Moreover, similar conjectures were made by Dias-Horowitz-Marolf-Santos [21]
who argued that many asymptotically AdS solutions are nonlinearly stable
(including geons, boson stars, and black holes) and by Buchel-Liebling-Lehner
[14] who considered boson stars in global AdS spacetime and study their sta-
bility. Finally, a very interesting nonperturbative approach was developed by
Moschidis who rigorously proved the AdS instability conjecture for generic ini-
tial data and for the Einstein-massless Vlasov system and Einstein-null dust
system in his celebrated works [31-33].
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1.2. Spherical Symmetric Ansatz

We consider coupled Einstein—Klein-Gordon system (1.1) in spherical sym-
metry, and for simplicity, we fix the spatial dimension d = 3. Following the
work of Bizon-Rostworowski [11] we parametrize the spacetime metric by the
spherically symmetric ansatz

1

_ _ —25(t,x) 742 —1 2, .2 2
g(t,x,w) T ( A(t,x)e dt® + A7 (t, x)dx” + sin® (x)dw )7

(1.2)

for (t,z,w) € M. Under this ansatz, the wave equation in spherical symmetry
becomes

o; (A_l(t,x)e‘s(t’m)at(é(t,x)) - tani o (tanQ(x)A(t, x)e“s(t’m)awqb(t,m)) .
(1.3)

We note that the gauge condition used here includes the normalization § = 0
and A =1 at x = 0. We transform second-order partial differential equation
(1.3) into a first-order system by setting

1

O(t,z) = 0,0(t, x), T(t, ) = W8t¢(t,z).
Then, (1.3) reads
{a@(t, x) = 0 (A(t, 2)e 3Tt 7))
OTI(t,x) = —T (A(t, 2)e* 0 B(t, 2))
where
Tg)(2) = ——s— 0, (tan(2)g(a)),

tan®(x)
coupled to the Einstein equations

{(1 — At x))e(6) = L) [ om0 ($2(1, ) + T12(t,y)) (tan(y))>dy,
§(t,x) = foz (<I>2(t,y) + Hg(t,y)) sm(y) cos(y)dy.

1.3. The Linearized Operator

From the Einstein equations, one can derive an additional equation, namely
the momentum constraint

O A(t, x) = —2sin(z) cos(x) A(t, x) 0z (t, ) Or(t, x)
and now (1.3) can be written as
0ot ) + L16(1,2)] = 300 (At x)e ")) 0,0(t,2)

+ (1= (A(t, 2)e &) ) L[g(t, )]
— 2sin(x) cos(z)0:d(t, ) (0:p(t, 2))? = 0,6(t,2)0,0(t, ),
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where
1
tan?(z)

LIf)() = 0, (tan?(2)0, f(2))

is the operator which governs linearized perturbations of AdS solution. The
solutions to the eigenvalue problem L[f] = w?f subject to Dirichlet boundary
conditions on the conformal boundary Z = {x = 7/2} fall into the hypergeo-
metric class and hence can be found explicitly. For a rigorous definition of the
spectrum as well as for the definition of the domain in which the linearized op-
erator is self-adjoint, see the work of Bachelot [1]. Specifically, the eigenvalues
read

w? = (3+2j)°
and eigenfunctions are weighted Jacobi polynomials,
3G +2)!
L(j+3)
for all integers j = 0,1,2,... and z € [0,7/2]. For the definition, basic prop-
erties and an introduction to the Jacobi polynomials see Chapter 4, page 48

in Szegd’s book [36]. In addition, the linearized operator L is self-adjoint with
respect to the weighted inner product

3
2

3 1
cos®(z) Pf’

ej(z) =2 (cos(2x)),

(flg) = / © (@) () tan? () d. (1.4)

Finally, note that the eigenvalues are strictly positive and hence the linear
problem is orbitally stable.

2. Main Result and Preliminaries

We consider the spherically symmetric Einstein-massless scalar field equations
with negative cosmological constant under spherically symmetric ansatz (1.2),

8,0(t, ) = D, (A(t, z)e S Gt x)) : (2.1)
aIl(t,x) = -1 (A(t,x)e_‘s(t””)(l)(t,w)) , (2.2)
. —§(t,x) _ COSg(ﬂﬁ) ‘ —5(ty) (2 2 2
(1= At e = S [ (@2(1,y) + TP (1) (san(y) P,
sin(z) Jy
(2.3)
é(t,xz) = — /01 (<I>2(t, y) + H2(t,y)) sin(y) cos(y)dy, (2.4)

and we are mainly interested in the asymptotic behaviour of the Fourier con-
stants which appear in the analysis of perturbations around the AdS solution
(®,11, 4,6) = (0,0,1,0).
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2.1. Statement of the Main Result

Specifically, we consider two types of perturbations. On the one hand, in light
of recent work Maliborski-Rostworowski [30], although the series may not con-
verge, we seek a solution of the form

¢<t,l’) = Zw2A+l(va>€2)\+la H<t7x) = ZU2A+1(7—’$)62A+17 (25)
A=0 A=0
At 2)e ") =N "oy (ra)e, e 00T =3 " Gy (7)€, (2.6)
A=0 A=0
T=00t Q=) wyae?, (2.7)
A=0

where axy1,02x+1,62x and (2 are all periodic in time and in particular
& = (o = 1. Here, ¢1,01,&2,(2,wy,0,7 Will be chosen later. Furthermore,
with a slight abuse of notation, we use the same letters to denote the variables
with respect to the (7,z) and (¢,2). On the other hand, we still assume that
(®,11, A, §) are all close to the AdS solution (0,0, 1,0) but expand them using
a finite sum

O(t,x) = Oy (1, 2)e + U(r,2)e>,  T(t,x) = I (7, x)e + X(7,2)€ (2.8)
A(t,z) =1 — Ay(1,2)e® — B(T,2)€,

e 02 — 1 — §y(7,x)e? — O(r, z)e?, (2.9)
T = (wy + €20, + €*n,)t, (2.10)

for some error terms ¥, ¥, B, ©, 7, where ®1,11;, As, 2 are all explicit periodic
expressions in time and will be chosen later together with ~.

The aim of this paper is to provide a better understanding of the asymp-
totic behaviour of the Fourier coefficients that play a crucial role to the work of
Maliborski-Rostworowski [30] and the conjectured existence of time-periodic
solutions to the Einstein—Klein—Gordon equation in spherical symmetry. Is it
also motivated by the work of Hunik-Kostyra-Rostworowski [28] who estab-
lished interesting recurrence relations for the interaction coefficients for the
5—dimensional Einstein equations in vacuum with negative cosmological con-
stant within cohomogeneity-two biaxial Bianchi IX ansatz. To place our results
in the context of the physics literature, we refer the reader to [2,9,10,17,25].
In our main result, we track down the various cancellations occurring in the
potentially resonant terms and establish robust bounds for the Fourier coeffi-
cients in the two settings described above.

Theorem 2.1 (Rough version). We establish robust bounds for the interaction

coefficients of the various Fourier components in the perturbative expansions
around the AdS:

e Perturbation 1: series (2.5)—(2.7)
o Perturbation 2: finite sum (2.8)—~(2.10).

For a precise version, see Propositions 3.1 and 4.1-4.6, respectively.
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2.2. Preliminaries

As we will see, there are subspaces from which these Fourier constants decay
and subspaces from which they grow. On the one hand, in order to establish
the decay estimates, we will use

e the leading-order terms of the eigenfunctions and their weighted deriva-
tives (Lemma 2.2 and Remark 2.3)

e the asymptotic behaviour of specific oscillatory integrals (Lemma 2.6)

e integration by parts (Lemma 2.8 and Lemma 2.9)

The second is based on

e Dirichlet-Kernel-type identities (Lemma 2.5)
e carefully chosen anti-derivatives

On the other hand, for the growth estimates, we will only use

e Holder’s inequality
e [ —bounds for quantities related to the eigenfunctions (Lemma 2.4)

To begin with, we prove the first auxiliary result.

Lemma 2.2 (Closed formulas). For all z € [0,7/2] and i =0,1,..., we have

ei(z) = ! < lsm (wm) — cos (wzﬂ:)) )

tan

e;(;) i 4 (M(:os(wix) sin(wmc))

tan(z)  tan?(z)

Furthermore, both {e; : i = 0,1,2,...} and {e}/w; : i = 0,1,2,...} form an
orthogonal basis for L? ([0, 7/2 ]) wzth respect to weighted inner product (14),
namely

(eilej) = dij, (eg\e;-) = Wf@,j
and, for alli,j =0,1,...,. Here, 0; ; stands for the Kronecker’s delta.
Proof. For the first part, we make use of the facts

2 +2) d 11 1
= TR i), phhe) =

1 T(j+2) cos(w;z)
VA T(j+2) cos(x)
where # = x(z) = § arccos(z) and j = 0,1, . ... These identities can be found in
Chapter 4, page 60, equation (4.1.8) and Chapter 4, page 63, equation (4.21.7)

in Szegd’s book [36]. Then, the closed formula for e; follows by the chain rule.
Indeed, we define z = cos(2z) and compute

1.3 ' +2) 1 T(i+3) d [cos(wsa
P = R (i)
_ 2 I(G+3) 3)dx d <cos(wjx))
\f Jj+ 3) dz dx \ cos(x)
+3) 1 —wjcos(z)sin(w;z) + cos(w;z) sin(z)
+ 3) 2sin(2z) cos?(x)

3
2

Nl

1
pP? = iy =)
7 (Z) F(j+3) dz j+1

—

(
(
L@



Vol. 25 (2024) On the Fourier Analysis 3017

*ir] % ) sin(w;x) — ——— cos(w;x
V(i +3) <QSin(a:) cos?(x) (@jz) 2 cos3(x) (@ )>
and so

e;(x) TN 3 P2 F (cos(22))

VG2 1 TG +3) (W,COS(I)
S OTG+3) Var(+3) 7

L VIGEN (s
T VA L +3) ( ( ))-

Finally, since j is an integer, we conclude

VIG+2! _ViGE) gt 1 _ 2
I'(j+3) (J+2)! (+2)! G+D0+2) w? — 1
The closed formula for e;- follows by differentiating the closed formula for e;.
Using these formulas, the orthogonality properties are straightforward. For the
fact that the set {e; : j =0,1,2,...} forms a basis for L? ([0, g]) with respect
to weighted inner product (1.4), see “Appendix” in the work of Bachelot [1].

In order to show that {Z—’ :j =0,1,2,...} also forms a basis for the same
J
function space, one has to prove that

e’
(f J) =0, Vj=0,1,2,...= f=0.

Wi

To this end, we define

Fx) = /2 f(y)dy
and use the fact that '
—(tan’(z)e](x))" = w? tan®(z)e; ()
which follows from Lle;] = wjz-ej together with integration by parts to compute

0= <f 3) - /0 f(x)eifj) tan?(z)dz = —/Og F ()9 o ()

Wi

™

:/O Flo) (eigj)tan%m)),dx:/og F(z) (e;:j)tan2(m)>,dx

= —wj/ F(x)e;(x)dx
0
for all j =0,1,2,.... Now, we use the fact that {e; : j =0,1,2,...} forms a
basis to get F' = 0 which in turn implies f = 0. O
Remark 2.3. We find the leading-order terms

2 w;  sin (w;x) 1 2 sin (w;x)
ei(z) = —= - cos (wiz) | &~ ——=———4,
w? —1 tan(z) w2 —1 V7 tan(x)

3
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w? —1 tan(x) a w? — 1 tan*(x) = V7 tan(z)

as i — oo and for all x € [0, g] These estimates are uniform with respect to

the weighted L?—norm

11 = (/02 F*(x) tanz(:c)dx>

Indeed, for large 7, we estimate

ei(x) 2 ( w;  cos(wx) 1 sin (wm)) 2 cos (w;x)

. 2 sin(wy) o2 Wi sin(w;-)
'/ tan RV 21 tan
+ e cos(en)|
— —— ||cos(w
VT Vw? =1 !
5 - -1+ gwi 5 ! )
w?—1 wi =17 \Jw;
e 2 cos(wi) - 2 Wiy cos(wj-)
w; /T tan IRVZ VR | tan
N 2 1 sin(w;-)
T/ 12 -1 tan?
wj w; 1
< ¢ S L )
~ w? -1 (,d? -1~ /Wi
since
sin(w;-) 2 LR ™ cos(w;-) 2 : ™
— :/ sin(wjz)de = —,  ||—= :/ cos”(w;x)dr = —,
tan 0 4 tan 0 4

™

2
l|cos(w;-)||* = / cos? (wiz) tan?(z)dz < w;,
0

in(w:) 112 3 sin?(w;
Sln(w;) :/ sin (szas)dx < . 2.11)
tan o tan®(x)

b2

The proof of (2.11) is given in “Appendix,” see Lemma A.1.

Next, we prove L>°—bounds for quantities related to the eigenfunctions.

Lemma 2.4 (L bounds). For all j =0,1,2,..., we have

o ()] < = tan(a) 2 | < 4
sup |ej(z)| £ —= wjy, sup |tan(z)——| < —,
v€[0,5] e vef0,3] wj ves
3 2
<=,

sup
EG[O,%]

[ eswsinty) costuy

Wy
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Proof. For the first estimate, we define the oscillating part of e;(z), namely

sin(w;x)
fi(z) = w]m — cos(w;x),
for all z € [0, 5] and j = 0,1,2,... and compute its derivative
boN L Wy o sin(wja:) _ cos(w;r)  tan(wjz)
filx) = tan(x) (wj cos(w;) tan(x) ) — tan(x) i tan(x) /-
Hence, for all z € (0, %) and j =0,1,2,..., the equation
fi(x) = 0 <= tan(w;z) = w; tan(x)
has countable many solutions, say z = x} € (0, %). Then,
. tan(w;x%) w; tan(z¥)
fi(@}) = cos(w;z}) <thm1($;; — 1] = cos(w;zj) (wjtan(xj*-)j -1

= cos(wjx;)(w? -1).
Now, since
f0) =l fi(@) =w? =1, f;(5) = lim f;(z) =0
J x—0 J J ’ J 2 m—»% J
we get

o o)l = max {|;0)], |56 |5 (5)]} < i -1

and finally
2 1 2
ol = e e 15 = =12 —

zG[O,%} w -1 IG[

Wy

For the second estimate, we observe that

tan(z)eifj) } ! (wj cos(w;x) — W)

W2 —

“j

2 1 1 sin(wjz)

=, )

VT 2 02— 1 wj 7 tan(z)
J

(s

1 1

—&-w—j cos(w;x) — o cos(wjx))

2
VT wjz- -1

o)y~ L eostirm)

wj \ 7 tan(z) j

- wl — ([ 7)ot = 0.

(w; cos(w;x)
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Hence, by triangular inequality,

e (x 1 1 1

e (-2)+2 sw 15
\f w -1 Wi wij z€[0,%]

2 1 ( 1)+w§-—1 _ 4
P S w_i 777
vr fer o1\ w w;j VT

J

sup
IG[O,%]

tan(x)

for all 7 =0,1,2,.... For the last estimate, we define

™

B
g5(a) = [ es(u)sinly) costy)ey
for all x € [O, g] and 7 =0,1,2,... and compute its derivative
g;(x) = —ej(x) sin(x) cos(x).
As above, for all € (0,5) and j = 0,1,2,..., the equation
gj(x) = 0 <= wjsin(w;z) = cos(w;z) tan(x)

has countable many solutions, say z = 2; € (0, 5). Then,

05(a) = / ;(y) sin(y) cos(y)dy

SRy P—

i w2—1 j

- / " cos(wyy) sin(y) cos(y)dy>

cos(wjx’z)

1

20 2 0200 20
(— 1 — 2sin"(2}) + wj cos(z}) + 3sin (xj))

2
N TS cos(w;x;) cos® ()
j
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valid for all j =0,1,2,..., which concludes the proof. O

For future reference, we also prove the following Dirichlet—Kernel-type
identities.

Lemma 2.5 (Dirichlet-Kernel-type identities). For any n € N and x € R, we
have

sin(@n+ D) _ oy En: cos(2pux),

sin(z) s
(W <1 +2 Z " cos 2,ux)> )
sin(2nx) =
@) 1+ cos(2nx) + 2 ; cos(2px).

Proof. The first result is well-known (Dirichlet Kernel). For the second, we use
the first one and just replace by x + 7/2,

142 Z * cos(2px)

=1+QZCOS(2;MC+7T/J)=1+QZCOS<2u (x—l—g))

_ sin (@n+1)(z+3))
sin (z+ %)
sin((2n + 1)) cos ((2n +1)5) + cos((2n + 1)z) sin ((2n + 1) %)
cos(z)

cos((2n + 1)x)
cos(z) '

= (-1

For the third, we observe that

sin(2nx) + cos(2nz) = sin(2nx) cos(:z?). + cos(2nx) sin(x)
tan(z) sin(x)
sin(2n + 1)x "
sin(z) + Z cos(2ux)
p=1
n—1
=1+2 Z cos(2ux) + 2 cos(2nx),
p=1
from which the result follows. O

Finally, we establish the asymptotic behaviour of specific oscillatory in-
tegrals which will appear later.
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Lemma 2.6 (Oscillatory integrals). For any N € N, we have

/2 Sm((za(+)1) = + 0 ( )

0 tan
[ e(l)
) e i = S0 (),
[ aareaso(3)

as a — oo with a € N. Here,
1 !sin(2
c;:f—w+2/ S2mY) 1 ~ 0.01302.
™ 0 )

Proof. For the first integral, we use Lemma 2.5 to infer

2 sin((2a + 1)x) . 2 cos(z sin((2a + 1)) .
|0 = [ cos(n) TG

tan(z) sin(x)

= /g cos(z) (1 +2 Za: cos(2wc)> dx
0

p=1

= /2 cos(z)dx + 2 2/2 cos(x) cos(2ux)dx
0 — /o

_1+2Z 42 =142 21_42
_221,

p=a+1
1_
p=a-+1
™ = (—1)H T 1
=242 =-+0(=).
2t Z 4u? -1 2t <a2)
p=a+1

The second integral follows similarly. Lemma 2.5 implies

s . s a—1
/0 cosZ(I)S}CIiIQ(C;I))dx :/0 cos?(x) <1 + cos(2ax) + 2 Zcos 2@:0)) dz

pn=1

= /2 COSQ(JS)dJ?—F/Z cos?(x) cos(2ax)dx
0 0

— [2 T T
2 2 2ur)de = — +0+2= = —
+ Z/ cos®(x) cos(2ux)dz 1 +0+ 5=
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for all a > 3, since
L L
/ cos“(z)dx = —, / cos“(x) cos(2A\x)dx =
0 0

Next, for the third integral, Lemma 2.5 also yields

/E COSB(I)de = /5 cos4(x)wdx
0 0

1
> 2.

g A
0, A

PP

tan(z) sin(x)
% a
= / cos*(x) (1 +22cos(2ua:)>da:
0 n=1
3 “ %
= / cos* (z)dx + 2 Z / cos* () cos(2ux)dx
0 =170
_ T 9T gl T
16 T8 T32 0 2
for all a > 3, since
: 3 z 5 A=l
/ cos?(z)dz = %, / cos?(z) cos(2\z)dx = 75, A=2
0 ’ 0, A>3

)

Finally, we conclude with the fourth integral. First, observe that

cos(2ax) sin(2ax) cos(2ax) = sin(2ax) I_
2 tan?(z) da tan(z) (2 tan(z) a ) =0

and therefore, for any € > 0,

2 _cos(2ax) B 2 cos(2az) = sin(2ax) / sin(2ax)
/e 2 tan?(z) dr _/E (_ (2 tan(z) + a ) —da tan(x) )dx
_ 5C08(2ae)  sin(2ae) u 2 sin(2azx)
=2 tan(e) a 4 /E tan(z)

Second, we set € = = and get cos(2ae) = 1,sin(2ae) = 0. Now, Lemma 2.5

shows that

™ a—

Jus. jus 1 jus
2 2 2 2
/ de _ +/ cos(2ax)dx + 2 / cos(2ux)dx
o tan(z) 2 Jo 0
p=1

m s
= +0+0=
5 T0+0= 2,

valid for all @ > 1, and we change variables y = ax /7 to infer

™

/2 cos(22aa:) do — 1 _ 2a/2 sin(2ax) d
= tan®(z) tan(%) = tan(z)

I . @ sin(2ax) .
 tan(Z) 2 (2 /0 tan(x) d)
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1 ! sin(27y)
— o amor [ RET
tan(z) ~ " 7T/0 tan(Z2) Y

for all @ > 2. Now, for all y € [0,1] and a — oo,

and hence

from which we conclude

2 cos(2 1 ! sin(2
/ cos(2 ax) do — _ a7r—|—27r/ sin( :y) dy
= tan®(z) tan(Z) o tan(%Y)
1 sin(27y) v
fan (%) am + /0 + 30 + ( 3>

1 .
cafl om0 (1)
s 0 Y a

that completes the proof. O

Remark 2.7. A straightforward computation yields

eo(z) = 4\/2 cos®(z)

and hence the third integral of Lemma 2.6 also gives

A cof) DD 4y — 5057 1 0 (JV) |

tan(zx)

[SE]

for a — oo.

Finally, we will also use standard integration by parts.



Vol. 25 (2024) On the Fourier Analysis 3025

Lemma 2.8 (Integration by parts). Let a € N and N € N. Assume that F is

differentiable in (0, g) and continuous in [O, 2] Then,

us

/0 : F(x) cos(azx)dz :’é Ez;ki)f (F(Q’“)(:v) sin(aw)) :O
S ()
N (;2T+2 / FEN2) (1) cos(az)da,
/O : F(z)sin(az)dz = Z]j: % (F(Q")( )COS(M)) Z:
S (i)
(a2N+2 / FEN+D () sin(az) da.

Proof. The proof is a straight forward application of integration by parts. [
The following result is a direct consequence of Lemma 2.8.

Lemma 2.9. Let b € N and N € N. Assume that F is differentiable in (0, g),
continuous in [0, %] with uniformly bounded derivatives in [O, g] Then, as

b — oo, we have

2 _ ad (—1)k (2k+1) (2k+1)
/0 F(z) cos(2bx)dx = kzzo CEEE] (( )F (2) F (0)>
+0 <b21$+2> ’
.4 N 1 -
/0 F(x)sin(2bx)dz = kZ:O E;Z;;’tl (( 1) F(20) <§> — k) (0))

[NE]

N _1\k+b -
/O Fz) cos(2b+ D)dz = 3 Mﬂm (%)

N
(2k+1)
+ Z% 2b_|_ 1 2k+2 (0)

coh).
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0 e per= P (20 + 1)2k+1

N
(=)0 2k+1) (T 1
+Z(2b+1)2k+2F( (3)+0 ()
k=0

Proof. All these asymptotic expansions follow from Lemma 2.8 just by com-
puting the boundary terms. Note that if a is even, namely a = 2b for some
b € N, then sin(a%) = 0 and cos(aj) = (—1)°, whereas if a is odd, namely
a = 2b+1 for some b € N, then sin(aZ) = (—1)® and cos(aZ) = 0. For example,

2 2
Lemma 2.8 yields

/’2' F(z) cos(2bz)dx = g: (- ((—1)"F(2’“+1) (Z> _ p(2k+1) (0))
o q2F+2 5

k=

0

-1 N—1 z
+ % /2 FENE2) (1) cos(az)da.
a 0

The other asymptotic expansions follow similarly. O

With these auxiliary results at hand we proceed to the main analysis of the
Fourier constants.

3. Perturbations 1: Series

As mentioned above, Maliborski-Rostworowski [30] considered (2.1)—(2.4) and
provided strong numerical evidence indicating that time-periodic solutions ex-
ist for nongeneric initial data. To explain their approach and see how the
Fourier constants appear, first assume that (®, 11, A, §) are all close to (0,0,1,0)
and expand (P,1II, A, 0) in terms of powers of € using series (2.5)—(2.7).

3.1. Definition of the Fourier Constants
First, we compute the density

oo

Q2 (t, x) + % (t,z) = Z rore?
A=1

where, for all A =0,1,2,...,

A
ro(a+1)(T,2) = Z (Y241 (7, )20 41(7, ) + 02411 (T, ¥) 0241 (7, 7)) -
=0
i
Next, we substitute these expressions into (2.1)—(2.4), collect terms of the same
order in € and obtain a hierarchy of equations
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W'ya‘rq;bQ)\—&-l (Tv x) — 02092041 (7—» :E)
A
= Y (-l (n.2) + 0 (Gal(n ) (n,e) ),
i
(,v)#(X,0)
W~ 0r0axt1(T, ) + L [th2rt1 (7, 7))
A
= - Z (W7,2V870'2u+1 (T7 l‘) + L [§2V(T7 x)wmﬁ-l (T; JJ)] ) 5
p,v=0

pr=2XA
(1,v)#(X,0)

Eoing1) (T, )

3 X
= <2()\+1)(T COS ( Z / H-‘rl CQV(T y) tan ( )dya

sin(x)

;L+V )\

Gty (T, 7) Z / To(u+1) (75 y)Cau (T, y) sin(y) cos(y)dy,

n,v=0
pntrv=>XA

forall A =0,1,2,..., together with

wy 071 (7, 2) — Oyor (1, 2) =0,

Wyo=wy So(nz) =1, G(rx) =1, {wva o1(7, ) +f[1/}1( z)] = 0.

From the set of all eigenvalues {e;}° 0 to the linear operator, we choose a

dominant mode e, for some v € {0,1,2,...} and pick
Y1(7, ) = cos(7)el, (z),
01(7, ) = —wy sin(7)e ().
Now, for each A =0,1,2,..., we expand the coefficients ¥ox11, 02x+1, &2, Can

in terms of the eigenvalues of the linearized operator, namely

Yoxg1(7, ) § >\+1 , oog1(T, ) § ngH

ar(T, ) = Zp i(®), Ca(rz)= Zq

substitute these expressions into the recurrence relations above, take the inner
product (-|e},,) for the first equation, the (:|e,,) for all the other equations and
use their orthogonality properties (¢/,|€},) = w28um, (€n,em) = Jpm. Using
the notation

we find
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Wy S (1) = wmgih) L (7)

+ Z _w%2uf2(:7-|)r1(7> +wm Z C(m p2ly( )géu)+1(7') )
w,v=0 1,j=0
ptrv=X
(w,v)#(X,0)
wvggTJ)r1(T) = _wmfz(;\':g1(7—)
A

.(m (m 7
— Y | eradh (1) Fwm Z s () s () ]

p,v=0 1,j=0
prv=>XA
(1,v)#(X,0)

A (%S)
pg(ri\)ﬂ)(T) = Z Z ( ijl f2p+1( )f2k+1( 7)
+ B g5 ()95 (7 >>q§3< )

G5y (7) = Z Z ( i B (M f5 (7)

p,k,v=0 14,5,l=0
p+k+r=XA

B
g (T)gg e (7 )>q§3< )

where all the interactions with respect to the spatial variable z € [0, g] are
included in the following Fourier constants

jus

Ci(;n) = /02 ei(r)ej(z)em (z) tan?(x)dz,

oM. /05 ei(m)ﬂw tan?(z)dz,

Wi Wm
Al(;rll) _ /72r ei(z) €j(x) er(x) el (x) sin®(2) d.
o :

(m) ks ’ s
~ A U
A = 7 / PO o) [ entsiny) con >dy> tan? (z)de,.
~ B(.T.n) 2 5
=L / es(@)e;(2)e(x) ( / em(y) sin(y) cos( >dy> tan?(z)da
Wm 0 T
We also find

flm) (7) = w,y cos(7)dl", g%m)(T) = —w, sin(7)d", pém) (1) = q(()m) (1) = (1]em)
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and use Lemma 2.2 to compute

™

(llem) :== /OE em () tan? (z)dx

for all m = 0,1,2,.... In addition, we differentiate the first equation with
respect to 7 and use the second to obtain the harmonic oscillator equation

o) + ( >f(T+)1() S () (3.1)

where the source term is given by

A
m wm w ,aV < \m m
S =Y [— 22 () + 22 B )

Wy

p,v=0 v
pAr=X
()£ (\0)
i (m) (i)
v }j( = (8 (0) = 2T >)]
1,j=0

Finally, we make use of the variation constants formula to solve (3.1) and find
m m wm m . wm
f2(>\-i,)-1( ) = f2(/\_£1( )COS< > f2(>\-|)—1( 0) sin (’7‘)
w7 wy

w. T . Wm, m
+ ﬁ/o sin (%(T )) S (s)ds.

In conclusion, we get for all m = 0,1,2,... the following recurrence relations.
Forall A\=1,2,3,...,
1 (7) = wy cos(7)aT,
m m Wm
HRL () = £ 0) o (227
Y
Wy i(m) . wm wy [T . (wm (m)
+ Ef”Jrl(O) sin (ET) + E/o sin (E(T - s)> SQAJrl(s)ds,

by

Wm W~ 20 m Wy 2(m

S =70 3 {—;ﬂ (éuil<r>+ﬁf§u+’1<r>)
w,v=0

et
(ksv)#(X,0)

N Z < o 4 ( ) (r )géL’H(T)) o Lm0 (o ))}

i,7=0
g™ (1) = —n sin(7)87",
a5 (1) = TR )
A
Wy 2v i(m m
f3 e - 3 )|
w,v=0 m 1,7=0
ptHrv=>XA

(1,0)#(X,0)



3030 A. Chatzikaleas Ann. Henri Poincaré

” 2 (—1
= = T
(m) : — | 5 s ")
pQZr;\Jrl)( T) = Z Z AU”Z 2p+1( )fgiﬂ( )
k,v= 7,1=0
p,-)&:k:i-u—()/\
m j 1
+ B g8 (198 (r )}qéﬂ ),
” 2 (=)™
q(() )(T):T( ) wZ, —1,
S (m)

(m) _ Aiji (4)

q2(>\+1)(7) = kz Zl . f2p+1( )f2i+1( 7)
v=0 1, 0

pﬁ-k+u A >

H(m)

ijl l
+ gl (D5 (7 )]qéﬂ )

3.2. Time-Periodic Solutions and Secular Terms
As pointed out in [30], nonperiodic terms appear naturally when the source

term SSTJ)rl(T) has terms of the form cos(wy,,7/w,) or sin(w,7/w,) in its
Fourier expansion. Indeed, we assume that, for some A = 1,2, 3,.

(m) . (m)
Saat1(m) = Z S125+1,0 COS(az) + E : Sy5) 2241, S0 (b),
a€ly beJx

and in addition there exists an index m =0, 1,2,... such that w,,/wy :==a €
Iy. Then, the integral

/ sin (wm(T - s)) Sgt\nll(s)ds
0 Wy

produces a nonperiodic term since

Such secular terms are also produced when there exists an m = 0,1,2,... such

that wy, /wy :=b € Jy. In other words,

YA=0,1,2,..., Jaset Ny: Vm € Ny, fz(;nll(T) contains nonperiodic terms.
Maliborski and Rostworowski [30] were able to numerically cancel these

secular terms by prescribing the initial data ( fQi\"le(O), fé;nll(O)) To explain

their approach, we take f(V)( 0) =1 and f A+1( )=0for A\=1,2,3,.... First,

they choose f2>\+1(0) =0forallA\=0,1,2,... andallm =0,1,2,... to ensure

that the source term Sé;nj_l(T) is a series only of cosines. Then, they observed
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that the fixed index v belongs in N for all A = 0,1,2,... and there is only
one secular term in fézll(T) which can be removed by choosing the frequency
shift w., o(x—1). Furthermore, for all m € N)\{v}, there are some secular terms
which cancel by the structure of the equations, some secular terms cancel by
choosing some initial data, but some initial data remain free variables at this
stage. They choose these free variables together with w, 2 to cancel the secular
terms in the fo(x41)41(7). For more details see [30]. However, there is no proof
based on rigorous arguments ensuring that this procedure works for all .

3.3. Choice of the Initial Data
For example, we fix v = 0 and choose
f2A+1( )=0, VYA>0, Vm>0.

First, we use the recurrence relation above and ﬁnd periodic expressions for
pém)( ) and qém)(r) due to the periodicity of f;"* ( ) and g(m)( ). Second, we
compute

Sém)(’l') = Agm) cos(T) + B:gm) cos(37),

. Then, the equation

,,,,,,,,,

Win 3+2m
— = =1+-me{1,3
o 3 +gmeil 3}
has two solutions m € N3 := {0,3}. Based on the discussion above, we get

two secular terms in the list {f. (m)(T) :m =0,1,2,...}, one for m = 0 and
one for m = 3. We see that the secular term for m = 0 can be cancelled by
choosing the frequency shift wg 2, whereas the secular term for m = 3 cancels

by the structure of the equations meaning B§3) = 0 without any choice of the

initial data {fém)(O) :m =0,1,2,...}. Hence, all these are free variables at
this stage (i.e. for A = 3) and will be chosen later to cancel all the secular

terms in fém) (7). Specifically, we get

00 = (o + A7) ) eostr) -

5
198n - cos(37)

153 .
+ | w2 — — | Tsin(7),
47

1) 6183 765
5 (T) =5 V3cos(r) + 5-— V3 cos(37)

. 1737 5
+ < é )(O) e 3) cos <37’) ,
(2, . 3717 \/§ 441 \/§
15707) =3500x S(T) + 1987\ 3 90567)
@) 1371 \/5 7
+ ( 5 0~ 15007 V2 ) (37 )




3032 A. Chatzikaleas Ann. Henri Poincaré

and so forth. We choose

wo,2 = 747r

to ensure the periodicity of féo) (7). Once all secular terms in fém)(’f) are
removed, the periodic expression for fém)(T) implies a periodic expression also
for gém) (7).

3.4. Growth and Decay of the Fourier Constants

In this section, we focus on the asymptotic behaviour of all the Fourier con-
stants which appear using this approach. We shall use the notation

Zf(a:tbj:c):f(a+b+c)+f(a+b—c)+f(a—b+c)+f(a—b—c),
+

that is summation with respect to all possible combinations of plus and minus.
Furthermore, expressions like w; +w; £wy, stand not only for w; +w; +wy, and
Wi —w; — wy, but also for w; +w; —wy, and w; —w; +wsy,, that is considering all
possible combinations of plus and minus. Specifically, we prove the following
result the proof of which is based on the leading-order terms (Remark 2.3)
together with the asymptotic behaviour of the oscillatory integrals (Lemma
2.6), the orthogonality properties (Lemma 2.2) and the L>°—bounds (Lemma
2.4).

Proposition 3.1 (Growth and decay estimates for the Fourier constants: Per-
turbation 1). Let N € N. The following growth and decay estimates hold.

Growth and decay estimates for C’i(;m and égn) as i, j, m — +00

Constant Jw; £ wj £ wm —— 0 Vw; fwj fwm — o0

ey O (wi) 2.0 (%)

T w; T wj £wm)

—(m) 4 1 )
[O% O (w; = of— -
1] (wz) \/E + ; <(Wz + w; :Ewm)Q

Growth and decay estimates for Al glm) A(m) g Egﬁ) as i,j,l,m — +o00

ijl 0 gl 2 “rigl
Constant Jw; £wj £ wp £ wm —— 00 YV wi fwj *w £ wm — 00
Z(m) 5(m) 1
A gl 10) o
ijl ijl (Wl) ; ((wiiwjiwliwm)l\’>

1 1
A pm (ﬂ> —> 0
ijl ijl W Wm, ; (wl- + wj + w; iwm)N
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Proof. First, observe that w; £ w; &+ wy, are all odd, namely
wi—wjtw,=20—j+m+1)+1, w—w—w,=20—j—m—2)+1,
witwjtwy,=20+j+m+4)+1, wtw —wy=20+j—m+1)+1

For large values of 4, j,m and in the case where all w; + w; £ wy,, — o0, we
obtain

Ci(;n) = /0j ei(w)ej(z)en (x) tan(z)dx

3 T . . .
N < 2 ) /2 sin(w;z) sin(w;x) sin(wp,x) da
0
1
4

tan(x)

(=

B /72r sin((w; — wj — wim)x) de
0

tan(z)

/T2r sin((w; + wj + wm)x
0 tan(x)

On the other hand, for large values of 4, j, m such that some w;+w;+w,, —— oo,
Holder’s inequality implies

= /E ei(z)ej(x)em (2) tan® (z)da
0

< ||ei||Loo[07%] lle; tan||L2[O)%] llem tanHLZ[Oé] < w;.

(m)
o

Similarly, for large values of 4, j, m and in the case where all w; +w;+w,, — oo,
we obtain

Wj Wm,
jus
2

( 2 )3 sin(w;x) cos(w;z) cos(wm) d
0

1

4

tan(z)

3 ERR ENR
i) (/2 sin((w; + wj + wm)x) P /2 sin((w; + wj — wm)x) du
0 0

tan(z) tan(z)

N /% sin((w; — wj + wm)x) dz 4 /% sin((w; — wj — wm)x) dx>
0 0

tan(x)

SICNERER S E=)
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,—JrZO(m).

On the other hand, for large values of 4, j, m such that some w; +w;+w,, —— oo,
Holder’s inequality implies

m 3 e (x) e
‘C( )| = / ei(x)ij( )Lm(x) tan?(z)dx
0 wj  Wm
e (z /
< ||ei||Loo[0 1] Ltan eL@tan S,Wz
2 wj r2fo,z] Il “m L2[0,3]

Next, observe that w; £ w; £ w; £ wy, are all even,

Wi —wj +wp —wm =2(i—j+1—m),
wi twj —wp —wy, =200 +75—1—m),
2-3+i—j—1—m),

Wi —Wj — W) — Wy
28 +i+j+1—m),
Wi —wj —wp+wm =2(i—j—1+m),
wi +wj +wtwy, =26+i4j+1+m),
2B3+i—j+1+m),
witwj —w+w, =23+1i+7—1+m).

wi +wj +wp —wy =

Wi —Wj W+ wy =

Now, for large values of 4, j,{, m and in the case where all w; +w; £w; £w,, —
00, we obtain

Ay = [FADSO), e i),

i =) uf Ew]. wm  cos(w) |
< (2) [ o Rl et silens) ol
4 E sin ((w; — wj +wp + wm) T
(i

N /2 COSQ(x)sm((wi —w; +w — wm)m)d
0 tan(z)

B /75 cos?(z) sin ((w; — wj — Wi + wi,) T) d
0 tan(z)

B /2 Cosz(:c)sm((wi —wj —w; — wm)x)dx
0 tan(z)

N / 3 cos?(z) sin ((w; + wj + wi + w,) ) da
0 tan(x)

N / 3 cos? () sin ((w; + wj + wi — wi,) ) da
0 tan(x)
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dx

/72r sin ((wi + wj — wy + wn,) )
0

(
] tan(x)
/; cos (

2>4 (-1 430 !

VT 2 2/ 4 (wi £ wj £ wp +wp)™
1

:g() ((wij:wjj:w;:l:wm)N>7

whereas, for large values of ¢, j, [, m such that some w; £ w; +w; + wy,, — o0,
Holder’s inequality implies

|- | [ A8,y alr) )
0

*(2)
2, sin ((wi + wj — wy — wi,) ) .
(z) tan(x) d )

0| =

il wp Wy Wy cOS()
3 ol e (x :
_ / €i(x) tan(z) - L) tan(z) - e;(z) cos?(z) - e (@) tan(z)dz
0 Wi Wy Wm
' el ,
< || tan L tan et cos® | o 5 [ 2 tan
i L2[0’%] J LQ[O,%] m oo [07%]
5 wi.

Furthermore, for large values of 7, j,I,m and in the case where all w; £ w; +
wy £ Wy — 00,

2 el (z)sin®(x
B ::/ ei(z)ej(x)er(x) m (@) ( )dx

W cos(x)

dx

4 Jus . . .
? cos(x sin(w; ) sin(w;x) sin(w;x) cos(wm )
/0 (=) tan(z)
2 cos? (2 sin ((w; — wj + wi +wp) )
/0 (z) tan(x) d

N——

S

T

1
o=

N
[SE]
Sl
N———
>N
/N

9, sin((w; —wj +wp — wp,) T)

+ /0 cos”(x) tan(2) dz

B /75 cos?(z) sin ((w; — wj — wy + wi,) z)dz
0 tan(z)

B /2 cos?(x) sin ((w; — wj — w; — w) x)dx
0 tan(z)

B /2 cos?(z) sin ((w; + wj + wi + wp) :v)dx
0 tan(x)

- /2 cosz(x)sm((wi +wj +w — wn) x)da:
0 tan(x)
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dx

3 9, sin((w; +wj —wp + wm) )
/0 cos*(x) p—"

T, sin((wi +wj — W — W) 2) .
—1—/0 cos*(x) tan(a) d )

4
() (69w
1
:go <(wiin'iwliwm)N> |

whereas, for large values of 7, j, [, m such that some w; + w; +w; + wy,, —= o0,
Holder’s inequality implies

/ ? ei@)es @a(a)

el (x)sin®(x) da

W cos(x)

™

/(i ei(x) tan(x) - ej(z) tan(z) - e;(z) cos?(z) - € () tan(z)dx

wﬂ'b

e/
< |le; tanHB[O%] lle; tan||L2[O,%] Hel COSQHLm[o,g] ’JLtan 1eo3]
5

,Swl.

Next, we use once more Remark 2.3 to compute

s

2

/ ¥ em(y) cos(y) sin(y)d z% sin(wmy) cos? (y)dy

2 [sin(wme)sin2z)  2cos(wmz)  wpm cos(x) cos(wma)
( )

LS w2 —4 W (w2, —4) w2 —4
2 1
~ — — cos?(z) cos(wpm ),
T Wi,

as m — oo. Hence, for large values of ¢,7,l,m and in the case where all
w; £ wj = w; & wy, — 00,

Az(;?) = /05 Mwe;(z) </2 em(y) sin(y) cos(y)dy) tan?(z)dz

W Wj

tan(x)

<¢2%) RS / cos? () S (@ — 0y b)) |

tan(z)

( 2 \* 1 /72r cos?(x) cos(w;x) cos(w;x) sin(w;x) cos(wm ) e
0

1

8
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B /2 cos(x) sin ((w; — wj — Wi — wiy) x)dx
0 tan(x)

N /2 cos2($)sm (wi +wj +wi + wp) I>da:
0 tan(x)

N /2 cosQ(l‘)sm (wi + wj +wi — wiy) a:)dx
0 tan(x)

/’2' 9, sin((w; +wj — wp + wi,) T)

— cos®(x) dz
0 tan(z)

B /72' cos?(z) sin ((w; + wj — W — wi,) ) daj>
0 tan(z)

81( >( _g)+;o<(wiiwjilwliw’")]v>>

1 Z 1
" onm (witwj tw +w,) )’
+ i 7 l m

whereas, for large values of 4, j, [, m such that some w; £ w; £ w; £ wy,, —— oo,
Holder’s inequality implies

™

= /E @@el(z) (/2 em(y) sin(y) cos(y)dy> tan?(z)dz
0 T

Wi wj

= /g Mtan(x)ﬂ

0 CUi wJ

‘A(m)

a5l

tan(z)e; () (/2 em(y) sin(y) cos(y)dy) dx

/,
—L tan
wj

IN

||€l||Loo[0,g]

vfog) o]

< “
~ w *
L>=[0,%] m

‘ / : em(y) sin(y) cos(y)dy

Finally, for large values of ¢, , [, m and in the case where all w;+w;+w;tw,, —

dx

tan(z)

N( 2 >4 1 /7’5 o 2(z)sin(wix) sin(w; ) sin(w;x) cos(wm)
0
1

4 us s
172 1 2 cos? () sin ((w; — wj +wy + wm) ) da
V) wm\ Jo tan(z)
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- /2 cosz(x)sm (wi —wj —wi + wm) ) de
o tan(x)

B /2 COSQ($>Sln((wi —Wj — W — W) T) da
0 tan(z)

N 3 cos(2) sin ((w; + wj + wy + wi,) ) d
0 tan(x)

B cos? (z) sin ((w; + wj +w; — wi,) T) da
0 tan(z)

B /2 cos?( )sm((wi +w; —w —|—wm)w)dw
o tan(z)

B /2 COSQ(Z')SIH (wi + wj —wp — wp) ) da
0 tan(z)

- i (\/27?> (4 <g_g) +zi:(9 <(%‘in ilwliw’”)N>>

1 1
= — O N s
Wm T ((wi:twj tw twy) )

whereas, for large values of ¢, j, [, m such that some w; + w; +w; + wy,, —= oo,
Holder’s inequality implies

BG| = / ei(@)e; (@)en(x) ( | entsin) cos(y)dy> tan?(z)dz
= /2 ei(z) tan(z)e; () tan(z)e; (x) (/2 em(y) sin(y) cos(y)dy) dx
0 T
< Hei tanH[ﬁ[o,g} Hej tan”[ﬁ[o}g] ”el”Loo[o,g]
3 . w
‘ / em(y) sin(y) cos(y)dy N wfl
which completes the proof. O

4. Perturbations 2: Finite Sum with an Error Term

Since series (2.5)—(2.7) may not converge, we can still assume that (®,11, A, )
are all close to the AdS solution (0,0, 1,0) and expand (®,11, A, §) using (2.8)—
(2.10). First, we solve at the linear level and obtain the periodic expressions

®y(7,2) := cos(7)el, (z),
IIy (7, x) := —wy sin(7)e, (),
Ao (7, 2) == cos? (7)1 (z) + sin? (1) Tz (),

8o(7, ) := — cos?(T)['3(z) — sin?(7)Ty(z),
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where

cos®(z) [*
(o) = 8 [ ) .

sin(x)

cos?(x
Ty () == wi (z)

sin(x) /ow (eo(y))2 tanz(y)dy,

mw=£%mﬁm@m@w

mm:%fmem@m@w

For simplicity, we have fixed v = 0 and use Lemma 2.2 to compute

T (z) = m (1293 — 3sin(2z) — 3sin(4z) + Siﬁ(6x)>,

To(z) = m ( — 127 — 3sin(2z) + 3sin(4z) + sin(Gx)),

Ts(z) = 35%;(:5) (25 + 20 cos(@) + 3005(4x)),

Tu(z) = —32% ( — 93 + 56 cos(2z) + 28 cos(4x) + 8 cos(6z) + COS(Sx)).

For future reference, observe that

HFQHLOO[O%} <1, Vae{l,2,3,4}. (4.1)

Second, we get the following nonlinear system for the error terms (¥, %, B, ©),
((AJQ + 62(90 + 64170)(97—\11
= (60 + €210) sin(r)eh ()

+ Op (E + wo sin(7)eo(z) (A2 + 52))
+ 62895 < — 2(142 + (52) — wo sin(T)eo(m)(—B + 6+ A2§2)>
=+ 64(91 (E(—B + 0+ Azéz) — wo Sin(T)eo(—@AQ =+ B62)>

+ €49, (E(—@Ag + Bé2) + wo sin(T)eoBG)>
~ &0, (veB),

(wo + 6290 + 64770)87-2

= wo(fp + €%19) cos(T)eg

* <sin?2x) (W — cos(7)ep (A2 + d2)) — cos(T) (e (A2 + 52))/ + ax‘P)
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+ €2 ( , 1 (—W(Ag + 62) + cos(T)ey(—B + O + Asds))

— (W(Ag +6)) + cos(T) (eh(~B + O + A252))'>

+ € <Sméx) (U(—B 4 O + Asda) + cos(T)ep(—A20 + 65B))
+mWﬂ%@B—@@Y+@@B+@+@@W)
+9<@éhﬂmk®h+ﬁﬂﬂ—wdﬂ%B@

— cos(7) (¢yBO) + (5, ¥B)’ — (AQ\I!@)'>

<sm(2 )B@\IIJr(B@\I!) )

1+ 2sin’(x)
sin(z) cos(z)

in(2
_ sin(2) (2 cos(r)egW — 2uwo sin(r)eo

0, B +

2
d — Ay cos?(7)(ef)? — wi Ay sin®(7 )e%)

sin(2x
| sin(20)

5 2 <\Il2 + %2 — 245 cos(T)ef U + 2wy Ay sin(7)ep X

—cos?(7)(e}))?B — wi sin? (7’)(60)23>

sin(2
n in(2z)

5 et ( — AgW? — Ay%% — 2cos(T)ep BY + 2wy sin(T)eOBE>

- Sin(;m) 8 (B (0% + 52) )

SlIl

2cos()eq ¥ — 2w sin(7)eoS — 82 cos? (7)(eh)? — wida Sil’l2(7’)€(2)>

sm(2x) <\I/2 + 2% — 265 cos(7)en U + 2w sin(7)epda S
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+ cos”(7)(eh)*O + wg sinz(r)eg)

in(2
n sin(2x)

3 et = 8292 — 6252 + 2 cos(7)en O — 2wy sin(T)eo@E>

!

4.1. Definition of the Fourier Constants

As before, we expand the error terms (¥, %, B, 0) in terms of the eigenfunc-
tions of the linearized operator as follows

U(r,z) =Y wi(r) ef”) S(ra) =Y oir)ez),
i=0 v i=0

o0 o0
B(r,z) =Y bi(r)ei(x), O(r,z)=> &(r)ei(x).

i=0 i=0
After substituting these expressions into the equations above, we take the inner
product (-|€}) (for the equation for W) and (-|e;) (for the equations for 3, B
and O) in both sides. A long but straightforward computation yields that all
the interactions with respect the space variable = are included in the following
Fourier constants:

™

cwﬁ;:Afa;u>—ruw>amwxwtmﬂwma

Dipi; = /0 B ()T (@)es ()6 (o) ban? (2,
Eiom = /O ¥ (Py(@)Ta(2) — Ta(@)Ta(2)) e3(2)e; (2) tan? ()
Gy = /0 P ea@)e; (2)en () tan? (@) d,
Fajii = /0 P L @)er (@)es (e (@) tan? (x)
H o = /0 P ea()es (@)ex(x)er() tan? (),

for the equation for U,

Capij ==

E1423ij =

|
Dmlegnmﬂuw%@”%”mEWMm
|
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W
Hiji := /05 el(x)e;(x) e;(x) k(@) tan?(x)dz,

for the equation for ¥,

7 (@) ef(x) ej(x) sin’ (x) .
J]Im -—/0 wj WE wj COS(SC)d ’
3 el(z) sin®(x
Lo = [ eI
[P @) ) ) sin'@)
Pa]kz .—/0 Fa( ) wj Wi Wi COS(SC)
A : x)e;(z eifa) sin’(z)
Qa]lﬂ _A Fa( )J( ) ( ) wi COb(Jf) ’
[T @) ) ) sin®@)
Riaji '_/ i(®) W W w; COS(I)
5 e/ (z) sin®(z
Sikii = / ej(.%‘)ek(QT)@l(x)%i) COS((.I)) ’

for the equation for ©, and finally

Jjki = /05 KAC) (/2 ei(y) sin(y) COS(y)dy> tan® ()dz,

wj We

Lig, == /05 ej(z)er(x) </2 e;(y) sin(y) COS(y)dy) tan?(x)dz,

Qs = [ Tul@les @ena) ( | atwsin) cos(y)dy) tan?(x)d,

Rujiim [ o; () D) (@) ( [ ety cos(y)dy) tan? (z)d,

Sjkii == /05 ej(x)er(x)e(x) (/2 e;(y)sin(y) cos(y)dy) tan?(z)dx,
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for the equation for B. In addition, the nonlinear system for the error
terms boils down to

d Wi B 1 YEi(T)
- %i(7) = m”’m " wo 4002 Fmoet w;
N 1 YO (P(7), 0(7), b(7), (7))
wo + 0o€? + +noet Wi 7
d Wi 1 o
Rl - = iD= — F;
7° (1) + o T O T 770641/’ (1) @0 + B0 + noet (1)
1 -

o aeE Tea  TH),0(7), ) €(7),

subject to the constraints
bi(r) = "Si(7) + "N (e(7), 0(7), b(7), &(7)),
&(7) = *8i(7) + SM((7), 0 (1), b(7), £(7)).
Here, the source terms are given explicitly in terms of the Fourier constants
by
wFZ‘(T) o (w%&oéo,i

0= =5 sin(7) + woCrao sin(7) cos? (1) + woCau; sin® (T))
Wi

L%

2

winodo,i

+wi€2($
Wi

sin(7) + woD130; sin(7) cos? (1) 4 woDago; sin® ()

+ woE14230; sin®(7) 0032(7)) ;

UFi(T) = Wow; (90:50,1‘ COS(’T) + 61301‘ COS3 (T) =+ @2401‘ COS(T) sin2 (’7’))

i

S s _ _
+ wow;€? (M cos(7) + Dy30; cos® (1) + Dagg; cos? (1) sin ()
i

+ E14230; cos® (1) sin? (T)) ,

"5i(r) = wB ((— cos" (7)Proo; — sin?(7) cos?(r)Paoos

— sin’(7) cos?(7)Q100; — Sin4(7)@200i)a

w2

£85(7) = = ( cos* (T)Psgoi + cos?(7) sin? (1) Pagoq

Wi
+ sin®(7)Quo0; + cos?(7) sin® (T)Q300¢)7

where 6 ; stands for the Kronecker’s delta, whereas the linear and nonlinear
terms are given by

YR(P(7),0(7),b(7),&(7)) = € < —cos*(7) > wiCug;i0;(7)
=0

oo
- SiHQ(T) Z w?(CMjioj (T)
j=0
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— wo sin(7) Z w,-zGOﬂ(fj (r) — bj(T))>
+e ( — cos® Zw Dy3;:0,(7) — cos?(7) sin? Zw E14235i05(7

+sm E w; ]D)24ﬂO'j +w0 SIH COS g w; FlOJZ€]
7=0

+ wp sin® E w; IE"goﬂfj ) + wo sin(T cos g w: ]Fgojl

“+ wo SlIl Z w3 IE"40]1 Z w; ijlaj (T) + gk (T))>

7=0 7,k=0

+é8 (wo sin(7) Z w?Hojxib; (T)&k(T)

3,k=0
o0
— sin? E w; szszg — sin? E W ]F4J;“0] bi(T)
7,k=0 J:k=0
oo
— cos? E W Fljkzaj — cos? E w3 Fg;kﬂ; bi(7)
7,k=0 J,k=0

+e8 ( — Z wajklifj(T)Uk(T)bl(T)> )

Jrk,1=0

TN (Y(7),0(7),b(7),&(7)) = ¢ <C052(7') Z Wi@lfsji"/}j (7)

7=0

+ sin2 (7') Z wiCQ4jﬂ/)j( COS Z w()w’LGOJZ gj( ) (T))>
=0

7=0

+ 64 (COS4(T) Z wiﬁwjﬂ/)j (T) + cos ( Sln Z Wi El423]2¢]( )

=0

+ sin’(7) Z wiDagji1h; (7) + sin?(7) cos(r Z wowiF205:;(T)
j=0

7=0

+ cos®(7) Z wowiF105:€;(T)
=0

+ cos®(7) Z wow;F305:b;(T)
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+ COS SlIl ZWOWZF4OM Z Wi jkﬂ/}] ( ) - §k(T))>

7,k=0

(COS Z wOleojkz +COS Z wzFljszk ( )

§,k=0 7,k=0

+ cos?(7) Z wilF3;ith; (T)bi (T)
§,k=0

+ sin’(7) Z wiF ki) (T)Ek (T ) + sin®(r Z wiFait0; () by (T ))
§,k=0 7,k=0

+68< Z wiHijiﬁk(TWl(T)bj(T))v

Jik,1=0

bmi(w(T)vU(T)ab(T)vf(T <2 cos(T Zwoﬂojle — 2w sin(7)

1

Tojio; (T))

+ € ( — 2cos” (1) Z woP10ji; (1) — 2 cos(7) sin® Z woP20;i15 (1)
3=0

+ 2wo COS2(7‘) sin(T) Z @10ji0j(7) + 2wo sin3(7') Z @QOjin (1)

=0 =0

— COS2 (T) Z wgﬁoojibj (T)

— sin® ZwoSooﬂ Z ki¥5 (T)0 (T Z ki05 (T)ok(T >
3,k=0 3,k=0
+e (—cos 7) Z Py jrith; (T ) — sin® Z Pojrith; (7)k (1)
3,k=0 G k=0
— 2cos(T) Z woRok ik (T)b; ) — cos® Z Qyjpi05(1)ok(T)
7,k=0 7,k=0

— sin? Z Qo105 (7)o (1) + 2sin(7) Z woSo;kiok (T)b; (T)>

7,k=0 7,k=0

( i Rytjitor (1) (T Z Sjktior(T)or(T)bi (T ))
g, k,l=

0 7,k,1=0

SN (Y(7),0(7),b(), (7)) = (2605 Z O”% — 2w sin(r ZHOJZ. )

+€2(2C083(T)Z 0T () + 2eos(r)sin®(7) D wo - y(r)

=0 j=0
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— 2w sin®(7) Z %aj ()

oo

R
— 2wp cos? (1) sin(T ZQ?’O“ (1) + cos?( Z 2 009151 )

o0

2 . 2 _SOOji '
+ wg sin (T)Z% 2 & (1)

+ Z ijz w; wk ; ))

'L

7,k=0 =0
+é@“%ﬁ§j%W%<wuﬂ+m%ﬂ§:MW%<muﬂ
7,k=0 J k=0

+ 2 cos(7) Z woRZk”@b (7)€; (1) + cos® (1) Z Q?’jkz oj(T)or(T)
k=

7,k=0

+ sin®(7) Z ij_kiaj(T)Uk(T) — 2w sin(7) Z S(:j_kidk(T)gj(T)>
4,k=0 v j k=0 "

+eﬁ(— > Bty g+ Y S g ))
jikd=0 " 3,k 1=0

4.2. Approximate Periodic Solution and Small Divisors

Similarly to the first approach with the infinite sum, the linear and homo-
geneous part of the ordinary differential equation for (¢;,0;) is simply the
equation for the harmonic oscillator and hence we can use the variational con-
stants formula to solve it. We find the fixed-point formulation

B S(r=s)
win=vso+ [ (2 (e ) (). o(s),b(s). ()
! ! 0 wo + g€ + noet w;
sin (it ) |

wo + Bge? + noet

m&wwha@%b@hf@ﬁ>d&

( sin (#{f&)é) Y (1 (s), 0 (s), b(s), £(s))

wo + Ope? + 1’}064 Wi

nn =750+ [

0

w;(T—38)
oS wo+boe2+noet

wo + Ope? + noe?

)”mx¢@%0®%bﬁhfﬁﬁ>d&

subject to the constrain equations
bi(1) = "Si(7) + " Mi((7),0(7),b(r), &(7)),
51(7—) = 551’(7—) + gmi(w(,r)a U(T)v b(T)a 5(7—))



Vol. 25 (2024) On the Fourier Analysis 3047

where

wS* _ w; T (0 . w; T (0
i(1) = cos <WO+9062+%64)¢%( ) + sin wo + 002 + 1ot ai(0)

3 wi(T—38) ) . ( w;(T—s) )
T [ CO8 (w €2 et wF S €2 et
+/ < e ) A “Fi<8>> ds,
0

wo + 9062 + 7]064 Wi wo + 9062 + 7]064

Wi T wiT
79,(7) = —sin [ ——T ) 4,(0) + cos [ ——2T ) 4,0
i(7) o (uJo + 0oe? + 770€4> ¥il0) + cos <w0 + Oo€® + 77064> 7:(0)

: wi(T—s) wi(T—s)
T 781n(w 0o€? e4)wF cos (w Ooe? 64)
+/ ( o+0o€e®+n0 ( ) 4 o+0o€e“+no UFi(S) ds.
0

wo + 0pe? + ’17064 Wi wo + Ope? + 7’]064

Furthermore, one can use various trigonometric identities to write
YFi(s) = Ki(€%)sin(s) + Ai(€?) sin(3s) + M;(e?) sin(5s),
TFi(s) = Ni(€*) cos(s) + Zi(€®) cos(3s) + Tj(e?) cos(5s)

where

di,owol
Ki(e?) := WOW1'2< owo 04 ((:1302 + (C2401

%

wi

0 0w 5
+ €2 ( .0 0770 + ]D)1301 + ]D)2401 + ]E142301> >7
1 1 3 5 1
Ai(€?) := wow; <4(C1301 - Z(C24Oi + € <16]D)1301 16]D240i + 16E14230i> ) ;

1 1 1
M;(€?) := 22 [ =Dys30i + —Dasgi — —F142304
(€°) == wowje 16130 + 16 240 16 142300 |5

0 00
Ni(ez) = Wowj ( 070
w;

1) 5 63— 19
+¢ ( 0% 4 — D130 + — Doaao; + ]E142301>>7

3~ 1—
+ *Clsoi + *(C2401'

wj 32 64 32

~ 1_ 1 5 27
Ei(€?) = wow; ((C130i - *(C240i +é2 (64@)1302 + 64D24OZ + 64]E142301>) )

5 1=
TiQ::i<DZ 2 Dggos — E)
(€7) 1= wowse 16130 + G4 2400 T 14230
Now, computing the integrals above we obtain

wSi(T) = wICi(ez) cos(T) + wRi(e2) cos(37) + le_(g) cos(57)
= (00 M) o (i)

+ (0) . w; T
o;(0)sin | ——————— |,
wo + Bpe? + noet
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78i(1) = U’Ci(EQ) sin(7) + ”Ri(GQ) sin(37) + "Mi(e2) sin(57)
w; T
(0 _
+o4(0) cos (wo + 0pe? + 77064)

o 2 . w; T
_ (%‘(0) —Ni(e )) sin (wo e +770€4> )

where
wlC-(e2) _ 1 (wo + €20p + €*no) Ki(€?) + w2 N;(€?)
! wi (w; —wo — €20p — €*no) (w; + wo + €20 + €tng)’
YRi(e2) = 1 3(wo + €20 + e*no) Ni(€?) + wiZ;(€?)
Wi (wi — 3wy — 320y — 364770)((4)2‘ + 3wo + 3€20y + 3647’]0) ’
UM (e2) = 1 5(wo + €200 + €*no) M; (?) + w?T;(€?)
! w; (Wi — Bwo — 526y — Betng) (wi + dwo + 5e20g + Setng)’
,Z,Ni(eQ) _ 1 (wo + €200 + €*no) K (€?) + wZN;(e?)
w; (w; —wo — €20y — o) (w; + wo + €20y + €np)
1 3(wo + €20y + e*no) Ni(€?) + w?Z;(€?)
Cw (wi — 3w — 320 — 3e*ny) (w; + 3wo + 3200 + 3etng)
1 5(wo + €200 + €*no) M; (€?) + w?T;(€?)
w;i (w; — bwy — 5e2By — be*no ) (w; + bwy + 5e2y + He*np)
and
Ki(2) = (wo + €200 + €*no) Ni(€?) + K;(€?)
(Wi — wo — €200 — €tng) (w;i + wo + €200 + €tng)’
"Rie?) = — 3(wo + €20p + €*n9) =i (€2) + Ay (€2)
(wi — 3wy — 3€20g — 3eno) (wi + 3wo + 3620y + 3etng)’
T Mi(e) = — 5(wo + €200 + €*no) T (€2) + M;(€?)
(wi — Bwy — 5e26y — 5etng) (w; + Bwo + 5e20g + Hetng)’
TN () = 1 (wo + €20 + 1) K;(€?) + wZN;(e2)
! w;i (W —wg — €200 — e*ny) (w; + wo + €200 + €*np)
N 1 3(wo + €20 + e*no) Ni(€2) + wiZ;(€?)
wi (w; — 3wy — 3€20y — 3e*n0)(w; + 3wy + 3€260y + 3etno)
i i 5(wo + €200 + €*no) M; (€?) + w?T;(€?)
w; (w; — Bwg — He20g — He*ng) (w; + dwo + He20g + Heng)

Notice that conditions like
w; +wo £ €20 + 64770 £0, w;+ 3wy £ 320y + 364’170 #0,
w; £ Bwo % 5e20y + Hetng # 0,

are closely related to small divisors and play an important role in KAM theory
[3-8]. Observe that the identity

wNi(62) +0Ni(62) _
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holds true for all ¢ = 0,1,... and all € > 0. Here, all the constants involved
djlci(ez), ¢Ri(€2)’ UJMZ,(GQ)’ wNi(EZ), UICZ'(€2), JRZ‘(EQ), 0M¢(62), gNi(EQ)

depend explicitly on the Fourier constants defined above and most importantly
depend only on one index. Due to this fact, we can compute them (see Lemma
B.1 in Appendix B). The fact that these constants are given in closed forms
has a numerous advantages. First, we get the asymptotic behaviour for large
i and fixed € > 0,

1 €2 €2 1 .
VICi(€?) ~ E,wRi(ez) o~ E,wMi(ez) -~ E,wj\/i(g) ~ =5 for i — oo
o 2 1 o 2 62 o 62 o 1 .
’CZ‘(E ) ~ E, Rl(é ) E M ( ) 76 N ( ) E, for 1 — oo.

Second, we get their asymptotic behaviour for sufficiently small ¢ and fixed
i=0,1,...,

S = ( 3+ 4‘f§0)e*2+(...)1+(...)62, fori =0
(L4 () for i £ 0
N (w3C1303 — w3C2403 + 3woCi303 — 3woCa403) €~
w"Ri(eg) =< +(.)1+ (...)62, fori =3,
()14 ()€2, for i # 3
Woag 2y ()14 (.)e*, fori =6
Mi(€) = {(...)62, fori #6 "
( 34 447530) 24 ()14 ()€, for i =0
) o (w3C1303 — w3C2403 + 3woCi303 — 3woCaa03) €
YNi(€?) = +()1+ (L)€ fori=3
(...)1+(,..)62, fori =6
()14 ()e?, for i #0,3,6
TKA() = { (3 ) 2+ (14 (et ori =0
()1 + (.)€, for i #0
moa= (w3Ci303 — w3Caso3 + 3woCi303 — 3woCaaos) €
TRi(€) = +(..)1+ (...)e2, fori =3,
()1 + (.)€, for i # 3
"My () = ()14 (...)e%, fori =6
ne= (.)€, for i # 6
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(—3 ) T (1 (e for i = 0
Y ) 729 (W3C1303 - W3Cz403 + 3woCis03 — 3WO(C2403)
Ni(@) =S 24 (L)1 + (), fori=3
()1 + (.)€, fori =6
()1 + ()€, for i #0,3,6
We compute
291 99
C =——7>C = ——,
BT T s60vIon T 140v/10m
111 — 339

Ciags = ———b Ty = ——022
BT T ovaorT % T 560v/10n

and hence
w3C1303 — w3Caa03 + 3woCi303 — 3wpCaap3z = 0.

Consequently, by the structure of the equations, YR3, Y N5, “R5 and A5 can-
not blow up as € does to zero. However, we choose
153

Oy == —
0 4

to ensure that every component of the periodic parts ¥.S;(7) and ?S;(7) of 1)
and oy, respectively, is bounded as € goes to zero. This choice coincides with
the choice of 05 from the first approach as well as with the numerical computa-
tions of Rostworowski-Maliborski [30]. Similarly, using various trigonometric
identities, we get

vSi(1) = "KC; + "R cos(27) + "M, cos(47),
£8:(1) = *Ki + “R; cos(27) + S M, cos(47),

where

w2
'K = @0 (31?1002 + Paooi + Q1g0; + 3@2001),

b Wg ) oy
R = 7( Piooi + onoi),
U D
M; = @( P100i + Paooi + Q1o0; — QQOOi)»
w2
'K = 8wo (31@300@ + Paooi + Q300i + 3@4001),
2
57'\’,- — ﬂ( )
i g 3000 — Qa004 )5
2
fM,_w (]p Paooi — Q300i + Q )
i 8(.0 3007 — 140017 3007 4007 | -

K2

As before, all the constants involved

b’Ci7 bRi7 bMiv f’C“ ngv £M2
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depend explicitly on the Fourier constants defined above and most importantly
depend only on one index. Due to this fact, we can compute them (see Lemma
B.1 in Appendix B). We immediately get their asymptotic behaviour for large
i

1 1 1 )

blCi:j,b’Ri:W,bMizﬁ, for i — oo
wj wj Wi

¢ L ¢ L ¢ ,

i~ —,"Ri~ —,"M; =~ —, fori — oo
wj wj i

4.3. Choice of the Initial Data

We choose

0i(0) := =Y Ni(2) = “Ni(€®), 04(0):=0

YSi(1) = YKi(€2) cos(t) + YRi(€?) cos(37) + ¥ M;(€?) cos(57),
78:(1) = “Ki(e*) sin(7) + “Ri(€?) sin(37) + T M;(e?) sin(57).

This choice is motivated by the fact that the source terms ¥S;(7) and 7 S;(r)
of the solutions ;(7) and o;(7) would give rise to a periodic term. Indeed,

U(r,z) = Z’(/)l(T) ¢i(7) = Zd’Si(T)@ + 0 (62)
i=0 i=0 !

= (iwﬁi(e2)(3a§@> cos(T) + (ini(g)e;(x)) cos(37)
i=0 i i=0 Wi
+ (i wMA?)%@) cos(57) + O (€?)
i=0 v

and similarly for 3, B and ©.

4.4. Growth and Decay of the Fourier Constants

We are interested in the asymptotic behaviour of all the Fourier constants
which appear using this approach. To begin with, we split them into five groups
as follows

A= {Wi(cl?,ji7wiC24jiywi]D)lBjiyWiD24ji7wiEl423ji»wi(ClSjia

w;iCouaji, wiD13js, wilDaajs, wilk14235i, wilF1054, wiF205i, wiF305i, wiF105i, wilF 114,
woP10ji woP20ji wolP3oji
wilFo ki, wil3iki, wiF4jks, wiGoji, ) ) )
Wi Wsi 2%

woPaoji woloji  — = = = -
T:TaWoploji»UJOPQOjiaWOPBOji»UJOPALOjiaWOJOji )
T K3
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woRogji
b

Az = {WiFljkhWiF2jki7WiF3jkivwi]F4jkiv

K3

WilF1 ks, wiFojki, wilF3jki, Wik, woRokj s }7

, , , wowilf10,i, wowilF2054,

2
s - Q1o0ji Q205: Q305 Qaoji loji wiRooji Sooji
3= —
wi | w;s w; wi T wi o owi | wi

wowilf30;i, wowilF40514,

. _ _ _ _ g _
wow; Goji, Quojis Q20545 Q305> Qaojis loji, woRoojis SOOji},

) ) i ) )

A= Liri Jjxi Pijri Pojri Psjri Pajri Qujri Qojri Q3jri Qajrs Sojrs
' wi wi owi | owi | owi | w; wi wi T owi | owi wi

Likis ki Prjkis Pojiis Psjkiy Pagjris

Q1jki> Qojkis Qzjis Qujgis Sojki, wowiHojki }7

Rriii Siki — _ _ _

— Ji ki

B:= {WiHOjkivwiijh o o cwiGjiks, willlgrji, willie i, Rigs, Sieis -
1 1

As before, we shall use the notation

Zf(a:l:b:l:c):f(a—|—b+c)+f(a—|—b—c)+f(a—b+c)+f(a—b—c),
+

that is summation with respect to all possible combinations of plus and mi-
nus and expressions like w; + w; + w,, stand not only for w; + w; + w,, and
w; —wj — W, but also for w; +w; —wy, and w; —w; +wp,, that is considering all
possible combinations of plus and minus. We will use the leading-order terms
(Remark 2.3) together with the asymptotic behaviour of the oscillatory inte-
grals (Lemma 2.6), the orthogonality properties (Lemma 2.2), the L° —bounds
for quantities related to the eigenfunctions (Lemma 2.4) and the L>°—bounds
of the weights I, (estimate (4.1)).

4.4.1. Fourier Constants in A;, As, Az and A4. First, we focus on the ele-
ments of A;.

Proposition 4.1 (Fourier constants in Ay). The following growth and decay
estimates hold.

Proof. All these estimates follow directly from Lemma 2.9 and in particular
from

™

/05 F () cos(2be)di — i\f: El;kll’; <(_1)bF(2k+1) (g) _ p(2kt1) (0)>
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Growth and decay estimates for the Fourier constants in Ay as i,j — +00

Constant F 1st derivative # 0 w; — wj ——= 00 wW; — wWj — 0O

£0

wiCigji, wiCizji ~ T1—Ts e <g> 70 Ot Ei: ° ((Wi ;L:)ZWJ)“)
wiCaqji, wiCaaji T2 =Ty e <g> 70 Ot Ei: ° ((Wi :w)“)
wiD1sji, wiD1sji Til's e <g> 70 ) zi: ? ((wl :w)“)
wiDaaji, wiDaaj; Taly F® (g) #0 O (wi) z:t: o <(wl :T:)iwj)4>
wi1a23ji, wiE1a23j; T1la + ol F& <g> 70 Ot Ei: ° ((Wi :w)“)
wiGoji o e <g> 70 Ot zi: ? ((wl :w)“)
wil105i T1eo0 e <g> 70 ot Ei: © ((wl ::fdj)10>
wil205i T2eo e <g> 70 ok Ei: © ((wl ::fdj)12>
wils05i Taco e <g> 70 Ot Ei: ° ((wl :w)“)
wilaoji Taco e <g> 70 Ot Ei: ° ((wl :w)“)
woﬁlojh %ﬁoﬂ Fleg sincos F® (g) #0 O (wfl) %1 zi: (@) ((Wl :tle)10>
wo@mjn%joﬂ ze)sincos  FOY (g) #0 O(‘*‘fl) w%%:@((% :tle)12>
u)0@30ji, %ﬁoﬂ Fgeg sincos F® (g) #0 O (w;l) %1 zi: O <(Wl :i:le)4>

woPa0gs, &‘ioﬂ Tycpsincos F& (g) #£0 o (w[l) w% Ei: o ((wl ile)“)
wojoji, wodoji ez) sin cos F® (g) #0 O (wfl) wil zi: O ((w, :i:le)4>

i

as b — oco. However, we illustrate the proof only for the first constant, namely
w;Cy3j;. For large values of 4,j and in the case where both w; £ w; — o0
(equivalently when w; —w; — 00),

Cryji = /0 " (Ti(2) - Ta(2) s (2)e; () tan® (2)da

~

[SE]

N = h
INE

J
-3

(T (z) — I's(x)) sin(w;z) sin(w;z)de

(T (xz) = T3(x)) cos((w; — wj)x)dx

el

(T1(z) — T3(x)) cos((w; + wj)z)de.

Observe that both w; +w; and w; — w; are even,

wi +w; =23+1+ ),

—w; =2(i— ).
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We define F(z) :=T'1(z) — I's(x). If w; —w; — oo, then Lemma 2.9 applies
and since

F (g) — F'(0) =0, F" (g) — 5440

we infer

1 1
Crsji =0 ((Wz' “ot T (w +wj)4> 7

as 1,7 — 00. On the other hand, if w; — w; ——= oo, then we see that

z
|Cis5i| := / (T (z) —T3(x)) e;(z)e;(x) tan?(z)dx
0
< Ty — F3||Loc[o,g] lle: tan”L2[0,g] ”ej tanHL2[07§} S L
In conclusion,
wiCiaji = >, 0 (7(wii;j)4) , ifw; —wj — 00
O (w;), if w; — wj —— o0,
as i,j — 00. O

Second, we focus on the elements of As.

Proposition 4.2 (Fourier constants in Ay). Let N € N. The following growth
and decay estimates hold.

Growth and decay estimates for the Fourier constants in As as i,j, k — 400

Constant F 1st derivative #0 Jw; £ w; £ Vw; fw; wp — o0
Wp —— 00
wiF1jki, wiF1jki Ll FO(T #0 O (wiwy) ZO @
tan 2 T (wi £ wj £ wi)8
= F2 (9) TI'> Wi )
iFojiki, wilFo ki — F — 0 O (w; O
Witzjki, Witizjk tan 2 7 (wiwr) z:t: (w; £ wj £ wp)to
= I's (T w;
iFsiki, wiFs ki — F' = 0 O (w; o(f—————
- (wiw) 2 (ezozar)
— Ty , (T Ws
iFajri,wifajei  —— F' | = 0 O (w4 @
CeRaRe CEER an (2) ? (i) Ei: <<w7 +w; iwm)
— woRokji o 1 1 1
Rop i, —00kdE N W = I
woRog; o €q Ccos one o (w]wl ) o ;O @i Loy Ton)™

Proof. All these estimates follow directly from Lemma 2.9 and in particular
from

%F in((2b + 1)x)dz = 3 (=1) (2k) 1)° > (-1) pee+n) (T
/0 (z)sin((2b + 1)z) x—z STt (0) + (—1) Z e (5)
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as b — oo. However, we illustrate the proof only for the first constant, namely
w;iF 1. For large values of ¢, 7, k and in the case where all w; w; £wj, — oo,

™

Fiji i= / T, (2)es (e (x)ex () tan? (z)da

~ : T1(2) sin(w;x) sin(w;x) sin(wiz)dx
_/0 (o Sin(eie) s () sin(rr)d
1
4

%Fl(m) i ; — wji +wi)x)de
/ tan(z) sin ((w; i+ wg)x)d

sin ((w; — wj —wg) ) do

~—

w\a

Fl (l’)
tan(x

sin ((w; + wj +wi) ) do

-1 al
-1

~

— %Fl(x) sin ((w; + w; —wi) z) dx
1 i sin e+ — ) a) do.

Observe that all w; & w; £ wy, are odd,
wi—wjtwy=20—j+k+1)+1, w-—wj—wy=2(i—j—k—2)+1,
witwjtwy=20+j+k+4)+1, witwj—wy=2(i+j—k+1)+1.

We define F(z) := tl;;((?). Lemma 2.9 applies and since

F(0)=F' (g) —0,F" (0) = F" (g) —0,

0= £ (5) -0 £ (5) - S0 1

we infer

o= 30 (G, )

as i, j, k — oo. Finally, for large values of 7, 7, k such that some w; +w;twy ——
00, Holder’s inequality implies

/0 Ty (z)e;(x )ej(m)ek(x)tanz(x)d:v

F1jkil =

S Tull o, 57 lewll oo, 2] llei tanll 2o £ lleg tanl oo 21 S wi-

0.z
as i, j, k — oo. In conclusion,
wiF 10 = >, 0 (7(%1{:;;%)8) , ifall wy+w; Fwp — o0
O (wiwg) , if some w; £ w; £ wy, —— 00,
that completes the proof. O
Now, we focus on the elements of Ajs.

Proposition 4.3 (Fourier constants in As). Let N € N. The following growth
and decay estimates hold.
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Growth and decay estimates for the Fourier constants in Az as i,j —> +00

Constant F 1st derivative #0 w; Wi — wj — 00
Wi —— OO
- , (®) ) Wi
wowiF10; Tyep F < > #£0 O (w;) %:O ((U-’i I UJJ')9>
= , (10) ) o we
wow;ilF2054 Paeg F < ) #0 O (wi) ;O ((wl iw]~)11>
o ’ ® ) Wi
wow;F3054 Pzeq < > #0 O (i) Zi:o ((wz j:Wj)3>
= , (2) ) Wi
wowilFa054 Tyeq F < ) O (wi) ; © <(W1 + Wj)3>
o ' (2) ) Wi
wow;Gojis €o F < > O (wi) ;O ((wi :I:wj)?’)
_ Q1054 . (10) (T —-1 ! !
@1Oji’Ti I'jepsincos F 3 O("‘)i ) ;;O (wi £ wj)1t
Qa044 Q20 s Isepsincos F(1? O("-’_l) izo -
205> ws 2¢0 i wi I (wi £ wj)t3
— Q30;: . @ (™ =1 ! !
QsojivT I'seqsincos  F 2 #0 O(w"' ) ;ZO (wi £ wj)®
B T4 T J
@40;'1‘7(@:707 Tyegsincos F@W <g> 70 O(wi 1) ;ZO<(¢U iw~)5>
i . z J
= loji . u - ! !
Hojm% €o SIn €os F (5) 70 O(wi 1) ;;O<(wliw7‘)5>
_ 2Ro0 4 1 1
wyRaoji, 0= (ef)? sincos  None ofw) ;X0 (( + )N)
} w; w; + wj
i T4 K3 J
— Soojs - ! !
Soogi, —2* egsincos  None ofw) X0 (( + )N)
] w; wi + wj
i T4 T J

Proof. All these estimates follow directly from Lemma 2.9 and in particular

from

INE

/0 F(z)sin(2bx)d

N k+1

S G (e () -r)

k=0

1
+0 (a2N+2

).

as b — oo. However, we illustrate the proof only for the first constant, namely
wow;F1054. For large values of 4, j and in the case where w; —w; — o0,

_ 5
wolF105i == / Ty (x)ej(z)ep(x
0

~

N = \
o\ h w3
[NE]

—

S—
[ME]

Wi

)M tan?(z)da
1(z)eh () cos(wiz) sin(w;x)dx
Iy (z)e)(z) sin ((w; + w;) z) dz

Iy (z)eg(x) sin (w; — wy) z) d.
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Observe that both w; +w; and w; — w; are even,
wi+wj:2(3+i+j), wi*ijQ(ifj).
We define F(z) :=I'1(x)ej(x) and compute
™ _ _ ©) (T _ 1(6) () —
F(Q) F(0)=0,....F (2) F© (0) =0,

r ( 2 ) \/; 3 7 0.

Now, Lemma 2.9 yields

WOFloszO( wziwj )a

as 4, — 00. On the other hand, for large values of ¢, j such that w; —w; ——
00, Holder’s inequality implies

s

— 2 e/, x
|woF105i| == / I‘l(x)ej(;v)eg(x)% tan?(z)dx
0 i
’ €
3
< HF160||L°C[ 0,5 lle; tanHm[ 0,5 Etan o) <1
2

as i, j — 00. In conclusion,

TR — Ei (Wi(wi iwj)_g) , if wy —w; — 00
wow; 1055 = { O (w;), if w; —w; —= 00,

that completes the proof. O
Finally, we focus on the elements of Aj,.

Proposition 4.4 (Fourier constants in A4). Let N € N. The following growth
and decay estimates hold.

Proof. All these estimates follow directly from Lemma 2.9 and in particular
from

s N
2
/0 F(e)cos((2b-+ Dayz = 3 D pen (T)
k=0
N
(7]‘)k+1 2k+1 1
+Z a2k+2 F( )(O)+O a2N+2 ’
k=0

as b — oo. However, we illustrate the proof only for the first constant, namely
Iki. For large 7, we have

jus
2

/5 e;(y) sin(y) cos(y)dy ~ / sin(w;y) c0s2(y)dy

x

Cene
— ) cos(w;x) + 70)::;8_ (f)

7

cos(w; )

2
wi (w?
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Growth and decay estimates for the Fourier constants in A4 as i,j, k — 400

Constant F 1st derivative #0 ZJw;tw;j+ Vw;tw; twr — o0
wWp —*— 00

Tinis H:jl cos” F® (g) #0 © (wfl) wil Ei: © ((wi + wi + U—’k)3>
Leolt et FO(D) 0 o(e) SYo(gasany)
@2_71{1'7]}])%;7: Iycos® FUO (g) #0 O(Wfl) w%go ((Wz j:wjlzl: um)“)
@3]'1«1,?%:“ Iscos® F® <2> #0 O(Wfl> wiLgO((wi:twj:tka)
ﬁ4jkiyp%fi Pycos® F® <E> #0 O(w;l) U%;O((wiiw:iwk):;)
@1jkin;7]fi Iy cos® F(8)<2) #0 O<w"_1) w% T O((wiiwjiwk)g)
Qajkis QZM [ycos® U 72T> #0 © (wjl) w% zi: © ((Wi + lezl: wk)ll)
@3jkini17jiM [3cos? F® (g) #0 O(Wfl) wiL R O((wiiwjika)
@4%7:7@::71“ Dycos® F® (g) #0 O(“)i_l) w% T O((wiiwjiwk)3>
gojkmgijfi epcos” None O( ;1) i;o<(wiiwjliwk)lv>

’
_ € i
wowiHojni None O (wiwg) go (m)

sm(?z) sin(wix) ~ — COSQ(«I) Cos(wi:z:)-

2
w; —4 w;

Now, for large values of i, j, k and in the case where all w; £ w; + wy — o0,

L= [ e@ento) | [ ewsiny) cos(u)ay | tan )

™

1 2
~ cos? () cos(w;x) sin(w;z) sin(wyr)dz

1 3
= — / cos? () cos (w; + wj — wy) z) dz
0
* cos? (x) cos ((w; +wj +wi) ) da

cos?(z) cos ((w; — wj — wy) x) dz

[SE]

cos?(z) cos ((w; — w; + wy) x) dz

+
c\ﬁﬂo\;
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Observe that all w; & w; £ wy,
wi—wjtwg=20—j+k+1)+1, w—wj—wpr=200—j—k—-2)+1,
witwjtwe=20+j+k+4)+1, wtw —wp,=20+j—k+1)+1.
We define F(z) := cos?(x) and compute

F(g):F’(O)fo F”(f)fQ;éO

Lemma 2.9 yields
- 1 1
Lig; = — o\ ———= |,
gk wig <(wi:|:wj :I:wk)3>

as 1, j, k — o0, whereas, for large values of 4, j, k such that some w; + w; &+
wg —— 00, Holder’s inequality implies

il =] [ es@renta) ([ st snto) costyy ) an oy

SH/%ﬁ@ﬁmwﬂwwﬂy

llej tan|| 20 1 llex tan|| 210 =1 Sw
L>=[0,%] 2[o.5] r2fo,5] ~

In conclusion,

T — w%zi(’)((wi:twj:twk)_ig), if all w; £ w; £ w,, — 00
gk O (wi_l) , if some w; £ w; £ wy — 00,

that completes the proof. O
4.4.2. Fourier Constants in B. We write

B=DB1UDB,
where

By == {wiHojki, wiG ki, wiGji }

Rkl" S
L Jji jkli
82 = {7 lekljl7w’LHijl7Rk‘ljlvS]k‘l’t

Wi Wi

Proposition 4.5 (Fourier constants in By). Let N € N. The following growth
and decay estimates hold.

Growth and decay estimates for the Fourier constants in By as i, j, k — +00

Constant Jw; £ wj £wp — o0 YV w; fwj fwyp — 00
wiTHos O (wiwp) Zo<+>
10 ki Wk - (wi:l:wjzl:wk)N

wiG ki, wiGjk O (wiwk) ZO <m>
i j
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Proof. First, observe that
wi—wjtwy=20—j+k+1)+1, w—wj—wp=20—-j—k—-2)+1,
witwjtwy=20+j+k+4)+1, witwj—wy=2(i+j—k+1)+1,

are all odd. All results here follow from Lemma 2.6 and Remark 2.7. For large
values of 7, j, k and in the case where all w; £ w; + wp — o0,

™

Hojki = /07 eo(w)ei(z)e;(z)er(z) tan? (z)da

/72r sin(w;x) sin(w;x) sin(wyx) d
0
1
4

|

tan(x)

/72‘r sin ((w; — wj —I—wk)m)dx
0

tan(zx)

2 sin ((w; — wj — wg) )
/0 eo(x) tan(a) dx

tan(z)

1

4

/’5 sin ((w; + wj + wg) x)dx
0

1

4

2 sin ((w; + wj — wg) x) .
/0 tan(z) do

By Remark 2.7, we infer that in this case

Hojki = i (2 (2\/5— 2\/%) ! g(’) <W>>

o ;N 7
(wi £ wj £ wy)

as ,j,k — oo, whereas, for large values of ¢, j, k such that some w; + w; +
wy —— 00, Holder’s inequality implies

[
™

Hojki| := ‘/02 eo(z)ei(x)ej(x)ex(x) tan?(z)dx

< lleoll <o, 51 lewll oo o, 5] lles tanl 2o £ llej tanl 2o 21 S wi-

Second, for large values of 4, j, k and in the case where all w; +w; +wj, — o0,

we have

Gjri = /05 ei()e;(x)er(z) tan®(z)dz ~ /0E sin(wiz) bltr;(nw(j;;) sin(wkx)d
sin ((w; — wj + wy) ) d

0 . tan(z) 0 = wt;:(%)iw ] '
/ 7 / w (@i —wy —wi)a)
/Oa sin ((w; + w; +Wk)x)dx+i/02 sin ((wi +wj —wn)2) \

[NE]
S

=~ =
NG

tan(z) tan(x)

P
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Hence, by Lemma 2.6, we get that in this case

Gm—i( (5-3)+ ZO(W»
—ZO(w%mk))’

as i,j,k — 00. On the other hand, for large values of 4, j, k such that some
w; £ wj & wi — oo, Holder’s inequality implies

™

|G jki| = ei(x)ej(x)ek(x)taHQ(x)dx

< llekll Lo, 5] lei tanll 2o 5 llej tan 21 5] S wi-

Similarly, for large values of 4, j, k and in the case where all w; £w; £wj, — 00,

™

z ’ / 5 o . ;
Gy i / ek(x)ej (z) el(x) tan?(2)d ~ / sin(wy,x) cos(w;z) cos(w;x) e
0 0

Wi wj tan(x)
_ 1/’2r sin ((w; — wj —Huk)x)da7 1 /5 sin ((w; — w; —wk)x)dx
4 J, tan(z) 4 tan(z)
N 1/’zr sin ((w; + wj + wg) m)dx 1 /’5 sin ((w; + wj — wg) x) da
4 /o tan(x) 4 /o tan(z)
and finally

as i, j,k — 0o. However, for large values of 4, j, k such that some w; & w; &
wy —— 00, Holder’s inequality implies

_ H ei(x) el (x)
Giri| == e ()= "2 tan?(z)dx
Gl = | [ exte) L2 ()
6/- 8’4
< HekHLm[og] —* tan —L tan < ws,
Wws L2[O,%] wj L2[0,%]
that completes the proof. O

Proposition 4.6 (Fourier constants in Bs). Let N € N. The following growth
and decay estimates hold.

Proof. First, observe that

wi—wjtwr—w =20—j+k—1), witwj—wp—w =20+75—k-1),

wi—wj —wp —w; =2(-3+1i—j—k—1), witwjtwr—w =283+t+75j+k—1),
wi—wj —wpt+w =20—j—k+1), witwjtwrt+w =26+i+j+k+1),
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Growth and decay estimates for the Fourier constants in By as i, j,k,l — 400

Constant Jw; T wj Twy £w; —— oo Vw twj twp Tw — o0
Rerii S 1 1
Rutji Sy 0 (o) Lo v)
w; w; wi T (wi £ wj £wi wy)
_ Wi
Wi, wiH; i O (wiwjwy) §O<(w7;iwj':tw1€iw1)3>

_ _ 1 1
Retjis Sinii O (wjw; ! —Y o0
klj jkl <UJ]WZ ) w; ; ((Wz :I:wJ- +wy + wl)N)

wi — wj +wk+wl:2(3+i—j+k+l), wi—i-wj—wk—}—wl:2(3+i+j—k+l),

are all even. All results here follow from Lemma 2.6. For large values of i, j, k, [
and in the case where all w; & w; & wi £ w; — o0,

2 el (x) el(z) e (x) sin(x
Ry ;:/ ej() k(x) ei(x) e;(x) ( )d

wp  w w; cos(x)

w\:l

cos w; ) sin(w;z) cos(wyx) cos(w;x)

/ tan(z)
fp e

dx

w\:!

blIl ((wi + wj + wi +wy) x)

B tan(z) de
B /2 COS2(x)sm ((w; — :)j +wg +wi) x) de
0 an(z)
N /a COSQ(x)Sin (wi + wj + wi, — wy) @) de
0 tan(x)
- /2 COSZ($>SIH((wi —wj +wp —wy) x) de
0 tan(x)
N /5 Cosz(x)sin((wi +w; —wi +w)x) de
0 tan(x)
— /2 cosQ(J?)sm((Wi 7:}j — Wi+ w)T) dzx
0 an(z)
2 o, sin((w; +wj —wi —wp) x))
d
+ /0 cos“(x) tan(a) x
- /2 cosz(x)sm((wi —;uj — Wi —wy) T) de
0 an(z)

(G- zo(c )
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On the other hand, in the case where some w; £ w; & wy,, —— oo, Holder’s
inequality implies

R 1 5 / / /
‘“J’ = — / e;j(x) cos(x) sin(x)ek(m) (@) ei(w) tan?(x)dz
Wi wi |Jo W W W
1 /! !/ /
< —lejll oo [0.7] ||c°s sin ok U tan — tan
Ws 2 Wk Loo[()’%] wi L2[0,%] Wi L2[0,%]
W
S I
Wi

where we used the L*> bounds as well as the orthogonality from Lemma 2.4.
Furthermore, for large values of i, j,k,l and in the case where all w; & w; &+
wi +w; — 00,

Sjrii =

X

[ i) sin’(z)

ej(@)er(z)e(x) w; cos(x)

cos(w;x) sin(w;x) sin(wgx) sin(w; )

1R
o\ S
[ME)
Q
o
w0

2
() tan(z) de
_[F cos?( )sm((wi +w; + wg erl)x)dx
tan(z)

[NE]

sin ((w; — wj + wi + wy) x)

d
tan(z) .

+

%N%ﬁjc\hc\c\

Q
@}
)
o
—~
8
N

INE

sin ((w; + wj + wp — wp) x)

+ cos?(z) p—" dx
2 sin ((w; — wj + wi, — wy) x)
- cos?(z) tajn(x) dz

sin ((w; + wj — wg + wy) x)

+ cos?(z) tan(a) dz
- 3 cos?(z) sin ((w; — :Uagnzxf-;k +w)x) e
— : cos? () sin ({wi + :;]nsz;k —w)a) dz
+ : cos® () sin (i — :;]nzz(;k — ) 2) dx

(o)
(wi — wj fwarwl)N

O L ~ |-
(Wi —wj —wi +wp)

Il
e
—
VI
|
I
~—
+
i\g
a

I
™
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On the other hand, in the case where some w; £ w; £ wy = w; — oo, Holder’s
inequality implies

™

S 1 2z !
SALLY / e;(x) cos(x) sin(x) ilr) ex(w)ey(x) tan?(x)dz
Wi Wi |Jo Wi
< L., in & ¢ ¢
=Ll [l G g gy 1o e p g el g
<
Wi

where we used the L>° bounds and the orthogonality from Lemma 2.4. Simi-
larly, for large values of 4, 7, k, [ and in the case where all w; +w;+wy+w; — o0,

Hyyji = /05 ei(z)ej(x)er(x)e () tan?(x)dx

1

sin(w; ) sin(w; ) sin(wgx) sin(w; )

dx

1

cos ((wj —wj + wi — wyp) x)

tan?(z)

dx

\ [N
[SE]

27
wifwj#»wkfwl

™
1 2
+ =
8 27
WiFw;—wp—wg
™
1 2
8 . 2m
wi—wi—wp—wy
x
1 2
8 2
witwjtwp—w;
™
1 2
+ =
8 27
wi—wjfwk+wl
™
1 2
+ =
8 27
wiFwjtwptw
™
1 2
8 2
Wi*“’j*’“’k*’“’l
x
1 2
8 _ on
Wi Fw; —wp ey
; (
167

tan?(x)

cos ((wi + wj —wg — wyp) x)

dx

tan?(z)

cos ((wj —wj —wi —wyp) x)

d
tan?(z) v

cos ((w; + wj + wy, — wl)x)dx

tan?(z)

cos ((wi —wj —wy + wyp) x)

d
tan?(z) *

CcoS ((wZ + wj +wi + wl) x)

dx

tan?(z)

cos ((wi — wj + wi + wyp) x)
tan?(z)

dx

cos ((w; + wj —wg + wyp) x)
tan?(z)

dx

+ (Wi —wj Fwi —wp) + (Wi +wj —wp — wy)

Wi — Wwj — wp — wp)

—(
— (Wi +wj +wp —wp) + (w;
—(

—wj —wk +w) + (W +w;j +wi +wp)

wi —wj +wp +wp) — (W +wj —wy +wl))
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1
+Yo( )
; (wi twj £wy £w)?

1
_%:O ((wi:twj Twr tw)d

)

On the other hand, in the case where some w; £ w; & wy & w; — oo, Holder’s

inequality implies

™

|Hlyrjs| =

0

/2 ei(z)ej(x)er(x)e(z

) tan?(z)dz

< llejll Lo, 5] llewll L [o, 5] les tanll 2o £ llex tanl o 57 < wjwi-

Furthermore, for large values of 4, j,k,! and in the case where all w; £ w; +

W £ w; — 00,

mﬂwzéiquwam

~

sin(w; ) sin(wgx) cos(w;x) cos(w;z)

tan®(z)dx

Wi wi

dx

cos ((wi + wj —wi —wyp) x)

tan?(z)

co| = o\;
Bl

1R

st
2
27

wj +w —wp —wy

wj +w *“’k*’“’l

w\:l

oo\»—A

Wi —wi—wp—wy 7“’k wy

_|_
O =
[NIE] [SE] ~

oo\»—A

wi—w; 7wk+ul

/3

wj +w +wk wy

[

wi—w; +uk Py

ST

w; +w +wk+wl

/;

wi—w +uk+w,

+
| = oo\ —
INE [NE]

oo\)—l

_|_

| =

d
tan?(x) v

cos ((w; —wj —wg —wy) )

tan?(z)

dx

cos ((wi + wj — wi + wy) x)dx

tan?(x)

cos ((w; —wj — wg + wyp) x)

d
tan?(z) ‘

cos ((wi + wj + wi — wyp) x)

d
tan?(z) v

cos ((wi —wj +wg —wyp) x)

d
tan?(z) ‘

cos ((wi + wj + wi + wy) x)

d
tan?(z) *

cos ((wi — wj + wg + wyp) x)

tan?(z)

dz
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and the rest of the proof coincides with the one above. On the other hand, if
some w; £ w; £ wy & w; —— 00, Holder’s inequality implies

o % e;() ej(z)
’Hz‘jkl| = /0 ej(z)ek(x)lwiilwiltan%x)dx
< llesll oo 1l iy g -
S €Ml poofo. ] €Kl feo[g =] || tan — tan < Wiwg.
JINL [0,2] L [0,2] w; LQ[O,%] w; L2[0’%] J

In addition, for large values of 7, j, k, 1 and in the case where all w; +w; £wy, £
wp — 00,

Ryyji = / * @@ @) ( [ eitwysinty) cos(y)dy) tan? (z)dz

cos(w;z) sin(wjx) cos(wi ) cos(wyx)

wi Jo tan(x)

/72r sin((w; + wj + wi + wy)z)
0 tan(x)

dx

dx

[

o0
IS
v TN

B / cos?(z) sin((w; — wj + wi +wp)x) da
0 tan(x)
z

20, sin((w; + wj + wp — wy)x) .
/0 cos” () tan(x) d

/2 cos?(z) sin((w; — wj + wg — wy)x) d
0 tan(z)

cos?(a sin((w; +w; — wg + wy)x) .
/0 () tan(z) d

/2 cos?(z) sin((w; — wj — wi +wp)z) da
0 tan(x)
3

cos?(x sin((w; + w; — wg — wy)x) .
/0 (z) tan(zx) d

B /3 cos?(z) sin((w; — wj — wp — wy)x) dx)
0

tan(x)

801%‘ (4 (g_g) +zi:0 <(wiiwj ilwkiwl)N>>

,lZO 1
N (witwj twp£w)V )’

wii

On the other hand, in the case where some w; £ w; & wy & w; —— oo, Holder’s
inequality implies

| e d) ( [ eitwysinty) cos(y)dy> tan? (z)dz
0 x

|Rutji| =
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| / ! ei(y) sin(y) cos(y)dy

L>[0,%]
’ € E w;j
— tan — tan < —.
Wi LQ[O,%] wi L2[O,%] Wi

Similarly, for large values of 4, j, k,l and in the case where all w; +w; £wy, +
w; — 00,

™
2

gj;m» = /05 ej(z)er(x)e(z) (/ e;(y) sin(y) cos(y)dy) tanQ(x)dJ;

1 2 cos?(x) cos(w;x) sin(w;x) sin(wg ) sin(w; )
T wi Jo tan(z)
o 1 /2 cos?(z) sin((w; + wj — wg + wy)x) d
8wi \ Jo tan(z)
B /2 cos?(x) sin((w; —w; — wg — wl)z)dz
0 tan(z)
B /3 cos?( )sin((wi +w; + wg + wl)x)dx
0 tan(z)
N /’2’ cos?(z) sin((w; +w; +wi — wl)x)dx
0 tan(x)
- /’z’ cos2($)sm((wi —wj — wg +wy)x) de
0 tan(z)
n /75 cos?(z) sin((w; — w; — w — wy)x) e
0 tan(z)
N /75 cos?(z) sin((w; — wj + wg + w;)x) e
0 tan(z)
B /72r cos?(z) sin((w; — wj + wg — w;)x) e
0 tan(z)

and the rest of the proof coincides with the one above. On the other hand, if
some w; £ w; £ wy & w; —— oo, Holder’s inequality implies

™
2

SWALéz%uwamq@»<Lm@mm@mm@mﬂtm%mm:

|/2q@nm@w%@My

< llejll Lopo, 2]
Le=[o,3]

||€k tan”[jz[(),%] ||€l tan||L2[O%]
<Y
— wl?
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that completes the proof. O
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Appendix A. Auxiliary Integral Estimates
In this section, we prove estimate (2.11). To do so, we will use the notation

1, if the condition if satisfied

0, otherwise

3

1 (condition) = {

Lemma A.1. For alli=0,1,2,..., we have

sl I w2

i 1
/2 cos?(w;x) tan?(x)dz = /2 wdx —_ wi—=|.
0 o tan®(z) 2 2

Proof. Both results follow from Lemma 2.5. For the first result, we get

2 2 2
cos” (w;z) tan” (z)dx
0

:/0_% (‘Xz(i(SLE’;;Q)U))Zsan(x)dx:/olg (1+2iill(—l)“cos@lux))QSinQ(m)dx
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i+1
:/ (1—1—42 " cos(2ux)
0

i+1
+4 Z (=1)* 1 cos(2ux) cos(2mv)> sin?(z)dz

o, v=1
1+1

= / : sin’(z)dz + 4 Z / cos(2ux) sin® (z)dz
0

i+1 T

+4 Z “+”/2 cos(2ux) cos(2vz) sin® (z)dz.
=1

Now, we, use various trigonometric identities to compute

2
sin?(z)dz = z,
O 4

™

3 1 (2
/ cos(2ux) sin?(z)dx = 3 / cos(2ux)dx
0 0

- i /05 cos(2(pu — 1)x)dx — i /0E cos(2(p + 1)x)dx
= —%1 (n=1),
/0 cos(2ux) cos(2vz) sin®(x)dx = 77/0 cos (2(1 — p—v)x)da

3 1 [
- 7/ cos (2(1+ p —v)z)da — g/ cos (2(1 — p+v)z)dx
0 0

™

3 1 12
+ 1/ cos (2(p + v)x)da — g/ cos (2(1 + p + v)x)dx
0 0

=1l —p—v =0+ 1 (u—v=0)— —1(1+p—v=0)

16 8 16
2 1(1= —
16( ptv=0).
Hence, ]
2 9 9 r or on O4 r
i)t der=—+—-+— 1+ — 1
/Ocos(wm)an(x)x 4+2+4 Z —|—2 Z
=1 =1
1—p—v=0 pn—r=0
i+1 . i+1
D VTR U
p,r=1 w=1
1+p—v=0 1—p+v=0
T T 0w
=4 4= .1 S S
1ty 0+2 (+z)+4 it
m 1
=3 w; 5 )
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Similarly, for the second result, we get

z i+1 2
= /0 (1 +2 Z cos(2/m:)> cos? (z)dx

p=1

T i+1 i+1
= / (1 +4 Z cos(2ux) +4 Z cos(2ux) Cos(2ux)> cos?(z)dx
0

pn=1 pw,r=1
i+1

= /2 cos? (z)dx +4Z/2 cos(2ux) cos? () dx
p=1"0

0
i+1 %
+4 Z / cos(2ux) cos(2vx) cos?(z)dx.
0

pv=1

Now, we use various trigonometric identities to compute

™

2 9 _ I
/0 cos”(x)dx = 7

i 1 ™
/2 cos(2ux) cos?(z)dx = 3 /2 cos(2ux)dx
0 0

™ ™

+ i /05 cos(2(u — 1)a)dz + 3/02 cos(2(p + 1)x)dz

s
g (n=1),

9 1
/0 cos(2ux) cos(2vx) cos®(x)da = g/o cos (2(1 — p—v)z)da

NIE]
VB

1 /2
+ - / cos (2(p —v)z)dx
4 Jo
1 (2 1 (2
+§/ cos(2(1+u—u)x)dx+§/ cos (2(1 — p+v)z)de
0 0
1 [z 1 [z
+Z cos(2(,u+1/)x)dx+§/ cos (2(1 + p+v)x)de
0 0
T T
= 10— p—v=0)+ 1 (p—v=0
gl —pu—r=0+1(p-v=0)
™ ™
T 104+ p—v=0)+—1(1— ~0).
t gl tp-—r=0+10-put+tv=0)
Hence,
ks 2 i+1
2 gin”(w;x) T
=T, T,T 1
/0 tan?(z) 4+2+ Z
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. i+1 . i+1 . i+1
Z 14+ = Z
+5 ty o> 1ty > 1
pw,r=1 pn,v=1 n,r=1
p—r=0 14+p—v=0 1—p+v=0
™ ™ ™
= — — — .0 — (1
1 + 5 + 1 + 5 (1+41)
+ n ™ .
.Z —_ -/L
4

that completes the proof.

Appendix B. Closed Formulas for the Fourier Constants with

One Index

In this section, we list closed formulas for the Fourier constants with one index
which are used in Sect. 4.2.

Lemma B.1. For all j =0,1,2,...

C1305 =

Ca405 =

, we have

3 R

R J= 0

513

3207 \/g’
39

39 /3 P
sor\ 20 J=2

J=1

291 1 s __
5607 vio® J 3

69 3 .
11207 \/g’ j=4
162 (=1)’ 9+12j+45>
2 2/G+D)G+2) 3+2J (G—DiG+1)(G+2)(+3)(G+4)°

279 _
~ier J=0

1683
3502 V3,
33 /3 . _
dor\ 2 J=2

99 1 . __
1407 /10’ j=3

9o /3 . _
_2807r\/; J=4

162 (=1)’ 1 94125445
V2 \/(j+1)(G+2) 3127 G-1)5G+1)(G+2)(G+3)(G+4)°

J=1
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D130; =

Daysoj =
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505521 . _
2867272 J =

_ 981867 /3 4 _

14336072 V)
42183 /3 - _

To24072\ 2 J =
13783689 1 i_3
78848072 vio® J

1523079 /3 . _
157696072 \/; j=4

35626779 /3 5
2050048072 \/ 70 J =
5325129 1 —6
2050048072 7' J

46545
58572872

201477 1
372736072 /5’
486v2 (—1)7(3+25)

™ G+ G+2)

J=7
j=8

Ann. Henri Poincaré

—17325—1482005+8272524332645°+13865*—15125°—84j°42457425%

(G=5)G—-4)G-3)[G-2)G-1i(E+1)(E+2)(+3)(G+4)(G+5)(G+6)(G+T7)(I+8)’

Jjz9,

1028457 i=0
409672 -

_ 236643 /3
2048072 ¥V 7

883833 /3 s
1024077 \/Z7 j=2
_ 53130249 _1 i3
78848072 V100 J

2723691 /3 _
14336072 \/;7 j=1
266148201 [3 . _ g
2050048072\ 70 J =

11204163 _1

186368072 70 J =0
5955813 o

30500480720 J =7
2026809 1 =8

4100096072 /5’
1458v/2 (—1)7(342j)
=~ VG G+2)

39375—2616005 —29528;2+4+33264;5%+1386;5* —15125°—845°—8455424;57+25°

(=5 G- -3)E—-2)—1)iE+1)(G+2)([G+3) [+ (G+5)(G+6)(T+T7)(1+8)°

J=29;
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Proof. All these closed formulas are based on Lemma 2.2 and follow similarly.
Therefore, we illustrate the proof only for the first constant, namely for C3q;.
For all j =0,1,2,..., we have

™

Ciao; i= / ¥ (04 (x) - Ts(@)) eo(2)e; (x) tan®(z)dz

(x)) eo()

2 1 z
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(B.1)
where
= 2 Py(@)-T t -2 2
wi(z) := ﬁ( 1(z) 3(7)) eo(7) tan(z) = WCOS (z)gq(x),
wala) = == (P (2) = T (o) o) () = ——— sin20)a(x)
and

q(z) := 384 x cos®(x) — 254 sin(z) — 8sin(3z) — 16sin(5x) — 5sin(7x) + sin(9z).
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We use trigonometric identities to write

wy(z) =2z (92_\2/? cos(x) + 4?_\2/5 cos(3x) + 97\/25 cos(5a:)>
_ % sin(z) — % sin(3x)
_ % sin(5x) — ﬁ sin(7x)
_ 16:72\/5 sin(9z) + 167:))72\/5 sin(11z).

For j > 5, we compute each integral separately and find a closed formula for
the first integral in (B.1). Similarly, for the second. All the other values Cy30;,
7 €{0,1,2,3,4} are computed with Mathematica. O
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