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Degenerate Perturbation Theory for Models
of Quantum Field Theory with Symmetries

David Hasler and Markus Lange

Abstract. We consider Hamiltonians of models describing non-relativistic
quantum mechanical matter coupled to a relativistic field of bosons. If the
free Hamiltonian has an eigenvalue, we show that this eigenvalue persists
also for nonzero coupling. The eigenvalue of the free Hamiltonian may be
degenerate provided there exists a symmetry group acting irreducibly on
the eigenspace. Furthermore, if the Hamiltonian depends analytically on
external parameters then so does the eigenvalue and eigenvector. Our re-
sult applies to the ground state as well as resonance states. For our results,
we assume a mild infrared condition. The proof is based on operator the-
oretic renormalization. It generalizes the method used in Griesemer and
Hasler (Ann Henri Poincaré 10(3):577-621, 2009) to non-degenerate sit-
uations, where the degeneracy is protected by a symmetry group, and
utilizes Schur’s lemma from representation theory.

1. Introduction

We consider mathematical models describing non-relativistic quantum me-
chanical matter interacting with a quantized field consisting of infinitely many
bosons. Such models are used to describe atoms or molecules interacting with
the surrounding electromagnetic field or particles in solids interacting with
lattice excitation, so-called phonons.

In this paper, we will focus on models describing interaction with the
electromagnetic field. In that case, the bosons are photons and have a mass-
less relativistic dispersion relation but the electrons and nuclei are treated as
non-relativistic quantum mechanical particles. Such type of models are often
referred to as non-relativistic qged.

The dynamics as well as the energy of these models is determined by a
self-adjoint operator called the Hamiltonian. For these models, the Hamilton-
ian is typically bounded from below and the infimum of its spectrum is called
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ground-state energy. If the ground-state energy is an eigenvalue, the corre-
sponding eigenvector is called ground state. As a consequence of the massless
nature of photons, the ground-state energy is not isolated from the rest of the
spectrum of the Hamiltonian. The question of existence of a ground state is
nontrivial. It has been shown that for models of non-relativistic gqed a ground
state exists [7,14,18,29,35] under natural assumptions.

In this paper, we consider models for which the existence of a ground
state has been established. We address the question, how the ground state
as well as the ground-state energy, E, depend on parameters of the system.
For example, one is interested on its dependence on the coupling constant, on
the positions of static nuclei for molecules, or on analytic extensions of dila-
tions and translations. The regularity of E as a function of such parameters is
of fundamental importance for Born—Oppenheimer approximation, scattering
theory, adiabatic theory, cf. [17].

If E were an isolated eigenvalue, like it is in quantum mechanical de-
scription of molecules without radiation, then analyticity of F with respect to
any of the aforementioned parameters would follow from regular perturbation
theory. But in models of gqed describing photons, the energy FE is not isolated
and the analysis of its regularity is a difficult mathematical problem.

The aforementioned question has been addressed in [17]. In that paper, it
was shown that if the Hamiltonian of the model depends analytically on some
parameter, s, then also the ground state as well as F depend analytically
on s. For the proof of the result in [17], a mild infrared regularization was
needed. In the special case of the classical spin-boson model, analyticity of the
ground state and the ground state energy as a function of the coupling constant
could be established without the necessity of an infrared regularization [21].
Analyticity of ground states and ground-state energies as a function of the
coupling parameter has been shown in [20] for atoms in the framework of
non-relativistic ged. For models of non-relativistic ged and the spin boson
model, analytic extensions of dilations have been studied in connection with
resonances [5,6,8].

Furthermore, we want to mention related results about translation invari-
ant models of quantum field theory, where the Hamiltonian commutes with the
generators of translations. In such a situation, one can restrict the Hamiltonian
to the generalized eigenspaces corresponding to the eigenvalues p € R? of the
generators of translations. This restriction, H(p), is called fiber Hamiltonian.
Motivated by the construction of scattering states, regularity of the infimum
of the spectrum for these fiber Hamiltonians H(p) as a function of p has been
intensively investigated for various models [1,4,9,10,12] with results ranging
from Holder continuity up to real analyticity.

A common assumption of the aforementioned analyticity results in [5,6,
8,17,20,21] is that the ground-state energy of the Hamiltonian describing the
massive non-relativistic matter is non-degenerate. However, in many situations
this assumption is not met. For example, for almost all atoms, except the noble
atoms, the valence shell is not fully occupied and therefore by common physical
folklore the ground-state energy is degenerate by rotation symmetry (we have
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not found a rigorous proof of this fact but there is almost certain physical
evidence corroborating it). Even for molecules, where rotation invariance is
broken, degeneracy may occur by the spinorial degrees of freedom.

If an eigenvalue of the Hamiltonian describing the non-relativistic quan-
tum mechanical matter is degenerate, the coupling to the quantized field can
lift the degeneracy. It may be lifted completely or there might remain some
degeneracy of possibly smaller multiplicity.

The lifting of the degeneracy of an eigenvalue of an atomic Hamiltonian
due to the coupling of the electromagnetic field is usually referred to as the
Lamb shift. The most prominent example is the splitting of the first excited
energy level in the hydrogen atom [27]. For a mathematical discussion of such
a phenomenon in the framework of non-relativistic ged, see for example [2]
and references therein. The Lamb shift was studied in [22] in a situation where
the degeneracy of the ground state energy is lifted at second-order formal
perturbation theory. It was shown under a mild infrared condition that the
ground state as well as the ground-state energy are analytic functions of the
coupling constant in a sectorial region around the origin. This is in contrast
to perturbation theory of isolated eigenvalues, where by general principles
analyticity holds on a whole ball around the origin, cf. [31] and references
therein.

In [9], the ground-state energy of the fiber Hamiltonian H (p) for an elec-
tron with spin interacting with the quantized electromagnetic field was studied
and its regularity properties as a function of p in a neighborhood of zero were
investigated. In this case, the coupling to the quantized electromagnetic field
does not lift the spin degeneracy, which can be seen using time reversal sym-
metry and Kramer’s degeneracy theorem [38].

In this paper, we consider the situation where the so-called atomic Hamil-
tonian, describing the non-relativistic matter, has a discrete eigenvalue. This
eigenvalue may be degenerate, but we assume that there exists an underlying
symmetry of the full Hamiltonian, which acts irreducibly on the corresponding
eigenspace. In that case, the interaction does not lift nor decrease the degener-
acy, which turns out to be protected by the symmetry. In particular, we show
the existence of an eigenvalue for small but nonzero coupling. Moreover, the
main result states that if the Hamiltonian depends analytically on a parameter
s, then also the eigenvalue as well as the eigenstate depend analytically on s.

The result is formulated analogously to the main result in [17]. We gen-
eralize the main result in that paper to degenerate situations, i.e., we relax the
non-degeneracy condition to an irreducibility condition with respect to a sym-
metry group. Furthermore, we generalize the result in [17] to include general
eigenvalues, which may be different from the ground-state energy. This allows
the treatment of resonance states, by which we understand eigenvectors of an
analytically dilated Hamiltonian.

As in [17] we assume that the interaction is linear in the field operator of
the quantized field and that there is a mild infrared regularization. In fact, the
main part of the proof also applies to situations arising for the standard model
of non-relativistic ged, which is quadratic in the field operators. We isolate the
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part of the proof which applies to general situations as a corollary of the proof
in separate theorem within the last section.

The proof of the main result is based on operator theoretic renormaliza-
tion [6]. This method is based on an iterated application of the Schur comple-
ment also called Feshbach map. One can show that this procedure leads to a
fix point, provided infrared behavior of the original operator is not to singular.
Using this fixed point, one can construct the ground state as the limit of a con-
vergent sequence. If the original Hamiltonian is analytic, one can show, as in
[17], that this approximating sequence is analytic. Analyticity of the eigenvalue
as well as the eigenvector will then follow from uniform convergence.

The main difficulty posed by the degeneracy is the iteration procedure
of the renormalization analysis. To prove that an iteration step is contracting,
one has to control the relevant direction. For this, one adjusts the spectral
parameter to make vacuum expectations of the n-th renormalized Hamilton
operator small. However, in a degenerate situation the vacuum expectation is
a matrix. The key idea is to use the symmetry to conclude that this matrix
is in fact a multiple of the identity, using irreducibility and Schur’s lemma.
This will then turn the analysis of the relevant direction essentially into a
one-dimensional problem, which can then be handled with the methods in
[17]. Thus, our result is based on results from [17] as well as from [3]. To this
end, we need to show that the symmetry property as well as the irreducibility
property are preserved at each iteration step.

Let us give an outline of the paper. In Sect. 2, we introduce the model
and state the main result. In Sect. 3, we give a simple but concrete example
of a model in which all assumptions of the main result hold. In Sect. 4, we
discuss the analysis related to the symmetry which we will need in the proof
of the main theorem. In Sect. 5, we perform a first Feshbach map. Note that
details about the Feshbach map can be found in Appendix D. We show that
the assumptions needed for the Feshbach map to be applicable are satisfied. In
Sect. 6, we introduce Banach spaces of matrix valued integral kernels, which
describe operators on Fock space. Polydiscs in these spaces will later be needed
to show that the iteration procedure of the renormalization analysis converges
to a fixed point. In Sect.7, we show that the first Feshbach map maps the
original Hamiltonian into initial polydisc. In Sect. 8, we give an explicit defini-
tion of the renormalization transformation, as a composition of the Feshbach
map and a rescaling of the energy. In Sect.9, we show that the renormaliza-
tion transformation preserves analyticity and symmetry. In Sect. 10, we derive
conditions under which an iterated application of the renormalization trans-
formation is possible and converges to a fixed point. Moreover, we show how
one can construct the eigenvector, provided the renormalization analysis con-
verges. In Sect. 11, we provide the proof of the main theorem by combining
the results which are discussed in previous sections. In this section, we isolate
in Theorem 11.1 the part of the renormalization analysis which is not model
dependent and can be applied to larger class of Hamiltonians including for
example the standard model of non-relativistic qed.
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In Appendix A, we review basic properties of antilinear maps. In Ap-
pendix B, we collect properties of eigenprojections of isolated eigenvalues. In
Sect. C, we review formal definitions of creation and annihilation operators
and collect identities and estimates of these operators. We plan do consider
applications of the main result in a forthcoming paper elaborating on examples
discussed in [28].

2. Model and Statement of Results

We consider the following model. Let the atomic Hilbert space, Has, be a
separable complex Hilbert space. Let h = L?(R? x Z,) and let

F=EFn Fn:=5.(6°")
n=0

denote the Fock space, which is used to describe quantum states of the field.
Here So(h®°) := C and for n > 1, S, € L(h®") denotes the orthogonal
projection onto the subspace left invariant by all permutation of the n factors
of h. We call F,, the space of n-particle subspace. A vector ¢ € F can be
identified with a sequences (¢ )nen, such that ¢, € F,. The vector § :=
(1,0,0,...) € F is called the Fock vacuum. Furthermore, we shall use the
following identification

Fn = LR x Zo]"),

where the subscript s indicates that the elements are symmetric with respect
to interchange of coordinates. For details, we refer the reader to [32] or Ap-
pendix C.

A unitary operator U € L(h) can be naturally extended to the linear
operator I'(U) in F by

T(U)|s =1, T(U)|s =U®", neN,

respectively. An easy calculation shows that T'(U) is unitary again. For p > 0
and f € b, define

U, f)(k,\) := p*2 f(pk, \), (K, \) € R® x Zy.

It is straight forward to see that U, is a unitary operator on . The so-called
dilation operator on F is then given by

T, :=I(U,). (2.1)

1/2
For a vector z € CV, we write |2| = (Z;\[:l |zj|2) . To simplify our notation,
we define for (k,\) € R? x Z,

k= (k,\), /dk = /d3k.

A=1,2



2494 D. Hasler and M. Lange Ann. Henri Poincaré

We will identify the tensor product of the Fock space F with a separable
Hilbert space H’ using the canonical identification

H o F = LAR® x 2] M),
n=0
cf. [32]. For G € L?(R3 x Zs; L(H')), one associates an annihilation operator
a(G) as follows. For ¢ = (¢,,)22, € H' ® F with the property that t,, = 0 for
all but finitely many n, we define a(G)v as a sequence of H'-valued measurable
functions such that the n-th term satisfies a.e.

(Gl (R, s Fin) = <n+1)1/2/G(k)*¢n+1(k,kl,....,kn)dk, (2.2)

where the integral on the right-hand side is defined as a Bochner integral.
Equation (2.2) defines a closable operator a(G) whose closure is also denoted
by a(G). The creation operator a*(G) is defined to be the adjoint of a(G) with
respect to the natural scalar product in F. In Appendix C, further properties
about creation and annihilation operators can be found.

In this paper, we are interested in the dynamics of bosonic particles of
mass zero. The energy, w(k), of such a particle with wave vector k is

w(k) = |k| = |Kl.

We define the free-field Hamiltonian, H;, on a vector ¢ € H' ® F as the
sequence of H’ -valued functions whose n-th term is defined by
(Het)n (ks kn) =Y w(ki)on (k1. k). (2.3)
j=1

The domain of H, denoted by D(Hy), is the set of all v € H' ® F such
that (2.3) is an element of H' ® F. One verifies that H¢ with this domain
defines a positive, self-adjoint linear operator on H’' ® F with purely absolutely
continuous spectrum, except for an eigenvalue at 0, with eigenspace consisting
of all vectors of the form (v,0,0,...) with v € H'.

Let us now fix an atomic Hilbert space H,;. The Hilbert space, describing
the atomic degrees of freedom and the quantized field, is given by the tensor
product

H = Hat ® .F
Let X be an open subset of C¥, where v € N. For each s € X let Hy(s)
be a densely defined closed operator in H,;. For g > 0 and s € X, we study
the operator
Hy(s) == Ha(s) @ 1r + 19y, @ Hr + gW (s)
where the interaction operator is given by
W(s) :=a(G13)+a"(Gas) (2.4)

and k — G, s(k) is an element of L?(R3 x Za; L(Hat)) for each s € X . Note that
the operator (2.4) does not need to be self-adjoint, however, under Hypothe-
sis IV (2.4) will be self-adjoint for real s. For 4 > 0 and G € L?(R®*xZo; L(Hay))
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we define

1/2
161 = ( [ s lC®IPar) (25)

which possibly may be infinite.
In the following, we formulate Hypotheses, which will be used in the
statements of the main results Theorem 2.10.

Hypothesis I. For s € X and j = 1,2 the mapping s — Gj s is a bounded
analytic function that has values in L?(R® x Za; L(Hat)). Moreover, there exists
a p >0 such that

max sup ||Gj s, < oo.
J=125eXx

A consequence of this Hypothesis is that the interaction operator W (s)
and its adjoint W (s)* are well-defined operators on H,y ® D(Hf) which are
infinitesimally bounded with respect to H; for all s € X, cf. Lemma C.1.
Hence, the operator Hy(s) is defined on D(Hy(s)) @ D(Hy). Since Hyy(s) is
closed, this space is dense in H and Hy(s) is densely defined. Thus, the adjoint
H,(s)* exists and is closed. Moreover, D(Hy(s)) ® D(H) is contained in the
domain of H,(s)*. Hence, the map Hy(s) : D(Ha(s)) ® D(Hy) C H — H
has a densely defined adjoint and is therefore closable [25, Theorem 5.28]. Let
us now introduce the notation of a symmetry of an operator. Details can be
found in Appendix A.

Definition 2.1. Let H be a Hilbert space and T an operator in H (possibly
unbounded). A unitary or antiunitary operator S in H is called symmetry of
the operator T, if

S*D(T)c D(T) and STS* =T, for S unitary,
S*D(T*) c D(T) and STS*=T", for S antiunitary.

In that case, we say that T' is symmetric or invariant with respect to S. If T
is symmetric with respect to all elements of a set S of symmetries, we say T
is symmetric or invariant with respect to S.

Remark 2.2. We note that the set of symmetries of an operator form a group.
More precisely, if S; and S, are symmetries, then so are S1.52 and Sfl. Thus,
without loss of generality we can assume that we are given a group of symme-
tries.

To formulate the second Hypothesis, we need the notion of a discrete
point in the spectrum of a closed operator. We use the definition as given in
[31]. To state it, let us first recall the following theorem. We shall make use of
the following notation for open balls in the complex plane

B.(a)={z€C:|z—al| <r},

where a € C and r > 0.
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Theorem 2.3 ([31] Theorems XIL5 (a) & (b)). Suppose that A is a closed
operator and let A be an isolated point of o(A). Then B.(\) No(A) = {\}
for some € > 0, and for any r € (0,€) the integral

1
Py =— p—A)"ldu 2.6
i (26)

exists and is independent of r. Moreover, Py is a projection, i.e., P} = Pj.

Definition 2.4. Let A be a closed operator. A point A € o(A) is called discrete
if A is isolated and Py, given by Theorem 2.3, is finite dimensional. If Py is
one dimensional, we say A is a nondegenerate eigenvalue. The dimension of Py
is called the algebraic multiplicity. The dimension of Ker(A — A) is called the
geometric multiplicity. If algebraic and geometric multiplicity agree and are
finite, we say A is non-defective.

We can now state the second Hypothesis.

Hypothesis II. (i) The mapping s — H,(s) is an analytic family in the
sense of Kato.

(#i) There exists sg € X such that E,(so) is a non-defective, discrete element
of the spectrum of Hai(s0)-

(i1i) If Eat(so) is degenerate, there exists a group of symmetries, S, such that
H,(s)®1x, Hy, and W(s) are symmetric with respect to S for all s € X.
Each element of S can be written in the form S; ® Sa, where Sy is a
symmetry in Hae and Ss is a symmetry in F. Furthermore, the set of
symmetries in Hag

S1 2:{51151@)5268}

acts irreducibly on the eigenspace of Ha(so) with eigenvalue Eqi(so).
Fach element of Sy := {S3 : S1 ® Sy € §} leaves the Fock vacuum as well
as the one particle subspace invariant and commutes with the operator of
dilations, cf. (2.1).

By Hypothesis II and the Kato—Rellich theorem of analytic perturbation
theory, [31], together with a symmetry argument one can show the following
lemma, which will be needed to formulate the third hypothesis. We note that
parts (a) and (b) are well-known results and can be found in [31]. The proof
of (¢) will require a symmetry argument. We will provide a proof in Sect. 4.

Lemma 2.5. Suppose the situation is as in Hypothesis 11. Then there exists
an € > 0 sufficiently small and a neighborhood N C X of sg, such that the
following holds.

(a) {z € C:|z— Eux(so)] =¢} C p(Hat(s)) for all s € N.

(b) For alls € N

1 1
Pat\S) = —— —dz 2.7
t( ) 2mi |z2—Eat(s0)|=¢ Hat(s) —Z ( )

defines a projection valued analytic function and the dimension of the

range is finite and constant. In particular, pai(so) projects onto the
eigenspace of Eat(80).
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(c) There exists an analytic function e,y : N — C such that for all s € N

H,(s) | Ranpat(s) = ear(s) [ Ranpai(s) .
For s € N, the point e, (s) € C is the only point in the spectrum of Hu(s)
in a neighborhood of Eq(so). The number e, (s) is a non-defective, dis-
crete element of the spectrum of Hag(s). Furthermore, ea(so) = Eat(s0)-

If Hypothesis II holds, it follows from a repeated application of Lemma 2.5,
that there exists a connected open neighborhood X; C X of sg, an analytic
projection valued function P, on Xi, and an analytic function FE,; on X;
extending E,¢(sp) such that the following holds. For all s € Xy, the number
E.¢(s) is in the discrete spectrum of H,¢(s) and it is non-defective; moreover,

H,t(s) | RanPy(s) = Eat(s) [ RanPyy(s).
For any s; € X1, there exists an €; > 0 and a neighborhood N; C X; of s
such that for all s € Vy

{z€C:|z— Eux(s1)|=e1} C p(Has(s1))
and

1 1
Pu(s) = —— 1 4 (2.8)
211 |z2—Eat(s1)|=¢1 Hat(S) —Z
Henceforth, we denote by P,; and F,; any mappings having the properties
stated above on an open connected neighborhood X; C X of sq.

Remark 2.6. In principle, one could use Lemma 2.5 to obtain a maximal ana-
lytic extension of P, and E,¢. This will not be needed as it does not necessarily
improve the main result.

To formulate the third Hypothesis, we use the notion of a reduced resol-
vent, which is introduced in Remark 2.7.

Remark 2.7. Let A : D(A) € X — X be a densely defined closed linear
operator and let P be a bounded projection in X such that for P=1— P
RanP is closed , RanP N D(A) is dense in RanP,
A [RanP N D(A)] C RanP. (2.9)
Then it is reasonable to study the densely defined operator A|g..pn D(a)y I
RanP. If z € p(Algnpnp(a)), We shall use the notation (A — 2)™'P := ((A -

2)|RanPrp(a)) ' Ps and refer to this expression as the reduced resolvent.

The third Hypothesis will be used to invert for z close to Fat(sg) the
operator H,i(s) — z when restricted to the range of

Pai(s) =1y, — Pa(s).

Aforementioned we formulate this in terms of the reduced resolvent. For this,
we note that it follows from well-known properties of projections (2.6), c.f. [31]
or Part (a) of Theorem B.1 in the appendix, that the assumptions (2.9), i.e.,

RanP,(s) is closed , RanP,(s) N D(H,(s)) is dense in RanP(s),
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H,i(s) [RanPag(s) N D(Ha(s))] C RanPy(s).

are satisfied for s € X;. Thus, the reduced operator Hat(s)|p,, (s)nD(Ha(s))) 19
a densely defined operator in RanP,(s).

Hypothesis III. Hypothesis 11 holds and there exists a neighborhood U C X7 X
C of (s0, Eat(s0)) such that for all (s,z) € U we have |Ey(s) — z| < 1/2,
SUDP (s z)eu ||Pat(S)H < 00, and

g+1 =

97> P,
sup sup Huls)— 21 4q ()

(s,z)eU q=0

Remark 2.8. We note that one can show that Hypothesis III follows from
Hypothesis I and II and the additional assumption that H,(s) is an analytic
family of type (A) and that a semiboundedness condition holds, see [17].

When dealing with the ground state, we can assume the following addi-
tional Hypothesis. It will ensure that in the limit, as the interaction strength
tends to zero, the ground state of the interacting system converges to the
ground state of the non-interacting system. For a subset 2 C C™, we write
O ={z:2€Q}.

Hypothesis IV. The following holds.
(i) We have X = X* and for all s € X the identities G1,, = Gas and
H,(s)* = Hat(3) hold.
(i) We have sy € X NRY and Eqat(so) = inf o(Hat(s0)).

Definition 2.9. Let Ho be a Hilbert space and let X C C¢ with X* = X. For
each = € X, let a densely defined operator T'(x) in the Hilbert space Hy be
given. We say that T'is reflection symmetric if T'(z)* = T(%).

With theses Hypotheses at hand, we can now state the main result.
Theorem 2.10. Suppose Hypotheses 1, 11, II1 hold and let
d = dimker(Ht(s0) — Fat(50))-

Then there exists a neighborhood X, C X of sg and a positive constant g, such
that for all s € X3 and all g € [0, gy] the operator Hy(s) has an eigenvalue
E,(s) with d linearly independent eigenvectors g ;(s), j =1,...,d, with the
following properties.

(1) The functions s — Eg4(s) and s — 4,(s) for j =1,...,d are analytic
functions on Xy.
(i1) Uniformly in s € Xy, we havelimg_.og Eq(s) = Ea(s) and limg_.g g ;(s) =
©at,;(8) @ Q for some pat ;(s) € RanPy(s).
If in addition Hypothesis IV holds, then Xy, = X} and
(i11) for all s € X, NRY it holds that Ey(s) = inf o(Hy(s)).
(iv) for all s € Xy, it holds that E,(s) = Ey(3).
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Remark 2.11. In case that the irreducibility assumptions of Hypothesis II (iii)
are not satisfied, the eigenspace of the ground-state eigenvalue is expected to
split at higher order in perturbation theory. This phenomenon is known as the
Lamb shift and has been considered in the literature [19,26]. It is natural to as-
sume that degeneracies of eigenvalues are lifted at some order in perturbation
theory until a residual degeneracy remains which is protected by a set of sym-
metries. Analyticity questions for degenerate ground-state eigenvalues, whos
degeneracy is lifted in second-order perturbation theory, were investigated in
[22] in the framework of generalized Spin—-Boson models.

We note that the above result can be used to obtain analyticity in the
coupling constant. We note that this will immediately improve the continuity
statement, Part (ii), in Theorem 2.10. This will be the content of the follow-
ing corollary. To state the result first recall that W(s) is infinitesimally H;
bounded, cf. Lemma C.1. Thus, for each s € X the map on C

g+ Hg(s)

is an analytic family of type (A). It follows that (g, s) — Hy(s) is an analytic
family, since the weak analyticity of the resolvent implies strong analyticity
of the resolvent and to show jointly weak analyticity we can use Hartog’s
theorem, cf. [24].

Corollary 2.12. Suppose Hypotheses 1, 11, I11 hold and let d = dimker(H ¢ (sg)—
E.t(s0)). Then there exists a neighborhood X, C X of so and a positive con-
stant gy such that for all s € Xy and all g € By, (0) the operator Hy(s) has an
eigenvalue Eq(s) with d linearly independent eigenvectors g ;(s), j =1,...,d,
with the following property.
The functions (s,g) — Eq(s) and (s,g) — g(s) for j =1,...,d are
analytic functions on Xy, x Bg, (0).

Proof. First we extend the parameter space X = X x B1(0) and define for
(s, e X and g >0

Hy(s,8') = Higg)(s). (2.10)

Now one easily verifies that (s, s’) — flg(s, s') satisfies the assumptions I, IT, I11.
Thus, it follows from Theorem 2.10 that there exists a g, > 0 such that
H,, (s,s') has an eigenvalue E,, (s,s') and an eigenvector tg, (s, s") both de-
pending analytically on (s, s"). Now in view of (2.10), we see that they are also

eigenvalue and eigenvector of H(y g )(s). This shows the corollary. O

We note that one can formulate the result in Theorem 2.10 in terms of
so-called eigenprojections.
A densely defined operator H in a Hilbert space with the property that

H*=gJHJ ! (2.11)

for some antiunitary operator J is called complex-selfadjoint with respect to
J. To formulate the next corollary, we make another hypothesis.
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Hypothesis V. Hypothesis 11 holds. For all g > 0 and s € X, the operator
Hy(s) is complex-selfadjoint with respect to a antiunitary operator J. The
bilinear form J : V xV — C onV := Ran(Pay(s0)) @ Q defined by J(vi,v9) =
(v1, Jva) is non-degenerate.

Corollary 2.13. Suppose Hypotheses 1, 11, III hold and let d = dim ker(H(sg)—
E.i(s0)). Assume that Hypothesis IV or Hypothesis V holds. Then there ex-
ists a neighborhood X, C X of sg and a positive constant g, such that for all
s € Xy and all g € [0, gp] there exists a complex number Eq(s) and a projection

Py(s) with rank d such that

Py(s)Hg(s) C Hy(s)Py(s) = Ey(s)Py(s) (2.12)
with the following properties.

(1) s — Py(s) and s — E4(s) are analytic on Xj.
(1) limg)o Py(s) = Pat(s) ® P uniformly on Xy.

Proof. Let the situation be as in Theorem 2.10. First we assume that Hypoth-
esis IV holds. By possibly restricting to the intersection of X; and X, we can
assume without loss that these sets are equal and nonzero, since both contain
so € RY. Define the matrix M, ,(s) = (¥g,4(5),¥g(s)), a,b = 1,...,d, for
s € Xp N X} By linear independence of the 1, ;(s) and continuity, we can
assume without loss that M is invertible for all s € X} (by possible making
X, smaller, by intersecting it with a neighborhood of the real line). We define

d
)= D [gals)(M ()™ ap g (3)].

a,b=1
It is straightforward to verify that this is a projection

Py(s)Py(s)

d
Z |¢g7a(s)>(M(5)_ a,b(¥g,0(5)| Z [thg,c(s )_1)076<¢g7e(§)|

a,b=1 c,e=1
d
= > el (M(5) ™ )apM(8)p,c(M(5) ™ ee(tg,e(3)]
a,b,c,e=1
d
= Z Wg,a(S»(M(S)_l)a7b5b,6<¢g,e(§)|
a,be=1

d
Y gl (M ()™ ap(tg,0(5)] = Ps).

a,b=1

Furthermore, since 1, o are eigenvectors we find H,(s)Py(s) = Eq4(s)Py(s) and
with Theorem 2.10 (iv)

d
C D [gal) (M ()™ ap(Hy(s) ()]

a,b=1
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d
Y [0l (M(s) ™ )ap (Hy(3)tg (5]

a,b=1

d
D [g.a()(M(5)™)ap (Ey(8)1g,0(5)]

a,b=1

d
D [g.a($)(M(5) ™ )ap (g, (3) By () = Py(s) Ey(s)-

a,b=1

It is now straight forward using Parts (i) and (ii) of Theorem 2.10 that Parts
(i) and (ii) of Corollary 2.13 hold.

Now assume that Hypothesis V holds. In that case, we argue analogously.
Define the matrix Ny 5(s) = (T (s),¥p(8)), a,b=1,....d, for s € X},. Again
by linear independence of the v, ;(s) and Hypothesis V we find that N, ,(s) is
invertible for s = sg and g = 0. Now by continuity in s and (ii) of Theorem 2.10,
we can assume without loss that N is invertible for all s € X, (by possible
making X, as well as g, > 0 smaller). It is now again straightforward to verify
using (i) and (ii) of Theorem 2.10 that

d
Py(s) = D [g.a(8))(N ()™ ap(T¥g,0(s)]

a,b=1

has the claimed properties. To show the first relation in (2.12), we observe that
using (2.11) we find

d
Py(s)Hy(s) C D [g.a(s)(N ()™ ap(Hy(s) Tthgs(s)]

a,b=1

d
Y Wgal$)) (N () e T Hy(s)1g,0(5)]

a,b=1

d
Y [g.a(8) (N ()™ )alT Ey()9,6(5)]

a,b=1

d
Y [ga(s) (N ()™ an{Tg,0(5) | By (s) = Py(s) Ey(s)-

a,b=1

3. An Elementary Example

In this section, we give an elementary example for which the conditions of
Theorem 2.10 can be easily verified. Resonances and systems involving several
non-relativistic massive particles will be treated in a forthcoming paper.

We consider the ground state of the Hamiltonian describing a single
charged particle with spin in an attracting potential and interacting with the
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quantized electromagnetic field in a dipole approximation, see [11,15,17] and
references therein. Let He = L?(R?;C?) and let

Hy=-A,+ V(x),

where V' : R3 — R is measurable function such that H is selfadjoint and
E, = info(Hg) is below the essential spectrum of H,j. Note that since the
Hamiltonian He does not affect the spin degrees of freedom, each discrete
eigenvalue has even multiplicity. Let us assume that the ground-state energy
of H, is twice degenerate, i.e.,

2 = dimker(He — Ea). (3.1)

Thus, there exists a normalized vector ¢ € L?(R3) such that ©Yel1 = (¢e1,0)
and pel,2 = (0, ¢e1) are two linearly independent eigenvectors of He with eigen-
value Eg. To introduce the interaction with the quantized electromagnetic
field, we define

GUP (K, \) = 5= (x(x)z - |klic(k, \) + S - ik Ae(k, ), (3.2)

where
e:R¥*\ {0} x {1,2} - R?

is a measurable function describing the so-called photon polarization vectors,
which satisfy e(k, j) = e(k/|k|,j), j = 1,2, and for which the vectors e(k, 1),
e(k,2), and k/|k| form an orthonormal basis of R3. The function p : R — R
in (3.2) is a cutoff function, which we choose as p(k) = exp(—(k/A)?) for some
A > 0. The function x € C(R?) in (3.2) serves as a spacial-cutoff and is a
function for which we assume that

x(z) = !

V14 (x/N)?
for some A > 0. Moreover, we introduced the spin matrices
(S)a:0a®]l.7:a a=1,2,3,

with o1, 092, 03 denoting the Pauli matrices. The interaction is given by

Waip(s) i= a(GS™) + a* (GIP),
and the Hamiltonian is

Hdip,g(s) = Hy + ngip(S) + Hf. (33)

Thus, for the Hamiltonian (3.3) we obtain the following result.

Corollary 3.1. Suppose (3.1) holds. Then there exists a positive constant gy
such that for all s € B1(0) =: By and all g € [0, gs] the operator Haip 4(s) has
an eigenvalue Eqip 4(s) with 2 linearly independent eigenvectors aip g.i(8),
j =1,2, with the following properties.

(i) The functions s — Eg(s) and s — g (s) for j = 1,2 are analytic
functions on Bi.
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(i1) Uniformly in s € By we have limg_,¢ Egip,(s) = Eel and limg_.o ¥aip,g,; ()
= Pel,j @ for some @t j(s) € RanPay(s).

(ii) for all s € Bi NR it holds that Eaip,¢(s) = inf o(Hy(s)).

() for all s € By it holds that Eqip 4(s) = Eaip,¢(3).

To prove Corollary 3.1, we apply Theorem 2.10. Thus, we need to verify
Hypothesis I-1V. First observe that Hypothesis I holds, since for any p > 0
and s € C we find using (2.5)

by L |p(k)? ‘ | 2 )
1627 =151 ([ o ey Ik eliles ) + - A (ke ) i

2 1/2
< o1 ([ 2B (ol el N7 + 15 o <(k )k

9 k 2 1/2
<l ([, Tear (sum oo+ 1) ar) <o

Verifying Part (i) of Hypothesis IT is trivial, since Hy does not depend
on s. Part (ii) of Hypothesis IT holds, since F is in the discrete spectrum of
the self-adjoint operator H,j. Since Eg(so) is degenerate, we need to find a
symmetry group to verify Part (iii) of Hypothesis II. There are two candidates
for symmetries:

(A) rotation invariance,
(B) time reversal symmetry.

If the potential V' is rotationally invariant, it is natural to use rotation
invariance. Otherwise, time reversal symmetry can always be applied. Despite
that the proof using time reversal symmetry also works in the rotation invariant
case, for expository purposes we discuss both methods below.

(A) Suppose the potential V is rotationally invariant. Thus, assume that

V(z) = v(|x])

for some function v. Then it is natural to use rotation symmetry or more
precisely SU(2) symmetry. To define the SU(2) symmetry we introduce the
so-called canonical double covering homomorphism

m:8U(12) — SO3), Uw~n(U),

where 7(U) is the unique element of SO(3) such that for | = 1,2, 3,
3

Uo,;U* = ZW(U)MQ.
=1

On the one electron Hilbert space L%(R?;C?), we define (Ue(U)t))(x)
= Utp(n(U)"tz), for U € SU(2). We define on h = L?(R? x Z3), the transfor-
mation
Uy (R)R)(k,N) = DS (Rik)A(R ™1k, N)
N=1,2
with
DY\ (Rik) := (R 'e(k,\) -e(R™ 'k, N).
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It is straight forward to see that this is a unitary representation of SO(3) on
h and Ur(R) := I'(Uy(R)) gives a unitary representation of SO(3) on F, cf.
[23]. Thus, U(U) := Uy @ Ux(w(U)) yields a unitary representation of SU(2)
on He ® F. Let Sgyy = {UU) : U € SU(2)}. From the transformation
properties in [23][Proposition 4.8], it follows that He ® 17, Hy, and Waip(s)
are symmetric with respect to all elements of Sgy(2) for every s € By. To show
that U, acts irreducibly on

2
Y = chgoel,j i¢; €Ch, (3.4)

Jj=1

the eigenspace of He to the eigenvalue E,j, we observe that ¢, is rotationally
invariant as a vector of a one-dimensional subspace of the group of rotations
(one dimensional representations of non-commutative groups are trivial [34]).
Thus, it follows that

2

2 2 2
Ua(U) Y cjpes = ciUpay = Y Unjejpar = Y _[Ucipa,.
j=1 j=1

ji=1 =1

Since the identity representation of SU(2) is irreducible, it follows that Uy (U)
acts irreducibly on Y. Furthermore, it follows as an immediate consequence of
the definition that for each U € SU(2) the unitary transformation Uz (7(U))
leaves the Fock vacuum as well as the one particle subspace invariant and
commutes with the operator of dilations. We conclude that also Part (iii) of
Hypothesis IT holds in case (A).

(B) On Hq = L?(R?;C?) time reversal is defined by Tyt := Koo, where
K denotes complex conjugation in H,. To define operator of time reversal on
the Fock space, we first define it on the one particle space as follows. We define
the antiunitary operator Ky on h by setting for h € b

(Kyh)(k, A) = > e(k, A) - e(—k, X)h(=k, X

N=1,2

for (k,\) € R3 x {1,2}. Time reversal symmetry on Fock space is defined by
T; = I'(—Ky), cf. [23] (here I'(—=Kp)|7, = (=K4)®", n € N and I'(—Kp)| 7,
is complex conjugation). Time reversal symmetry on the full space Ho ® F is
defined by

T = Tmat ®7—f

A calculation shows, cf. [23, Proposition 4.16], that 7 is a antiunitary and
Hg ® F, Hy, and Wyip(s) are symmetric with respect to 7 for all s € Bj.
Since Tp,¢ is a symmetry of the self-adjoint operator Hey, it follows that 7pa¢
leaves the eigenspace Y defined in (3.4) invariant. We will show that 7¢ acts
irreducibly on Y. Suppose v € Y. Then using 7}2 = —1 and the antiunitarity
of 7¢, we find using a Kramer’s degeneracy argument, cf. [23,30]

_<U77}U> = <7}7—fvuﬂv> = <’U77—f1}>.
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Thus, (v,7rv) = 0 and Y cannot have a one-dimensional subspace, which is
invariant w.r.t. Z¢. Since Y has dimension two, the only subspaces of Y which
are invariant with respect to 7¢ are trivial. Thus, 7; acts irreducibly on Y.
By definition, it is straight forward to see that 7¢ leaves the Fock vacuum as
well as the one particle subspace invariant. We conclude that also Part (iii) of
Hypothesis IT holds in case (B).

To verify Hypothesis I1I, we want to use the spectral theorem. To achieve
this, we assume without loss that the distance between E, and the rest of the
spectrum is greater or equal to one, i.e.,

Eel,l — Eel 2 17 Eel,l = inf (J(Hel)\{Eel})~ (35)
Otherwise apply Theorem 2.10 to the rescaled operators H., = cHg and

Haip.g(s) = cHaip 4(s) for some ¢ > 0, such that assumption (3.5) holds. Tt
now follows from the spectral theorem that

qg+1 = q+1 ‘
sup sup || —=——Pau|| = sup sup sup |[——
2= Ea|<1/2 q>0 || Hat — 2 + ¢ 22— Ea|<1/2 r€o(Ha)\{Ea} ¢>0 |7 — 2+ ¢

< sup sup sup
zi|z—FEe|<1/2 720 ¢20

qg+1 ’
T+Eel,1_Eel_|Z_Eel|+q

< sup <00

q+
>01/2+q

Thus, Hypothesis III is verified.

To verify Hypothesis IV, we observe that Bf = By and from the definition
we see that G 3 = GYP = Gy ;. The remaining properties of Hypothesis IV
follow from the fact that He) is self-adjoint and does not depend on s.

Thus all assumptions of Theorem 2.10 are verified and Corollary 3.1 now
follows.

4. Symmetry Considerations

In this section, we consider consequences of the symmetries which will be used
for the renormalization analysis. Elementary definitions and properties are
collected in Appendix A. First we discuss Schur’s Lemma for symmetries of
an operator. This will be needed to show that certain matrix valued vacuum
expectations, occurring in the renormalization analysis, are multiples of the
identity. Then we consider general properties of symmetries of analytic family
of operators. We will apply these properties to the Hamiltonian defined in
Sect. 2. As a main result, see Lemma, 4.6, we will be able to assume without loss
of generality that P, (s) is a constant function of s. Moreover, in Lemma 4.8
at the end of this section we prove a crucial property of the Feshbach operator
which will be important later during the renormalization procedure.

Definition 4.1. Let V' be a subspace of a Hilbert space H and let S be a set
whose elements are unitary or antiunitary operators on H. We say that S € §
acts irreducibly on V if for any subspace W of V with SW C W we have
W={0}or W=V.
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The next two lemmas are versions of the well-known Lemma of Schur
[33]. The first lemma is for self-adjoint operators. Since analytic continuations
of the Hamiltonian are in general non-self-adjoint we need a second lemma for
ordinary linear operators, as well.

Lemma 4.2. Let S be a set containing unitary and antiunitary operators which
act irreducibly on a complex finite-dimensional Hilbert space V. Let T be a self-
adjoint linear operator on V' such that

STS* =T, forallSeS.
Then there exists a number X € R such that T = \1y,.

Proof. First observe that T has a real eigenvalue, say A. Thus T'— A has a non
vanishing kernel. Now S leaves the space Ker(T — \) invariant since A is real.
Thus, by irreducibility we see that Ker(T'— \) = V. This yields the claim. O

Now we want to extend the above lemma to non-self-adjoint operators.

Lemma 4.3. Let S be a set containing unitary and antiunitary operators which
act irreducibly on a complex finite-dimensional Hilbert space V. Let T be a
linear operator on V such that

STS* =T, forallSeS, S unitary,
STS* =T, forall S €S, S antiunitary. (4.1)

Then there exists a number A € C such that T = A1y

Proof. Note that there exits a unique decomposition

T=27+1Y, (4.2)
with Y and Z self-adjoint operators on V. Then it follows from Eq. (4.1) that
for S unitary/antiunitary

Z+iY =S(Z+1iY)S* =S5ZS5* £iSYS*.
The uniqueness of the decomposition (4.2) and Lemma A.2 (¢) implies
SzZS* =27, SYys =Y,

for all S € S. Thus, Z and Y are multiples of the identity by Lemma 4.2. [

The next theorem will allow us to work with the constant projection
P,i(so) instead of the s dependent projection P,(s), by means of an invertible
analytic family. This is a standard method used in analytic perturbation the-
ory. The theorem below is a version of Theorem XII.12 in [31] incorporating
in addition a symmetry property.

Theorem 4.4. Let H be a Hilbert space. Let P(s) € L(H) be a projection-valued
analytic function on a connected, simple connected region of the complex plane
X. For sg € X, there exists an analytic family U(s) of bounded and invertible
operators on X with the following properties:

(a) U(s) P(so)U(s)~! = P(s).
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(b) If so is real and P(s) is self-adjoint for real s, then we can choose U(s)
unitary for real s. Furthermore, U(3)* = U(s)~! for all s € X N X*.
(c) If S is a symmetry of P(s), then one can choose U(s) to satisfy
SU(s)S* =U(s), if S is unitary,
SU(s)S* = (U(s)™ ), if S is antiunitary.

For the proof, we use as in [31] the following lemma.

Lemma 4.5. Let R be a connected, simply connected subset of C with By € R
and let A(3) be an analytic function on R with values in the bounded operators
on some Banach space X. Then for any xqg € X, there is a unique function
f(B), analytic in R, with values in X obeying

d
a3 (B) = A(B)f(B),  f(Bo) = o
For a proof of the lemma, we refer the reader to [31].

Proof of Theorem /.4. The detailed proofs of (a) and (b) can be found in The-
orem XII.12 of [31]. Here we merely give a sketch. Let Q(s) = P’(s)P(s) —

P(s)P'(s), where P'(s) = %P(s) Then a calculation shows that

P'(s) = [Q(s), P(s)]- (4.3)
We now use Lemma 4.5 with X = L(H). Let U(s) be the unique solution of
the initial value problem

d
gU(s) =Q(s)U(s), U(so) =1, (4.4)
and let V'(s) be the unique solution of the initial value problem
d
gV(s) = -V (s)Q(s), V(sp) = 1. (4.5)
Since
d dv dU
LV e)U(s)) = U (s) +V(s) - =0,
it follows that
VU = 1. (4.6)

On the other hand if FF = UV, then F solves the differential equation F’ =
[Q, F] with initial condition F'(sg) = 1. Since F = 1 solves the same initial
value problem, it follows by uniqueness that

UV =1. (4.7)

It follows that U is invertible. Furthermore, a calculation shows that P =
UP(so)V satisfies the initial value problem P’ = [@Q, P] with initial condition
P(s0) = P(sg). Thus, from (4.3) we see that P and P satisfy the same initial
value problem and hence agree. This shows (a). To show (b) let us suppose
that P(s) = P(s)* for s = 5. By the Schwarz reflection principle, it follows
that P(s)* = P(3) for all s € X N X*. By the definition of Q, Q(s)* = —Q(5).
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Let V(s) = U(3)*. Then V obeys dV/ds = —V(s)Q(s); V(so) = I. By the
uniqueness of solutions of differential equations, V(s) = V(s). Thus, U(3)* =
V(s) =V(s) =U(s)"", and if s is real, U(s)* = U(s)~! and so U(s) is unitary.

It remains to show (c). Suppose first that S is a unitary symmetry of

P(s). Then we have by assumption SP(s)S* = P(s) and hence % (s) =

SLP(s)8*. 1t follows that SQ(s)S* = Q(s). Using (4.4), we thus obtain

%SU(S)S* = S%U(S)S* = SQ(s)U(s)S™ = Q(s)SU(s)S*, SU(s9)S™ = 1.

By uniqueness of the initial value problem, Lemma 4.5, we conclude
SU(s)S* =U(s).

Now let us suppose that S is an antiunitary symmetry of P(s). Then we

have by assumption SP(s)S* = P(s)*, and hence taking the adjoint we find

SP(s)*S* = P(s). Differentiating we find QP(S) =S (QP(S))*S* A cal-

ds ds
culation now shows that

SQ(s)"S" = =Q(s). (4.8)
By (4.4), we have (SU(s0)S*)* =1 and
L (sus)s) = (ngU@)S*)* — (SQU)U(3)S")" = (SU(5)S")"5Q(s)" 5"
= —(5U(s)57)"Q(s),
where we used (4.8) in the last identity. Now from (4.5) we conclude

(SU(s)S*)* =V (s)

by uniqueness of the initial value problem, Lemma 4.5. Since V(s) = U(s) ™!,
by (4.6) and (4.7), the identity in (c) for antiunitary symmetries is now also
shown. 0

Next we shall give a proof of Lemma 2.5 about the eigenprojection of Py
stated in the introduction.

Proof of Lemma 2.5. By Hypothesis 11(ii), we can pick € > 0 such that the
only point of o(Hat(So)) within {z € C : |z — Eat(s0)| < €} is Fat(so). Since
the circle {z : |z — Eat(s0)| = €} is compact and the set

I'={(s,2):s€X,z€ p(Hu(s))}

is open (Theorem XII.7 in [31]), we can find a 6 > 0 so that z € p(Hu(s)) if
|z — Eat(s0)| = € and |s — sp| < d. Thus, (a) holds for the set

N:={se€ X :|s—sp| <}
(b) Tt follows from (a) that pat(s), defined in (2.7), exists for all s € N. By
Theorem 2.3, it is a projection. The analyticity of p,; on N now follows from ex-

pression (2.7) and Hypothesis IT (i). That pat(so) projects onto the eigenspace
of Ea.(so), follows from the non-defectivity assumption of Hypothesis IT (ii).
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The range of pat(sp) is finite by assumption. The statement about the dimen-
sion of the range of p,¢ follows, since the rank of continuous projection-valued
functions of a connected topological space is constant, cf., Lemma on page 14
in [31].

(c) Observe that H,(s) leaves the range of p,¢(s) invariant by Theorem B.1 (a).
First we show that there exist a number e,¢(s) such that for all s € N

H,i(s) | Ranpai(s) = ear(s) | Ranpag(s) . (4.9)

In case dim Ranp,i(sp) = 1, we can use that the dimension of the projection is
constant, i.e., dim Ranp,t(s) = dim Ranp,t(so) = 1. In that case (4.9) now fol-
lows since H,(s) leaves the range of pat(s) invariant. In case dim Ranpag(sg) >
1, we will use the symmetry property of Hypothesis II (iii). Since S; is a sym-
metry of Ha(s), it follows from the integral representation (2.7) that it is also
a symmetry of p,t(s). By Theorem 4.4, there exists an analytic family U(s) for
s € N of bounded invertible operators satisfying the assertions of Theorem 4.4
for the projection p,t(s). In particular,

Pat(50) = U(s) 'par(s)U(s) for all s € N. (4.10)

Recall that by Theorem B.1 (a) the operator H,i(s) leaves the range of pag(s)
invariant. Thus by (4.10), the operator

Ho(s) := U(s) ' Hyp (s)U ()

leaves the range of p,t(sg) invariant. By Theorem 4.4 (c¢), we have for unitary
S € Sy that

SHa(s)S* = SU(s) " Hay(s)U(5)S* = U(s) ' Hae(s)U(s) = Hay(s),
and for antiunitary S € S; that
SH,(s)S* = SU(s) " H(s)U(s)S* = U(s)*Ha(s)" (U(s)™1)*
= (U(s) " Has()U(s))" = Har(s)".
Thus, by the lemma of Schur and the irreducibility condition of Hypothe-
sis IT (iii), there exists a function e, : N — C such that
f{at (8)Pat(50) = €at(8)Pat(50)-
By (4.10), this implies
Hat(5)pat(s) = €at(s)pat(s),

for all s € N, i.e., (4.9). Now the analyticity of e,;(s) follows from the analyt-
icity of pat(s) and H,i(s) and by calculating an inner product with a nonzero
vector in the range of p,(s). Furthermore, it follows from (a) and Theorem
B.1 (c) that for all s € N we have

O'(Hat(s)) N Be(Eat(SO)) = U(Hat(5)|Ranpat(S))'

This and (4.9) imply that for s € N the point e, (s) € C is the only point in
the spectrum of Hay(s) in Be(Fat(S0)). Thus, eat(s) is isolated from the rest of
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the spectrum. Furthermore, it follows, by deforming the contour and Cauchy’s
theorem that for s € N with 7(s) = ¢ — Eqt(s0) — €at(s)
1 1
at(S) = ——— —d=.
Pac(s) 270 J |2 ey (s)|=r(s) Hat(s) — 2
Thus, (4.9) implies that the number e, (s) is a non-defective, discrete element
of the spectrum of H,(s). Finally, it follows for s = so from the definition of
Pat(s) and (4.9) that eas(so) = Eat(s0). O

In Lemma 4.6, we show that in the proof of the main theorem, Theo-
rem 2.10, we can assume without loss of generality that the following Hypoth-
esis holds.

Hypothesis VI. Hypothesis 11 holds and Py (s) = Pat(so) for all s € X.

Lemma 4.6. Theorem 2.10 holds, if its assertion holds under the additional
Assumption of Hypothesis V1.

Proof. Suppose that Hypotheses I, I1, and III hold for some sy € X and some
symmetry group S. By restricting to a smaller neighborhood of sy we can
assume without loss of generality that X is open, connected, simply connected.
Then by Theorem 4.4 there exists an analytic family U(s) of bounded invertible
operators on X such that

U(s)Pat(so)U(s)_1 = Pu(s).
We now define
Hy(s) := (U(s)"' @ 1)Hy(s)(U(s) @ 1).
Then

Hy(s) = Ho(s) @ 14+ 1 ® Hy + gW (s),

where

)
$)(U(s) ©1) = a(G1) + a*(Ga,s),

Thus, if G; s satisfy Hypothesis I, then also @j7s satisfies Hypothesis I on any
subset X¢ C X on which U(s) and its inverse are uniformly bounded operator-
valued functions (by continuity any bounded open X with closure contained
in X will work). By analyticity of U(s), it follows that Hy(s) is an analytic
family in the sense of Kato, and hence Part (i) of Hypothesis IT holds. Now
H,(s) satisfies Part (ii) of Hypothesis IT by the invertibility of U(s). Next we
consider Part (iii) of Hypothesis II. Since by assumption &; is a symmetry
group for H,y(s) it follows from the integral representation of Py (s), cf. (2.8),



Vol. 25 (2024) Degenerate Perturbation Theory 2511

that it is also a symmetry of the latter. Thus, we can assume by Part (c) of
Theorem 4.4 that for all symmetries S € S;

SU(s)S* =U(s), if S is unitary,
SU(s)S* = (U(s)™ )", if S is antiunitary.
If follows for unitary S € S; that

SI:Iat(s)S* = SU(s) ' Hay(s)U(5)S* = U(s) " Har(5)U(s) = Har(s),
and for antiunitary S € S; that
SHo(s)S* = SU(s) " Hyy(s)U(5)S* = U(s)* Hay(s)* (U(s)™1)*
(U ()™ Hat(s)U (5))" = Hat(s)".

Thus, H,(s) satisfies also Part (iii) of Hypothesis II. Similarly one shows that
W (s) satisfies Part (iii) of Hypothesis II. Finally, if H(s) satisfies Hypoth-
esis IIT, then by invertibility of U(s) also H,; satisfies Hypothesis III on any
subset Xy C X on which U(s) and its inverse are uniformly bounded operator-
valued functions. Thus, we have shown that ]flg(s) satisfies Hypothesis I, II,
and IIT on an open set Xy containing sg.

Furthermore, Hypothesis VI holds for flg(s) by construction. Thus, by as-
sumption the assertion of the main result, Theorem 2.10, holds for the operator
ﬁg (s). We conclude that there exists a neighborhood X}, C X of sg and a pos-
itive constant g, such that for all g € [0, g,) and s € X, the operator H,(s) has
an eigenvalue F,(s) with d := dim ker(H;(s0) — Eat(s0)) = dim ker(Haz (s0) —
E.+(s0)) linearly independent eigenvectors ﬁg,j(s), j=1,...,d, all depending
analytically on s € Xp,. By the invertibility of U(s) we see that the operator
H,(s) has the eigenvalue E,(s) := E,(s) with d linearly independent eigenvec-
tors g ;(s) = (U(s) ® ]l)zﬁgyj(s), j=1,...,d. They also depend analytically
on s, since U(s) and its inverse depend by Theorem 4.4 analytically on s.
This shows (i) of Theorem 2.10. Similarly one verifies (ii) of Theorem 2.10
by using the uniform boundedness of U(s) and U(s)~!. Finally, suppose that
the operator H,(s) satisfies Hypothesis IV. Then by Theorem 4.4 (b) we can
choose the family of invertible operators U(s) to be unitary for real s such
that U(5)* = U(s)~! for all s € X. Thus, also H,(s) satisfies Hypothesis TV
and moreover it is isospectral to Hy(s) for real s. In that case, we have for real
s € RY N X}, that

Ey(s) = E,(s) = inf o (H,(s)) = inf o(H,(s)).

This implies (iii) of Theorem 2.10.
Thus, we have shown that the assertion of Theorem 2.10 also holds for the
original operator Hy(s). O

The next lemma will be used to show that the so-called relevant direction
in the renormalization analysis is one dimensional. For this, let us introduce
the following definition. For V', a finite dimensional complex vector space, and
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a bounded operator T' € B(V ® F) define (T')q as the unique operator on V'
such that

(vi, (T)avz) = (v1 ® Q,Tv2 ® Q) (4.11)
for all v1,v9 € V. Note that it is straight forward to see that
(T")a = (T)o, (4.12)

which follows since for all vy,vs € V' we have
<Ul, <T*>Q’U2> = <U1 X Q,T*Ug X Q) = <U2 X Q,Tvl X Q)
= (v2, (T)qau1) = (v1, (T)qu2).

Lemma 4.7. Let V be a finite-dimensional complex vector space and let T €
B(V ® F). Assume that T is symmetric with respect to a set of symmetries
S such that every element can be written in the form S1 ® Sa, where Sy is a
symmetry in'V and S is a symmetry in F leaving the Fock vacuum invariant.
Assume that Sy := {S1 : S1®Se € S} acts irreducibly on V.. Then there exists
a number ¢ € C such that

<T>Q =cl
Proof. For all S1® 55 € S, we have the following symmetry property. For A an
operator or a number let A% stand for A or A* whether the symmetry S; ® Ss

is unitary or antiunitary, respectively. Moreover, we write ¢* = ¢ if ¢ € C. For
all vi,v92 € V, we have

(v1, 81(T)qStva) = (Siv1, (T)aSiva) ¥

= (ST @ D, TSTva ® Q)

= ((S1 ® S2)*v1 ® Q, T(S1 @ S2)*ve @ NF
= (01 ® €2, (51 @ 52)T (51 ® S2)*v2 @)

= (11 ®9Q T#vz ® Q)

=

v1, (T#)qua)

AT
= <’U17 <T>gv2>7
where in the last line we used (4.12). Thus,
S1{T)asT = (1)
The claim now follows from Schur’s Lemma 4.3 and the irreducibility assump-

tion. O

To conclude this section, we show that the Feshbach transformation
preserves symmetry properties. A detailed review of the properties of the
Feshbach—Schur map, which was introduced in [3], is given in Appendix D.

Lemma 4.8. Let (H,T) be a Feshbach pair for x. Assume that there exists a
group of symmetries S of the operator H,T and x. Then S is also a group of
symmetries for the Feshbach operator F\ (H,T).
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Proof. This follows from the definition of the Feshbach operator given in
Eq. (D.1). Let S € S be a symmetry and let A# stands for A or A* if S
is unitary or antiunitary, respectively. Then inserting S*S = 1, we find

SFy(H,T)S*
= SHyS™ — SXWX((T +XWX)|ranx) " XWxS*
= S(T + xS*SWS*Sx)S*
— SXS*SWS*SxS* ((STS* + SxXS*SWS*SX)S* |Ransxs-) 1 SXS*SW S*SxS*
= Hf# — x*FWHEH(T# +Y#W#Y#)\Rany#)_ly#w#x#
= B (H,T)*. 0

5. The Initial Hamiltonian

The first step of the operator-theoretic renormalization analysis is to prove that
H,(s) and Hy(s) are a Feshbach pair for a suitable choice for the projection
operator, see (5.3). This is the content of Theorem 5.1. For a definition as well
as the properties of Feshbach pairs, we refer to Appendix D. Moreover, we will
show in this section, that the associated Feshbach operator, cf. (D.1), is an
analytic function of s and the spectral parameter z and that it inherits the
symmetry property of the original operator. This will be shown in Theorem 5.7.

We choose smooth functions x,x € C*°(R;[0,1]) such that x? + ¥ = 1
and

1 ifr<3
_ ’ = 1>
x(r) {0, ifr>1.

For p > 0, we then define

Xp(r) :=x(r/p),  X,(r)=X(r/p),
and set x, := x(Ht/p), X, := X(Hz/p). Next we define

X (8) 7= Pat(s) @ Xp (5.1)

X, (8) := Pat(s) @ T + Par(s) ® X, - (5.2)
Note that (5.1) and (5.2) are commuting, non-zero, bounded operators satis-
fying X,(s)* 4+ x,(s)* = 1, which are not necessarily self-adjoint. Moreover, we
set
x(s) =x1(s), X(s) =X1(s)- (5.3)
The following theorem gives us the conditions for which we can define
the so-called first Feshbach operator.

Proposition 5.1. Suppose Hypothesis 1, 11, and 111 hold, and let U C X; x C
be given by Hypothesis I11. Then there is a gy > 0 such that for all g € [0, g1)
and all (s,z) € U, the pair (Hy(s) — z, Ho(s) — z) is a Feshbach pair for x(s).
Furthermore, one has the absolutely convergent expansion on U

Fy(s)(Hy(s) — 2, Ho(s) — 2)
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= Fa.(s) — 2z + H
> 1
+ 2D ) g W) Ho(e) )

_ _ —1\ L1
x (gx(s) WX () (Hols) =2) ") ROW)x().  (5:4)
For the proof of this proposition, we make use the following lemma.

Lemma 5.2. Suppose Hypothesis 11 and 111 hold. Then

sup |[|(Ho(s) — 2)~'x(s)]| < o0, (5.5)
(s,z)eU
and
sup ||(Hi + 1)(Ho(s) (s)] < (5.6)
(s,z)eU

Proof. We recall that by definition, cf. Eqs. (5.2) and (5.3), X(s) = Pai(s) ®
1 4 Pai(s) ® X(Hy). First we estimate (5.6). Applying the triangle inequality,
we obtain

|| (He + 1) (Ho(s) (s)]|
< || (He + 1) (Ho(s )— 2)” lPat s) @ 1 (5.7)
+ [|(He +1)(Ho(s) — 2) ™' Pag(s) @ X(Hy) || -
We estimate (5.8) by the spectral theorem and find
[(He + 1)(Ho(s) — 2) ™" Pas(s) @ X(Hy)
= sup [|(+ 1)(Bus(s) + 7~ 2)7 Par(s) © X(r)

r+1
< _— -
AT L
Edt(S)

< sup 1+— Py (s

B A oW e (s)ll

1

<14+ (1+|Es(s) —z|) sup P,i(s

< ( | t( ) |)r23/4 |’I"— |Eat(5) —Z||> || t( )H

3 1
< (143 551 ) IPatel = TIRaCo
172
where the right-hand side is finite by Hypothesis III. To estimate (5.7), we use
again the spectral theorem and find
|| (Ht + 1)(Ho(s) — 2) " Pas(s) ® 1|

<sup||(r+1)(Ha(s) + 7 — z)_lﬁat(s)ﬂ < 0,
r>0

where the last bound follows from Hypothesis III. This shows (5.6).
Next we similarly show (5.5). Using the triangle inequality, we find

1(Ho(s) = =)~ %(5)]
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< [|[(Ho(s) = 2) 7" Pas(s) @ 1| + [[(Ho(s) — 2) " Pac(s) @ X(H) || .~ (5.9)
We obtain for the second term in (5.9) by the spectral theorem

[(Ho(s) = 2) ™" Pac(s) @ X(Hy)|
= sup I(Eat(s) + 1 = 2) ™" Pag(s) @ X(r) |

< sup |(Bae(s) +7 —2)7 [ Par(5)]]

r>3/4
< sup |(r — [Bai(s) — 2)) 7| Pac(s) |
r>3/4
1
< — || Pa = 4| P, ,
< g Pl = 41P(s)]

where the right-hand side is again finite by Hypothesis ITI. To estimate the first
term in (5.9), we use again the spectral theorem and find from Hypothesis IIT

|(Ho(s) — 2) "' Par(s) ® 1| < SUp || (Hae(s) + 1 = 2) " Pay(s)]| < 0.

This completes the proof. O

Lemma 5.3. Let Hypothesis I hold. Then

W (s) (He +1)7 2 < 2 max sup 1Gysll < o0, (5.10)
(s,z)eU
|(Hs + 1)~ V29 (s )| <2 max sup |Gjsllp < 0. (5.11)
2 (s,2)eU
Proof. This follows from Eq. (C.4) in Appendix C and Hypothesis I. O

Lemma 5.4. Suppose Hypothesis 1, 11, and 111 hold. Then
sup [|gx(s)W (s)(Ho(s) — 2)~"x(s)|| < oo,

(s,z)eU
sup H(Ho(s) —2) "' (s)gW (s)x H < 0.
(s,z)eU
Proof. Follows from Lemma 5.2, and (5.10) respective (5.11). O

Now we are ready to prove Proposition 5.1. We will use the following
notation.

Proof of Proposition 5.1. Let U C X x C be given by Hypothesis III. First we
show the Feshbach property. For this, we need to show that Hg(s) and Ho(s)
are closed operators on the same domain such that the assumptions (a’), (b’)
and (¢’) of Lemma D.3 hold.

Suppose (s, z) € U. To prove that H,(s) = Hoy(s) + gW (s) is closed on
D(Hy(s)) for all g > 0, it suffices to prove that W(s) is infinitesimally bounded
with respect to Ho(s), cf. [37, Theorem 5.5].

Note that H,(s) leaves the ranges of P(s) and P,(s) invariant, cf.
Theorem B.1. Thus, by the spectral theorem Hy(s) leaves the range of P, (s)®
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1 invariant. Moreover, for w = z — 1 we have w € p(Ho(5)|ranP., (s)@D(H;))
since sup,g |Eat(s) —w+ 7|71 < sup,.>o(1 — |Fat(s) — 2| +7)71 <2, and

[(Hr +1)(Ho(s) — w) ™" Pag(s) ® 1]

< H r+1
su
_TZIS Eau(s)—z+1+r

|Eat(3)—z| )
< |1l+su P (s
a ( rzg |Fat(s) — 2+ 1+7] 1Pat ()]

< 2| Pu(s)]| < ox, (5.12)

Pai(s) @ 1

where we used that by Hypothesis IIT we have |E,¢(s) — z| < 1/2 and the last
inequality of (5.12). On the other hand by the spectral theorem and Hypothesis
II1, we find

(B + 1) (Ho(s) = w) ™ Pus(s) @ 1|
<sup || (r + 1) (Ha(s) + 7 — w) ™ Pag(s)

r>0
= sup |1 (Hat(s) + 1" — 2) 7" Par(s)]|

r'>1

< sup [|(" 4+ 1) (Hat(s) + 1" — 2) "' Pay(s)]|
r’'>1

<sup |[(r+ 1)(Hat(s) + 7 — z)*lﬁat(s)ﬂ < 00. (5.13)
r>0

In particular, for normalized ¢ € D(Hu(s)) ® D(Ht) we obtain using the
triangle inequality together with (5.12) and (5.13)

I(He + 1)(Ho(s) — w) ™' ol|
< [|(He + 1)(Ho(s) — w) ™" Par(s) ® Loll[|(Hs + 1)(Ho(s) = w) ™ Pat(s) © Ly
< 2| Pas(s)[] + sup 1(r + 1) (Hat(s) + 7 — 2) " Pas(s)]l. (5.14)

Combining (5.10) and (5.14) we see that, for all ¢ € D(Hyu(s)) ® D(Hg) and
e>0

W (s)o||* < Cole, (Hr + 1)¢)
= Co(¢, (Hy + 1)(Ho(s) — w) " (Ho(s) — w)g)
< Cill¢lllHo(s)oll + Callo]1?

C
< Cucla(s)ol + (2 + Ca) Iol?

with constants Cp, Cy, Cy. This shows that W(s) is infinitesimally bounded
with respect to Hy(s) and thus we have shown that Hg(s) = Ho(s) + gW (s)
is closed on D(Hy(s)) for all g > 0.

Next we verify the criteria for Feshbach pairs from Lemma D.3. On
D(Hy(s)), we have by definition

x(s)Ho(s) = Ho(s)x(s) ~and X(s)Ho(s) = Ho(s)x(s)-
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Since this is valid on every core of Hy(s), we get that Condition (a’) of that
Lemma D.3 is satisfied. By Lemma 5.2, Hy(s) — z is bounded invertible on
Ran(s). Moreover, by Lemma 5.4 we get that there exists a g, > 0 such that

sup ||gx(s)W (s)(Ho(s) — 2)~'X(s)|| < 1,
(s,2)eU

sup ||(Ho(s) —2)~"x(s)gW (s)x(s)|| < 1,
(s,2)€U

for all g € [0, gp). This proves (b’) and (¢’) of Lemma D.3 and hence completes
the proof that (Hy(s) — z, Ho(s) — z) is a Feshbach pair for x(s). By choosing
gp > 0 sufficiently small it follows that the Neumann series

(Hg (S) - Z)%(ls) |RanY(s)

= (Ho(s) = 27" Y (~X(5)gW () (Hols) — 2)7'%(5)" |raneco
n=0
converges uniformly for (s, z) € U. O

Remark 5.5. We note that if Hypothesis II holds, then it is straight forward
to see using (2.8) that x , and X, commute with the group of symmetries S
given by Hypothesis II (iii).

Provided the right-hand side exists, i.e., the Feshbach pair property holds,
cf. Proposition 5.1, we define the so-called first Feshbach operator

1':[_(50)(5, z) = Fy(s)(Hy(s) — 2, Ho(s) — 2)

= Ha(s) — 2+ H + W[5, 2]) , (5.15)
where
ViOls, 2]
= (~1)Ex(s) g W(s)x(s) (Ho(s) — 2)
L=1 o
X (g X(s) W (s)x(s)(Ho(s) — z) ) X(s)W (s)x(s) - (5.16)

Note that by the choice of the projection x(s) it follows that (5.15) and (5.16)
leave the range of Py (s)®1p,<1 invariant. Furthermore, we define the following
restrictions, which are for the isospectrality property sufficient to study, cf.
Theorem D.2,

HO s, 2] .= H"[s, 2] | Ran(Pat(s) ® Lp,<1), (5.17)
Wg(o) [s,2] := Wg(o) [s,2] | Ran(Pat(s) @ 1p,<1). (5.18)

Note that as operators acting on the range of Py (s) ® 1y,<1 we have
Héo) [s,2] = Eat(s) — 2+ Ht + Wg(o) [s, 2]. (5.19)

We shall refer to (5.19) as the first Feshbach operator as well. Henceforth, we
shall assume Hypothesis VI and so Héo)(s, z) acts on the Hilbert space

Hyed := RanP,(so) ® Ranly, <1 = RanP,(s) ® Ranly, <.
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Remark 5.6. Note that the notation introduced in (5.15)—(5.18) is similar to
the one in [17] but not exactly the same.

In the following theorem, we show that the first Feshbach operator H, 5(,0) [s, 2]
is analytic on a suitable subset of X x C. Moreover, we show that this opera-
tor is isospectral to H,(s) — z, in the sense of Theorem D.2. Furthermore, the
first Feshbach operator commutes with the set of symmetries S from Hypoth-
esis II. Note that in the theorem below, we make use of the auxiliary operator
@y defined in Eq. (D.2).

Theorem 5.7. Suppose Hypothesis 1, 11, and 111 hold, and let U C X1 x C be
given by Hypothesis 111. Then there is a g, > 0 such that for all g € [0, gp)
and all (s,z) € U, the pair (Hy(s) — z, Ho(s) — z) is a Feshbach pair for x(s)
and the following holds on U.
(a) The map (s,z) — g(o) s, 2] is analytic. The map (s,z) — Qx(s,2) is
analytic.
(b) Hy(s) — z : D(Ho(s)) C H — H is bounded invertible if and only if
Héo) [s, 2] is bounded invertible.
(¢) The following maps are linear isomorphisms and inverses of each other:

x(s) : Ker (Hy(s) — z) — Ker Hg(o) [s, 2],
Qx (s, 2) : Ker Héo) [s,2] — Ker (Hy(s) — z) .
Furthermore, let S be the set of symmetries given in Hypothesis 11, then
(d) SHéO) [s,2] S* = Héo) [s,z], for all unitary S € S.
(e) SHg(O) [s,2] S* = (Héo) [s,z])*, for all antiunitary S € S.
In addition, if Hypothesis IV is valid, we have for (s,z) € U NU* that
(1) Hy[s, 2" = H"[5.2).

Lemma 5.8. Let Hypothesis 1 hold. Then the mapping s — W (s)(Hg + 1)~/2
s analytic on X.

Proof. [17, Lemma 12] O

Proof of Theorem 5.7. Let gy, > 0 be such that the assertion of Proposition 5.1
holds. Then the Feshbach pair property holds by Proposition 5.1.

(a) From (5.19) and the analyticity of s — FEq.(s), the analyticity of (s, z) —
H_(go)(s7 z) will follow provided (s, z) — g(o)(s, z) is analytic. Since that func-
tion can be obtained by a restriction to a subspace of the function (s,z) —
Wéo) (s, z) the analyticity of the former will follow from the analyticity of the
latter. To show that the latter is analytic, we use the absolutely convergent
expansion given in (5.4), which is granted by Proposition 5.1. Since absolutely
convergent sequences of analytic functions have an analytic limit, it remains
to show that each summand in the following series is analytic in s and z

(5,2) = Wyls, 2]
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(15 Lx(s) g W (s)x(s) (Ho(s) — 2)

M

~

X
Jalgy)

9X(s) W (R (Ho() —2) ™) X)W (s)x(s)

-1

[M]8

= 3 (1)Ex(s) g W) (Hr + 1)7 X (s) (Hr + 1) (Ho(s) — 2) ~'X(9)
L=1
< (9 W) (He + )7 () (Hr + D)(Ho(9) — 2) %)
X W (s)(Hy + 1)~ (Hy + 1)x(s), (5.20)

where in the last equality we used associativity of composition and that H
commutes with x(s) and X(s). First observe that by Lemma 5.8, W (s)(Hf +
1)1 is analytic. Hence to establish analyticity of (5.20), it remains to prove
analyticity of

(Hp +1)(Ho(s) — 2)~'X(s)-
To this end, we observe that from the definition of X(s) we can write
(e +1) (Ho(s) —2) ' X(s)
— (H; +1)(Ho(s) — 2) ' (Pat(s) ® 1)
+ (Hy + 1) (Bar(s) + He — 2) 7 (Pu(8) ®X1). (5.21)

The analyticity of the second term in (5.21) follows by means of the spectral
theorem from the fact that for every r > 0 the function (s, z) — (r+1)(Ea(s)+
r—z) "X, (r) is analytic on U (by Hypothesis III we have on U that |Eu(s) —
z| < 1/2 and so the denominator does not vanish for » > 0 for which x, (r) # 0)
and is uniformly bounded in r > 0. The analyticity of the first term on the
r.h.s of (5.21) follows by means of the spectral theorem from the fact that the
function (s, z) — (r+1)(Hai(s)+7—2) "1 P (s) is bounded uniformly in r > 0
by the estimate in Hypothesis I1I and for every r > 0 the function is analytic on
U by Proposition B.2 and Hartog’s theorem, cf. [24]. This concludes the proof
that Hg(o)(s, z) is analytic on Y. From Eq. (D.2), we see that the analyticity of
Qx (s, 2) is established analogously as the analyticity of (5.20).

Part (b) follows in view of Hypothesis VI from Theorem D.2 (a) by mak-
ing the choice Y = Hyoq = Ran(Pat(so) ®1 Hfgl). Part (c) follows from Theo-
rem D.2 (b). Statements (d) and (e) follow from Lemma 4.8 and the properties
of the symmetry group given by Hypothesis IT (iii).

Let us now show Part (f). First observe that without loss the neighbor-
hood X; C X of sp on which P, is defined satisfies X; = X; (otherwise take
the intersection of the two sets). Now for s € RN X; close to sg we find from
(2.8) with s; = sp and Eat(so) € R using Hypothesis IV (i), that

P (3)" = Pat(s) . (5.22)

Since both sides of (5.22) are analytic functions of s on X, we conclude that
(5.22) holds for all s € X; (cf. the unique continuation property of analytic
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functions, e.g., [24]). Furthermore, it follows from Hypothesis IV (i) and (2.4)
that

W(s)" = [a(G15) +a™(Gas)]" = a™(G15) + a(G2s)
= a(G1.,) + a* (Gas) = W(3) (5.23)

for all s € X. Now we recall that for any densely defined, closed operator A in
H and z € p(A) we find Z € p(A*) and

[(A—2)"1 = (A" —7)~L. (5.24)

This follows directly from [37, Theorem 4.17(b)] as is shown in the proof of
Theorem 5.12 in [37]. Using the fact that H,(s, z) leaves the range of Py (s0) ®
1m,<1 invariant we find for (s,z) € U NU* that

*

HOs,2]" = (ggm[s,z] | Ran Py (so) ® 1Hf§1)
= (H{"[s,2))" | Ran Pu(s0) ® L <1
= Eré()) [5,Z] | RanPy(so) ® lp<1
= H\"[5,7],

where the second to last identity can be seen by taking the adjoint of (5.4)
and using (5.22), (5.23), and (5.24). O

6. Banach Space of Hamiltonians

To control the renormalization transformation, in particular proving its conver-
gence, it is convenient to introduce suitable Banach spaces of integral kernels,
cf. [3,17]. A generalization to matrix-valued integral kernels is a canonical
choice to accommodate degenerate situations. In this section, we follow closely
the definition and notation given in [17].

The renormalization transformation is defined on a subset of L£(Hyed)
that will be parameterized by vectors of a Banach space. We begin with the
definition of this Banach space.

Let £(C?) denote the space of linear maps A from C? to C? equipped
with the operator norm ||Alop := sup{|Az]| : |z| < 1}. The Banach space Wy ¢
is the space of continuously differentiable functions

Wo,o := CH([0,1]; (£(C), [ - [lop))

[wlliooy == sup [[w(r)lop
ref0,1]
w]l == [Jwll(1,00) = llwll(s0) + 12" [| (o)

where w'(r) := d,w(r). For m,n € N with m +n > 1 and p > 0, we set

dK (mn)
0,0)

) ‘K(mvn)|2+2ﬂ; (61)

Wm,n = L? <Bm+n

fmalii= ([ Tomn O 00 ) L 62)
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where B := {k € R3 x {1,2} : |k| < 1} and we defined
KO = (ko k) € (RS {1,210, [0 o= [T k), k™ =] ] dks,
j=1 i=1
B o= (b, k) € (REx {1,207, RO =1k, dk™) =] dks,
=1 1=1

and
K(mn) . (k(m)’];(n))’ |K(m7n)| — |k(m)||];(n)|’ dK(mn) . — qk(m qE()

That is, Wiy, » is the space of measurable functions wyy,  : Bt Wo,o
that are symmetric with respect to all permutations of the m arguments from
B™ and the n arguments from B", respectively, such that ||w, |, is finite.
We note that the notation || - ||, introduced in (6.2) also appears in (2.5).
Which of the definitions is meant should be clear from the context.

For given £ € (0,1) and p > 0, we define a Banach space

Wg = @ Wm,n

m,nENy
”’w”llﬁ = Z Ei(ern) ”wm,n”#a
m,n>0
lwo,ollp == [lwo,oll(1,00), as the completion of the linear space of finite sequences

w = (Wyn)mneNo € Dy pen, Wmn with respect to the norm [lw||,¢. The
spaces Wi, , will often be identified with the corresponding subspaces of We.

Next we define a linear mapping H : We — L(Hyed). For finite sequences
W = (W, n) € We the operator H(w) is the sum

H(w) := > Hpn(w)

of operators Hy, ,,(w) on Hyeq, defined by Ho o(w) := wo,o(Hy), and, for m +
n>1,

Hypyon(w) := Prog ( / a* (k™) w,, . (Hy, K(m’”))a(l}(”))dK(m’")> Pred,
B7n+n
(6.3)
where Proq := P,17(Ht) and

a* (kM) = H a*(k;), a(k™) = H a(k;).
i=1 i=1
The formal definition of the operator valued distributions a*(k) and a(k) in
(6.3) can be found in Appendix C. By the continuity established in the follow-
ing proposition, the mapping w — H (w) has a unique extension to a bounded
linear transformation on Wk.

Proposition 6.1. ([3, Theorem 3.1, Theorem 3.3])
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(i) For all p >0, m,n €N, withm+n>1, and w € Wy n,
— 2 —n/2 1
1)) < 1P Hy ™ H () Py Hy ™ < el fmnl
where we denoted the orthogonal projection in F onto the subspace {Q}~+
by Pa.
(i1) For all p >0 and all w € Wk
[H (w)]| < flwlle
[1H (w)]| < &lw]

[, if wo,0 = 0.
In particular, the mapping w — H(w) is continuous.
(iii) When restricted to

{w € We s (K™ K" ()1, 4 aesm 155, iz = 0 m 0> 1)

the map H(-) is injective.
Proof. Statement (ii) follows immediately from the triangle inequality and (i)
since & < 1. For (i), we refer to the proof of [3, Theorem 3.1], which generalizes
trivially to C? with d > 1 from d = 1.

(iii) For a proof, see the proof of [21, Theorem 5.4], which generalizes straight
forward to C?. g

Given «, 3,7 € Ry we define polydiscs, B(«, 3,7) C H(We) centered
around Proq Hi Preq € L(Hred) by

B(a, 8,7) = {H(w) : [wo,o(0)llop < e, [lwo = Lll(ec) < B,
H(wm,n)ernzlnﬂi < ’Y}'
Note that wg o(0) € £(C?) is uniquely determined by the identity
(v1,w0,0(0)v2) = (v1 @ Q, H(w)vy ® £2)

which holds for all vy,vs € C?. The definition of B(a, 3,7) is motivated by
Lemma 8.1 and by Theorem 8.2.

7. First Transformation

In the following, we denote by
d = dim (RanP.(so)) (7.1)

the dimension of the eigenspace corresponding to the eigenvalue Eai(sg) of
Hat(S()).

Theorem 7.1. Suppose Hypothesis 1 holds for some > 0, Hypothesis 11 holds,
Hypothesis 111 holds for some U C C¥ x C, and Hypothesis VI holds. Then,
for all & € (0,1) and arbitrarily positive constants ag, By and 7o, there exits a
positive constant g1 such that for all g € [0,91) and all (s,2z) € U, (Hy(s) —
z,Ho(s) — z) is a Feshbach pair for x(s), and

HO[s, 2] — (Eas(s) — 2) € B(ao, Bos0) -
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Proof. Using Proposition 5.1, we directly obtain that the Feshbach property
is satisfied for sufficiently small g. Hence to prove the theorem it remains to

construct a sequence of integral kernels w € W such that Héo)(s, z) = H(w).
By the definition of the space B(ao, B, Y0), the validity of Hypotheses I, 1T, II1,
and d = dim (RanP,¢(so)) (by Hypothesis VI) this construction is equal to the
one in [17, Theorem 23| where a sequence of integral kernels with values in
C1([0,1]) was constructed. O

Remark 7.2. We note that a result for matrix-valued integral kernels similar
as in Theorem 7.1 can be found with a detailed proof in [22].

8. RG Transformation
By abuse of notation, we shall denote the following operators on Hyeq
1(Cd ® XP? 1(Cd ® Yp

again by x, and X, respectively, recalling the notation (7.1). It should be clear
from the context which of the expressions is considered.

Lemma 8.1. Suppose p,& € (0,1) and p > 0. If H(w) € B(p/2,p/8,p/8), then
(H(w), Ho,o(w)) is a Feshbach pair for x,.

The proof of the lemma follows from a straight forward generalization of
the proof given in Lemma 15 in [17]. Moreover, a similar proof can be found
in [13].

Proof. The assumption H(w) € B(p/2,p/8,p/8) implies, by Proposition 6.1,
that
p
1 (w) — Hoo(w)]| < &3 -
For r € [%p, 1], and for v € C? a normalized vector we have by triangle
inequality
[[wo,o(r)vllop = 7 = [[(wo,0(r) — wo,0(0)) = rllop — llwo,0(0)[|op

>r (1 — sup [[wo,0(r) - 1|0p) -£

S

— 4 8 278

Thus, for r € [2p, 1] the linear map wo,o(r) is invertible and [Jwoo(r) ™! lop <
8/p. From this and the spectral theorem,

[Hoo(w)~" | Ranx, || = [lwo,o(H) ™" | Rany,,|| < S[lglp ]H(wo,O(T))_lHop <
re(gp,1

X | oo

Since [[x,|| < 1, it follows from the estimates above that

[ Hoo(w)™ "X, (H(w) — Hoo(w))X, | Rany, || <& <1.
This implies the bounded invertibility of
(Ho,o(w) + X, (H(w) — Hoo(w))X,) | Rany,
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= Hoo(w) (1+ Hoo(w)~'x,(H(w) — Hoo(w))X,) | Rany,, .

The other conditions on a Feshbach pair are now also satisfied, since H(w) —
Hy o(w) is bounded on Hyeq. O

The renormalization transformation we use is a composition of a Fesh-
bach transformation and a unitary scaling that puts the operator back on the
original Hilbert space H,eq. Unlike the renormalization transformation of Bach
et al [3], there is no analytic transformation of the spectral parameter.

Given p € (0,1), let H, = 1ca ® Rany(H; < p). Let w € W and suppose
(H(w), Ho,o(w)) is a Feshbach pair for yx,. Then

Fy,(H(w), Hoo(w)) : H, — H,

is isospectral with H (w) in the sense of Theorem D.2. In order to get a isospec-
tral operator on H,eq, rather than H,, we use the linear isomorphism

I, :H, — Hi = Hrea, L, =T(U,) | H,,

introduced in (2.1). Note that I')H;I";, = pHy, and hence I'px,I;, = x1.
The renormalization transformation R, maps bounded operators on Hyeq to
bounded linear operators on H,eq and is defined on those operators H(w) for
which (H(w), Ho,o(w)) is a Feshbach pair with respect to x,. Explicitly,

Rp(H(w)) := p~'TpFy, (H(w), Hopo(w))T},

which is a bounded linear operator on Heq.

The following theorem describes the action of the renormalization trans-
formation on the polydiscs B(a, 3, 7). For its statement, we recall the notation
(4.11).

Theorem 8.2 (BCFS [3]) There exists a constant Cy, > 1 depending only on
X, such that the following holds. If p > 0, p € (0,1), £ = /p/(4Cy), and
677 S p/(8OX); then

Ry, —p (Do :B(p/2,8,7) — B, 3,7,

where

2 2
o =Cp ﬂ’=ﬂ+05%, Y = Cypty, (8.1)

with Cg := 3Cy, Cy := 128C3.

Theorem 8.2 is a variant of Theorem 3.8 of [3], with additional infor-
mation from the proof of that theorem, in particular from Equations (3.104),
(3.107) and (3.109). Another difference is due to our different definition of the
renormalization transformation, i.e., without analytic deformation of the spec-
tral parameter. We note that versions of Theorem 8.2 have been used in the
literature in [17, Theorem 16] as well as in [13, Appendix 1], where a detailed
proof was presented.
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9. Renormalization Preserves Analyticity and Symmetry

In this section, we show that the renormalization transformation preserves
analyticity, symmetry with respect to a group of symmetries S and reflection
symmetry. We study these properties on the level of the operators. In principle,
one could also study the symmetry property on the level of the integral kernels.

In [17, Proposition 17], Griesemer and Hasler proved that analyticity
is preserved under renormalization. The following proposition is a straight
forward generalization of their result.

Proposition 9.1 (Proposition 17, [17]) Let X be an open subset of C*T1 with
v > 0. Suppose that the map o +— H(w)) € L(Hrea), where w,) €
®m,neNo Wnn, is analytic on X, and that H(wy) belongs to some polydisc
B(a, B,7) for all o € X. Then
(a) Hoo(wy) is analytic on X.
(b) If for all o0 € X, (H(w(s)), Ho,o(w())) is a Feshbach pair for x,, then
Fy,(H(w(gy, Hoo(w(s)) is analytic on X.

Proof. Follows from [17, Proposition 17] and an obvious change of notation to
accommodate the matrix-valued integral kernels. O

The property in Proposition 9.1 together with Proposition 9.2 will be one
of the main ingredients in the proof of Part (i) of Theorem 2.10.

Proposition 9.2. Let X be an open subset of C*t1 with v > 0. Assume that
for each o € X we are given an operator H(w(y) in the polydisc B(a, 3,7).
(a) Let S be a group of symmetries acting on Hyeq leaving the Fock vacuum
and the one particle subspace invariant. Assume that it commutes with
I, and Hy. Let o € X. Suppose that H(w()) is symmetric with respect
to S.
(i) Then Hoo(w(,y) is symmetric with respect to S.
(ii) If (H(wyy), Hoo(w(s))) is a Feshbach pair for x,, then F\ (H(w()),
Hoo(weyy)) and R,(H(w(e))) are symmetric with respect to S.
(b) Suppose X = X* and o — H(w()) is reflection symmetric.
(i) Then Hoo(w(yy) is reflection symmetric.
(ii) If (H(wyy), Hoo(w(e))) is a Feshbach pair for x,, then F\ (H(w(y)),
Hoo(w(s))) and R,(H(w(s))) are reflection symmetric.

Proof. We first show how one can recover wg o(r) from H(w). We follow the
argument in [3]. Let w € We. Let vy, v2 € C% For f,g € b, we have
(v1 ®@a™(f)Q2, H(w)(v2 ® a”(9)2))
= (v1 ® a”(f)$2, wo,0(Hr)(v2 ® a” (£)Q))
+ (v1 ®@ a*(f)Q, Hy 1 (w)(v2 ® a* ()Q)). (9.1)
A simple calculation shows that
(v1 @ a* (f)82, wo,0(Hr)(v2 ® a”(9)2))

- /B F@)g(@) o1, wo o |2])vs)da 9.2)
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and
(v1 ® a”(f)$2, Hy 1 (w)(v2 ® a*(9)$2))
=/ F(@)g(a") (v, w1,1(0, 2, 2" )vo)dzda’ = 0. (9.3)
We pick a function f € C°(By;[0,00)) with [ |f(z)[*dz = 1, and define
fer =€ 32f(e7 (x — k)). Then we find from (9.2)
(v1 @ a” (fe, )2 wo,0(Hr)(v2 @ a”(fe,r)S2))

— [ 1ea@P on, wnallel)ea)ee (94
B
This term tends to (v1, wo o(|k|)ve) since
|for(z)? = 6(x —k) e—0. (9.5)

On the other hand, we find from (9.3)
(v1 ® a* (fex)Q, Hip(w)(v2 ® @™ (fex) )

Jer () fer(2") (1, w11 (0, 2, 2" )vg)dada’. (9.6)
B2

This term tends to 0, because f. x — 0, weakly in L?*(Bj). Thus, from (9.1) -
(9.6), we conclude using that wq ¢ is continuous that

lim{vy ® a” (fer) 0, H(w)(v2 @ a7 (fer)$2)) = (v1, wo o([K[)v2). (9.7)
(a) Since this part does not depend on o, we drop it in the notation. Now

since S € Sy leaves the one photon space invariant, there is a map p;(.5) such
that

Sa*(f)Q = a*(p1(5)f)

If S is unitary or antiunitary, it follows that p;(S) is unitary or antiunitary,
respectively. Now let S = 57 ® S5 € S by a symmetry. If S is unitary, we write
()% = () and if it is antiunitary we write (-)# = (-)*. Thus, we find from (9.7)
that

(v1, wo,0(|k[)v2)
= lim{vy ® a”(fr.c)$2 H(w)(v2 ® a”(fi.6)42))

im{vy ® a”(fi.e) 2 SH(w )# 5% (02 @ a*(fi,e)2)

n{vr @ a”(fi,e)2 (51 © Sa) H(w)* (S1 @ S2)" (v2 @ a*(fr,e)2))

im{Sjv1 @ a(p1(S5) fie.e) 2, H (w )#(S1va @ a*(pa(S3) fr, ) 0))*

(

= hm STv1 @ a” (p1(S3) fr,e )2, wo, o(H)# (S1vp ® a*(p2(55)fk,e)9)>#
(9.8)
= leifgl(vl ® a*(fr,e)Q, (S1 @ S2)wo0(He)# (S7 ® S3)(v2 ® a* (fr,e)))

—11
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= leif{}(vl ® a* (fr,e) Y, S1wo,o(He)# St (va @ a*(fr,e)))
= <v1,51w0’0(|k|)#51‘02>, (9.9)

where in (9.8) we made use of (9.1), (9.3) and the fact that pa(S™*) fx. converges
to zero. In (9.9), we used that Hy is symmetric with respect to Sy. In the last
line, we used (9.6) and (9.5). We conclude that Sywg o(r)ST = wo,o(r) for all
r € [0,1]. This shows Part (i) of (a). This shows (i).
(ii) Then from (i) we know that Hy o(w) is symmetric with respect to S. Thus,
it follows that also W := H(w) — Hp o(w) is symmetric. Now the claim for the
Feshbach operator follows from Lemma 4.8. Since the symmetry commutes
with dilations the claim follows also for the renormalized expression.

(b) Suppose now X = X* and o — H(w(s)) is reflection symmetric.
Then by (9.7) it follows that

(v, Wy 0,0(|k|)v2)
- 13}8@1 ® a* (fer) Y H(wizy) (v2 ® a*(fe,r)Q))

= 13%1@1 ® @ (fer) H(w(g))" (v2a ® a*(fer)2))

= lim (v2 @ a” (fe )0 H (we) ) (v1 @ 0* (fer)2))

= (v2, W(e)0,0([k[)v1) = (V1,W(e)0,0(k]) v2).

Thus for 7 € [0,1] we find w(z)0,0(r) = W(e)0,0(r)*. This shows Part (i) of (b).
To show (ii) we write T{y) = Ho,0(w(s)) and observe that W,y = H(w,))—1 )
is also reflection symmetric as well as x = x,. We find

F(H(w)), Te))"
= (Tto) + xXWio)X = XWie X((Lo) + XW(o) Dl ran) " XWio)X)
= Tiz) + XWX = XWe X(Tz) + XW)X) [Rang) ~ XWX
= FX(H(w(E)7 T(E)) .

This shows the claim for the Feshbach operator. Since the symmetry commutes
with dilation the claim follows also for the renormalized expression. 0

10. Iterating the Renormalization Transformation

In this section we follow closely, Sect. 8 in [17], and generalize the results given
there to the non-degenerate situation. In particular the two lemmas stated
below are almost identical to the main results stated in Lemma 18, Lemma
19, Corollary 20, and Proposition 21 of [17].

In Part (c¢) of Theorem 5.7 we have reduced, for small |g|, the problem of
finding an eigenvalue of Hy(s) in the neighborhood

Up(s):={2z€C:(s,2) elU}
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of Eai(s) to finding an z € C such that H(®[s, 2] has a non-trivial kernel. We
now use the renormalization map to define a sequence

H™s, 2] == R:}H(O) [s, 2]

of operators on H,eq, which, by Theorem D.2, are isospectral in the sense
that KerH (™1, 2] is isomorphic to KerH(™[s, z]. The main purpose of the
present section is to show that for every n € N the operator H () [s, 2] is well-
defined for all z in a non-empty set U, (s) with the following properties. We
have U,,11(s) C Uy,(s) and

() Un(s) = {z0(5)}-
n=0

In Sect. 10, we will show that H(™)[s, z..(s)] has a non-trivial kernel and hence
Zso(s) is an eigenvalue of H,(s). The construction of the sets U, (s) is based
on Theorem 5.7 and Theorem 7.1, but not on the explicit form of H®)[s, z] as
given by (5.17).

Moreover, this construction is pointwise in s and g, all estimates being
uniform in s € X and |g| < gp for some g, > 0. We therefore drop these
parameters from our notations and we now explain the construction of H (2]
making only the following assumption:

(A) Uy(s) is an open subset of C and for every z € Uy,
HO[2] € B(co,p/8, p/8).

If d > 1 there is a group of symmetries S of Hy such that H(©) [2] is sym-
metric with respect to each element of S and S; := {57 : 51 ® S3 € S}
acts irreducibly on C?. Each element of Sy := {Ss : S ® Sy € S} leaves
the Fock vacuum as well as the one particle subspace invariant and com-
mutes with the operator of dilations.

The polydisc B(oo, p/8,p/8) C H(Wk) is defined in terms of £ := /p/(4CY)
and p > 0, where p € (0,1) and C), is given by Theorem 8.2.

By Lemma 8.1, we may define HV[2],...  H)[z], recursively by
H™[2] := R, (H™ Y [2]) (10.1)

provided that H©[z],..., HN=Y[z] belong to B(p/2,p/8, p/8). Theorem 8.2
gives us sufficient conditions for this to occur: by iterating the map (3,7) —
(6',7), cf. (8.1), starting with (89, Y0), we find the conditions

Yo = (Cyp")" 0 < p/(8Cy), (10.2)
n—1

B = Po + (iﬁ Z(pr")2k> % < p/(8Cy), (10.3)
k=0

for n = 0,..., N — 1. They are obviously satisfied for all n € N if C,,p" < 1
and if By, o are sufficiently small. If this is the case, we define

73" (2) = (H™[2))q.
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Since the renormalization transformation R, preserves the symmetry by Propo-
sition 9.2, it follows by induction from Assumption (A) that each H(™[z] is
symmetric with respect to the elements of S. Since the symmetries leave the
vacuum invariant it follows from Lemma 4.7 that the linear map 7, 0(") (2) is
multiple of the identity. That is, there exists a function E(™ : U, — C such
that

T{(2) = E™ (2)1¢a.
Now it remains to make sure that
IT5™ (2)lop < p/2

forn =0,...,N—1. Since |[E™ (2)| = |T{™ (2)||op this is achieved by adjusting
the admissible values of z step by step. We define recursively, for all n > 1,

Up:={2€U,_1:|E™V(2)] < p/2}.

If z € Uy, HO(2) € B(oo, By, 70), and p, B9, Yo are small enough, as explained
above, then the operators H™ (z) for n = 1,..., N are well defined by (10.1).
In addition we know from Theorem 8.2 that H(™(z) € B(co, By, Vn), and that
En1(z) Cs o
< =EA2 = ay,. 10.4

P p n—1 ( )
This latter information will be used in the proof of Lemma 10.2 to show that
the sets U,, are not empty.

The subsequent lemma is a summary of the above construction.

E(”)(z) _

Lemma 10.1. Suppose that (A) holds with p € (0,1) so small, that Cp" < 1.
Suppose Bo,v0 < p/(8Cy) and, in addition,

Cﬁ/ﬂ 2 14
— —gF 2 B
1= (G2 " = 80y

If HO)[2] € B(oo, o, v0) for all z € Uy, then H™|z] is well defined for z € Uy,
symmetric with respect to the elements of S, and satisfies

Bo + (10.5)

1
o™ [2] — ;E("_l)(z) € B(an, Bn,Vn), for n>1

with o, B, and v, as in (10.4), (10.3), and (10.2).

The next lemma establishes conditions under which the set Uy and U,
are non-empty. We introduce the discs

D,:={zeC|lz| <r}

(Dp/2)'

Remark. We call a function f : A — B conformal if it is the restriction of
an analytic bijection f : U — V between open sets U D A and V D B, and
F(4) = B.

and note that U,, = En-D~
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Lemma 10.2. Suppose that (A) holds with Uy > Ey and p € (0,4/5) so small
that Cyp* < 1 and B,(Ea) C Uy. Suppose that ag < p/2, Bo,v0 < p/(8CYy)
and that (10.5) holds. If z +— HO[z] € L(Hat) is analytic in Uy and

H(O)[Z] - (Eat - Z) € B(OZO?/BOvFYO)
for all z € Uy, then the following is true.

(a) For n > 0, E™ : U, — C is analytic in US and a conformal map
from Uy, 1 onto D,/o. In particular, E™ has a unique zero, z,, in U,.
Moreover,

By(Ea) DU DU DU3 D --- .

(b) The limit zoo :=lim,, o0 2, exists and for e :=1/2 — p/2 — oy >0,

T 1 -
|2 — Zoo| < p"exp (2062,;)(%> .

(c) Let By € R and HO[2]* = HO[Z] for all z € B,(Ea). Then for all
n >0, Uys1 NR is an interval and (“)IE(”)(:U) <0 on Uyy1 NR. Then
there exists an a < zso such that HO[x] has a bounded inverse for all
x € (a, zoo)-

Proof of Lemma 10.2. The Lemma follows as a consequence of Lemma 10.1
and the property of the Feshbach map, cf. Theorem D.2. The details of the
proof are the same as the proofs of Lemma 19, Corollary 20, and Proposition 21
in [17]. O

Let us now discuss the construction of an eigenvector ¢(® such that
HO[2,]¢® = 0. The same construction has been used in [3,5,6,17]. The
result which we use is from [17]. In order to formulate the result we define the
following auxiliary operator for z € U,

- = H(n) — W(n) = 71— W(n)
Qnlz] = xp = X, ( Hoo [2] + X, [2]X,) X, (2] Xp »

where W([z] and H(()TB) 2] are given as follows. By construction of H(™[z]
there exists by Proposition 6.1 a unique w(™[z] € W such that H™[z] =
H(w™[z]). Then we set HS') := Hoo(w™[2]) and W™[z] .= HM[z] —
H (2]

Theorem 10.3. (Theorem 22, [17]) Suppose the assumptions of Lemma 10.2
hold. Then for any nonzero vector v € C4

Pl = lim Qolze] T Qulzec] -+ T Qnloo] (v ® Q) (10.6)

exists, gpgo) #0 and HO[z,] <p£0) = 0. Moreover,

|00 = Qolzwcl T3 @ilzac] - T Qulzoc] v Q)| <€ > 0, (107)
l=n+1
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where

:% ¢ exp %%Z% . (10.8)

Proof. The proof follows from Lemma 10.2 with the help of Lemma 8.1 and
Theorem D.2. The details of the proof carry over from the proof of Theorem
22 in [17] by merely replacing Q by v ® €. O

Remark 10.4. Let the assumptions and notations be as in Theorem 10.3. It

follows immediately from (10.6) that the map C? — Hyeq, v cpgo) is linear.
Since by Theorem 10.3 that map has kernel {0}, it is injective.

11. Analyticity of Eigenvalues and Eigenvectors

This section is devoted to the proof of Theorem 2.10. It is essential for this
proof, that a neighborhood Vi C V of sy and a positive bound, g1, on g can
be determined in such a way that the renormalization analysis of Sect. 10, and
in particular the choices of p and £ are independent of s € Vy and g < ¢;.
Once Vj and ¢ are found, the assertions of Theorem 2.10 are derived from
Proposition 9.1 and 9.2 as well as the uniform bounds of Sect. 10.

Proof of Theorem 2.10. First let us recall that by Lemma 4.6 we can assume
without loss that Hypothesis VI holds and P,i(s) = Pat(so) for all s € X.
Furthermore by choosing a suitable basis we can assume that RanP,(sg) = Ce.

Let ¢ > 0 and U C C**! be given by Hypothesis I and Hypothesis III,
respectively. For the renormalization procedure to work, we first choose p €
(0,4/5) and a open neighborhood X}, C X1 of sg, both small enough, so that
Cyp* <1 and

B,(Eat(s)) C{z: (s,2) €U}, if s € Xy, (11.1)

which is possible since s — FEqt(s) is continuous. Here, and below we use the
constants C., Cy and Cg from Theorem 8.2. Let { = /p/(4Cy). Next we pick
small positive constants aq, Gp, and 7y such that

p P 14
< =, < — < —, 11.2
ao <3 Bo < 80, Yo 80, (11.2)
and in addition
Cs/p 2 14
B N 11.3
60 + 1_ (Cxpu)g P)/O = 8CX ( )

By Proposition 5.1 and Theorem 7.1, there exists a g3 > 0 such that for
0<g<n

HO s, 2] — (Ba(s) — 2) € B(ao, Bo,70),  for (s,2) €U,
where H, éo) [s, 2] is analytic on U, by Theorem 5.7. We define
U =U,
Uyp = {(5,2) €Up_1: |E™V(s,2)| < p/8}
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and

Un(s) :i=4z:(s,2) €Up}, n € N.
Then, by (11.2), (11.3), and (11.1) the assumptions of Lemma 10.2 are satis-
fied for s € Xy and Uy = Up(s). It follows that, for all n € N, Hé") [s,2] =
R”Héo) [s, 2] is well-defined for (s, z) € U, and that U,(s) # 0. By Proposi-
tion 9.1, Hg(,n) [s, 2] is analytic in U2.
Step 1: 200 (s) = lim,, o 25, () exists and is analytic on Xj,.

Since H{"[s,z] is analytic on U2, so is ES™(s,z). Let z,(s) denote
the unique zero of the function z +— Eé(,n)(s,z) on U,(s) as determined by
Lemma 10.2. That is,

E{™ (s, 24(s)) = 0.

By the implicit function theorem z,(s) is analytic in s. The application of
the implicit function theorem is justified since z +— Egn)(s7 z) is bijective in
a neighborhood of z,(s), and thus in this neighborhood azEf,")(s, z) # 0. By
Lemma 10.2 (b), z,(s) converges to zo(s) uniformly in s € Xj,. This implies
the analyticity of zo(s) on X3, by the Weierstrass approximation theorem of
complex analysis.

Step 2: For s € X}, there exist d linearly independent eigenvectors v ;(s), j =
1,...,d, of Hy(s) with eigenvalue z(s), such that 14 ;(s) depends analytically

on s.
Since H_é”) [s, 2] is analytic on Uy, it follows, by Proposition 9.1, that

Qounlis: 2] = Xo(8) = X, () HYY [5.2] X, ()WL [5. 2] (5)

is analytic on UZ, where Wg(n) = Hé") - Hg%),o- Hence, by Step 1, s
Qg.n[; 200 (8)] is analytic on Xj,. Let e1,...,eq be a basis of C%. It follows
that

Poi (5) 1= Quols, 200 ()T Q1[5 200 (8)] - Ty Qg nl5, 200 ()] (e @ Q)
is analytic on Xy. From Theorem 10.3 we know that these vectors converge
uniformly on Xj, to a vector @é?; (s) # 0 and that Hg(o) [s,zoo(s)]wg?;(s) = 0.
Hence 4,0;?3-(5) is analytic on X3, and, by the Feshbach property (Theorem 5.7
(c)), the vector

g5 (5) = Qx (5, 200 (5)) ) (5)

is an eigenvector of H,(s) with eigenvalue zo.(s). Using Theorem 5.7 (a) and
again by Step 1 we see that s +— Qy (S, zoo(s)) is analytic on Xy,. We conclude
that v, ; is analytic on X}, as well. The linear independence of ¥, ;(s), j =
1,...,d, follows from Remark 10.4 and Theorem 5.7 (c).
Step 3: In the limit g — 0, we have uniformly in s € X}, that |20 (s) — Eat(8)] =
o(1) and that |[1g,;(s) — @at,;(s) @ Q|| = o(1) for some @,y ;(s) € RanPy(s).
From Lemma 10.2 we know that z.(s) € B,(Eat(s)). Now by Theo-
rem 7.1 we can make «q, 39, Yo arbitrarily small by choosing g, > 0 sufficiently
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small. Thus from (11.2) we see that we can choose p € (0, 1) arbitrarily small by
choosing gy, > 0 sufficiently small. This shows |20 (8)— Fat(s)| = o(1) uniformly
in Xy,. From (10.7) of Theorem 10.3 we find |[tbg,;(s) —e; @ Q|| < C Y% v
with C' given in (10.8). Now from Eq. (10.2) of Lemma 10.1 we see that the
right hand side can be made arbitrarily small if vy > 0 is sufficiently small. But
by Theorem 7.1 the latter can be made small by choosing g, > 0 sufficiently
small. This shows that ¢4 ;(s) — e; ® Q|| = o(1) uniformly in s.

Step 4: If in addition Hypothesis IV holds, then

(a) for all s € X NRY it holds that z..(s) = inf o (Hgy(s)),

(B) for all s € X3, N X} it holds that Zoo(s) = 200 (3).

Let s € Xy NRY. Then by Hypothesis IV the operator Hy(s) is self-
adjoint and its spectrum is a half line [£,(s),00) (cf. [36] ), where X/(s) :=
inf o(Hy(s)). By Step 2, zo0(s) > X4(s). We use Proposition 10.2 (c) to show
that zeo(s) > X4(s) is impossible. Clearly E,(s) € R, and Héo)[s,z]* =
Héo) [s,Z] for z € B,(Ea(s)) is a direct consequence of the definition of H, 5(,0)
and the self-adjointness of Hy(s). Hence there exists a number a(s) < zoo($)

such that Héo) [s, 2] has a bounded inverse for all = € (a(s), 200 ($)). It follows,
by Theorem D.2, that (a(s), zo0(s)) No(Hy(s)) = 0. Therefore zo(s) = Xg4(s).
This shows («). Now () is a consequence of Schwarz reflection principle.

The Theorem now follows for Ey(s) = 2o ($). O

If we neglect the first Feshbach map in the above proof, we obtain the
following theorem, which is independent of the explicit structure of the Hamil-
tonian.

Theorem 11.1. Suppose Hyeq = C*®F with d € N. Let S be a group of symme-
tries acting on Hyeqa commuting with dilations and Hy and Sy acts irreducibly
on C. For u>0 and p € (0,1/2), there exist positive numbers oy, Bo, Yo with
the following properties. Let X be a nonempty subset of C¢, e : X — C a
function, and U C X x C a set such that

By(e(s)) C{z:(s,2) €U} C Byjs(e(s)) for all s € X.

Suppose for each (s,z) € U an operator H(w(s,z]) on Hyed, with w(s,z] € We
s given which is symmetric with respect to S such that

H(wl[s, z]) — (e(s) — z) € B(ao, Bo,v0), V(s,2) €U.

Then for each s € X there exists an element zoo(s) € B,(e(s)) and
linearly independent functions ¢;(s), j =1,...,d, such that

H(w[s, 200 (s)])p; (s) = 0.

(i) There exists an e; € C%. So that for any € > 0 there exists (a1, B1,71) €
(0, ap] (0, Bo] x (0,70] such that |zoc(s)—e(s)| < € and ||¢;(s)—e;@Q| < €
whenever H(w(s, z]) — (e(s) — z) € B(ay, B1,71)-

(ii) If X and U are open and e and H(w) analytic on X and U, respectively,
then also zso(s) and @;(s) depend analytically on s.
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Proof. This follows from the same Proof as Theorem 2.10 by neglecting the
first step. O
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Appendix A: Symmetries
In this section we introduce anti-linear operators and symmetries in a Hilbert
space H.
Definition A.1. Let H be a complex Hilbert space.
(a) A mapping T : H — H is called anti-linear operator in H if
T(cx + By) = aTz + BTy,

for all a, 8 € C and =,y € H. An anti-linear operator T is called bounded
if

sup ||Tz| < oc.
|z <1
(b) The adjoint of a bounded anti-linear operator, T': H — H, is defined to
be the anti-linear operator T* : H — H such that

(z,Ty) = (T*x,y)
for all x,y € H.
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(¢) An anti-linear operator V in H is called antiunitary if it is surjective and
satisfies

(Va,Vy) = (z,y)
for all z,y € H.

In the following lemma we collect a few properties of anti-linear and
antiunitary operators.

Lemma A.2. Let ‘H be a complex Hilbert space. Then the following holds.

(a) Let S and T be a linear or an anti-linear operator in H. Then ST is
linear if either both S and T are linear or both S and T are anti-linear.
The operator ST is anti-linear if one of the two operators S and T is
linear and the other is anti-linear.

(b) Let S and T be anti-linear. Then (oS + BT)* = aS* + BT*.

(c) Let S and T be linear or anti-linear. Then we have (ST)* = T*S*.

(d) A bounded anti-linear operator T is antiunitary if and only if it satisfies
T =1and TT* = 1.

(e) Let S and T be unitary or antiunitary. Then ST is unitary if either both
S and T are unitary or both S and T are antiunitary. The operator ST is
antiunitary if one of the two operators S and T is unitary and the other
18 antiunitary.

Proof. (a) and (b) are elementary to show.
(c) If S and T are linear, this is a well known identity. If S is linear and T is
antilinear, then for all z,y € H

((ST)*x,y) = (x,STy) = (S*x, Ty) = (T*S*x,y)
and so (ST)* = T*S* by the nondegeneracy of the inner product. If S and T
are antilinear, then ST is linear by (a) and for all 2,y € H

(ST z,y) = (x,STy) = (S*x, Ty) = (T*S*x,y)
and so (ST)* = T*S5* by the nondegeneracy of the inner product.
(d) and (e) are elementary to show. O
Definition A.3. Let H be a complex Hilbert space.

(a) A symmetry in H is a unitary or antiunitary operator in H.
(b) We say that S is a symmetry of a linear operator T in H (possibly un-
bounded) if

S*D(T)Cc D(T) and STS*=1T, ifS is unitary,
S*D(T*) ¢ D(T) and STS*=T% ifS is antiunitary .

In that case, we also say that T is symmetric or invariant with respect

to S.

We note that it is elementary to show that the set of symmetries of an
operator form a group.
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Lemma A.4. Let H be a complex Hilbert space. Then the set of symmetries of
an operator in H form a group.

Proof. If Sy and Sy are symmetries, then we see from Lemma A.2 (¢), (d), and
(e) that also S1S3 and ST 1 are symmetries. O

Appendix B: Eigenprojections and their Properties

In this appendix we recall well-known properties about isolated points of the
spectrum. For a detailed treatment we refer the reader to the discussion in [31]
surrounding Theorems XII.4 and XII.5.

Theorem B.1. Suppose that A is a closed operator with {z € C: |z—\| =1} C
p(A) for some r > 0. Then

1

Pi=—— (A=p)tdu
2mi [jp—X|=r

and P :=1 — P are bounded projections with the following properties.

(a) The ranges of P and P are complementary closed subspaces, that is
RanP + RanP = ‘H and RanP NRanP = {0}. Moreover, A leaves these
subspaces invariant. More precisely, RanP C D(A), ARanP C RanP,
RanP N D(A) is dense in RanP, and A [RanP N D(A)] C RanP.

(b) For|z—M\#r

Bur= s (= =) (A= )~ d
TS u=Al=r
exists and we have the following two cases.
(i) If [z = Al <7, then (A — 2)|ganPrp(a) 18 invertible and

RZ = ((A - Z)lRanﬁﬁD(A))_1F7

i.e., R, P =PR, =0, (A—2)R, =P, and R.(A—z2)=P.
(ii) If |z — A| > r, then (A — 2)|Ranp is invertible and

Rz = ((A - Z)lRanP)_1P7

i.e., R,P=PR,=0, (A—2)R,=—P, and R,(A— z) = —P.
(¢c) We have 0(A) N By () = 0(Alganp) and c(A)\B(A) = 0(Alganprp(a))
where B.(a) ={z€ C:|z—al <r}.
(d) If X is an isolated element of the spectrum o(A) its algebraic multiplicity
is greater or equal to its geometric multiplicity.

Sketch of Proof. (a) RanP C D(A) follows by expressing the integral as a
limit of Riemann sums, using that A is closed and the identity A(A — )~ =
1+ u(A — p)~1. The remaining properties are elementary to verify, for details
see [31] Theorem XII.6 (or more precisely [31, Theorems XIL5 (b)] whose proof
carries through without change).

(b) The algebraic identities are straight forward to verify. They then imply the

property about the invertibility.
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(c) For all z € p(A) it follows from (a) that (A —2)~" = (A — 2)TIP + (A —
2) 7P = ((A=2)[Ranp) "' P+ ((A—2)|ranprp(a)) ' P- In view of this identity
the claim now follows from (b).

(d) Let X be an isolated element of the spectrum. As in Theorem 2.3 choose
€ > 0 such that {\} = 0(4A)NB(A). Let (A—A)v = 0. Then for every r € (0,¢)

1
Pywv=—— A — ) todp
2mi mwzr( )
1 1 (A—p)
=—— A—p)t vdp
2mi |M*)\\:T( ) A—pu
1 1

= —— vdp = v,
270 Jieaj=r A — 1

and so v € RanPy. O

Proposition B.2. Let R be a complex domain. Let R > s +— T'(s) be an analytic
family. Suppose there is a non-defective eigenvalue E(s) isolated from the rest
of the spectrum with analytic projection operator P(s). Let P(s) = 1 — P(s)
and let

[:={(s,2) € RxC:T(s) —z: D(T(s)) NRanP(s) — RanP(s) is bijective}.
Then T is open and (s,z) — (T(s) — z) "1 P(s) is analytic on T.

Proof. Let (sg,z0) € I'. There exists in a neighborhood of sy a bijective op-
erator U(s) : H — 'H, analytic in s, such that U(s)P(s)U(s)™! = P(sg)
and hence U(s)P(s)U(s)™' = P(so), (cf. [31, Thm. XII.12]). The opera-
tor T'(s) = U(s)T(s)U(s)"! is an analytic family. It leaves the closed space
RanP(sg) invariant and thus T(s)\Ranﬁ(SO) : RanP(s0)N.D(T(s)) — RanP(so)
is an analytic family as well. By this and the fact that (T'(so)—zo) |RanP(so) 18 bi-
jective since (s, z9) € T, it follows by [31, Thm. XII.7] that in a neighborhood
of (so, 20), the operator (T'(s) — 2)|RanP(so) 18 bijective and (T(s) — z)""P(s0)
is analytic in both variables. Thus in this neighborhood also the linear op-
erator (7'(s) — 2)|ganp(s) = U(s)"Y(T(s) — 2)U(8)|Ranp(s) 18 bijective and
(T(s) — 2)" P(s) = U(s) " (T(s) — 2) "' P(s0)U(s) is an analytic function of
two variables. 0

Appendix C: Field Operators, Elementary Estimates and
Identities

We consider the Hilbert space H = H' ® F consisting of a separable Hilbert
space H' and the bosonic Fock Space F.
Let X :=R3 x Z,. For a separable Hilbert space H’ we define for n > 1

L2AX™"H) ={p e LX(X"H) t o(ki, ... k) = 0(ko(1)s- - ko(n), 0 € &},
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where &,, denotes the set of permutations of {1,...,n}. We set L2(X%;H’) :=
H’. We shall use the canonical identification [32]

HeoF=PLAX"H).
n=0
For G € L*(R3 x Zo; L(H')) the creation operator a*(G) is by definition the
adjoint of a(G), cf. (2.2). The domain of the creation operator contains the
so called finite particle vectors ¢ = (¢,,)22, € H' ® F with the property that
¥, = 0 for all but finitely many n, and a*(G)v is a sequence of H’-valued
measurable functions such for n-th term

[a*(G)Y] (ks K —n*l/ZZ/ Dn1(k1y o kg, ok )dE, (C.1)

where ~ means that this variable is to be omitted and the integral on the right
hand side is defined as a Bochner integral. A straight forward calculation using
(2.2) and (C.1) shows that on finite particle vectors we have the commutation
relations

[a(F),a*(G)] :/F*(k)G(k)dk, [a(F),a(G)] =0, [a"(F),a™(G)] =0,

which extend to their natural domains.

Next we express the creation and annihilation operator in terms of so
called operator valued distributions, a*(k) and a(k). For an element ¢y € H'QF
we define a(k)1 for a.e. k € R3 x Zs as the sequence of H’-valued measurable
functions such that the n-th term satisfies a.e.

[a(k)Y]n(kiy .. kn) = (0 + )Y 21 (ko Fery oo k). (C.2)

Moreover, using Fubini’s theorem [32, Theorem 1.21], it is elementary to see
that the vector-valued map k — a(k)y is an element of L*(X;H' @ F). For
G € L3(R3 x Zgy; L(H')) we obtain the following identity

Q) = / G* (k)a(k)dk

which holds on finite particle vectors. The creation operator valued distribution
a*(k) is defined as the adjoint of a(k) in the sense of forms, i.e., we define
the form (@, a*(k)y) := {(a(k)p, ) for smooth finite particle vectors @, 1. On
such vectors one obtains the following identity in the sense of forms and weak

integrals
:/G(k)a (k)dk

Using (C.2) we can express the free field energy in terms of the following
identity on vectors ¢, € D(Hy)

(o Hiv) = [ w(B)alk)p,alk)s)dt. (©3)
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We use the following estimates on multiple occasions in this paper. They
establish well known elementary estimates for the annihilation and creation
operators introduced following Eq. (2.2).

Lemma C.1. For G € L?(R? x Zy; L(H')) we have
|a(G) Hy 1ol < [l 2G
la*(G) (He + 1) 2| < [ (0 + D)V2E) (C4)

Proof. By density it suffices to show the identities for smooth finite particle
vectors ¢ € H' @ F. In order to prove the first inequality we estimate

G| S/HG(k) a(k)| dk
= [ G0 17207 athys a

= </|k| ||a(k)w||2dk>1/2 (/|k|1HG(k)H2dk>1/2
- (/|k|_1HG(k)H2dk>l/2 122y

To prove the second inequality we use the commutation relations

la*(G)¢]|* = (a*(G)¥, a*(G)w) = (¥, a(G) a*(G))
<w,< 6+ [ ) ar)e

<( / - )| dk) 2] + / [CCIRTIT
U

The subsequent lemma states the well-known Pull-Through Formula. It
can be proved using Eq. (C.2). For a detailed proof we refer the reader to
[6,21].

Lemma C.2. Let f : Ry — C be a bounded measurable function. Then for all
ke R3 x Ziy

a(k) f(He) = f(Hr + w(k)) a(k).

In order to define field operators that depend on the free field energy we
consider measurable functions w,, , on Ry x X" with values in the bounded
linear operators of H’. To such a function we associate the sesquilinear form

Gun, (P2 ) / (a(K™) g, Wy o (He, K™™) a(E™)) dK ™)
Xm+n

(C.5)

defined for all ¢ and v in H' ® F, for which the integrand on the right hand
side is integrable. Here the r.h.s. of (C.5) is defined by means of an iterated
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application of (C.2). If the integral kernel w,, ,, has sufficient regularity and
decay, one can show that the sesquilinear form (C.5) defines a closed linear
operator which we denote by

/ a* (K™Y wp o (Hi, K a(B)dK ) (C.6)
Xm+n

In particular, in the case where Wy, , € Wi n, cf. (6.1), it follows from a simple
application of Lemma C.3 that (C.6) is bounded operator. To formulate the
next lemma we denote by B([0,00); £L(H')) the Banach space of all bounded
measurable functions on [0, c0) with values in the bounded linear operators of
H.

Lemma C.3. For measurable w : X™T™ — B([0,00); L(H')), we define

lwm.all;
m l n [
= (m,n) 2 . .
: /ijglg [t K | lll DMl e TTSr+ 301l
= J=1 I=1 j=1
dK (mm)
ISzl

Then for all finitely many particle vectors p, € H' @ F
| G (0, 0) | < NJwmnll ol N1l - (C.7)

If |wm nlly < 00, the form qu,, , determines uniquely a bounded linear operator
hw,,., such that

qw7n,n (<)07¢) = <<)07 hwnl,n¢>7
for all , in H' @ F and ||hy,, || < |wmnlls-
Proof. Let us first introduce the number operator IV, which is the linear op-

erator on H' ® F such that N|y gz, = n. It is straight forward to verify that
N is self-adjoint. First observe that qu,, , (¢, ¥) = Gu,, . (I1N>m®, IN>n¥). For

n € N we set P[k™] =[], (H; + 2221 |k;])/? and insert 1’s into the left
hand side of Eq. (C.7) to obtain the trivial identity

| G (03 0) |

A . <P[kj(m)]P[k}(m)]*1|k(m) |1/2a(k(M))(p’ wm,n(Hﬁ K(m,n))

AR )
‘K(m,n)|1/2

PIROVPEO] RO 2a(k))

The lemma now follows using the Cauchy—Schwarz inequality and the following
identities. Note that a proof of these identities can also be found in [3, Theorem
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3.1] and [21, Appendix A]. First let ¢ € Ranly>1. Then by the pull-through
formula, cf. Lemma C.2, and the relation in Eq. (C.3) satisfied by H; we obtain

[ 1ol 1 012
X
= (H; 2o, HeH 2 0) = o] (C.8)

2 2
dk = H7' H dk

Note that the expressions in (C.8) are well defined for all nonzero integration
variables £ in view of Lemma C.1. Now suppose n > 2 and ¢ € Ranly>,. Then
using analogous identities as in (C.8) we obtain by the definitions introduced
in Sect. 6

/.

2
dr(™

. ~1/2
Hf+2(d(ks)‘| a(k(”))qﬁ
s=1

n
=1

n l —1/2 n 2
/ H\m H Hf+zw(ks)] [Tetk)e|| dky---dk,
— = j:l
:/ /|1f1 alk:) H; 2
Xn-tJX u=2
n l —1/2 n 2
11 Hf+zw(ks)] [[etk)e|| diidks---dk
=2 s=2 =2
n J -2, 2
:/ H|k| I 1He+> (ks)] [Tatk)e| dks---dk
Xr=ly=2 1=2 j=2

(C.10)

where in (C.9) we relabeled the coordinates, and then proceeded analogously
until in (C.10) we have pulled through all n annihilation operators.

The last statement of the lemma follows from the first and the Riesz
lemma [32, Theorem II.4]. O

Appendix D: The Smooth Feshbach—Schur Map

In this section we review properties of the Feshbach-Schur map, introduced in
[3]. The presentation follows [16]. Let x and ¥ be commuting non-zero bounded
operators, acting on a separable Hilbert space H satisfying x? + x> = 1.
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Definition D.1. A Feshbach pair (H,T) for x is a pair of closed operators with
the same domain

H,T:D(H)=D(T)CH—H
such that H,T,W := H — T, and the operators
WX = XWXa WY = XWY7
H :=T+W,, Hy:==T+Wy,
defined on D(T) satisfy the following assumptions
(a) xT C Tx and XT C TX.
(b) T, Hy : D(T) NRanY — Rany are bijections with bounded inverse.
(c) yH;ny :D(T) C H — H is a bounded operator.
Given a Feshbach pair (H,T) for x, the operator
Fy(H,T) = Hy — xWxHg 'XWx (D.1)
on D(T) is called Feshbach operator. The mapping (H,T) — F,(H,T) is
called Feshbach map. We say that an operator A : D(A) C ‘H — H is bounded
invertible in a subspace Y C H, if A : D(A)NY — Y is a bijection with

bounded inverse. Note that Y does not necessarily need to be closed. If (H,T)
is a Feshbach pair for x, we define the following auxiliary operators

Qy ==X — XH ' XxWx,
Q¥ == x — xWxHZ'X. (D.2)
By conditions (a) and (c¢) Qy and Q¥ are bounded operators on D(T') and Qy

leaves D(T') invariant.

Theorem D.2 (Theorem 1, [16]) Let (H,T) be a Feshbach pair for x on a
separable Hilbert space H. Then the following holds

(a) LetY be a subspace with Rany CY C H,
T:D(T)NY —Y, and YT 'XYY CY.

Then H : D(H) C H — H is bounded invertible if and only if F\(H,T) :
D(T)NY — Y is bounded invertible in Y. Moreover,

H™' = QuFy(H,T)"'Q¥ +XHL'X,
Fy(H,T)™' = xH 'x +XT~'X.
(b) xKerH C KerF, (H,T) and Q,KerF\ (H,T) C KerH. The mappings
X : KerH — KerF, (H,T), Qy : KerF\ (H,T) — KerH ,

are linear isomorphisms and inverse to each other.

Lemma D.3 (Lemma 3, [16]) Conditions (a), (b) and (c) on Feshbach pairs
are satisfied if

(a’) xT CTx and XT C TX.

(b’) T is bounded invertible on Ran.

() IT7'XWxIl <1 and [XWT~'X]| < 1.
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